
REVISTA MATEMÁTICA COMPLUTENSE
Volumen 12, número 2: 1999

Coalescence of measures and f-rearrangements
of a function.

Lucio 11. BERRONE

Abstract

TEtis paper addresses tEte question of characterizix>g optiunum
values ix> the probiem

sup{v(E) : ji(S) < 0>, (1)

wEtere ji and vare mensures defined on a a-finite mensurable space
3<. With tEtis purpase, tEte f-rearrangernent of a function g is
intraduced so as to formalizo tEte idea of rearranging tEte level sets
of tEte function g according to Etow these sets are arranged ir> a
given function f. A characterization of optima of prableuit (1)
ís tEten obtained in terms of dv/dp-rearrangoments, dv/dp being
tEte Radon-Nikodyun derivative of tEte mensuro u with respect top.
WEtex> 3< is a topological space and ji, varo farol mensures, we say
that u is caalescent with respect to u when, for every (7 > O, there
exist conneeted optima soiving problem (1). A general cniterion
for coalescence is givon and sorne simple examplos are discussed.

1 Introduction and preliminaries

As a motivation to grasp tEto probloms tEtis papen is concomed ~vith, vio
Ctrst consider a series of simple oxamplos. Lot f be a non-negativo real

functian sucEt that f e C0(R) rl £~(R) aud E = U%...> (ak, bk) be a Ctnite
uut¡on of mutuahly disjoint open intervals. Given a real constant (7 > 0,
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vio aro interestod ix> finding tite maximum of tite area under tIlo graplí
of fxE vEten tEto mensure of E is kept cox>stant and equal taO; t}tat is,
vio look for maxf~ f(a,) dx subjectod to tEte restriction ¡E¡ = (7. TEtis
optimization problom can be posed as a standard ano in Matitematical
Prograrnming. In fact, vio can vinite it as{ maxE7~.

1fbk )da:f(a,
subjected to

E~~~í(6k—ak)=C (2)
a2 b~ a,, _

Now cansider a plano curve y pararnetrizod by 9’(6) =

p(6) (cos6, sin 6), 0 < O < 2m, boing p > O a smooth function. An
observer Q placed at tEto origin of coardinates seo tEto are (y(O) : a <
O < ¡3> of ‘y unden an anglo of mensuro ¡3 — ev. Mare generally, tEte
sum ~(E) = >Z~—t (¡3k — evk) must be taken as tEto total visual anglo
under whicEt tEte finito union of ares E = U~> (y(O) : evk < ~ < ¡34
of y is abserved by O. TEte problem tEten consists of dotorrnining tEte
“conflguratians” E on -y which realizo a maximum irz tEte visual anglo
~(E) provided that tEte Iongth of these conflgurations is rrtaintained

equal to a constant (7 > 0. Since tEte lex>gth of E = U~...1{’y(9) : ak <

o < 1
3k} iS 2k¡ f,Q ds, vihoro ds = p2(O) + [p’(9)]2d0 denotes the

differontial of arc on y, tEte faiioviing stauidard farm can be giverz to aun
prablem: { maxZ~

1(¡3k — evk)

subjectod to

Z~=t f~ p
2(O) + [p’(9)VdO = . (.3)

a> =13í<CV
2<¡32<.~.<Ct,,=¡3,,

Indeed, tEto positivo caíístant O Etas ta be taken Iossen thautf
2r p2(9) + [p’(O)]2dO, tEto iengtlt of y, in arder ta abtaiuí a utantnivial

problem.

A remarkable case of tite last probloin occurs vEten y is tizo real axis
auíd tIte observen is placed at tite poiuít (a:o, yo), yo > 0, on tite z¡pper iíaif—
plauto. Por convonience, itere ve choase a slightly diffene¡tt descniítiaut
of tite problern. TEte ¡neasuno of tEte visual anglo e connospoutding ta a
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segmont (a, b) is given (seo Figure 1) by

a:0—b a:0—a
e = arctan — arctan

Yo Ya
and so, a finito family of segments E = U~1 (a,~, bk) on tEto a: axis is seon

by tEte abserver undor a total anglo xvith mensure QE) oxprossed by

x

Figure 1:

k= 1
(arctax>~Obk

Yo
— arctan xo ak)

Taking into account that

arctan ~o —

Yo
za —

arctan —

Yo 1) y~ + (xo — a:)2 da:,

oxpression (4) fon ~(E) may be re~vritten as follavis

‘~

QE) =3 ¡ Yo da,,

k=i .‘ok y~ + (a:o —a:)
2

and tEten, our optimization problom becamos tEte instance of problem (2)
corresponding to tEte fur>ction f(a:) = ya/(y~ + (a:a — a:)2). Furthermore,

if ~vetake, izzstead of f(a:), tEte functiouz

1
¡‘(a:o, ya; x) =— f(a:) =

1 Yo
mr y~ + (xo — a,)2’

479

y

a b ‘<o

(4)

mr (5)
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anothor interpretation of the probiem is foasible. In fact, tEte function
¡‘(a:a, Yak) given by (5) is recognized to be tEte Poisson kerx>el for tEte
Etalf-plane, so that (cf. [1], Exampie 3-1, pg. 38) tEte objoctive of tite
optimization problem becamos f~g(a:) da: = ca((a:o,yo),R~., E), tEto Etar-
monte mensuro of E at tEto point (a:o, Yo) witEt respoct to tEte uppen
Etalf-piano R~.. In tEtis way, tEte initial prabiem of maxirnizing tEte total
anglo undor which E is seen from tEte point O = (a:a, Yo) provided that
Ej = (7, turns out to be oquivaient to that of maximizing tEto Etarmonuc
mensuro w((a:o, Ya), R, E) of E at tEte point (a:o, yo) unden tEto same
rostriction ¡E¡ = O.

On att intuitivo basis ve oxpect tEte total visual anglo to be a max-
>mum for att opon intorval (a, b) of lengtEt (7 centered at a,0. An appli-
cation of tEte KarusEt-KuEtn-Tuckor necessary canditians of optimality to
probiom (2), vEtich is made beiov, do canflrrn aur intuition. In tEtis viay,
tEte objective is maximized by a connected opon set E of longtii O.

At tEtis point, vio feol aursolvos inclined to relax tEto rostriction im-
posod on tEto set E and to formulate an optimization problem iike tEte
follovii ng

sup ca((a,o, yo), R, E), (6)
iBi=C

in vEtich a Lebesguo mensurable set E is nov takon as tEte variable of
tEte objective, boing a mensuro tEte abjective itself. Condition ¡E¡ = (7
piays tEto role of a nostriction fon tEte aptimization problo>n. Sinco no
descniption of a general Lobesguo mensurable set E oxists involving anly
a finito number of paramoters, pnoblom (6) can not be cox>sidened as one
in Mathematical Prograrnming.

BotEt tEte structure and main charactenistics of an optimization pnob—
iem iike (6) can be suitably gonenalizod. To tEtis ond, vio cansider a topo-
logical spaco 3< and twa Borel mensures p. u on X. Wc assume tEtat, fon
a given O < (7 .c g(X), tEto family of mensurable sots E viitb prescnibed
mensuro 14E) = (7 is not void and therofore, it make sonso to pose tEte
pnoblom

sup v(E). (7)

Wc say that tEte mensure u is coalescení witit respecí tu ¡¿ u, fon evony
O < (7 < ¡43<), tEtero oxists a connected Borel set EJ* < 3< witEt ¡t(E~) =
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(7sucEt tEtat
sup v(E) = v(E).

g(EfrC

lx> tEtis paper, ve ofton refor to a mensurable set E ci 3< ns a configu-
ratiun and att optimal set E for problem (7) is said to be an optimal
cunfiguration. TEtus, tEte mensuro u is coalescent with respoct to ji vEten
connectod optimal conflgurations can be found of any mensure (7. TEte
term “coaloscenco” ve use to indicato tEtis eventual beEtavior of tEto solu-
tions to (7) arise from tEto folloving observation: if a descex>t algoritEtrn
viere implemented to salve problom (7), we would seo to evolve a nat

connocted initial configuration towards otEtor configurations ix> wEticEt tEte
separation betwoen components is more and more small; ix> a posteri¿r
stage, tEtose compononts would begin to coalesce ano eacEt atEter.

We Etavo anticipated tEte fact tEtat, vEten rostricted to opon sets E
witEt a finito numbor of companents and mensure (7, tEte Etarmanic mea-
sure witEt respect to tEte Etalf-plane ca((a:o, ya), R, E) attaix>s its maxi-
mum for a cannoctod set of longtEt (7. Lot us now pravo a proporty of
probiem (2) tEtat implies tEtis claim. With tEtis purpose, ve flrst virite
tEte Lagrangian functian corresponding to (2) as faiiows

C(aí,b>,a2,b2 a,.,b,,;Ao,Au

+A0 [(7— E~—1 (bk — ah)] + z—1 A,, (bk — a,,) + Z~I A’,, (a,,~> —6,,)
(8)

For tEtis Lagrangian function, tEte KarusEt-KuEtn-Tucker necossaty con-
ditions of optimality ([3], TEtoorom 9.11, pg. 50) roads

__ — f(a,,)+Ao—A,,+Aki=0, k=1,2,...,u

en
8b~ =f(b,,) —A0 + A,,—A~=0 k—1 2 u

Z%.-~ (b,, — ak) = (7 , (9)
a> =b> a2 =b~ a,,
A,,=0, A,,(b,,—ak)=0, k=1,2,...,n

viEtere, for tEte sake of symmetry, ve hayo put A3 = A~ = O. Lnst
condition on multipiiers A~ sEtavs tEtat A~, = O vhenevor (ak, bk) aud
(a,,+í, bk+>) are consecutivo campanents of tEto optimal set E. Hence.
froin tEte flrst aud socond conditians \Ve deduce that f(a,,) = A0 =
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f(bk), it = 1,2,..., n; ín atEten viords, at tEto end points of tEto com-
pononts of tEto optimal set E, tEto function f assumos tEto same valuo
Ao. Nov supposo tEtat, for a given y, tEte oquation .1(x) = y admits
tvo solutions at most. In tEtis case, ve must conclude that an optimal
set E possosses ox>ly ono component ax>d tEtoroforo, it is connected. An
example of tEtis beEtavior is provided by tEte Foisson kernol (5), vhich
pravo aur claim. TEtat tEte optimal interval is symmetnic witEt respect to
a,0 it is onsily deduced from tEte corresponding syínmetry of tEto Poisson
kernel.

Indeed, tEte Etarrnonic mensure co((xo, yo), R, .) is coalescont vitEt
rospect to tEto Lebesguo moasuro in tEte general sonso aboyo defined.
TEte proof of tEtis assortion involvos a standard pnoperty of tEte Lobosgue
mensuro. Lot (7 be a positivo constant and. E be a l3orel subsot of R
viitEt ¡E¡ = 0. Fon every u C N, tEtero exists an opon set E_ (E R vith a
finito number of companox>ts sucEt tEtat ¡EA E,,¡ < 1/n (cf. [7], pg. 62).
Sinco tEto Etarmonic mensure co((a,0, yo),R~<~) is absolutoly continuous
xvitEt respect to tEte Lebosgue mensure ax>d limnt+,~ ¡E,,¡ = ¡E¡ = (7, we
hayo

w((a,o,yo),R~, E) = hm w((a,o,yo),R, E,,). (10)
ut+oo

But, as vio knov.

co((a:o,yo),R~<E,,) =co((xo,yo),R4~,Efl, (11)

xvEtore ~, = (a:o — ¡E,,¡ /2, a:0 + ¡E,,¡ /2) so tEtat, by taking iimits ix> (11)
and using (10), xve deduce

co((xo,yo),R, E) = hm ca((a:ú.yo),R~, E~) = w((a,o,ya),R4< E*).

(12)
viltene E~ = (ra — 0/2, ro + 0/2). lnoquality (12) sEtoxvs
tltat supiEicw((a,0, yo),R~. E) is nealizod by tite connectod
set (a:0 — 0/2, a,0 ±0/2); tEten tEte i¡anrnontc moasune w((a,o, yo), R, .) is
coalesce¡ít xvitlt nospect to tEte Lebosgue measure, as ve claimed. Noto
tEtat tEto crucial stop to ostabhisb tEto coalosconco of co((a,0, yo),R~, .) vias
tEto proof of inequality (11). TEtis proof vas basod on a particular prop-
orty of tEte Poisson konnol (5). xvEticEt is tEte Radon-Nikodym derivativo
of w((xo, yo),R~, .) with rospect to tEte Lobesguo mensure.

TEtis papen is concomed witEt a study of problom (7) iii tEto case un
wEticEt ji is a. u-finito measuro and y is aít absolutely couitiuiuous mensuro
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vith respect to ji. In tEtis case, tEtero exists a Radon-Nikodym deriva-

tivo dv/dp and tEte rolevant characteristics of aptimal cox>flgurations are
shown to depend almast exclusiveiy on tEte properties of tEtis derivativo.
TEte plan of tEte papor is the following: tEte concopt and basic proporties
of tEto f-rearrangemont of sets and functions are flrst introducod ix> soc-
tion 2. From an informal viovpoint, tEto classical roarrangements of a
functian g Etavo to do witEt special rodistributions of tEte ‘mass under tEte
graph of g’. Given a function f, vio rougEtly defino tEto f-roarrangemont
of g as a nov fux>ction obtainod by redistributing tEto mnss under tEte
grapEt of g in tEte same vay as tEte mass under tEte graph of f is distrib-
uted. Fon tEte sake of ciearness, tEto material of soction 2 is split in fivo
subsections: tEte intraduction of f-rearrangements is performed in tEte
socand and tliird of them, vhile basic material an tEte distnibution func-
tions is presentod in tho flrst subsection. TEte twa remaining subsectians
are rospectively devotod to study f-rearrangements of simple functions
and to extend tEte Hardy-Littlevood inoquality to f -roarrangements.

TEte tools developed in section 2 are employed in section 3 to derivo
a general cEtaracterization (Thoorem ~1) of optimal conflgurations for
problom (7). From tEtis charactonization, a critenion fon coalosconce of
mensures finally emerges (Thoarom 12).

2 f-rearrangement of sets and functions
Throughout tEtis section, (3<, A, ji) viii denoto a measure space and f
3< —* R vil! indicate a function definod on 3< and taking its values in
tizo set of extended real numbers R. TEte subsot of 3< vihere f assumes

finito values viIi be denoted by SRf); i.o., ~(f) — f1(R). TEte set
{a: E 3< : .1(x) # O} (or, vEten dofinod, its closure) is usually called
tiíe support of tEte functian f. Par functions taking values in R, xvo
fluid useful to excludo from tEte s¡ípport tiíat I)oints xvhore f =

Accordingly, xve define suppf = {a: E ~(f) : f(x) # 0>. As usuaily, tEte
Lobosgue mensure ox> a subset 3< ci R” xviii be indicated by

2.1 The distributian graph

Fon oveny > E R, tlíe leuel set E of tEte function .1 is definod as

= {a: E 3< : .1(x) =M~
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vEtile tEte siricí level set EQ off is

= {x E 3< : f(a:) > A).

To distinguish among level and strict lovol set of a function f turns
out ta be irrolovant in many situations. In tEtese casos, ve viii virite EA
to denote E or E; indistix>ctly. Note that tEte inclusion

E; G E :. (13)

Etolds for every A E R. In vhat follovis, tEte difforence E~\F — {x E
3< : f(a:) > A> is denoted by ZVx. TEte families {E.2 : A E EJ and
{E~Q : A E R} are decrensing in tEto sense that

EZ? EZ and EQDE (14)

vEten A1 < A2. Conversely, given a decreasing faniily {O(A) : A E E> of
subsets of 3<, a function g : 3< —* R can be defined by

g(x) = sup{A E E: a: E O(A)}, (15)

witEt tEte convontion ofsettingg(a:) = +oo viEton {A CE: rEO(A)> =

TEtis construction allovs us to recover a function f frorn its level sots.
For instance, if tEto family {E} of strict lovel sets of f is knawn, ve
Etave

sup{AEE:ZEE;}=sup{AER:f(a:)>A}=f(a:) (16)

and, since

sup{A E E: a: E E} =sup{A E E: f(a:) =A) = f(a,). (17)

tizo same is truo for tEte family {E}.
TEto foilowing equalities relatod to union and intersectians of lovel

sets are immediate

fl F~=E$ [9E~ — E;. (18)
A<Ao A»o

In viev of tEte inclusions (14), tEteso oqualitios can be respectivoly vritten
in tEte forní

Ft A vEten A tAo, ¡‘t \ FQ vEten Al, A0. (19)
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1ff is a mensurable function, tEten E and E become mensurable
subsots of 3< and a pair of functions 67, 67 can be correspondingly
defined as tEte mensure of eacEt of tEtese sets; namely, for A E R, wo
defino

67(A)=s(Efl, 6;(A)=~(Efl.

BotEt functions 67 and 67 are cammonly called distribution funetiun of
f, but 67 is ta be named strict distribution funetion of f when it be-

camos useful to distinguish among them. In other casos, tEtis distinction
is not significativo and ve write 6~ to denote 67 or 67, indistinctly.

It may weli occurs 67 = 67 +oo, as tEte trivial example X =

R, 1(z) a:, shows. Excepting tEtis case, we hayo 67(+oc) =

iimxt+00 67(A) =0. Of caurso, 67 < +00 far any mensurable function
f when ¡¡(3<) < +oo but, at ahí events, 67 is finito an tEto eventuaiiy
empty interval (inf3+(>)<+0,A,+cc); Le.

~(67)= ( mf (20)(2) <+00

Analogousiy, we can virite

mf A,+cc). (21)

As for tEte supparts of 67 and 67, we Etave

(infS+(2)<~00 A, essupf) G supp67 C (inf&+(2)<~ A, essu pf],

(22)
supp6¡ = [inf5+<2~<~~A,essupf),

vbere essupf denotes tEte essontiai suprernum of f.
We remark that ather nations of distributian function appoar in tEte

literature vEticEt turn out ta be bettor adapted to spocifíc purposes (seo,
for instanco, [8], pg. 4, [9] and [10]).

Next iemma states sorne elementary praportios of distnibution func-
tians.

Lemma 1. Let f : 3< -4 R be a measurable funetiun. Tite distribution
funciions 67 and 67 satisfy tite followittg properties.
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1) 67 =67.

II) ¿7 and ¿7 are decreasing (and ¡ter-efore measurable) functions. Mure-
over, 67 und 67 are strictly decreasing un ¡heir respective supports
if and only if fur every A1,A2 e supp67 sueit thai A> < A2, tite

condii ion
,í(Et\Efl>0 (23)

is satisfied by tite corresponding level seis of tite funclion 1

lii) S7is left-continuous witile 67 is righi-continuous. Moreover,

67(At) = hm 67(A) = sup 6~(A) = Y(Ao) (24)
-‘

and
¿¡(A;) = Hm ¿¡(A) = ¡nf 6¡(A)= 67(Ao). (25)

Itt a point A E 3}67), 6~ and are cuntinuuus if and only if6~7

= p(E\E;) = 0. (26)

iv) 1ff E L
t (X,Á,u), titen67(A) < +00foreveryA > 0. Eurtitermure

iff =~;titen

L ~ d¡¿(a:) = j 57(A) dA. (27)

Proal’. Proporties i)-iv) of distribution functians are ratiíer staudard
(cf. pg. 76 of[11] foroxample), and a proof ofthom is included hero ar>ly
for tEte sake of completonoss. Tite iuíequality 67= 67 fallovis from tEte
inclusion (13) just as tEte monotonicity of 67 and 67 foilo~vs from (14).
TEte distnibution function 67 is strictly decroasing an tlío intorval suppáfr

given by (22) if and only if 0> 67(A>) — 6±(A
2)—¡¡(E±)—~(Et) =

~¿ fon every A1,A2 E suppó7 such tEtat A1 < A2. TEtis com-

pletos tEte proof of i) and II). Latoral cantinuity of 67 and 67 is a
consequoríce of (19) and of a well-knovn rosult on tEte unoasuro of hm-
its of mozíatano soquonces of mensurable sots (cf. [11], Tioorem 10.11,
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pg. 166). Lateral limits given by (24) and (25) can be anaiogously

ostablishod. Fram tEtose expression of latoral limits ve deduce tEtat
= ¿~(At if and only if ¿¡(A) = 67(A); therefore, condition

(26) is necessary and sufficient in arder that 67 to be continuous in a

point A sucEt tEtat 67(A) < +cc. As for property iv), for an integrable
functian f and for A > 0, ve hayo

A67(A) = j Adp(a:) =¡ f(a:) dp(a:) =¡¡f¡¡1 <+~;

Etence ¿7(A) < +~. lf, apart from tEte integrability of f ve assume tEtat

1=0, tEten ve can write

£ f(a:) dg(a:) = j (j x[oJfr>ídA)

— X[O,f(x)] ds(a:)) dA, (28)

viEtero tEte last equaiity is justifled by tEte Fubini-Tonoiii TEtoorem. By
observing tEtat L X(o,Í(x>] dp(a:) = fo d14z) = 67(A), ve obtain tEte

identity (27) far ¿7. TEte corresponding identity for 67 can be derivod,
for exampie, by taking XIo,f(x)) instead of X[o,f(~>) in (28).

u
Assumo for a mament tEtat 3< is a topological space and tEtat A is

tEto Barel «-algebra att 3<. Moreover, suppose that tEtero exist no ji-

negligiblo opon subsets of 3<; i.e., tEtat ¡¡(U) > O far every opon set U.
TEten couídition (23) is satisflod by cox>tinuous functions and thorefore, 67
is a strictly decrensing function on its support (cf [5], pg. 27). Indeed,
tEte set EJ = {a: EX : A1 < f(a:) < A2> C EZ\Et is opon for overy
A1, A2 e suppó7 such that A> < A2; therefore, p(EZ\Et) =¡¡(U) > 0.

OtEter propertios of distribution functians are put togother in tEte
foiloving result, vEtase immodiate praof viIi be ornitted.

Lemma 2.

1) 1ff =giben 67=~t;
u) For every real cunstaní e, ¿Y+~(A) = 67(A — e), A E E.
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iii) Ift >0, titen ¿~ (A) =6~(A/t), AFE.

Naw wo consider tEto set valuod map A1 obtainod by “fllling tEte
gaps” of tEte distributions functiox>s; tEtat is, ve defino Aj: E —* 2~ by
moans of

AftA) = [6¡(A),¿~(A)], A E E. (29)

Noto tEtat Aj(A) = {+00} whenover ¿¡(A) = +00. Fnom nav on
tEte map A1 will be called tEte distribution grapit of f. After Lemma
1- II) and iii), we can alsa vinite Aj(A) = [SUPC>A6~(ev), 67(A)] =

[%(A),infa<x ¿7 (a)] = [sup0>x67(ev), ittf0<~ ¿¡(a)]. Frain tEto last equal-
ity ve seo tEtat tEto inverso map Ay

1, dofinod for A=O by

A E A71(y) ~ y E A
1(A),

can be exprossed in tEto form

A» (Y) = [ sup a, mf a], (30)
¿Í(a)>v

5
1(a)<v

vhere we agree in defining inf0a = +~ so that A>(O) =

[supA1(0)>~a,±cc).In fact, tEte inclusian A E A7
1(y) Etolds if and only if

supo>x 67 (a) =A =inf
0<x¿¡(a) ar, equivalently, 5UP&+(O)>~ a < A <

a. By realizing that

sup ev = sup ev and mf cx = mf a, (31)
5)(a)>v

57(a»y &)(a)<v 67(a)<v

oxprossíon (30) far A7’(y) is obtained.
In addition, if ve coincido in defining sup

0 — —~ tEten expressían
(30) for Ay

1 (ya) provides tEte values of A that salvo tEte inclusion y E
Aj(A) for a givon O =y =±~. By observing tEtat Ay1 {+~} if and
only if ¿~ +~, vio canclude that tEte inclusian y E Aj(A) lías a real
salutian unless ¿~

2.2 f-rearrangement af sets

Loosely speaking, given a mensurable function f : 3< - E auíd a ¡neasur-
able set E ci 3< ve say tlíat a lovel set E,\ of f is tEte f-rearratígoníeuít
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of E when ¡¡(FA) = ¡¡(E), so that tEte equation

= ¡¡(E) (32)

is satisfled. TEtis ingennaus idea can not be piainiy taken as a definition
since, an ano Etand, equation (32) is not generaliy salvable and on tEte
atEten Etand, if a solution exists at alí, tEtis may be not unique. Indeed
tEto last prablem is not aserious ano: vEtonever equatian (32) admits twa
different soiutions A1 and A2, both lovel sets Ex1 and Ex2 hayo a camrnon

measure ¡¡(E). lf¡¡(E) <+00 tEten ¡¡(EA1 \Ex2) = Oso tEtat E>~1 differs
frorn EA2 only in a nulí set and a tEteory is canstructed by taking any level
set EA with A solving (32) as tEto f-rearrangement of tEte set E. TEtis
theory viII enjoy of tEte usual “resolutian pawer” of Mensure Theory:
twa sots A, B are considered idontical when A (E fi and ¡¡(fi \ A) = 0.

Noithor can twa sets A, fi sucEt that A (E fi and ¡¡(A) = +~ = ¡¡(fi) be
substantially distinguished by mean of moasuro-tEteoretical arguments,
so tEtat tEtero is no prablom ix> defining tEte f-rearrangement of a set E
viitEt ¡¡(E) = +00 to be any levol set Ex with ¡¡(EA) = +00.

In arder to overcomo tEte first difficulty, ve repiace oquation (32) by
tEte inclusion

¡¡(E) E AftA). (33)

As we Etave said at tEte end of previaus subsection, uniess ¿j

tEte inciusion (33) admits real solutions. In fact, witEt tEte aid of (30) tEte
set of their solutions is expressed by

A7
1(¡¡(E)) = [ sup a, mf a],

6¡(a)>gE) 6
1(a)<p(E)

so tEtat ve recognize in tEte lovel sets EA vitEt sup51(,)>HE) a =A =
infsica)<#(n) a tEte natural objects to be considored as f-rearrangements
of tEte set E. Concretoly, given a mensurable set E ci 3< and a mensur-
able function f : 3< —* E sucEt tEtat ¿j is not idontically +00, ve defino

tEte superior f-rearrangement E’-~ of E to be tEte levol set

_ (E) a (34)

vlíile tEto lovol set
a (35)
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is defined to be tEto inferior f-rearrungernent of E.
Recalling that 5UPSj<a)>y &=inf~

1<~><~, a, ~‘ ~ 0, ve hayo

a Sup¿ <~»~<5> —~

1~ (36)

Moreover, in viev of 6+ is a left continuous and decronsing function, vio1
can vríto

¡¡(E~1) — ~Y(6Í(:~~(E) ) = &
1(a>g(B) 6S(cv) =¡¡(E) (37)

and, ix> a similar way,

¡¡(E.;) = 67 (sÍt~f~(E)ev) = sup ¿¡(a) =j¡(E). (38)
&f(a)<g(E)

lf ¡¡(E) = +00, tEten ¡¡(E
4) = +00 = ¡¡(E) by (37 ). Analogously, if

¡¡(E) = O, tEten p(E.j) = O = ¡¡(E) by (38). Haviever, simple examplos
sEtov tEtat inequalitios (37) ax>d (38) are genorally strict. Sufficient con-
ditions in arder that those inequalities become equalitios are providod
by tEte folloviing:

Lemma 3. Leí E be a rneasurable set witit O < ¡¡(E) <+00; titen

1) ¡¡(E4) = ¡¡(E) if 6; Ls coniinuous at tite poiní A = suPs
1(0)>gE) a;

II) ¡¡(Eq) = ¡¡(E) if 61 is continuous al tite poiní A = inf¿1(a)<gz) a.

Proal’. To pravo 1), assume tlíat A = suP61(a»,~(E) a is a point of
continuity of 6;; tEten

¡¡(E
4) = ¿f ( sup a”’) =67 ( sup

\6,(a)>p(E)

Taking into account that suPs,(~)>~(E) ev = infs,caí<p(E) a, ve hayo

ó¡ ( sup =¿¡ (infa”~ = sup ¿¡(a) <¡¿(E)
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and thenefore ¡¡(E*f) =¡¡(E), which, togetEter vith (37), gives ¡¡(E*Í) —

¡¡(E).
TEte proof of 11) issimilar. u
From tEto examplo in vhicEt 3< = R and f = X(o,i) vio seo tlíat

sufficiont cox>ditions furnishod by Lemma 3 aro not nocessary. In offoct,
tEte distribution function ¿Jis Etone givon by

+00, A<0
¿7(A)= 1, 0<A<1

0, A>1

and for any mensurable set E C E with 0<¡E¡=1weEtaveE*f~-.E+
and

E.gCO, ¡E¡=0
El, 0<

vihenco ¡E*f¡ — 1 and ¡E.1¡ = 0.
We viii say tEtat a mensurable function 1 is a regular funetion vEten

6/ is a nat identically +00 strictly decreasix>g and continuous function
on supp6j. Lemma 1- 14,111) gives necessary and sufficient canditions
in arder that a function 1 ta be regular. For a regular functian f,
tEte inverse ¿¡~ of tEte distnibution function is dofined on tEte intonval

[o,¿~(infs,«a><+oo ~)]and it is a strictly decronsing and contiuíuous
function tEtero. Hence, for every mensurable set E viitit O <

¡¡(E) = ¿~ (infs,(0yc+oo ev), ve Etave

sup ev = sup ev =

auíd inf¿1(~)<~(s) ev =infa>e—í (#(E)> ex = 6¡’(¡¡(E)), so that

E*IE+ a
(,4E))

and
= J:;flf¿1(0)<,4a,) a =E~i, ((E))~

Titus, ¡¡(E”\E~1) = ¡¡(Ns7í(~(n))) = O and ve hayo proved tEto

folloviing tiíeorem.
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Thearem 4. Leí f be a regular funetion; titen, for every measurable set
E ci 3< sucit iitat O =¡¡(E) =¿y (ittfsf(o)<+oo a), tite equaíiíy

— ELy

itulds np tu a ¡¡-negligible set.

Proaf. Seo tEto previous discussían.

u

Itt aun next result, tEto main propertios of f-roarrangoníent of sets
are collected.

Theorem 5. Leí f : 3< —* E be a measurable function sucit thai 6y Ls
not identically +00, and E, E,,E

2 be measurable subsel of 3<. Titen, tite
fullowing siatemenis hold fur superior f-rearrangements:

1) If Eí C E2, titen (Ei)’ C (E2)
4.

II) (E> rl E
2)’ C (E)

4 rl (E
2)

4 and (E> U E
2)

4 D (Ey’ U (E
2)

4.

iii) ¡¡ ((E
1)” U (E2)

4) = max {p ((E
1)

4) ji ((E
2)

4) } and

ji ((E
1)

4 rl (E y!) — miii {¡¡ ((E
1)”) ,~ ((E2)

4) }.
iv) EJ*(I+C) — E4 c E E.

y) EJ*(L1) — EJq ~ > 9

Siatemenis 1)-y) itold for inferior f-rearrangernenis as well. Mureover,
tite fulluwing pruperties relate superior rearrangernenis tu inferior re-
arrangemenis:

vi) If E = Et is a level set corresponding tu f; titen E1 = E and
= E;.

vii) (E’J)’f — EJ4 (E,,)., = EJ
1 (EJ*J) ~ — Eq and (E,f)’f = E

4

Proal’. Wc will pravo nsserts 1)-y) only fon superior f-roarrangoments.
lf E> C E

2, tEten ¡¡(E>) < ji(E2) and so tEte inclusion (E1)’I C (E2)’
1

is immodiate from tEto inequalities supsí(a,>#(st) ev ~ suP
51(0)>~(E2) &
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and iflfói(a)<#(Ez) e~ ~ infs1(a)<g(B2) a. TEtis pravos 1). Assert 11) fallovis
from 1) by simply observing that ~1 rl E2 C E; and E1 U E2 D E;,

= 1,2. iii) is clear from tEte fact tEtat (e,)” and (E2)’J are lovol set

of the function 1~ Statements iv) and y) are simple consoquence of tEto
proporties of tEto distribution function vEticlí vero ostablisEted in Lemma

2-11)411). To pravo vi), vesimply note that (Efl
4 = ~ a =

E and tEtat (EtY’ = Eiff a = E. Finaily, proporty vii)

foilovis from vi) by taking into account tEtat E’1 and Eq are lovolsets
of f.

a

2.3 f-rearrangement of functions

We are now ready to introduce f-roarrangoments of a function g by
rearranging its level seta Lot us begin by considering tvo measurabie
functions f, g : X —> k such that 6~ is nat identicaliy +00. TEte families
{(OA)” : A E E> and {(Ox).í : A E Rl are docreasing by TEteorern

5 -1) and so, using exprossian (15), certain functions can be recovorod
from tEtem; nameiy, tEto superior f-reurrangement y’! and tEte inferior
f-rearrangement g.j of a function y are respectively defined, for evory
a: E 3<, by

g”(a:) — sup{A E E: a: E (Ox)”> (39)

an d
g.j(a:) = sup{A E E : a: E (Ox)~í}. (40)

TEte fact that rearranging strict leve! sets 0 amounts tEte same of rear-
ranging lovel sets O~ij is emphasized by deflnitions (39) and (40). Take
for instance superior f-rearrangernents. In tEtis case, tEte inclusíons

F(a:) = {A E E: a: E (O)’~} C {A E R: a: E (~k)”} — F~(x), a: E X.
(41)

shov that

sup{A E E : a: E (0)’í} =sup{A E E: a: E (Ofl”}, a: E 3<. (42)

From appiyitíg tEto definition of superior f-rearrangemox>t, ve seo that
a: E (OK)” if and oniy if f(a:) =suPh(a)>s~.(A) & and that a: E (019*1
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if and only if f(a:) =suP¿<)>&4(A)&. lfwo rocalí that 6~(A) may diffor
from 6¡(A) in a numerable set of values of A at most, ve conclude that,
fon every a: E X, tEte set F+(a,)\f’(a,) is at most numerable, so that
inoquality (42) is reaiiy an equality. A similar argumont shovs that
dofirzition (40) of inferior f-rearrangemont does not depend arz vihat
typo of lovel sots aro taken far function g.

In tEte light of previous discussiauí, ve can vinito

<‘(a:) = sup{A E E: f(~) = sup ev}, a: E 3<, (43)

and

gq(a:) = sup{A E R : f(a:) > mf ev}, E 3<. (44)
61 (a)< 6~(A)

It follovs from inclusion (36) that (0.04 C (04,, A e E; vEtonco
tEte follaving inoquaiity

gq(a:) =<‘(¾ (45)

Etoids for every a: e 3< auíd somevEtat justifles tEto torminology vio omplay
fon f-roarrangoments.

Givon tvo functions Yt and g~, ve set g> y g~ = rnax{gí,g2} attd

91 A 92 = min{g>,g2}. In tEte following result, vEtase simple proof vio
omit, tEto most elementary proporties of f-roarrangemonts of functions
aro ostablisEted

Thearem 6. Leí f be a rneasurable funcliun sucit thai ¿j is nul identi-

cally +00. 1] g,gí and g2 are measurable functions, tite folluwing prup-
erties of superior f -rearrangemenis it oíd.

41) If y, =g2, titen ~V =92

Ii) (91 A =~2)*í=g~
1 A g~ and (gí V 92)’ =g~ Vg1

iii) g*U+C) — c E E.

Properties i)-iv) also huId fon inferior f-rearrangements. Furiherinore
f-rearrangements enjoy tite fullowing additional pruperties:
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y) f4 — fq = f.
vi) (g4)4 — g~f (gq)q = g.j, (g.I),j = g.~ aud (g.~)4 —

As it is statod by tEte fohiowing tEtoorom, superior and inferior f -
roarrangements coincide in tEte caso in vhicEt f is a regular function.

Thearem 7. 1ff Ls u regular funetion, titen
g*f(a:)=sup{AER:(sfof)(a:)<6g(A)}=g*í(a:) a:e3<.

(46)

Furtiterraure, ifg is u regular funetion loo, titen

g’(a:) = (6> 0610 f)(z) = g.
1(a:), a: E X.

Praaf. By
can vrite

(47)

assuming that f is a regular function, far every a: E 3< vio

= sup{A E R: f(a,) =

= sup{AER:f(a:)=

= sup{AER:(¿jof)

= sup{AER:(ójof)

= sup{AER:f(z)>

= sup{AER:f(a,)>

sup a>

(6;-’ o 64(A)>

(a:) =62(A)>

(a,) < 69(A)}

(67’ o 64(A)>

mf a>

= g1(a:).

TEtis pravos oquaiity

(46) ve deduce
(46). Now, if function y is also regular, tEten fnom

g,í(a:) = sup{AER

= sup{AER
= (6;tos,o

(¿A o¿jof)(a:) =A>

~ 6 3<,

vhicEt completes tEte praaf.

u
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Ciassical symmotrizations of sots and functions (seo [4], [6], [2],
[5]) can be vievod as f-roarrangements for particular regular functions
1 : R~ —* E. Consider, far instance, a continuaus function f : E” —* E
such that f(a,) = ~Ua:¡)a: E E”, for a cortain continuous and strictly
decreasing function ~ : Rt —* E. Fux>ctiox>s hiko f aro knovin as radi-
ally decreasing (continuous) functions. Lovol sots of sucEt functions aro
spheros centered at tEto origin given by EA = fi~—¡(x)(O), so tEtat

61(A) = ca,, [#‘(A)]”, A e E, (48)

vEtere ca,, denotes tEte volume of tEte unitary n-sphore. Sinco fisa regular
fuutction, expressian (46) for tEte f-rearrangornox>t of a function g Etolds
and in tEtis vay, f-rearrangernonts dopend anlÑ on tEte composition ¿~of.
Using (48), ve obtain

(ó1of)(a,) = ca,-, [<>(~(Ia:¡))]”=wn¡a:¡”, a: eRa,

vhoríce vosee that f-rearrangemex>ts vitEt f a radially symmetnic func-
tiouí do not dopeud on tiío particular choico of f and they are canso-
quontly oxpressed by

<‘(a:) = sup{A e E : ca,, ¡a:¡” =62(A)} = g.j(a:). (49)

Rearrangoments given by (49) ano rocognized to be tEte Schwarz sym~
metrizatiun of function g ([2], [5]), 50 that ve can say that Schviarz
syunmotrization corrosponds to f-rearrangemonts for 3< = E” auíd any
radially decreasing cox>tinuous function f.

2.4 Simple functions

In tEtissubsection ve are concomed vith tEte f-rearrangement ofasimple
fuuíction; i.e., a mensurable functiorz vhich assumes only a finito ríuuríbor
of values. To begin with, ve study f-rearrax>goments of tEte clíaracteristic
function X’s of a measurable set E ci 3<. Wo viIi shaw that

(XEY
1 = XE~Í (50)

a.nd
(XE)*1 = XEq (5t)
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Take for instance tEte equaiity (50). Since, for overy a: E x,
(XEY’(a:) — sup{A E R : a: E [(EEVf’}

and
XE.I(~) = sup{A E R: a, E (BE.IYx},

ín ardor ta establish equality (50) it is sufficient to pravo tEtat

=

for ovory A E E, whicEt ve make by means of a soquonce of simple
transformations:

= {a:EX:xc.,(a:)=A}
= {x EX: XF~2 (a:) =A>

= {a: E X : X{vSX:1(Y)>sup¿1(0)>~(a,) 0}(a:) =A>

3< A<0
= {a: EX: f(a:) =sup¾(a»p(E)a}, 0< A <1

A>1

= {a:EX:f(x)= sup cx>

a

=

TEte pnoof of equality (51) is similar.
Lot g be a simple function and a1 < a2 < ... < a,, be tiíe non-

zona values tEtat g nssumes. In terms of tEte cEtaractoristic functians
correspanding ta tEte sets Nk = Qn E 3< : g(a:) = a~}, it = 1,2, . . ., u,
functiox> g can be expressed in tEte form

n
g=ZakXNk. (52)

k=1

Characterization (52) of a simple function g is known as canonical rep-
resentation of g (cf [7], pg. 75).

In general, tEto distributian function 6~ of a simple functian g, vEten

restricted ta ~(4),is again a simple function. ASter Lemma 2 -Ii), ve
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may confino aurselves tocampute ¿~ for non-negativo simple functions,
so tEtat ve suppose g is givon by (52) vith a1 > O. A nautine applicatiaíí
of definitions give us in tEtis case ~(6~) = (0, +00), ~(¿;)= [0,+00)
and

n

~9I(O,+oc)= Zp(N0x(o,a~í,

n.

(53)

(54)

It sEtoníd be noted
tions ¿ and 6; aro

tions are respectivoly

tEtat tEtose ropresentations of tEte distribution fzínc-
not canonical vhoroas thoir canonical representa-
given by

u
= Z6(ak)xa,,lak

k=l
(55)

and
n

6flío+~ =
k=1

In (55) and (56) wo Etave put a0 = O.
To ropresent a simple functian 1 in a viay differeuít

out to be useful it, cannoction witEt rearrangements.
a>, ev2=a2—a>, . . .,ev,, = a,,— a,,.¡, ve can xvrite

from (52) turns
Sotting ~1 =

u
(57)

=
k=1

xvhere O,,={z EX:G(a:)=ak}=Ctk,k—12 n.(cf [4~pg.
279. [5], pg. 24). In viev of Xc1 =Xa2 = =xc,~, ve say tbat (57) is

tEte munotune representation of tlíe simple function g. Fon example, tlíe
second member of

u

6 =
k=i

(56)

corrosponds to tIte unozotoíío nepresouitation of
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Roughly speaking, next tEteorem says tEtat tEto f-rearrangemox>t op-
orates ix> a linear vay ox> tEte terms of a simple functian g provided that
g is given by its monotone representation.

Thearem 8. Leí f be a measurable funetion witit 6~ non identically
+00. If 27~~ &kXGok Ls tite monut une representa tiun of a nun-negative
simple func ¡ion 9, titen

n

94 = >jevgx00,,)
4, (58)

k= 1

and
n

9~j = >5cxk(xa
01)*1. (59)

k= 1

In vievi of (50) and (51), ve can oquivalently write

n91 — >5 &kX(G )~f, (60)

ax>d
n

94 = >5exkX(a)1. (61)

k=1

Proal’. Lot Z~—> &kXGok be tiíe monotone roprosentation of a jion-
negativo simple function y. \Ve xviii pravo that oxpression (60) Etoids fon
tEte superior f-roarrangemont of g. From oxpression (43) for superior 1-
rearrangements ve seo that tEte computation ofg

4 is reducod to compute
tEte quantity sups

1(0)>s (A) ev as a function of A. To tEtis ond, ve set
a0 = 0 and a~ = a;, it = 1,2,..., u, aud vio consider tEte ca¡íou¡ical
represontation (55) for ¿~4 Tiíus, ve obtain

su P51(O)>P(X) ev A =0
sup ev =

Sí(a)>t(A) suPá<a»6+(a,,) ex, akfl < A =a~

—00, A<0
ex, ak....í < A=ap



500 Lucio 11. Borrone

vEtex>ce, fon tEte values of a: sucEt that sup5 (o)>8~(a ex ~ f(a:) <
ve deduce

4() = a¡. (62)

TEtis can be compactly revrittett in tEto farm
‘1

~ >5
UPJI(O)>ót (ab)

whicEt is seon to coincide with (60) as soan as ve realizo that (Oak)*J
(a,,)

u

2.5 The Hardy-Littlewaad inequalityfar f-rearrangements

Integral inequalities for clnssical roarrangomonts can be extended to
1 -roarrangoments, tEte Hardy-Littievaod ix>equality for functions zn
L

2(X, A, ji) (cf. [4], pg. 278, [5], pg. 23 ax>d tEte appondix in [9])
being a goad example of tEtis fact. Lot us now pravo tEtis extension.

Theorem 9. Letf be a measurable functiun sucit thai ¿~ is not identi-

cally +00. Titen tite inequality

£ gh dp(a:) =£ <~4 d¡¡(a:) (63)

itolds for any two non-negative funciions g, it E L2(X, A, ji).

Proal’. TEte idea of tEte proof used by Hardy and Littlewood (cf. [4]and
also [5]) to pravo inequality (63) fon clnssical rearrange>nonts alsa vorks
Etere. In tEto flrst place, ve shovi tEtat (63) Etolds vihon g = YE, auxd it =

xe
2, being E~, E2 C 3< tvio moasurable sots with ¡¡(Eí),p(E2) < +~.

In tEtis case ve Lave

XE,XE, dji(r) = 1¿(Eí rl E2) =min{jí(Eí).1í(E2)},
but, using inequality (37) and TEtoorom 5-111), ve can virite

min{p4E1), ¡¡(E2)> = min{p(fl’
1), ¡í(E1)}

= j¡(E’ rl E4) — Xci VE;’ dj4z)
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and from (50), XE~I = (xB1Y
1 and XE~I = (xsD*f , so that

XR~IX~» dp}x) = J(xEhYJ(xsiJdHz).
IVe then conclude that

JXEIXB
2dII(Z) =J(xsifí(xEj*Ídfl(x). (64)

Now, ~ve extend inequality (64) to the product of non-negative sim-
pie functions y and h such that g,h E L

2(X,A,tO. To this end, Jet
us consider their monotone representations y = _ &kXGk and h =

zr=1 I
3kXHk~ in view of inequality (64) and Theorem 8, we have

J9hd~}sñ = ZctíltJxaíxnadídx)

=E a¿/35J(xaí)f(xH,)*JdP(x)

nl

= ~ (ÉÁixG0~rJ 2~Á (xwQ*f) dp4x)1 5=1

_ gtJ ¡~*1 dp(x)

Finally, let be given two non-negative functions y, h e L
2(X, A, ji).

Ihere exist two sequences {g,,} and {h~} of non-negative simple func-
tions such that g~ t g aiid h~ t h when n t ±~. For these sequences
xve have just proved that

j
9nhnds(x) =¡ gJI¿~dp(x) =f g

4h4dp(x) EN. (65)

In the 1aM inequality we líave applied, Theorem 6 -i) and the monotonic-
ity of the integral. The conclusion follows by making n ~ ±~ in (65)
aud applying the monotone convergence theorem.

u
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We remark that inequalities like (63) or its converse are not generally
valid wben superior f-rearrangements are replaced by inferior ones. la
fact, suppose that Sj has a point of discontinuity at least. Assume
further that a measurable subset ¡1? G X can be chosen so that /1(E) is
any point in a gap of 6~. In this way, the equation Sj(Á) = p(E) is not
solvable ami therefore j¡(E) > 1¿(E~f}. Then, by taking g = h = XE ~
have

f gh di¿(x) = xs dp(x) =

— J(XE)sIdIi(z) ¡9*.fh4diI(Z).

On the other hand, if we choose an E such that the equation Sj(X)
¡4E) admits a unique solution >o, then inferior f-rearrangement of g
aud It coincide with the corresponding superior f-rearrangements g

1
and M~. Theorem 9 shows that

J
9hd~(x) =

in this case.
In the next section, a version of Theorem 9 for functions in L

1 (X, A, p)
is to be useful.

Theorem ia. Let f be a mensurable functian such (bat Sj Ls not iden-
tically +~. Thai (he inequality

f gh dp(z) =¡ <11r1 dp(x) (66)

kakis for cuy twa non-negative functions g, h E L’(X, A, ¡4.
The meaning of inequality (66) is the following: if the integral of the

second rne¡nber is finite, then so it is that appearing in the first ineinher
ami the inequality líoHs.

Proof.
The proof does not practically (lifíer fron the proof of Theorern 9.

u
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3 Coalescence of measures

Let (X, A, ¡í) be a a-finite measure space and consider another measure
U OH X which is absolutely continuous with respect to ji. The Radon-
Nikodym Theorem enable us to write

¿‘(E) = E E A, (67)

where f = dv/d/1, the so called Radon-Nikodym derivative of the mea-
sure u with respect to ,i, is a ¡í-unique non-negative measurable func-
tion defined on X. We define the muge of the measure ji to be the
set y(A) C [O,y(X)]so that, for any C that belongs to the range
of g tbere exists a measurable set E such that ¡<E) = C. Sets in
{E E A y(E) = C} are to be named admissible conflgurations in what
follows. For a C belonging to the range of ji such that O < C < ji(X),
we pose the optimization problem

sup{v(E) E E A, p(E) = C}. (68)

Extremum values C = O and C = y(X) are exciuded in order to avoid
trivial situations. Next theorem furnishes a characterization of optirnal
configurations corresponding to the optimization problem (68).

Theorem 11. Assurne thaI Me distribution funetion Sj corresponding
lo 1 = dv/dy is nol identically +~ and thaI 5UP5j(ú)>c& is a pomí
of continuity of ój. Then, Me set E*f with E E A and /1(E) = C Ls
an optirnal configuration corresponding lo problem (68). Furíhermore, if
suP~(EfrC ¿‘(E) < +~, titen tite optimal configuration E*I 23 ji-tiiiique;
z.e., any ollier optimal configuration A differs from E’1 only in a ¡¿-unU
set.

Proof. Let O < C < p(X) belongs to the range of ji. In view of (67),
for every E E A with ¡«E) = C xve can write

¿‘(E) = fE d/1(x) = f(z)XE(x) d/1(z), (69)

where f = dv/d¡¿ =O is measurable. Since we have supposed that S~ is
not identically +~, superior f-rearrangements can be taken and then,
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an application of Theorem 10 produces

£ Í(x)xE(z) dy(x) =~ff~(x)4(x) d¡¡(x)

— 1? Í(z)XE*Í (x) d/1(x)
¿‘(E’

1). (70)

To get (70), both Theorem 6-y) ami identity (50) have been used. From
(69) and (70) we obtain

sup ¿‘(E) =¿‘(E’1)
p(EfrC

and, taking into account thaI

E’1~Fstpa (71)

and that SUPói (a)>C a isa continuity point of 6p Lemrna 3-1) shows that
/1(E’f) = /1(E) = O. This proves that E’1 is an optimal configuration
for problem (68).

Leí us now suppose thai SUPg(E)...C ¿‘(E) < ±~. To prove thai E’1
is /1-unique, we observe thai, for every A E A, we can write

¿‘(A) = v((A\E’1)U(Afl E’1)) — f f(x) d~&c)+j f(z)dp(x)

(72)
and

v(E’1) — ¿‘((E” \ A) u (Am E’~)) — ¡ f(x) dp(x) + j f(x) dp(x).

(73)

Now we realize tl¡at
fW < sup a, z E A\E’1, 1(x) =sup a, E E’1\A (74)

8j(a)>C

a.nd
0< sup a<+~. (75)

lii fact, inequalities (74) easily follows frorn expression (71) for E’1.
la respect fo (75), Wc see that the non-negativity of f implies that
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óf(a) = ji(X) > C for a < 0. The inequality SUP6J(Q)>C a > O follows
frora ihis observation. If sUp3i<0)>0 a = +~, ihen 61(a) > C for every
a and iherefore, O = Sj(+oo) > C which is contrary to ihe assumption
C>0.

So we have proved thai O =sups1(0)>ca < +oo. Furihermore
we have SUPSi(,)>c a ~ O because if, on ihe contrary, it would be
SUP&j(a)>c a = 0, ihen 6j(a) < C for a > O and ihus 6~(O~) =C.
In view of SUP&,(ú)>C a is supposed to be a poiní of continuity of 61,
we deduce thai ihe inequality ¡í(X) = 6~(0—) = 6~(o~) =C holds, so
violating again ihe assumption C < ¡4X). Note that the possibility
f E O is excluded by the hypotheses: 1ff O, ihen SUPS¡(a»c& = O
for every 0< C <y(X) and A = O is not a poiní of continuity of Sj.

If A is an optimal configuration for problem (68), ihen ¿‘(A) =

¿‘(E’I) and equalities (72) and (73) irnply thai

f(x)dídx)=j I\A f(x)dp(x). (76)

Therefore, ifwesuppose thai y(A\E’í) > 0, from (76) and (74) togeiher
we obtain

ji(E’
1 \ A) sup a < j f(x) d~u(x)

= JA\EI f(x) dy(x) <¡«A \ E’1) sup a

or, iaking lato account (75),

¡¿(A) — ¡«Am E’1) = y(A \ E’1) < ¡«E’1 \ A) = /1(E”) — /1(A ci E’1),

which is in contradiction with the equality /1(A) = ,i(E’f) — C. Hence
xve conclude thai ji(A \ E’l) — O and iherefore, xve can write

o=j f(x)d~(x)=f f(x) dy(x) =¡«E’1 \ A) sup a

which implies that ¡í(E~! \ A) = O as xvell. Thus we have shown thai
¡¿(A A E’í) = O so finishlng the proof.

u
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We remark that sorne patlíologios arise in the clíaracterization of op-
tirnal configurations as level sets of d¿’/d/1 when hypotheses of Theorem
11 fail. A few examples are now given attempting lo clear this point.
Beyond of the technical irnpossibility of defining f-rearrangements when
Sj is identically +oc, the assurnption j(61) # i~ is needed in order that
level sets might be adrnissible configurations for probIem (68). Consider,
for instance, dio case X = (0, +cc), ji(.) = ami f(x) x. Since the
measure of leve! sets is infinito, tlíe optimurn sup/,CEY..0 ¿‘(E) = +00
is realized by no ono of thern bocause thoy sirnply are not adrnissible
configurations. Note, however, thai ¿‘(E’) = x dx = ±00 holés for
certain not bounded measurable set E’ with ¡Efl = 0.

Neither can the requiremení of Sy being continuous al the poiiít
SUPS1(0)>c ev be dropped from the statement of Theorern 11. For exarn-
píe, if X = (0,1), y(.) = ¡.¡ ané f = X(o,1/’2), we have 6~ — X( oo,O] +

and sup81<0»1¡4 a = 1 . T}¡us, p~ = (0,1/2) satisfies =

1/2 > 1/4 ané thorefore F~ is not an admissible configuration for prob-
1cm (68) with O = 1/4.

Our lasí example shows thai, in general, >u-uniqueness of the optimal
configuration E’

1 breaks down wlien 811PgE)—c ¿‘(E) = +00. In fact, if
we take X = (0, 1), ¡4.) = .¡ ané f(x) 1/z, we see thai, for every
0<0< 1,

+00 = SU) ¿‘(E) = ¿‘((0, 0)) = ¿‘((0,0/2) U (1 — 0/2,1))
IL(EfrC

xviii le
¡(0,0) A [(0. 0/2) u (1 — 0/2, 1)]¡ J 0.

Now consider a topological space X equipped with the a-algebra of
its I3orel sets. As before. ji aiid y denote two a-fuíite Borel measures
011 X sucli tliat u is absolutely coiítiíiuous with respect to ji. A Borel
subset [3 G X is salé to be a ji -connected subsel of X when there
exists a p-niill set Z such that [3 u Z is connected. When every level
set FN of a measurable function f X —* R is p-con¡iected. we sav
tiiat f is a ¡¿-connected function. Thus, for every level set FN of a ji-
conziected furíction f. títere exists a ¡neasurabie set Z>~ with ¡í(Z\) = O
suclí tlíat F’.\ U Zx is cozz¡iected. Tite concept of coalesce of ¡neasures
was anticipated iii tlíe iiitroductiozz: the measuro y is coalescent witlí
respect to ji xvlíeziever a coziriected optitital solution to probleni (68) dc
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exisís for every O belonging to the rango of ji, O < O < ji(X). We will
see that coalescence of a measure ¿‘ with respect to ji is closely related
to the ji-connectodness of level sets of the Radon-Nikodym derivative
f = d¿’/d¡í.

Theorem 12. Suppose thai 6,, Me disiribuiionfunction of f = du/d/1,
is continuous on jis support. Titen, tite mensure ¿‘ Ls coatescent with
respecí lo ji provided tital f is a ji-connecied funclion. Furtherrnore, if
tite mensure ¿‘ is coalescení with respecí to ji aud SUPp(E)...c ¿‘(E) <+00

for every 0 <0 < ji(X) belonging lo ihe muge of ji; titen f = du/dji is
a ¡¡-connecied funclion.

Pronf. Assume that dv/dji is a /1-connected function and let be givon
a O < O < /1(X) belonging to the range of ~u. Then, there exists a
measurable set E with ji(E) = O ané Theorem 11 shows that E’1 is
an optimal configuration for problem (68). By realizing that E’1 is a
level set of the ji-connectedfunction f = d¿’/du, we concludo thaI there
exists a ji-null set Z such that E’1uZ is connected. Since ji(E”uZ) =

~u(E’f) — O and ¿‘(E’1 u Z) — ¿‘(E’1) the set E’1 u Z is a connectod
optimal configuration. From the arbitrariness of O < O < /1(X) it follows
that Ihe measure ¿‘ is coalescent with respect to ji.

To prove the converse, assume that sUP
14EfrC ¿‘(E) < +~ for every

o < O < ji(X) belonging to the range of ji. it will be sufficient to show
that F)~ is ji-connoctod for aH A E (0, essupf). Now, if Ihe measure ¿‘is
coalescent with respect to ji ané O < O < /1(X) bolongs to Ihe rango of ji,
then a connected configuration Ec such that supg(B)...c ¿‘(E) = ¿‘(Ec).
Frorn Theorem 11 xvo seo that Ec diffors from E’

1 = only inO SUP¿f(o)>cC

a ji-nulI set and so, the leve! set ¡74J~,J a is ¡i-connected whatover be

o < O < /1(X) belonging to the rango ofji. lf A E (0, essupf), then 0A =

Ss(A) obviously belongs to the range of ji; moreover, the inequalitieso < 0A < ji(X) líolds. We affirm that ~.t differs from ¡2+ inSUPJ(a)>CO

a ji-nuII set. In fact, wo hayo SUP¿I(a)>CA Q = suP&i(a)>6
1(\) a < A and

by the continuity of ój, Sí(A) = CA = ¿í(sup61(0)>c~ a), wlíence

FGFXtPÓ<>C (77)

au d
(o) >C~ (78)
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Tite assortion easily follows from (77) and (78), which fínishes the proof.

u
Using a different argument, we proved in the Introduction that tle

harmonic measure w(Qro, yo), R, .) of the uppor half-plane is coaloscent
with respect to the Lebesguc measure on the real axis. Tuis fact diroct!y
follows from Thoorem 12 by obsorving that dic Poisson kernel (5) is a
quasi-concavo function of x satisfying INAI = O for evory A.

To end this papor, we remark that tho Poisson kernel for tho circie
13¡(0), expressod by

1 Ir 0<r<1,0<O<2w
2ir1—2rcos(~—9)+r2’ _

is also a ¡¡-connoctod function when corisiderod as a function on OB~ (0)
or, what amouuíts dic same, as a 2w-periodic function on R. Since con-
dition INAI = 0, A E E, is also satisfiod by P, Thoorem 12 applios
and the ltarmonic moasuro w((r, #), B¡(0), .) corrosponding to the circlo
turus out to be coaloscent with respecí to the Lebesgue measure on tlío
boundary OBí(0).
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