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Instability of radial standing waves of
Schr¿iclinger equation on the exterior of a bali.

Orlando LOPES

Abstract
Under smuothness and growth assumptions un f we shuw timat

astanding wave w(i,x) — e1~%,b(x) of the Schrddinger equation un
time exterior 12 ob a bali and Neumann boundary condition

8w
Wc = i(áw + f(Iu>¡2)u>) y- = O on8O

wimere /3 is real and ~ is real ané radially symmetric, is always
hinearly unstable under perturbations in time space H1(12) (it may
be stabie under perturbations in H,3ad%O)

Time instabi!ity is independent of ~ imaving a fixed sign and uf
íts Morse index.

The main tuol is a timeorem uf linearized instability of M. Gril-
lakis.

1Introduction and statement of the result

In timis papor we consider timo Scimr6dinger equatiun

Wt = i(/áw + f(IwI¾w) 2i~i = O un Of?. (1)
fin

in (1) fis real valuod function, w(t,z) isa complox valuod function
defined fur 1 E 1? and x E 12 wimero 12 is time exterior of time bali centered
at time origin ané with radius a > O.

A standing wave is a solution of (1) of timo form
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mv(t, x) = e’0%k(x) (2)

where fi is real.
Time stability ané instability uf waves hayo beco studieé by ímíany

autimurs (seo [1], [2], [3], [4]- a.ímd [5] amung many otimers)
II we roplaco (2) in (1) ‘ve see timat #x) has tu satisby time elliptic

syst cm

/X~> + (1(K) — /3)6 = O y- = O un 012 (3)

II in (1) xve replace ?v(t, x) by e’0’w(t, x) the nexv equation becumes

bu>

= i(Aw + (fúw12) — ¡3)w ~— = O un 512 (4)
ané 4> is an oquilibrium sulutiun fur (4) ané timen stuéyirmg stability prup-
ortios of e~0~#(x) br (1) is equivaloní tu study stability of time o(

1Uilibriulfl
4>(x) br (4). So, if wo lot u> = u + iv wo are Icé tu time real syste¡n

Da
nl = —zSv—(f(mA±v

2)--e)v ~—=O onOQ (5)

u
1 = ~n+(f(u

2+v2)—c)u y-=O un 512

¡rl (5) u~. z) ané u (1, x) are (lefmneé fue 1 e U a od E 12 wimero 12
is time exterior uf timo bali coímtoreé at time origin amié xvitlm radius a > O
azié tlío cuí¡stant e is iímtruduced su timat time normalizatiun cunéitiuíi
1(0) = O is ma. Our gual is tu simow thai radially symmotric equilibria
uf (5) are always linearly unstable.

Remark. ‘rime Camícimv prublem lar (1) (ur (5)) is amí upen (juestiun but
it is believed thai it is xvel 1

1>ased mí n(ler time saíne assu m ptiuns uzí time
fu oction f tíz at gmí ara zítees tu a.t it is well paseé wlíemí 12 is time cii tire
spacc p¡\’~ Su, instabilitv xvii! be 1)ruved modulo timis teclmnical puiíít.
Time same attitudo is ta.ken jo [6].

Nutice tlm a•t il a. radial ruin plex fu nctiun 4>( y) salves time a¡ u ation

A4> + f(I4>(r)12 — c)¿ = O 4>’(a) = 0 (6)

amié Wc preteim¡tl ti¡a.t f (1 4>( y) 12 — e) is a- knuwím fu ííctiamí uf iv xve see t lma.t
the real a.í ¡(1 ¡mi a gi o ary parts of ~bsal ve t he samne aré i ím a.rv el iIle ¡ciiti al
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equatiun and satisfy time samo boundary condition at r = a. Ronce timey
aro linearly dependoní and using time gauge invarianco of (5) we concludo
timat 4>(r) can be taken real.

Su our assumptiuns are time folluwing:
H1) f : R —* R is aC

1 functiun satisfying f(0) = O and e > O is a
cunstant;
H

2) 4> : [a, +00) —* 1?, a > 0, is a nunconstaní function timat converges
tu zero oxpunontially as r guos tu +00 and sulvos time prublem

N-1
— 4>’(r) — (f(¡4>(r)J

2) — c)4>(r) = O 4>’(a) = 0. (7)r
Assurnption H

2 says, in particular thai (u, y) = (4>, 0) is an oqul-
iibrium for (5) and wo are guing tu simuw thai it is always unstablo
fur perturbation in H’(12). Of course we cannot expecí timat such an
equilibrium is unstablo witim respecí tu radially symffiotric perturbation
becauso if, fur instanco, sucim equilibriuin is obíained timrough a mini-
mizatiun process inside timat class it will be stablo in timat class. Time
fact timat indicates time instability is thai a radially symmetric function
cannot be a local minimizer of lime functional

= 1/24 Jgradu(x)l
2 dx + f F(u(z)) dx

subjoct tu

JG(UlIx))dx=\

for u e H1(12) (seo [7] and [8]). We believe timat it is important tu
empimasizo timat timis break uf symmetry is nut, by itself, a prouf of insta-
bilitv.

Togetimer witim system (5), xve cunsider its linoarization at (4>, 0):

Bu
u
1 = —¿Sv — (f(4>7r)) — c)v ~— = O un ¿912 (8)

= Au + (f(d?(r) — e + 2c9(r)f’(&(r)))u = O un 012Bu

lb we define qi (x) = timen an elernontary calculatiun shows timat
r

time set of time elemenis (u(x), 13(x)) uf time furm (11(x), v(x)) =
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(qi(x)U(r),qi(x)V(r)) is invarianí under system (8), wimoro, as mdi-
cated, U ané y aro radially symmetric. Moreovor, since <gradqj (x), x> =

O becauso qi(x) is cunstaní un straigimt linos timruugim time origin, timo
boundary cunditiun fur U(r) and V(r) becumes U’(a) = O = V’(a). So
we are lod tu time system:

U1 = ...4/l~(r)..N V’(r) + N—1____ ____ V — (f(4>
2(r) — c))V U’(a) =0r

U’}r) + N—1 N—I= (f(4>2(r)) r u’(r)— r2 u~ = 0. (9)

— c+24>2(r)f’(4>2(r)))U V’(a)

Su, system (9) govorns time linearizod oquatiun (8) in timo “modo” xi/r.
As far time pimase space is concomed, using limo fact timat a > 0,

an elementary calculatiun shows limal u e L2(12)jff’(I2), H2(12) if and
only if U E 11~,([a, +00), H,~([a, +00), H,~([a, +00), respectivoly, wimere
L~([a, +00), H~([a, +00) and H,~([a, +00) are timo spaces wimuse nurms
are defined by integrals with weigimt r””~.

lf we define time operator A(U, V) = (11(V), —M(U)) by time rigimt
imané sido uf (9), A : D(A) c 14¿[a, +00) x L~3ja, +00) —+ L~([a, +00) x
L~([a, +00) wimere D(A) is limo set uf time elemenís (U, V) belunging tu
H%([a, +00) >< Hk([a, +00) sucim timat U’(a) = O = V’(a) timen our rosult
is time fullowing:

Theorem 1. Under asst¿mpiions 111 and H
2, tite spectrum of A has a

siricily positive real elemení.
Timeurem 1 imas beon provod by M. Esteban ané W. Strauss ([6])

assuming timat f. is a puro puwor ané timat 4> is a gruuné stateé. In
particular, in timeir resulí 4> is positivo and has Morse mdcx une in time
space H’d(Q).

A-moro difflculi questiun is tu know wimet}mer a wave that changes
sign may be siablo in H$aa(12) or nut (seo also romark at time top uf pago
760 of [10]).

2 Proof of the theorem 1
Wc start by staiing a very useful result uit spcctral timeory of a soconé
urdor differential uperator.
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We cunsider timo differontial uperatur

N-1
(Tv)(r) = —v”(r) — v’(r) + (p(r) + c)v(r) (10)r

mn the intorval [a,+00), a > O, wimero p : [a,+00) —* R is continuuus
and tenés tu zero at infinity. Togetimor with (10) wo cunsider une of time
following buundary cunditions:

• u(a) = O

• ti(a) = O.

We denote by L~([a, +00)), H,!.([a, +00)) and. H~ ([a, +00)) time Hilberí
spaces we get using norms with woigimt rN1, thai is, f~j~ r’~’~ u2 (r) dr,
and su un. In otimer words, timose three spaces are the curresponding
Subulev spaces uf time radially symmetric functiuns dofined un time exte-
rior uf time bali witim radiims a > O. We define 2’: D(T) C L~([a, +00)) —*

L~([a, +00)) wimere D(T) is time set uf time elements u E H,~([a, +00))
sucim thai v(r) satisfies time correspunding buundary conditiuns. Timen
time fulluwing resuit imolés:

Theorem II.
1) 2’ Ls a bounded below self-adjoini operator and lite esseniial specinum
of 2’ is lite inierval [e,+00);

2) lite resí of lite spectnum a(T) consisis of isolaled simple eigenvalues
lying be/oto e
3) if a(r) is a nonirivial soluuion of T(a(r)) = O sauisfying tite corre-
sponding botindary condhlion al r = a (litis so/ilion Ls determined up tu
a consíaní mt¿liipte), titen lite number of sirici/y negalive elgenvalues of
2’ is equal lo lite number of zeroes of o}r) itt (a, +00).

Timegrem 11 can be provod using time cimange ob variables 10(r) =

r%’v(r) ané timourem 53, pago 1479 ané curollary 54, page 1480 ob [9].
Time fullowing resnlt éue tu M. Crillaikis ([10]) will be very important

fur uur argumení.

Theorem III. Leí 11 and M be tite self-adjoinl operaiors- defined itt
sume li/ben space X and suppose itere is a strielly posilive operabr H
stcit lital 11 — H and M — U are relalively compací penlurbations of H.
tel Y be tite kernel of M and P tite ortitogonal projeelion of X onto 1’.
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Jfwe denole by N(M) lite nt¿mber of slricl/y negalive elgenvalVes of M,
by N0(FtP) lite number of nonposiiive elgenva/ties of lite operalor PLP
and ifN(M) > No(PLP), liten lite operalor A(U, V) = (L(V), —M(U))
itas a strictly posilive rea/ eigenvahue.

Before passing tu time proof of timeorem 1, we state a few iemmata
abuut elemontary propertios uf 4>(r). Lot us recail thai 4>(r) is a non-
constant sulutiun of time prublem

1V —1
—4>”(r) — 4>’(r) — (f(4>(r)2) — c)4>(r) = O di(a) = 0. (11)r

and 4>(r) tenés tu zero at infinity.

Lemma 1. Iffor sorne poiní r1 we itave 4>’(r1) = O titen 4>”(ri) # 0.

Proof. In fact, otimorwise, frum (11) we seo tlmat (f(4>(ri)
2) — c)4>(rj)

wuuld be zoro ané timen time cunstant functiun equal tu c/~’(rj) would be a
sulutiun of timo ordinary difforential oquatiun (11) ané timis is a contra-
dictiun because 4>(r) woulé hayo time same initial data at r = r1 as time

cunstant functiun ané timo lomma is pruveé.

Lemma 2. Iffor sorne poiní r1 we itave 4>(rm) = O liten 4>’(ri) # 0.

Proof. Fullows immediatcly frum time fact timo time functiun identically
zero sulvos (11) ané time uniquenoss uf time Cauchy prublom.

Lemma 3. lffor sorne poiní r1 u>e itave 4>’(ri) = O liten we cannol itave
4> (ri) = 4>(r2) for sorne r2 > r1.

Pruof. ib xve denoto by Fa primitivo of f ané Wc define O(s) = F(s)+cs
from (11) ‘ve seo thai

+ 0(4>2(r)) = — N—14>/2 (r)
r

ané tImen bor r1 < r2 wc iíave

But timis las inequality shows that wo cannot hayo 4>’(rm) = Q ané 4>(rm) =

4> (r2) ané timis proves time lemma.

Lemma 4. Tite number of zeroes of 4>’(r) on (a, +00) Ls equal lo tite
number of zeroes of 4>(r) on (a,+00).
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Proof. It follows imediately frum Lemmata 1,2 and 3 and Ihe fact timat
q4r) tends tu zero at inflnity.

Pronf of theorem 1. We start by defining time uperaturs

Lo(V) = ti”’’ — N—1, — (f(42(r)) — c)V(r)ti (y)—kr) r
ané

Mo(U) = —U”(r) — N — ‘U’(r) — (f(#2(r)) — c+24>2(r)f’QP(r)))U(r)
y

and time dumain uf both is the set of time elemonis of H%([a,+00)) wimoso
derivativo vanisim at r = a. So we can write

N-1L(V)=Lo(V)+

ané

N—1
M(U)=Mo(U)+ U.

wimere, as befure, 11 and M are delineé by time rigimí imané sido of (9).
First uf ah if we denote by ni time number of zoroes uf 4> in (a, +00),

we nutice timat (7) says timat Lo(4>) = O and 4>’(a) = O and timen from

Timeurem II we cunclude timal O is an oigenvalue of L~ ané time number of
strictiy negative eigenvalues uf L

0 is ni. Moreovor, duo tu time minimax
cimaractorizatiun of timo cigenvalues, we seo timat timo addition of time term
1V —_L~I tu

11u muyes jis eigenvaluos strictly tu time rigimí. Hence, timo

spoctrum uf 11 imas at must ni nonpusitive cigenvalues.
Now we pass tu M. Firsí vio claim timat O is nui an eigenvalue of Al.

[mifact, if xve define ~‘ = 4>’ ané vio differentiate (7) witlm respecí tu r vio
seo iimat

___ N-1
— N—1 _____r

— c+ 2&(r)f’(4>2(r)))4’(r) = O ~,b(a)= 0. (12)

Now suppuso O is an eigenvalue of M. Timen timore is an elernont i¡ E
Hk([a, +00)) sucim timat
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N—1 N-1
r ~‘(r)+ r2 ~‘(a) = 0. (13)

(1(4>2(r)) — c + 24>2(r)f>(4>2(r)))21(r) = O

Rut timo secund order differontial equation (13) has a sadéle struc-
ture at time origin because c > 0. Actually, due tu time presence of timo

1V-a
nonintegrable term in fruní uf ~‘, (13) imas two iiñearly indopon-r
dent solutions wimose asymptutic behaviur ~ rN?!e+VEr ané r’=?’eflr.
Anyway, time set uf time solution uf time linear equatiun (13) timat tend tu
zero al inflnity imas dimensiun uno. Honce ~‘ ané ij are linearly dependoní
and then i,b is a constaní timos i~. So i,b’(a) = O and timen, by uniqueness,
~> is identically zero, a contradictiun. Timis shuws timat M is invortible
and then time orthogunal projectiun ¡2 appearing iñ time statomont of

Theurem IV is timo identity.
Mureover, (12) simows timat if we consider timo operatur M witim Diricim-

lot buundary cunditiun al r = a timen it imas zoro as an eigonvaiue ané,
accurding tu timourem II and ¡emma 4, time number of strictly negativo
eigonvalues 18 exactty ni. Buí when we pass frum Diricimiel buundary
condiliun tu Newmann, we muye time eigenvaluos strictly tu time rigimí
ané so time operatur M wiiim Newmann boundary condition imas al Ieast
ni + 1 strictly negative elgenvalues. Timen N(M) > No(PLP) ané, mn
view of Timeorem III, Timeorern 1 is pruved.
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