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Cyclic branched coverings of 2-bridge knots.

Alberto CAVICCHIOLI. !3eatrice RUIN 1, Fulvia SI’ACCIARI

Ahst ract

iii ti,is paper Xve study dic conrtections between cychic prescí,—
tatiolís ob groups and time fundamenta! group of cyclic brauiclíed
caverings of 2-bridge krtots. Titen XVC sitow thíat tite topology of
titese í itan ifohhs (aríd knot s) arises, iii a natural wa~’, brují í lite ah—
gebraic properties of suchí J)resentatiaiis.

1 Cyclic Presentations

Severa! authíors it-ave receí¡tlv reínarked titat cyclic preseíítatians ofgraups
are vorx’ interestiutg froin a tapohagical poirtt el view. Canítectiorís be-
tweeít thíese types of proseííta.tiai¡s a¡¡d tite tapahogy of cyclic bra Iichie(h
coveri¡ígs of krtots aííd hiííks cali be found iii [4]. [5]. [12], [13], [15]. [18],
[19], [22], [26].artd [28]. Tite ~U~~O5O of titis papor is te study tite cyclic
brazíclied coveriíígs of (híyperbo!ic) 2—bridge knats. ‘No sitaw that thiese
íita.ít ilolés ca.rt be encaded in’ cychica.hly proseuíted grau ps a.risiííg Iroin
II eega.a.r(I 4 ia.graíns Xvithl a retatiana! syínmet rv (alié se thíey carrespaííd
ahsa te a pi it es [14] of t líe ca itaid ered aí¡ i bicis) . Te ata te o u r nia ir i re—

síjit. we recail saíne (heil nitieuís alt cvchíc ¡)resellta.tjalIs el grau pa. a ítd
ruler te [2(J] lar a more (iota le’ 1 4 iscussia mm oit t líe tepic. 1 ,et E’,, be t II e

free graul) oit Iree gelieratara :i~ í ... , x,1, ané let O cleitate tite aííta—
ííarpit isni el fl, cIdi noé by settií¡g 6(z¿) = x ¿~¡ (xv Itero tito i rídices a re
takon irtod vi). [‘Gr any red micod Xvord un iii 1%, lot ita carishíer tite lactar
grau p c,1 (ví) = P» / fi. wimere U is tite ííaríít al clastí re i u 1”,, of Ihie ad
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{w, 6(w), . . , 6»—~ (w)}. A group O is said te have a cychic prosentation
il O is isomorphic te O,,(w) for some ¡o artd vi. Of ceurse, O induces art
automorpitism of O»(w) witicit determines an action of tite cychic graup
Z» =< O : 6» = 1 > on 0,4w). Tite sphit extonsion group of 0,4w) by
Zn admits a 2-generator presentation of type

H,4v)=<Oz6”—1, v(6,z)=1>,

witere
v(6, x) = w(z, 6’xO, . . .,

Tite polynomia¡ associated witit 0,4w) is defined te be

n

f~(t) = >Za.t’,
t=1

where a~ is tite exponent sum of z~ in w.

Tite fohlowing questions are natural itero:

1) Does G»(w) correspond to a spine (ar a I-leegaard diagram) of a
chosed orientabie 3-manifoid M»(w)? (If so, titen tite presentation is alse
cahled geomotric);

2) Witicit of tite manifolds M,4w) admit a hyporbohic structure?

3) Are tite manifolés M,,(w) itomeotuorpitie te tite cychic brancitod
covorings of same (ityperbohic) knots or links? In tite flrst case, deos
f~(t) coincide (up te sign) witit tite Alexander polynomiai of tite knot?

Wo treat titese quostions for tite cyciic brancited covorings of 2-bridge
knots (itere we aro principahhy interostod in ityporbo!ic case, and refer te
[4]for 2-bridge torus knots). A 2-bridge knot is detortuirted by a pair of
coprime integers (cr,/3) satisfying O <fi < a, and & odd. Fohlowing [16],
lot us denote by a/fi tite 2-bridge knot dotermined by (a, fi). Twa sucit
knots a/fi and a’/f3’ belong te tite sarno knot type if aíid ortly ifa = a’
and I3~1 fi’ (mod a). Tite knot group of a/fi itas tite 2-generator
presentation

<¡iv: uw(a,fi) = w(á,fi)v >,

XVhiere
¡o (a, fi) = y’., ¿2 . . . .~‘-O-—~ <¡‘.0—2 UQt



Cychic branched coverings oLi 2-bridge knots 385

and Ej is tite sign (±1)of i13 reduced mod 2a in tite interval (—a, a). If
fi > 1 and fi ~ a — 1, titen a/fi is hyperbohic, i.e. its complement in
tite 3-sphere S3 admits a complete hyperbohic structure of finite volume.
Tite conditions fi > 1 and fi ~ a — 1 mean titat a/fi is not a torus
knot (seo [31]). Let O(a/fi; vi) be tite orbifoid witose underlying space is

s3, and its singular set is a/fi witit brandi index vi > 1. Tite geometric
structures of tite orbifolds (9(a/fi; vi) are wehl-known [31] (seo a!so [7] and
[16]). Finding a geametric structure for (9(a/fi; vi) immodiatoly implios
that tite vi-fald cychic covering M,,(a/fi) of tite 3-spitero branched ayer
a/fi itas a structure modehled on tite same goometry [7].

Theoírem 1.1. Assume fi> 1 avid fi ~ a — 1. TIte rnanifo/ds M,,(a/f3)
are hyperbohic ¡<¡ben a = 5 avid vi > 4 or a ~ 5 avid vi > 3. Furtbermore,
M

2(a/fi) is homeomorpbie ¿o ¿be hesis space L(a,,t3) for any a, while
M3(5/3) (i.e. tIte 3-fold cyclic brancbed coverLng over ¿he figure eLgbt
Itno¿) is Buclidean.

Observe titat ahí tite results obtained in titis paper en geometrical
structures of tite considered 3-manifolds are consequences of Titeorem
1.1. Titus sucit results can be cansidered as remarks fram otiter propo-
sitions preved itero.

Tite fohhowing answers affirmatively tite questions aboye far 2-bridge
knets.

Theorem 1.2. Thefundarnen¿algroup of M»(a//3) admits a cyclicpre-
sesitatiosi O,4a/fi) arisirtgfrom a Ileegaard diagram wi¿It un vi-ro¿ationa/
symme¿ry (and wbence it corresponds to a spine of ¿be marzifo/d). TIte
sp/it extension group H,4a/fi) of O»(a/fi) Ls isomorpbie ¿o ¿he funda-
mental group of<9(a//3; vi). Eur¿hermore, ¿he polysiomiai associa¿ed wLth
O»(a/fi) coincides (np ¿o sigsi) ¡<¡¿¿It ¿he Alexander polyrtomial of a/fi.

Tite fact about tite polynomiaís can be soert irt general as follows.
Suppose 0,4w) encades tite vi-foíd cyciic covering M»(I=7)of tite 3-sphore
brancited ayer a knot 1=7.Lot X = X(K) be tite infinito cyciic cover of

1=7. If Z[t, t’] denotes tite ring of (finito) Laurent polynoínials Witit
intogor coefflcionts, titen tite module Hí (X) is tite quotiont of Z[¿, V’]
by tite ideal generated by the Alexander polynomial A¡4¿) of 1=7(see lar
exaíitple [27]). Se tite module H1(M,4K)) is tite quotient of Z[tyí] by
tite idea! generated by AK(t) and t» — 1. But froin [20] titere is a!se a
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machu he isomorpitisín betXveen time abehíanized (JI 0,, (iv) a rtd time ~!tict ertt
el Z[t, y

t] by tite ideal geiterateé by thíe polyímamiah f~ (i) ;mssociateé
witit 0,4w), aí¡d t0 — 1. Se f~(¿) ceinchhes (ííp Lo cartjugatíaít) XVith

as requirecí. lii any case, Wc. a htMl pravo Luis éirecthy bar 2—bridge
knots.

2 RR-systems

‘Fo prox’e tit at tite grau p ¡)resentatians. cotísídered iii t!t e ¡ti por. are
ahí geomotric, XVC use tite representation tltearv el chesed oricímtable 3-
¡nartifolda by PR-systems. duo te Osborne aríd Stevena ([23], [24], [25]:
aíté [30]). So XVO fírst rocahí saíne dofinitiana atíd a basic rcsíílt of tite
titcary (far moro detaila see tite (Jueteé papera). A RR—systern (rail
road sys tern) is a sim pie pha.íiar gra ph—ii ko ab¡ect delineé as fchlcXvs.
Lot D be a regular híexagan in Buchidean plane £2. ¡Zar eacit pair of
apposite faces cartstruct a finito set (possibly e¡rtpty) of parahlel lino
seg¡i¡ertts, calleé tracks. tít rougit D Xvitit ené pai nts art titese op pasito
faces. Any pair of oppasite faces iii tite hoxagoít /) ja calleé a sta.tion. Lot
{ D~ : í = 1, . . . , u> be a set of éisjoint regular híexagarta iii E2 Averno a
a it a rc xv liase i íí tenar hes i rt tite cern piemont of U

1h iíí p
2 . art d cali imecis

cité pci rt La of tracks. A 1? l?—svstem ja Lito ti ruin u iii p2 c = ¡:2 + ~g

(tite 2—aphere) of a fi ¡tite set of é isjci rtt rau tea ir, tite cciii pien oit t. al U¡ D¿
itt Y suchí thtat eacit eííépciíít al every track iíttersocts exactly nito raute

rt arte al its end pci nta. A J?J?-svstertí gives risc te a laínily cl graup
presen tatíena i rt tite fahlawíiíg xva.y. Tite generatara x~. lar ¡ = 1, ti,

a re tít ene—te—orto correspt>ndeitcc witli tite itexatraita 1) ait(l iioitce O,
cari be Ia.l)ohlo(h 1w x . Iii eaclt i)¿ we sta rt.at suríte ve rtex cl OD~ a.ité
¡ rocceé c.lock XV 15c (acco ré iii g ta a u ario n t atia it cf 52) a lot g ;t.it cége.
Titía oége cerreapoités la a st;tticn labeiled lA’ un iittoger (i, . Orioíít
tite t racka corres ¡)Ot) h iiig La 1. it is ata Lien so tít aL the pos! Li ve éi roe tic it a
tc,wa rth tite aboye cége. La1)01 time atationa ccrros¡)almd i itg Lo Lito secané

a íd Liii ré cégos of D~ ericen ííterocl by i títogera k~ a íd 4 + h¡, rospoctively.
amt(i anierít timo tra.cks cf titese ataticita tawarti tite carrea¡>uitciiiig cégea.
la ihhríatrate Lite habehhiitg of Lite sL;ttiona XVe lta.X’o depicteé ;t. Sittt ¡it’ III?—
avateití with LXX’o itexagarta itt l2igitrc 1. lar cadí ltex%tgait wo hayo el
C<>íí rse tít roe sta.tiaíms carreapoimé i ¡tg Le time Lii reo ¡mí rs al o¡>pasi t.e faces
tít ti.. Sc ínovírtg clackwíso alcímg Lite bcitmvharx’ of tite Itexagaiu D~ iít
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Figti re 1 (i = 1 2) xve ¡abel ita atatiaría Uy tite i uítegera 4 It1 aíid £¿ + It1
New xvo construct a set (passibly ernpty) of a, parahlel oríemiteé hite
segma ertts (tracks) witlt híoads oit tite atatien labehleé 4 a.im(l c¡tés (taus)
art tite opposite face of D¿ (XMo hayo a¡ = a2 = 1 in Figure 1). NexL
~veco¡tstruct a. set (poasibly empty) of fi~ parahlol orienteé hirte seginetita
Xvitit iteada en tite atation labohled It, a.né tai!s en tite oppeai Le sido al 1),
(WC itave fi~ = 1 atié fi2 = 0 1 rt Figu re 1). Si ínila.rly, XMO coímstroct a set
(peaaibly empty) of -y~ tracks witit Iteada att tite sta.tiaíí labehleé ¼+ ¼
atm(i taus att tite ap¡)osite sido al D, (XMo hayo -y3 = 1 ané 92 = 2 iii Figure
1). New xvo ex¡)!aiit itow te obtai rt Lite grau ¡) presentatíerí cerreaparté i ng
te a. giverí fiR-system. i3egirtning at sorno ¡)oint en sorne reute XMO xvríte
a Xvor<l oit gonoratora x1 as fellows. As we enter in cadí itoxacrorí 1) XMO.0

give tite label al tite atation as exponent el z; witht sigíí +1 (rosp. —1)
it aur directien al travel agreos withí (rosp. O~PO5O5 te) tite ariontatianí
al tite tracks. ‘Niten XMO itave cernphotoé aur traveis en reutes. WC obtaiit
tite rohations el tite group preserítatiana induceé Uy tite llR-systom. Time
grau¡ presontatiorí irtduced Uy tite IIII—system sitawn in Figure 1 has twa
generaters z1 and x2 (xx’itich carrespené La tho hexagons Dí and D2).

a.!t(l twa relationa x¿í+kí 72 ‘2 .4-k2 kí xÉ2+k2 — 1. Te ebtai u2 1 and z~z2 z1 __

thtese relatíetís XMO ¡>raceed as fahloxvs. ‘No trace aut a simple closed curve
Uy lahleXvi ííg a. track tít raughí tite híexagan Dí, titen ahaííg ah arc (rauLe)
Cali uiecti ítg tite hicad el titis track Le a. Lrack i rt tite itexa.goít it. Next
xve fahIow tite rotíte cettnocting titis hast tr;íck with anothter ene irt Dí.
a rté cetíti it uo it rttil xve retu ni te tite ata rting ¡)Oitlt (i e. tite t ah of tite
fi rat track censidered iii Dí). ‘1’iíis deseé cii rve deter ini líes a reha.tie¡í
el lite grau p preseuí Latien iii time falheXving way. As XMO trave! a.laríg thí e
cloaai cii rxe. we recar(l a syhla.be 34’ jI XMO t raye! froní t ah te itead ahemíg
a 1 rack of tite aLal iaíí labehied (~ irt tito hiexagoní Dí . Next we iaiiaw tite
c leseé e.urve ah eng a re tite uníti 1 XMO reac it a t rac.k iii tite h u exagan 1)2. II
XMO fo! cxv alerig Lii a tra.ck frotíí tau Le itead titetí XX’C recaud tite ayhhabe
zd/ (or .42 or 42 +L2 a.ccor(i i ííg te tite label of t!íe sta.tiaíí . II Wc travel
a.laiíg a. tra.ck Ircítí imea.d te tau , titen XX’e recen! tite ayhla.be wiLim a iii tina
siglí ~>recoéiííg tite ex¡)onertt. ‘No continuo mí tuis ~va.x’tíntil XMO rctttrmí te
time sta.rt.iítg penit.. i3egiíítíiítg te tite atart.ímíg ¡)oiitt habehleé .1 (reap. 13)
irí ¡‘igítre 1 atid LraX’eh a.lertg a. clased c.ttrXe XMO XMfltO tít’., \X’(,r(l ,,./t +kí ¡½2

(reap .s ~‘ É2+/:2 !t~ +k2 ) as clai títed1>
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Figuro 1: Aní example of RR—systoín

Tite fohlowing is a fundamental result in tite theery of PR-systems:

Theorem 2.1. Let 1?. be a fiR-sys¿em wL¿It vi Itexagons wbose s¿a¿Jons
are labelled by irt¿egers £~, It~, asid e~ + It1, artd he¿ $~ be a group pre-
sesitatiosi isiduced by 1?. If (4, k1) = 1 for asiy L = 1,.. vi, ¿ben <I>~
corresponds ¿o a spisie of a closed orLen¿able 3-roartifoid M—i.e. M\
(opesi 3-celí) col/apses on¿o ¿be casiosiLcal celí complez of dimension 2
givevi by ¿be presevita¿Lon ‘

t’R•

Lot us censider, for examp!e, tite RR-systom dopicteé in Figure 2.
One can easily vorify that it induces a cyciically presented greup witií
titree genoraters x~, and titreo rolations (indices mcd 3)

(xfixf~tiíflzf{%í =
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lf (e~, k1) = 1 for any L = 1,..., vi, titen Titeorem 2.1 imphies titat titese
presontations are geomotric, and so correspond te spines of deseé en-
entab!e 3-manifolds.

it + k1

Figuro 2: A RI?—systom induciníg tiie Kirn-Vesnin gretípa (case
si = 3, ni = 2,4 = í, It¿ = e, e = ±1)
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3 The Kim-Vesnin Groups

\Ve st-art withítwo i¡íterestirtg farnihios of cyclicahly presonítech graupa, due
te ¡Cm aud \~estíin [19], Xviticit iitchude thíe [‘ibonacci greups [12] [15] [223
atíd tite Sioradski graupa [5], respectively. Titose graups were preved te
e¡tcode tite cychic brarícited ceverirtgs of tite 2-bridge knets (4vitC± i)/2t
by usiííg Doitní surgery oit a certain chíaití el hirtked cirches. ‘No ¡10W

prosertt a. simp!e alternativo preef el tite main thíeerenn of [19]. it j~
iníínediato te see titat etir a.lgebraic metiíoé warks in getíera! te stííéy
aíty cyc!ic branchíed coveriítg ola 2-bridge krtet Uy a cychica!Iy prosented
grau y

Lot us censidor thíe cychically presotíteé groups 0,4w, e; e) Xvitit si

gonoraters z¿, a¡td si rehationa (e = ±1)

(xv¿x~+1)m<+3 = (xÑ5íxf+2Y» (indices ineé vi).

[‘igure 2 shows titat titeso presentatiarts are goemotrie (set 4 = 1?
arté It1 = e for any i = 1, . . . , si). llore we hayo depicteé tite case vi =

and ni = 2, but ano can oasily ebtain tite general RR-systeín (Xvith vi

goííerators) as fahlows. Tako ti itoxagans D~ 1),, cychicahly erdereé
in tino p!ano, and habo! titeir statians by inttogers 4, k~, ami e1+k1, far miv
i=í.. . ., vi. Titen repoat tite pictures el tracks ané reutos so titat tite

rosu!tirtg grapit admits a retatiortal syíntnetry of arder si (in fact, titia
svrnnietry is i né ucod by tite atí teníarphisrn O of thío grau p presentatiarí
sonéing tite gonorator x¡ te x1~1 , Xvhrero time jítéices are takeít medula ti).

Thíe fehlowing is tite rnaint result of [19]:

Tlxeorern 3.1. TIme cychícahly presented group 0,4w, C; e) Ls isoinorplmie
ti) ¿be fundamental qroup nf tIte si-foíd cychic covering A4»((4mC+ c)/2t)
of t/¿e 3-spbere branched ove; 1/te 2-bridge knot (tnt + e)/2C, ¡¡‘Itere
e = ±1. TIte pohynorniaí associated wí¿It 0,4w, e; e) Ls 1/te Alexander
polynomial

ám,¿(t) = rttC/? — (2mÉ + c)t + mC

of (4m12 + e)/2C. TIte mauifolds A’In((4wÉ + e)/2C) are Itypcrbohie for aH
ti > 3 if vii ~ 2 nr 1? > 2. ami W,,(5/2) are Ityperbnhic for <¡II ti > 1.

fi, 1/> ese cases, O» (ni, e; e) are hyj,erbohíc qrnups (Itence í;¿finílc) o’hích
encade ¿he eorre.spondínq mn.a¡zífohds.
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Proof. [‘arcenvouíjence, assumo E = +1 (tiíe edíer caso is attahogous),
ané simpiy denoto O,4m, e; e) Uy O»(ni, t). Lot us censidor tite sphit
extensien greup H,,(rn, C) of O»(m, £) Uy Z,, =< O : O» = 1 >, O being
tiíe automerpitism of E’,, given Uy 6(x¿) = x1~r (indices mcd si). Titen
H,4rn. C) itas a finito presentatien witln generatars O an! z, ané relatiorts

O» = 1 arté v(6, x) = 1, witere

v(C, x) = w(z, C
1zC, O2zC2)

— (C2z’6261 ~tQ)m (x~Ol xtC)~Cl zO
— (6—2z—eCxtC)ln(x—f6—izeo)mC—IXC

Setting x — CA we get tite new presontatian
H»(ni, E) =< 9, A 9» = 1.

(C—2(A1 9—1 )eO(OA)¿Cy» ((A—lri )¿C—t (OA)’By»C ‘CAO >

T!ío second relatieíí can be simphifiod as fal!ows:

— A—t(r1 (AtOi YC(CAY)’»

ané witence

(rl (A1 r1 )tC(OA/)”’O = Aí(6í (A—lrt )eÚ(OA)e)m

TUis relatiotí can be Xvritten irí tite bm inC = Aí ~v.XVhiero

= (O—i(A—tC—t)fO(OA/C)nI
= [O,(6A)’]~

(itere we hayo set [O (CA)t] — fi—t (A’ C1 )~O(OA)~) Thíerefare tite sphit
oxte¡tsiott graníp 1-I,,(v) lías tite presentatien

H,,(v)=<O.A:On=A~~=1. wC=Atw>.

Tite adécé rolatiorí A» = 1 is an iminodiate centseqiíeníce al tite atitor
twa relaticus itt tino graup presetttatiori. Wc hayo irtchuded it te give a
botter uníderstaítding of tite fact that H,,(v) is tite fmíttdaníeíítal group of
a wehl— ¡)rocised erl)ifalé . NOXV XMO pra~e tuis clal itt. l3eca.ííae

u — CCIAQ . . . A’”’ <—2 9’-4«¡t—t A’’”
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witere tite expenent e1is tite sign (±1)of 2iC reducod mod 8mt+ 2 in tite

interval (—4me — I,4me+ 1), tite werd w corresponda te tite 2-bridge

knot (4mÉ + 1)/24?. in particular, tite group < O, A : wO — A
1¡u >

la ísomorphic te tite knot greup of (4ni¿ + 1)/2¿, and tite generator O

corresponda te a meridian of tite knot. Cemparing aboye presentationa of
H»(v) anid of the knot group, we seo titat H,4u) is tite fundamental greup
(in tite senso of [11])of tite arbifoid 0((4nie+ 1)/2¿; vi) whoso undorlying
apaco is tite 3-apitere and witoae singular set is tite 2-bridge knot (4ni12+
1)/2¿ witit brancit index equa! te vi. Titia orbifoid is hyperba!ic for any
vi > 3 ifni > 2 ore> 2 mié CI(5/2;n) is ityperbehic for any si > 4.
Furtitermero, 0((4nie+1)/2e; 2) is sphíericah, and 0(5/2; 3) is Euchideart.
[once tite erbife!d greup H,4v) is infinito w}ton it is ityporbohic. Tite
fact titat tite greup O»(m,t) is a normal subgraup of H»(v) of index vi

implies that O,4ni, 12) is infinite for any vi =3 ifni > 2 er e > 2. and for
any vi =4 ifni = e = 1.

u
As sitown in Figure 3, tite arbifoid O = 0((4mt — 1)/212; vi) itas a

retatienal symmetry of arder 2 sucit that ita fixed paint set is disjoint
from tite 2-bridge knat (4rn.12—1)/212. Facterizing Uy thissymmetryyiehds

an orbifoid wit}t underlying apace S3 and singular set tite 2-companont
hink L(ni,fl, depicted in Figure 3, witit branch indices 2 and vi en ita
cornpenents (witicit are equivalent). Let us denoto this arbife!d by 0L =

0(U(m, 1); 2, vi). Let X = X((4rn¿ .— 1)/212) be tite universal covoring

apace of M» = M»((4ni12 — 1)/2fl. Thío fundamental graupa G(ni, e),
r(ivi, 12), aud Q(ni, 12) of M», 0, and 0L, reapectivoly, act en X. Wo
itave a cevering diagram

Al» -4 0 0L

witicFí correspo¡tds te tite aubgroup embedéinga G(m, e)<F(rn, ¡2).iQ(rn, 12).
Te obtain Q(m, 12) we can use a ‘Nirtinger presentation el tho hink group
of L(m, 12) witich itas twa generators a and b (corresponding te tite arca
witit tlío same labeis in [‘igiíre3), and eno relator betweort titern. Ac-
cording te [11],Q(ni, 12) admita tite greup prosentatieít abtairted fram
titat of tite hink greup Uy adding relatiens a2 = Li» = 1. Lot us corisider

tlío natural epimorphtism ~‘ frem 12(m, 12) te Z
2eZ». By censtritctiert el

thíe 2-foid covering O —* 0¡,, tite loop a hifts te a triyial loop in [‘(ni, 12)
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rl ti

ti

—l

21-1

—71

2n, —

= 23
6

Figuro 3: Tite erbifehés Q((4isi1 — 1)/21; si) arté Q(L(ivi, 1); 2, vi) (case
ni = 3 ané 1 = 2)

o

n
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witilo b hifts te a leep wlíicit genoratos cychic aubgreup of ardor vi.

Titis imphios titat r(ni,e) = g’—1(Z»). Fer tito (2vi)-folé cychic caverintg
M» —* Q~, botlt loopaaand bhift te trivial leepa in G(rn, 12),aeG(m>12) =
Norzb. Sotting A(m, 12) = ~bA (Z

2), we itave imrnodiato!y tito sequetíco of
normal subgreupa G(m. 12) <aA(m, 12) <a f?(ni, 12). Sinco A(sn, 12) acta art X
Uy iaotíietries, it defines an erbifeid 2</A. Titen there ja also a coveriííg
diagraní

Tite secend cevoring is cychic ané it is braticited ayer tite carnpenortt witit
irtdex vi of the sinígular set of Q¡~. it is ovidont frem [‘iguro 3 titat tuero
is art invelutien of L(m, 12) whíich citatígea tite twa carnpartortts. Tuero-
foro thíe singuhar set of

0L is equivalent te the hink diagrarn abtaineé
frote thíat in Figure 3 excitangirtg thío brandi indices. Of ceurso. thío rnap
2</A -> 0L is a cychic ceveriítg of ~3 brancited ayer an umtknotteé circio.
Sinco tite comportont witit brancit index 2 is just tite deseé 3-strintgs

braid 1/e 1/ra~í a
2 (seo far oxamplo [2]),it hifts in 2</A te tite vi-periaéic

chesod 3-atringa braid (a~~4~”’)”. Titus tite arbifeid 2</A has undor-

lying apace S
3 arié singuhar set (4“a~~t» XVitit brancit index 2, i.o.

2</A = Q((a’tu~””)»; 2).
Sumrnariziítg, we Itave preved tite fahlewing result (tite statoment lartite 2-bridge knet (‘lisiÉ + 1)/212 derives in timo same way Uy subatitutiítg

12 XVitit —12):

Proposition 3.2. There Ls a conimutative diagrain of eyclic bra,mched
coveríngs (e = ±1)

M,4(4m12+ c)/212) ______ A1,4(4ítit+ c)/212)
24. .j,ti

/C l/ma
2 )~. 2) Q((4ni12 + 0/212; ti)

si4. .t~2
O(L(rsi. e12); 2, u) O(LÓn, <12); 2, vi)

Fu rthcrrnnre. erich masiifold Al» ((4m12 + c)/212) /¡a.s Jfeeqaard gen mis ~ 2.

Si ntce time ratianal tío rubor (4 mt — 1) /212 ca ni be ex presse<h Uy Lite
coííti rt ucd fracLie mm

4ni12 — 1 1
212 =212—1+ 1 + 2rn-I
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tite cerrospondiitg 2-bridge knet adínita tite Conway itermal foriní (7(212—
1. 1, 2ivi — 1), anc! híeríce it itas tite aaíne knet type as Lite pretzei kniet

¡‘(—1,212— 1, 2m — 1) (seo lar examp!o Titeerem 2.3.1 of [17]). Bv [21],
p. 57, a Soifert ínatrix fer such a knet la

1’= (y,1 y12 12
k w, <¡22 )—~e— 1 ni+12—í)

VVe can ¡taw a.pphy tite precodííre doscribed in [10]te (leterinilme time

itemaiagy citaractors of tite cychic brancitod caveringa abur kníets (4¡¡¿12—
1)/212. Since detV = iviC. ané

w = g.c.d.(víí,vi2+v2í,v22)

= g.c.é.(12,212— 1,ni+ 12— 1) = 1,

tite líomeiagy greups of M»((4m12+ )/212) can be cernpietohy cateputeé
from [10](lar e = 1 seo tite romark aboye).

Proposition 3.3. Le¿ Al,, = M,,((4m12 + e)/212) be ¿be n-fold cyehLc
eoverisig of ¿he 3-spbere branebed over ¿be 2-bridge kiwi (4ni12 + c)/212,
wbere e = ±1. TIten tIte firsí integral bornohoqy group of M» Ls

H~ (Al») ={ Z¡t4,,.e+~a,,í e ZI0fll vi even

z16,.1ezlb,,I si ndd

u’/í.ere

= ~ = 1, a»+2 = <¡n4-í + cinCa»
Li3 = 1, Li2 = 1 -f- 2cniC, b»±2= b»+í + unCí>».

4 Study of more cyclic presentaticus

Lot us canísidor tite cx’chicahlv presermtod greupa c4(k). It =3, W’itlt II

getíeratera x1, aítd u rehatiarís (jítéices mod u)

k—i k—l
(II X42p 2>.X+Qk...2>....t )X¿ = J~J Xi+2k....21...t .C,+2k....2j....2.
j=i j=l

‘[¡teso prosentatienía cerrea¡)anid te spi itos el c.Ieae(l unen Labio :3~ nita tu ilalés:
iii iact. thioy a riso Iraní tite RR—systeií¡ (le¡)icte(l itt Figní re .1 (case u = ‘1
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ané It = 3). One can easiiy obtain tite general caso taking vi itexagona
(witich cerrespond te generators x~) cychicaliy erdered in the plane, ané

preaerving tite retatiena! vi-symmetry af tite grapit.

[‘iguro4:ARR —systern inducing tite cychicai!y presented greup G~(k)
(case It = 3 and vi = 4)



(7ychic branched coverings oLi 2-bridge knots 397

Thíe sphit extension greup H,?4k) of G~(It) itas a presontation witit

gonoratera O and z (O being tite autamerpitism dofined in Soctian 1), and
relatiena 6» = 1 and v(C, x) = 1. Tite second relation ja oquivahont te

(jjJ C~2k+2)z~2C2k~23e2k+25+izO2k25t )Z—n

k—1

= [1 ~

3=1

itonco
= C(x20z9)kICt.

Sotting z = OA, ~veget tite new presentation

H,~4k) r< O, A — 1
(AICIAIOAO)kíAI = 9(AIOIAICAO)k¡ >

Tite second rehatien can be written in tite form wAt — 0w witere

ni = (>iCiAdGAO)ki

In particular, we abtain tite relatien A» = 1 as a diroct conísequenco of
tite relatians irt tite greup presentatien H2(k). l3ecauso

ni = (A l ct 9<2 -ok—a (A ) ‘.6k...? 9(6k—O,

where tite expenonít cAs tite sign (+1) of L(2k—2) roduceé mod 12k—lo

in tite interval (—6k + 5,6k — 5), tite werd u, cerreaporiés te tite 2-
bridge knot (6k — 5)/(2k — 2), wlticit la (2k + 1)a, It =3 accerdinig
te niotatian of Ralfsen’s baok [27](compare alse [2]).Se tite group

< O, A : wAt — 9w >, witere ni is as aboye, is tite knot group of (2k+1)3,
and tite generator 6 cerresponds te a meridian of tite kníat. Se HI(k) is
tite fundamental graup of tite erbifaid Q((2k + 1)a; vi). Thnerefore, tite

cychicahiy presented graup 0,(k) corresponda te a spine of tite si-feié
eyciic cevoring M44It) of tite 3-apitero brancited ayer (2k + 1)3.

Thíe poiynomial f~,(t) asseciated witit OX(It) is
2k—3

212k—2 + 3 >3 (—1)t’ + 2,

t=t
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wlíicit coincides Xvitit tite Alexander poiyrterniah of (2k + 1)3.

Let us cenísider tite cychicahly proaortted greupa C~(k), It =2 Xvitit ti

generatora x1 aníd vi relatienís (indices níed si)

k k—tJ~J ~ %%k 25 = (fJ Z,+2k2SX.+n 25 1 )x[t.
5=1 g=O

As abaye, titeso prosentatiotís are ahí goornotric because it is irnmeéiato te

censtruct R.R-aystem inémícing titem. Honce títere aro chosed oriermtabhe
3-manifeids A1,~(k) whíose lunídarnenítal graupa aro iaennorphiic te (44k).
The split extonísion greup h1,~(k) elG~(k) lías generatera O ané z relateé
Uy rehatiena 9’ = 1 ané

k

5=1

= (JjJ e~2k±2i~O2k-~25C~2k±25+t~—202k—2P-l)zt.

5=0

which ja oquivaient te

(O12Ct1)k(OO2)k..t00—l = 1.

Let A be suclt tlíat z = VA. Tiíort tIte Iast relatien bocemos

(AOArlAtOi)kíACAOtAi(CACA¡0tv1)kioAoAtrt = 1,

er 0(1 ítix’alo¡tt!v

(OnAt(0A6Al0
1Al)k¡OA)O = Aí(rtAl(OAOAiOIA-t)ktOA).

‘1’iíus it caím 1)0 Xvrittolt iii Lite farimí ívO = At W. whíere

w = C’ Ai(OAOAIOIAI)kICA.

Orto ca ni níexv X’erily thíat sttch tu cci ntciées xvi tít tite XMor(h

O’’ (A1)~ . . . (A~’)’Gk—4O’flk—s (Aí)(ck 2
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Figírre 5: A 1?l?—systermt iniétíc.iítg tite cyc.hica.hiy presetttech graííp (,~ (k)
(case n = 4)
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witere c~ is tite sign of i(2k) reduced mod 12k —2 in tite intorval (—6k +

1,6k — 1). Titis means that ni corresponda te tite 2-bridge knat (6k —

1)/2k, k > 2 whicit is (2k + 2)2 in Relfsen’s notatian. Se thío cychicahiy

presented groupaO~4It), It > 2 encade the vi-feid cychic ceverings M~(k)
of tite 3-apitore brancited ayer (2k + 2)2.

Tite pehyníemiai f4t) associated witit O~4k) is

2k—3
2

¿=1

witicit coincides witit the Alexander peiynemial of (2k + 2)2.

Lot O~(It), It > 4 be tite group cychicaliy prosentod Uy generators

Xi, ..., x» and vi relatians (indices mod vi)

—k+2 k—1 —k+2 k—2 —k+1 k—2 —k+1 k—2
x~~1 xj+2 ~ x~~4 x~~3 z~~2 x~~1 x~ = 1.

Titese presentatiena are geomotric sinco titey are inducod by tite RR-
ayatem shown iii FigureS (case vi = 4). One can easily abtain tLío general
case taking vi hexagona (whicit correapend te genoratera x~) cychicahiy
ardored in tite phane, and preserving tite retatiena! si-aymtiíetry el Lito
graplí.

Tite aplit extonsien H,~(k) of O~(It) la presenteé Uy generatora 6 atíd
x, and relatienís O» = 1 and

(9...t uvk+
20) (O.2xkfl62)(C3x4C+203) (04xk204)(C3aCk+í 93)

(O.2k2
62)(61k+lC)k—2 = 1,

witicit is equivaiont te

r
t xk+2O1 xkírt xk+2O¡ zk~2Ox~k+l C~k..2o~~k+t Cxk~2 = 1.

Setting z = 9A’ yioida a new presentatien for H~(k) wit!n generatora O
and A, and relatiena O» = 1 and

~í (AOí )b.2
9.1 (OA

t )k1 ~í (AOt )k2

9i (CAI )k<=O(A0i)k1 O

(OAí)k
26(Arí)kíC(OAí)k2 = 1.

Siníce titis relatiorí is equivaiont te

(Att )k2t 1 (OAí )kt ti (At1 )k2
6i (0A’ )k1 A

= C(AOI )k2tí (0A
1)k¡0¡ (ACí)k2tí (CAt)k.i
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it can be written in the form wA = 6w, where

= (Arl)k2r1 (Gr1)k—IOA (AUI)k2rl (OVí)k1

= (A6l)k2>Jt(6VI)k2A>c101 (A91)k2A¾(9,yl)k2A,ytOiO

= ([(6A1)k2 A]A’0’)20

(here we bave set [(ÚA—I)k—2,A] = (AO—l)k—2>—1(OA—I)k—2>). In par-
ticular, xve obtain the relation A” = 1 as a direct consequence of tite
relations in the group presentation H,~(k). One can now verify that the
group < AA wA = 9w >, where tú is as aboye, is just the group of tite
2-bridge knot (8k — 13)/(2k — 3), k =4, which is denoted by (2k)

4 iii
the appendix table of [27).

The polynomial associated ~vith G~(k) is

(k — 2)t
4 — (2k — 3)t3 + (2k — 3)0 — (2k — 3)t + k — 2,

which is the Alexander polynomial of (2k)
4.

Let G~(k), k =4, be the cyclically presented group with u generators
z1, and u relations (indices mod u)

—k+l k—2 .-k+1 k—1 -.k+2 k—1 —k+2 k 1
1+1

O¡w can proceed as aboye to shaw that these presentations are geometric,
and to construct a presentation for the split extension H,~(k) of type

< O A 0” — A” = 1, ivA = Civ

w he re

iv = ((0A
1)klAI(A0¡)kIAAIO1)20

= ([(A01)k1, A]A’9’ )29

Since this word corresponds to the 2-bridge knot (2k + 1)4. k > 4,
the cyclically presented group GZ(k) encades the n-fold cyclic covering
M,~(k) of tbe 3-sphere brajiched ayer such a knot.

Tite polynomial associated with G~jk) is

(k — 1)0 — (2k — 3)0 + (2k — 3)0 — (2k — 3)t + k — 1.

which is the Alexander polynomial of (2k + i)~, k > 4.
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Let os cozisider tite cyclically presented group G$~(k), k > 4 with u
gencrators x¿, azul u relations (indices itiod u)

2k—S(fi ~

j=O
2k—S(III ZÍ+2k...>6X+2k 5Xi+2kj6X.~2k.Xi+2k.<j6Z42p.i
j=0

—I
= 1.

These presentations are ah geometrie: in fact, it is ímt difficult to
construct a R.R—systern induciíig theíit. As aboye, WC hayo proved tliat
G~(k) encodes the u-fo!d cychic cox’ering A’I,~(k) of tite 3-sphere branched
over the 2-bridge knot (2k)6.

ihe polynomial associated with G~(k) 15

2k—6

n
2k4

612k—5 ±7Z(—lyt’ —61+2.

wltich is the Alexander polynornial of (2k)6.

Finally, let G
6(k) k > 2. be tiie cyclicallv p rose o ted gu> op wi t h it

geíterators z
1, and u relatio¡ts (indices 100(1 u)

xíx77Q, x748(zí+2x741x43j(x¿+ix¡±2x743J

x4rr¿+2 (x74~ <43x ~±2í(x1z¿4,xí±2)k=

One can again verifv t1 a t t ¡tese preso tatiotis are geoínetric. aítd tít a
cvchic ccv

thtey encode Llie en í¡gs M2 (k) of tite :3—spitere brancited oven
tít e 2—bridge k nots (12k + 5)¡ (Gk±1). Fu nthten, tite pci ‘mini a.i a5sGCi t ted
witlt C~(k) is tiie Alexander polv¡io¡niaI of suclt a k,íot. le.

(k + ‘»< — (3k + l)i~ + (4k + 1)12 — (3k + 1)1 + k + 1.

Sizíninanizi¡tg, we iíax’e proved tite following

T heorern 4.1. TIte eycl¡eoíly presetíted qroops
0X (k) defined ¿II /1118

seetion, correspaud lo .spu¿cs of tite u—foíd cycííc covcrínqs MA(k) of tite
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3-spiíere branched ove, tite 2-bridge knots specified aboye. Tite splít ex-
tension group Il,~,(k) of C~(k) is isomorphic to Me fundamental group
of ihe orbifoid with under¿yiug space the 3-sphere and singular set ihe
correspondení 2-bridge knot ini/li brandt mdcx u. Tite polynomial associ-
ated with 643k) is tite Alexander polynomial of thai knot. Tite monifolds
M,3k) are hyperbolic for oíl u > 3. fu titese cases, ihe groups G3k) <¡re
ityperbolic (hence inJinite). it. they are isomnorphic tu properly díscon-
tznuous cocompací groups of isomet ríes wi¿íclt act >újtitout fixed poinis un
tite hyperbolíc 3-space.

5 Quotients

Tite pairwise identilication of (oppositely oniented) bourídany faces of
a. triangulated 3—bali is another standard ziietltod for coítstnucting (un—
entable) ciosed 3-manifoids. Classical examples are given by the Poincaré
híoínology sphere aud the Weber-Seifert manifoid (see fon example [29]
and [31]). More recezítly, rnany autltons hayo studied interesting classes
of ciosed 3-znanifolds obtained as quotients of triangulated 3-baus (see
references). Of ceunse, itot every pain¡ng of boizndany faces of a triangu-
lated 3—bali Q yields a closed 3—manifoid. Tite nesoiting qootient coznplex
1< tniangulates a closed pseudomanifold Al. TIie troublesome poi¡tts of
Al ínay be only tite vertices of /< anising froní those (>1 OQ. lo fact,
tiiey hayo rcgula.r zteigltbonhoods that are coites oven ciosed (possibly
nozí sphenical) surfaces.

The following cni turbit is weII— k now o [29]:

Theorcm 5.1. Suppose ~ a tría ogulated .3 — boíl endowed ¡vítit a ¡xtiríng
of (oppositely oriental,) boundary faces. Leí Al br ihe closed (oríetítabie)
3—dimensional pseudoma;íifold oblained froto (¿ bg ídentifying ihe 2 -ccli
pazrs un tite boundary of Q . Titen Al is a ¡va ¡tífoid if attd oníy if its
Euler characteristie vanishes.

Let us cojísider a tnia tigo lated 1)olvltedroít It (k) k > 2. \Viliclt nea 1—
izos the tessellat¡ou of tite bou ítda r of a. .3—l)aII slíown iii Figu re 6 (cases
k = 3 ami k = 4). It coítsists of 2v quadrilaterais. 2n (2k)—gorís, ‘lo +2kv
edges, and 2kn + 2 x’entices. The o (jua.(lnilatenals ¡it tiie nontiienít iteit>i—
spltere (nesp. it> tite eqttatoriai zoizo) are labelled

1w E
1 (resp. F) fon aztx’

= 1 o. The it (2k)—goíís ¡ti tizo soítt.izenn IIentisi)here (resp. lo dic
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equatorial zone) are labelled by E¿ (resp. £3 foranyi=1,...,n. The
iabeiiing of the edges and their orientations are as depicted in Figure 6.

N

Z2 ji,,

ji F,,

¡
¡It 3/2

3/% F21

¡/t 1 13 Vn

E,,

¡/t

E,y

.3/n~ ~2

3/2

E, E,.
Vt

3/,,

s

N

1,.

FI
ir,

Jr,,

‘i”1

il, ~Y2..Yt 1112 3/2 F2x2 4/2 EE,,Vn 1’y, E’,~Y1A/,, 12
E,

¡/2

s

¡it E,,
1/,,

Ir’

ji,

Figure 6: The polyhedral 3-bali P~(k) azid tite pairing of its boundarv
faces (cases k = 3 and k = 4)

Of ceurse. te each face there corresponds pnecisely ono distinct face
with the opposite orientation. ldentifying I with F7 aud ¡1k witlt E~ fon

404

13

13



Cyclie branched coverings of2-bridge knots 405

any i yields a 3-dimensional compiex K~(k) which triangulates a closed
orientable pseudomanifold M~(k). By construction, K~(k) ceíísists of
two vertices, 2u + 1 edges (denoted by x~, y~, and z in Figure 6), u
quadrilaterais, u (2k)-gons, and one 3-ceil. After the identification, the
two equivalence classes of yertices can be represented by the nerth and
south peles, nespectix’eiy. Since the Euler charactenistic of M,,(k) van-
tshes, Theerem 5.1 implies that M~(k) isa ciosed orientable 3-manifeid.
Deforming the edge z to a point, we get a cellular decompositiotí of
M,,(k) with only ene yertex, and 2n 1-celís (ioops with that yertex as
their base peint), denoted again x; and y~. This permits te determine a
finite presentation of the fundamental group G~(k) of M~(k). Ihere ane
2n generators x~ and y¿ related by u relations of type (indices ¡nod u)

—1Xi+tYiXí = 1,

and u relations of type

yixí+2(yíyÑ4t)k
1 = 1,

arising frem the quadrilaterais F
1E 0 and from the (2k)-gons E~

nespectively. Substituting w = z74tz~ in the relations of the seceud
type, we get a cyclic presentation for G~(k) with u generaters x~, and u
relations (indices med u)

1,—t—t~k—1
= 1.

Tiie pelynomial associated ~vithi this presentation is

f~(t) = kt
2 — (2k — 1)t + k

wltich is again the Alexander poiynomial of the 2-bridge k¡íot (4k-.- 1)/2,
or equivalently (2k+ 1)2 according to Rolfsen’s netation. In fact. ‘ve aro
going te prove titat M~(k) is just tite n-foid cyclic covering of tiie 3-
spitere branci>ed ever (2k + 1)2. Itt particular, Gr(k) is isornonphic te
the group G,,(k, 1; —1) defined in Section 3. For titis, we ftnst observo
th¡at the aboye presentations are ah geometric since they anise frein tite
i-leegaard diagrazns depicted in Figure 7 (case k = 3: we hiave coítstructed
themn directly frein a suitable RR-system).
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Eigu re 7: A n u —synz niet nc I-leegaard diagnam of M~(k) (case k = 3)

Tbese d ¡agra.ms ti ave aii it—reta ticíta 1 svííz ¡it et.r w lii ci t nej red u ces
titat of tite polyitednuí t4~(k) Lot O = 9,1 be tite clockwise notatiort
of 2w/u radia.ns a.ro’trtd tite pola.n axis NS of tite. 3—bali l’,(k). It is
ovido¡zt tha.t tizo pa.inwiso ¡dentifca.t¡ezts of tite polyhIo(lnal sclteiitat.a ano
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¡iva riant u ztden 6. Tít os O md uces att cniontatien presenv¡ííg iíemeozztcn—
pizisín. deitoted again 6, cf M~(k). Tite fixed J)citIt set cf O ccrtsists cf
tizo peints arising frern beth tite pelar axis cr the edgo a. ‘fizo que-
tioítt space M~(k)/0 is iícmoemcrífltic te tite 3-sphere M, (k) = 53• Of
ceo rse, the projectien M~(k) —* S3 is an n-fel(l cyclic brancitod ccvonirtg.
To determine tiíe brandi set it suffices te censider tiíe 2—bid brazzcized
cevening Al

2 (k) —* S~. Wc use tite oquivaloizce betwee¡t the roproson-
tatien theeries of ciosed cnientabie 3-manifolds via Hoogaard diagrazíts
ami crystaliizatiens (a spocial kind of ceicred graph), as preved itt [3].
Celered grapizs (resp. crx’stallizatio¡zs> as a taetited cf represe¡ttatioít el
sí inpiici al (resp. centractod) pseudecctn I)lexos, a ad a. way fon st u dyi¡tg
thoir tepelogical prei)cnties fncm gra.ph titoory llave bouí used by iizaity
autiíers (len detaiis seo tiíe survey irnp~l’s [1], [6], [9]. and thein rolen-
cízces). Uy using an aigorithm giveít itt [8] we cali immnediately ccítstnuct
a. 2-symmetnic crystalhizatien F2 (k) cf M2 (k) witicit is equivalo¡tt te its
2-symmetnic Heegaand diagram, discussed abevo. Figure 8 shcws titat
r2(k) admits an invelutery automenphisn 1 = 1k which intorchíaizgos 1-
celerod (resp. 3-colorod) edges by 2-celerod (rosp. 4-colered) edgos (in
fact, -y is induced by tiío netation cf w nadiazís areund tite x-axis). 13v [8]
r2 (k) represents the 2-feid cevoning cf tho 3-sNzene brancited oven a kztet
er iiítk. Moreoven, tizone is a simple aigeniti¡n¡z, describod alse izz [8]. fon
contstnucting tite brandi set cf the cevoning. Aceerding te tuis algenitítín,
tito bta.nch sot cf tho cevoniítg Al2 (k) —* 53 is isemcrl)hic te tito onl)it
grai>ii l’2(k)/-y. As cito caít soo freía Figures (case k = 3), this is just tito
2-bridgo kzzot (4k — 1 )/2. Tiio isemcrpizisííz I’2(k)/~ ~ (4k — 1)/2 takes
cnbits cf cvcles, altenzt a tivolv celered 1 aztcl 2 (nosp. 3 atid 4) it l2(k).

lo Llio bridges (resp. a.ncs) cf (4k — 1)/2. Observo tiíat cito caít pnocoed,
as aboye, len censtnízctiííg pelyiedral sclíozzzat a fon alí cyclic brazícitod
cevoníngs cf a 2—bridge kant. líz fact, it su Hicos to d na.w Hoegaa rd di—
agnanus cf titoso ¡na.nifclds (witlí a notaticítal svmínotny) c.cnrespo¡tdi¡tg
te c.vc.lic j)resonta.ticlts of tite funtdaznoíttal gncup (fon tíos, wo can stáirt.
fer exaíti río frorn a. su ita 1)10 RI?—systoztí) . Tlíezt we si rti ply a pply tito
preced une It(licated la [15] te donivo ;>ciylted na ¡ 3—baus (ozídcwed Wi tít a
pa ini iz g of beti ud ary fados) froti, tít eso II cega a nd (1¡a.gna.íos.
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Ir

Figure 8: The 2—symmetric crystallization of M2(k) and the 2—bridge
knot (2k + 1)2 (case k = 3)

2

a
4
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So we have proved

Theorem 5.2. Wííh tite aboye notation, Ihe triangulated 3-batí ¡‘,4k),
k > 2 with tite specified pairing of (oppositely oriented) boundary faces
represenís tite n-fold covering M~(k) of tite 3-sphere branched over tite
2-bridge knot (2k+ 1)2. Tite fundamental group G~(k) of M~(k) admits
a cyclic presentation (which is alternative tnith respect to 1/uit of Section
3) with u generators x~, and u relations (indices mod u)

z141xix1+2(x;;41x1x741z1+2)k.-1 = 1.

Furíhermore, titis presentation arisesfrom a Heegaard diagram of M~(k)
with Qn n-rotational symrnetry.

6 Appendix

The following table shows a pantial output of a computer program which
generates cyclic presentations for the fundamental groups of the cyciic
branched coverings of any 2-bridge knot up to nine crossings (\ve possess
the resuits for 2-bridge knots with many more crossings but omit them
as the table becomes toe long). The flrst column contains also Rolfsen’s
notation of the considered 2-bridge knot cv/fi. The second column gives
the word tú which defines the cychic group presentations encoding the
cyclic branched coverings of cv/fi. The third column contains the poly-
nomial f~(t) associated witix the correspondent cyclic presentation (as
one can venify, it coincides with the Alexander polynomial of the knot
specifled in the table).
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2—bridge (he words

knots iv

—l
~1 = 3 xoa,t a,

2

5 —1 —2
= 2 X~tX~ X2X1

—1 —1 —t
51 = x3x4 a,2 a,0 xi

52 = —2 —9t r1r2 r1r<xj

= 9 —2 3 —2 2~ a,2 r,r0 a,1

= —i —i —z —iT a,1X2 ~4 X3X1X, X3X1X0 a,2

63 = 13 a,2a,~~l a,4a,2a,~~l x2xr x2x0x;-’r2x

1

7 — 7 —i —t —t —i

— - a,

—3 3 —2 3
__ rl x

2x1 a,0

—1 —t —1 —1 —l —1 —t
a,3x4 a,2 xIr3r4 a:2 a,0 a,1x3r2 a,0 a,j

74 = ~ (x~rÚ)2xír¿

2x~xE2

= t7 —1 —t —I —1 —t —t —1
-T ~o~

1 2,3 X2X1 X3 X4X2X3 x4r2x1 a,3
—1

r2x0x1 a,2
— = 19 —1 3 —I —3 —1 2 —i —3

-w ~0~1 a,2a,3 X4~3 ~2~1 x2r3 r2x>

—3 4 —3 3__ a:, a,1a,0 a,1

—l —1 —t —z —I —t —t
__ r4x5 a,3 r1 x,x4x6x. a,3 a,~ X9X4X5

—l —1a,3 rl xor,

a,grj-

2 a,~a,—2a,2-3 —2

84 = 12 x;2r~r;2a,~rj2r?x3ri’

86 = ~ (x

3a,íx7í)2xíx~ja,7~a4í(xjríx~í)2x3

(r a,—la,;fl2

II
72—

73 = 13
4

13
6

82 = 176

(tic polyoorn:als
fi,> (1)

1-1 + 12

1 — St + ¡2

L~ 1 + í~

~¡3 + ~4

2 — 31 + 212
2 — 51 + 212
1 — 31 + 3(2

~3¡3 + u’
1 — 31 + 512

—30 + ¡4

1 — 1 + ¡2 ¡3

- ~ + ¡6

3 — St + 31~

2 — 31 + 3j2

~3j3 + 2t~
4 71. + 40

2 — 4t + ~¡2

~4(3 + 2í~
1 — St + 7¡2

—st’ + u’
1 — 51±912

—St’ + O
3 — 71+ 312

1 — 31 + 3(2 — 3¡3

+31~ — 3¡fl + lv

4 — 9t + 41~

2 — 51 + 5j2

~ + 2i~
2 — 61 + 7(2

—6í~ + 2t~

410
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87~~ za a,
3a, la, la,1a,3a,5a,4 ~2 ~3~5~6 ~4

—l —t 1 —ta,2 a,1x3x4 a,2 a,0 xi

= za —l —l —t —la,4a,2x3 x2x1 a,3 a,2x3 x4a,2X0
—I —l —I —t —1 —.1 —1

a,1 x2x1 a,3 r2X1 x2x0a,1 x2x1 a,3
—t —l —t —l —t —l

8g = r
3r4 a,6 x5a,3x4 x5a,3x2 a,4 a,3xix2
r3r1x0’ —l —l —t —l —t

a,2 a,3a,1x2 a,4 a,3x2 z4

81, = ~ a,2x;2a,2a,ría,~a,~?ía,~rE
2a,

2a,rí 44%2
—2 2 —l

a,1 X0X1 a,2
812 = 2~ a,ía,~la,~a,~1a,3a,;.%ia,;l4a,;~l xaa,2

5

—2 2r
1x0 a,,

814 = 3I a,2a,—l xa,~1a,2(a,ta,4¿•ír2)2a,l a,2a,—íTi
<a,2a,—

2a,
0a,—l)2

9 = 9 —l —t —I —I —ir7X8 x6 a,4 a,2 ~0

92 = >~ (a,Qa,;-l)4(a,2a,;-I)Sa,~
—I —1 —I —l —1 —1 —1

93 =
—t —1 —1a,5r4 x2 a,0 a,1x3

94 = 21 3 2 3 3 —2 3 —2 3z1 a,2a,3 x4a,3 a,2a,1 a,0

= 23 —6 6 —s 6

~ a,2a,1 ~

96 = a,3a,5a,6 za, la, ía,3a,5a, ¡a, ~
—l —I —1 —1 —l —1 —t

~‘2 ~ ~í~a~4 a,2 ~0 ~ ~2 ~-I
_ = 29 —3 3 —t 3 —3 3 —3 —2 —3 3

13 ~2 ~í~2 ~3~2 ~3~¾ a,3a,2 ~1~0 a,1

= ?+ (a,ta,Eía,3)3(r~ía,¡ía,s)2(rEíraa,t)s

9g = 21 —t 1,35.~.~,354~t —l —i

—I —1 —t —I —1 —t —1a,aa,sa,6 a,4 r3x2 a:0 r,r3r4 a,2 a,0 Xí

~ío~ (a,1xía,ía,3)4r~(a,1r¿ía,~ía,3>4

1 — 31 + 5j2 — st~

— 30 + jG

2 — 61 + 9j2

—6i~ + 2í~
1 — 31 + 5j2 — 7j3

— 3¡5 + ~
2 — 71 + §12

~7j3 + 2t~
1 — 71 + 1312

~7j3 + ¡4

2—71 + 1112 — 7j3

+21~
2—81 + 1112 — 81~

+21~
1 — 1 + ¡2 — ¡3 + j4

-0 + ¡6~ ¡7

+18
4 — 71 + 4j2

2 — 31 + 3¡2 — 3¡3

+3í~ — 30 + 216
3 — 51 + 5j2 —

6~11t+ 612

2 — 41 + 5¡2 —

+50 — 40 + 216

3 — 71 + g¡2 — 7¡3

+31~
2— sí + ííí2~ 8t~

+2t~
2 — 41 + 612 — 7t~

— 4¡5 + 216
4 — 81 + 912 —

+41~
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33 —I —t —I —I —1 —I —I9tí = ~ r
4r5 a,3 3:2x4r6x5 a,~ a,2a,4a,5 X~ a,1

—1 —1 —l —1 —I —la,2a,4a,5 a,3 a,1 r2r4r3 ~1
—1 —1 —I —ta:1 a,2a,4x5 X3 ~ a,2

912 ~ 2—22—32—22—23—22-.22lS ~1~2 r1r2 ~3~2 ~3~4 ~3~2 ~B~2
—2 3 —2a,2 x2a,0

= (4a,~
2)2a,ja,—2a,2a,~2a,2a,~2a,¡(a,~2a,2)2

—2 2 —I 2 —2
~2 ~1~2 a,

3X2
= 37 2 —2 3 —2 2 —2 2 —2 3

—2 2 —3r~ x0x1
39 1 3 —1 —I 3 —1 —4 —t 3

~15 ~ ~1~2 ~S~4 a,3a,2 3:32,4 ~ ~
—t —t 3 —1 —3 —l —3

~2 a,1a,0 ~1r2 a,3a,2 r~r2 r2r2
= —2 —12

—1 —2 —2 —t 2 —1 2 —1 —2

918 = ~ (4a,;
2a,3a,—2)2a,2a,—Ia,2a,—2a,

1a,—2a,2a,—2a,
—2 2 —1 2 —2 2 —1a,0 a,1a,2 ~3~½ ~I~2

—4919= ~ ~ a,~
—I 3 —t —3 1 —3a,0 ~1~2 ~v2 a,íru

ta,~a, a,a,

—t —t —I —l —1 —I
~4 ~5>3~~4 ~6 r

5a:3a:4 ~ x4 a,~
—1 —1 —Ira3:2x¿ ~s~1~2 ~4 ~V-’í~2 x3r1

—t —l
~O ~2 3:3

~21 = qj ~ -, 5r5r0x,
—2 2 —5

~o ~I~2

(r2a,7¡)

2x4a,Va,4r2a,;í(a,

2rrI)2(r~1a,2)2

—t
~26 = ~ a,2a,3

1a,
5

1a,4x2x1a,
4r2a,tr1a,4a:2r

—1 —1 —1 —1 —1 —l~s x4r3 ~ x6r4x3 2,5 a,4a,2a,$ ~4X2

—l —1 —I —1 —I —I —I
~2 a,3 3:~1r2r3 a,5 x4a,2a,3 a,4a,2r1 ~3

—1 —1 —I —1
X2X0Xt r3 3:2r, X3 a,4

1 — 5¡ + 7¡2 — 7t~

+71~ — sO + ¡6

2—91 + j~¡2

~9¡3 + 2l~
4—91 + 1112

~9j3 + 4¡4
2—91 + 1512

~g¡3 + 2t~
2— lot + 1512

—íot’ + 2t~
1 — 51 + 912 —

— sO + j6

4 — Lot + íU~
—ío¡~ + 4¡4

2— 101 + 17t2

—iOí~ + 2¡~
1~5t + 9Ú —

+9í~ — sé + ¡6

2— 111 + 1712

4— 111 + 1512
—iíí~ ±4í~

1—51 + 11¡2~ 13t~

— ~¡5 + 16
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n 49 1 2 —.1 —2 —2 —1 2 —t
27 = ~5 ~2~3 ~4~s ~G~s ~4~a ~

2~3 a,4a,5 3:4

—2 —l 2 —t —2 —2 —t 2 —1
a,3 3:2a,1 ~2~3 ~4~3 ~2~t ‘-‘~~‘1 ~2~S

—2 2 —1 —2
a,4a,a r2a,~’a,~a,;

1a,
4a,5 ~4~3

—1 —I —1 —t —1 —1 —19at = ~
2~3 a:4a:2a:3 a,2a,1 x3 a,2r3 a,4a,3 4

—1 —t —1 —t —1 —I
a,4a,3 a,4a,2a,3 ~43 ~s ~4~s

—1 —t —1 —t —l —t
a,4a,3 a,4a,2a,3 r4~3 a,5 a,4a,3 a,4a,2a,3

—I —1 —1 —t —1 —l
~2’1 ~3 a,2x3 ~4~2X3 a,2X1 a,2a,0a,~

—I —1
a,2a,l a,g

1—51 + 11í2~ ís¡~
— 5j5 + ¡6

1 —51 + 1312 — í7í~

+i3t~ — 5j

5 + ¡~
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