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Generalized Fourier expansions for distributions
and ultradistributions.

5. N. MELIPCHOV

Abstract
Let Dw(fla>’ be a space of distributions or tíltradistributioíss of

p
J3eurhingtypeonp-dimensionalparallelepiped fI0 := fl [—a5,aj] ci

5=1
]R~. We investigate tbe following problema:
1) When can any element of D,,(f10)’ be expanded in absolutely
convergent series in a system of generahized exponentials
(ex<> )nENP witit apecial exponenta A(»), u e Pi

71. 2) Witen can ase-
quence of the coefficients (c4,.ENP in an expansions u = E

nEN»
be chosen so that it depends in a continuous and linear way en
u E D~(fl~)’, where 0< b~ ~ a¡ for ahí 1 =i < p.

Introduction

Tite expansions of tite distributiona and tito ultradistributions iíí gezíer-

ahizod oxponontial series itave been invostigatod by ínany autitora (seo
Vladiínirov [25](Cit.I1, § 7), Edvarda [5] (12.5), Meiso [14], Franken,
Moise [6],Brauíí, Meise [2]).Hero tite elomoíts of kernols of convolution
oporators itave boen expanded in tite series of oxponontial solutions of

tite correspondi¡tg hiomogenecus convolution equationa, iii particular, tite
periodic distributions and ultradistributiona. AII titese representatiorís
hayo tite uniquenesa proporty, i.e. any distribution or ultradistribution
can be expanded in a uniquo way. Titis papor concerzis tite systems of

Mat.heruatics Sisblect Classification: ‘IOFOS. 42015.

Servicio Pul,Iicaciones Univ. Cosrspltttersse. Madrid, 1999.

http://dx.doi.org/10.5209/rev_REMA.1999.v12.n2.17118



350 S. N. Alelikhov

generalized exportenta (eA< )nENP in tito apaces of distributioíís or u!-
71

tradistributiona on tite p-dimertsiortal parallelepipod [l~ := fl [—a5, a5],
5=1

witere p E N and a5 > O for any 1 =5 =p, titat admit a ¡íontrivial
expansion of zero. First fundamental resulta for suchí systems of oxpo-
nentiala (in tite apacos of analytic furtctions in convex domaina itt C)
xvere obtained by Leont’ev (seo [13]).

In presentod papor XMO solve tite followirtg problern. Lot Dw(lt)$
be tite space of the ultradistributiouís of I3eurhing typo or tite distrib-

utions on tite parallelepipod fl0 witit tite strong topology. Lot

vi E N~, be a sequenco of tite exponenta Xvitore (>$P)mEN for
any 1 =5 =p are ahí zeros of art entiro (in C) function L5 atid any
zero of U5 is simple. In part ono of tite paper we altow ítecessary and
sufiicient conditiona titat any w-ultradifferentiab!e on fl,, function can
be expanded in a generahizod Fourier series in tite systení (cAo )new
abso!utely convergent in D~(fI0)$. Titese coííditions are estabhisited in

traditional terms of lower bourtds of ¡L5¡ atid ¡L(.\$P)¡ for ah 1 =j < p.
We sitow too that if titoso conditiona are fulfilled thon any u E
can be expanded in art abaolutely cortvorgent serios in (e.x<fl~ )»EN”. líi tite
terminohogy of PCorobeirtik [10] titis meana titat tite systern (ex(fl) )»ENP
la an absoluto!y roprosentirtg syatem (ARS) in D~(fl0)$. Moreovor XMO
sltow titat titis systom (ex0,> )»cNP is an AhiS in art tíltradistribution or
distribution space D~(I<)~ for aííy cornpact set 1< ci fl0.

Irt part two we study witen a sequenco of tlíe coefficiertts (c»)»ENP ín
an expansío¡ts u = E ~ can be citosen so tlíat it depezída ín

a continuous and linear way on u E D~(flb)$ witere O < ½=a} for ahí
1 =~ =p. In otitor Xvorda, we solve a problem witeíí a correapon(hing
representation operator 11. : c —> E c»e,~<,~ has a. contirtuotis hiííear

nEiI”
right inverso. In a.ddition for ah erítire fuííctio¡í Q irt C

271 witit Q(z, z) =
71
fl k (z

5) for ah z C we introduce ah interpoiatiííg ñi¡íctíoíía.i
12q

5=1

x D~(flb)$ —> C sucit titat for aíty z, ji C C~’ tite functioííal 12c¿ (z, /t. j
is corttinuous and linear ort D~(l1b)~. Ifa coíitinuous hirtear righit izíverse

for tite represeíitatioíí oI)erator exista wo sitoXv tita.t ono of tlíeíít is thíe
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01)erator

7,

u—> ((—i)P12Q(Á( A )/fl ~(Ak))) »EII?

\Ve note titat a part of tIte tite results of titis paper witichí are related
to tite case of tite distribution apace were aiino¡tced iii [21].

Acknowledgement. Titia paper xvaa writton durirtg a stay of tite au-
tlíor at University of Diissoldorf irt tite autumíí 1997 by tite s11I)I)ort
of Detítachíer Akademnischer Aiístauschídioitat (DAAD). Tuis support la

gratefully ackrtowledged. Tite autitor wis}¡es to tlíaíík [‘roL Dr. II. Meise
aud Dr. 5. Mornin for titeir valuable rornarks. Tite aíítitor thíaííks aLo
tiíe Ruasian Fouíxdation for Basic Research (project 96—01 —01041) lcr
I)artia.l supI)ort.

1 Generalized Fourier series for ultradifferen-
tiable functions in a space of ultradistribu-
tions

1.1 Definition. A contirtuous increasing fuíictiort w : [0. +cc) —*

[O,+oc) is called a ií’cigbt funcijoiz ib it satisfies thío fohlowi ng co¡tdi tioíís:

(a) w(2¿) = O(w(t)) as t —* +oc
~<‘ w(t)

(/3) f —T-dt < oc

(y) logt = o(w(t)) as ¡ —* +oc

(8) y = w o exp la cortvex oít 1k.

We denote by y
0 tite Yourtg coítjíígate of y, i.e. y(x) := sííp(xy —

9=0
y(q)) for ahí z > 0.

Lot w be a XveigIlt lii nctioíí . Var a. cozí> I)act set A ci R~ we (Idi ¡íe a.

8>1<) := {f E c2~(K)

sup sup If(Út>(x)¡ exp(—¡’iy (¡o l/’~)) < oc lar MI ¡u E N}
c~EHg rEJ~
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endowed witit tite natural topology of a Erécitet space.
Por an open set 12 ci R7, het

&(12) := proj &(K).
Kcc&1

For a set 1< ci R~ tite elementa of 4(K) are called w-ultradifferentiable
functions of Beurhing type on K.

Por a compact set 1< ci we put

D~(K) := {f e £~(R”) supp(f) c 1<>

and endow D~(K) with tite topology induced by £~(R~).
Por an opon set 12 ci we define

D~(12) := md D~(K).

KccO

Por w(t) 1 log+t and a compact or open set 1< ci R~ let

D~(K) := D(K) := {f E CCC(RP) ¡ supp(f) is compact in K}

and
4(K) := CCC(K).

Tite spaces D(K) and CCC(K) wihl be equipped witlí tite natural
topologies.

13y D~(K)~ (rosp. &(K)$) we denoto tite dual apaco of D~(K)
(resp. 4(1<)) endowed witit ita strong topology.

lf W is a woígitt function, tite elementa of D~(K)’ are cahled w-
ultradistributiona of Bourling type on 1V.

Por a convex compact set 1< ci R71 lot Hg denoto ita support fuxiction,
1.0.

Hg(y) := sup < x,ii>, yE R71,
xCI<

71

witere < A, z >:= 2 Ap
5 for ahí A, z ~

j=1

Por sorne r, q E we write r > q if r5 =qj for ahí 1 ~ 5 ~ p artd

y > q if y5 > q¡ for ahí 1 =5 < p.
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71
Por any r E R~ such that r > O we put H,- := fl[—r5,r5] and

5=1
71

Hnr~ Note titat H.4y) = E r5¡y51 for ahí y e R
71. l-loreafter,

5=1

¡z¡ :=< z, ~‘ >1/2, w(z) := w(¡z¡), lm z := (Im zs)%
1 for ahí z E C’.

Por any r > O and y E £w(Hr)’ its Fourier-Laplace transform ‘~ is
dofined as

y(oxp(—i < A,. >)), A E «r.

Wc cali tite following elementa e~ E Dw(flr)’ the generahized expo-
nentiala:

eA(f):=f(A), fCDw(Ilr), AEC
71.

We defino for alí r > O tite fohlowing spaces of entire functions:

A~,,4r,p) := {f E A(C71) ¡

sup ¡f(z)¡ exp(—H,-(Imz) + viw(z)) < oc}, vi E N;
zECP

~4~(r,p) := proj A~,,(r, p), A~(p) := md A~(r, p);
r>0

B~,»(r,p) := {f E A(C) ¡
q,n(f) := sup ¡f(z)¡ oxp(—H,.(Im z) — rnw(z)) < oc}, ni e

zECP

B~(r,p) := md Bw,rn(r,p).
m -4

By Paloy-Wiener-Scitwartz titeorom for ultradiatributions and dis-
tributions (Braurt, Meise, Taylor [3] (3.5 Proposition). Moise, Taylor
[17] (3.6 Proposition) and Hórmander [8] (Theorem 7.3.1)) tite followirtg
Iíolds

1.2 Proposítion. Let w be a weigb¿ func¿iort or w(t) := log~¿. TIte
Eourier-Laptacc ¿ransform Y : y ~—* <~ Ls art Lsomorphism of Dw(H,.)
on¿o A~(r,p). of &w(flr)~ ortto B~(r,p) for atí r > O asid of D~(R71)
on¿o A~(p).

1.3 Definition. As in Moise, Taylor [17]wo cali a weigitt functiort w a
stroiíg weigiít furíctiorí if in addition tite fohlowing itolds
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(¿) titere are 1 < C> < C sucit that w(Ct) < Cíw(t) for largo t.

Note titat w is a strong woigitt function 1 a.ííd aííly il tIte (equivaleíít)

caííditions of 1.3 Praposition of [17] are fulfilled.

1.4 Convention. For tite seque!. lot w be a. strong woighit fu rtctionor w(t) :— loa+t. Wc fix a e R~ suchi thíat a > O aítd put E(a. p)
b

D~(fl0)$. Por a.ííy 1 =5 = p lot L5 e l3~(a1. 1). (AV)~EN (leilates tite
set of al] zeros of Lg artd a.ny zoro of ~ is si ni píe.

\Vo Xvrite

2’

(AW)%, L(z) : [JL ( 1 (A~»>) =FIL;(4h,
5=!

71
(z — := fl (z5 — ~j) for ahí vi ~ N

71 aííd z. y e Ch
5=1

13v 1.2 for aíiy vi e N~ titore oxists a u¡íiqiíe fuactiortal y» E 4(11,,)’
sucit tha.t

~r.(z) (z — A(»))1 L’(A(»)) = L(z) lar al! e G” artd n e N’>.

‘1’ he
k

2
nc Np
1.5 Rernark. Note thíat tite set of tlie fíírtctiaí,s
u e N~. is bourtded irt B~,4a. p). i.e. tuero is a E

n ENP

system (<pn)»ENp is biortitogonal to (c.x<,> )nENP, i.o. y,, (c,~
0,1 ) =

lar ahí mIt E N~. ‘No cali for a.rty u E ¿0(fl,,) tite series
Yn(v) C\<,,1 tite gerteralized Fourier series (>1v.

— A(,))
N sííclí tlí a•t

XX pu t for a.ííy r > O aud ni e N

sup ¡u(.F’ (1)). u E Dw(Hr)’,
1111100<’

ait(l
<isa (f) := sup ¡rl ()(f)j 1 E ¿¿(¡ir).

qrn(g)<l

1 f we iderttify thíe d oía ¡ space of A~ (r. p) Xvi ti~ Q (1 U Y Y’ ínea.íís of tío
biiiíiear farríi < ., . > thoít < f, «,x >= 1(A) ¿br ahí A E G~ aííd f E

Aa, (r. ¡>) . 71?líeroforo far aííy A E G
71 aiíd in E N

¡C\¡¡,,, =OXI)(IJr(líii A) —
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Te accurately desribe tite space of tite sequencos of coefficiortts of al! se-
ries in tite systern (CM )nENP titat are absolutely convergout in
Iowor ostiínates of ¡¡e.x¡¡~ aro necessary.

1.6 Definition. A weigitt function we cali a (DN)-Xveigitt function if for
it tite (equivalont) conditions of 3.4 Titeoreíí> [16] aro fulfihled.

By Meise, Taylor [16] (3.1 Proposition) w is a (DN)-Xveighít fuzíctiozí
íf and only if

for ahí C > 1 diere aro ~ > O artd O < ¿ < 1 suchí thíat

w1 (CR)w’(6R) =(w~(R))2 for al! 1? =11v. (1)

1.7 Examples. Tite functions w iii (a)—(b) below are stroííg XX’eighit
function and (DN)-weigitt functions.

(a) w(¿) := ta(log(1 + 0)0 where O < a < 1 artd a > O.
(b) w(t) := oxp(a(log(1 + t))0)(iog(1 + t))« witere a fi > O and a > O.

1.8 Lemma. (1) For any r > O ¿Itere are ¿he functiorts itA asid VA, A C
G~, wbich are plurisubbarmonic ort GP. sucb tIta¿ itA(A) =O. v,x(A) =O
asid for any It E N ¿Itere are ni e N and C > O tvi¿b

u~(:) =H,-(híi~ z) — H,.(Irn A) — kw(z) + ww(A) + 6<

(¡.12<1

V\(z) = U,. (u:) — H,.(lm A) + ínw(z) — kw (A) + O

for atí A,: e G”.
(II) TIte fo/iow¡nq asser¿zons are equívatcnt:

i) Thcre oit tI¡.e fuactiosis u~ , A E GP, u~bicIt ore plurisu blzarmowc ou¿
.sucb ¿Izat ¡¡x(A) > O artd for 0% It E N diere <¡¡~t mn e N asid a

constan ¿ C walt

UA(Z) = inw(z) — kw(A) + 6’ for ahí A.: e Ch

(Ii) ‘w iis a. (VN,)- weiqh¿ fí¡rtction.

Proof. TI¡e st;íteiiieíít (1) Italda by I.aííge¡ibrííchí [12] (4.1<) Lciíííiut: seo
it s praaf toe)
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(II): (L) =~< (Li): By Langenbruch [12] (3.1 Theorem b)) froin (i) it
follews titat

títere is -y > O sucit titat for any O > 1 and for any vi E N
titere is l(vi+ 1) E N with

(wi (vifZ/(21(vi + l)))G~/~~wl (Cfi) =(w~ (fi)) l+Cy/»

for large fi.
Por any C > 1 wo sitahí take vi e N such that Cy/n.

1(vi+ 1) =vi according (2)
titat for largo fi

w~ (SR) <

wl(R) —

(2)

< 1 citeose

and put & := vi/(21(vi+ 1)). We hayo by (2)

(w-’ (SR)) Cy/» w’(R)

H ence (1) itolda artd w is a (DN)-weigitt function.
(u) ~ ~): We note titat by Moise, Taylor [16] (3.1 Proposition) (Li)

is equvalent to

Por any d> O and any C > 1 titere exists fo and O < & < 1
such titat for ahí R =Ho tite foilowing holda

(3)

By Langenbrucit [12] (3.1 Thoorem a)) (i) fohlows from

titore are C > 1 and y > O sucit that for any vi e N
titero is 1(n) E N sucit titat for large fi

(w (nR/1(vi)) Cy/»

w ‘(fi)

< w~(R

)

— w¶CF?Y

For any vi e N aríd for d := 2/vi, O := 2 we citooae O < & < 1 and R~
according (3) and 1(n) e N sucit titat vi/1(n) <
fi>R~ (w l(vi R/I(vi)fl

wí(R))

6. Theíí by (3) for ahí

-1(1?)
- (CII)

356

(4)

Hence (4) (witlt y = 1) and (i) iteid.
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1.9 Gorollary. For asiy r > O ¿here are furtc¿Lorts fA, A E a, wbLcb are
entire on a, such ¿bat fá(A) = 1 and for any It E N ¿here are ni E N
avid C> O taL¿h

IfA(z)I =Cexp(H,-(imz)—Hr(hmA)—kw(z)+niw(A)) for ah A,ze U

Proof. Titis assertion fohhows from 1.8 Lemina and Hbrmander [9] (4.4.2
Theorem).

1.10 Corollary. For any r > O and It E N ¿here are ni E N artd c> O
such that for any A e U ¿be followLng botds

cexp(Hr(lm A) — rnw(A)) =¡¡e~x 11 =exp(Hr(Im A) — kw(A)).

Proof. Tite upper ostimato for ¡¡eA¡¡% fohhows from tite definition of ¡¡ .

Te prove a hower estimate, wo take by 1.9 tite functions fA E 444r, p),
A E O’, with fA(A) = 1 such titat for ah! It e Ntitere are ni E Nund
C < oc witit

Ifx(z)¡ =Cexp(H,-(Im z) — H,-(Im A) — Itw(z) +mw(A)) for ah A, z E C,,

Fer tite functions YA := C~ exp(H,-(hm A) — rrtw(A))f,, we itave

< g~, e,~ >= C-> exp(Hr(hm A) — niw(A)) and ¡¡YAI¡k < 1.

Consequontly for c C—í and for ahí A E C~

¡¡eA¡¡k =cexp(Hr(hín A) — rnw(A)).

1.11 Oorollary. For any It e N tbere are ni e N avid fi < oc such ¿bat
for any A, b E C71 wilb ¡b¡ < p ¿be inequa/Lty ¡¡eA+h¡¡X =B¡¡e.x[¡% bolds.

1.12 Sequence spaces. Representation operator. Now wo intro-
duce for ahí r E R’ sucb titat r > O tite spaces of sequences correaponding
te tite systom (eA<,,1 )nEN,,:

K,»(r) := {c = (c»».ENP ci

N ¡c»¡ exp(lfr(hm A(n>) — IIZW(A(,,))) < 00}, ~vi E N,
»ENP
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1=7(r):= md Km(r);
vn -4

Am(r) := {c= (c»)»CNP Cl G¡

5111) ¡44 OXP(~1Ir(hlfl A(»)) + mw(A(»))) < oc}. ¡it E
NP

A (r) := praj A,» (y).

e
Thíe space A (r) can be identified witht thíe dual te 1=7(r)Si)ato by tIte
bilinoar farin < c, d >:= ~ cnd», cE ¡=7(r), dE A(r).

»ENP
it foIIoXvs froin 1.10 Corohlary titat a serios ~ cneA<~1 , witore e» E

nENT’

C for ah vi E N~, is abso!utely convergertt in D,»(H4$ if aííd oíílv if
(cn),-,CNP E 1=7(r).

As represontation operator 1? XVO <lefírte by 11(c) := 2 C»CA(nr
‘~E Ni’

e e 1=7(r). it mapa continuousiy artd hineariy 1=7(r)¡rite Dw(flr»~. By
Koroboiuik [10] wo cali (eA ),~cNP art a.bsohutehy rO;)rOSollting systeiíi
(ARS) in Dw(i71r)~ if 1? : K(Á —* Dw(flr)~ is surjoctivo.

in tite ftrst section we shaw titat tite system (e,\(Q»ENP la art ARS in
E(a, p) under tite natural (traditional) conditiorta for tite fííííctions L1
(as in Leortt’ev [13], Korobeinik [10]).

At first XVO citaracterize thíose fííííctiorts Lg as in 1.4 fer wlíichí thíe
geííerahiz&h Fourier series of u converges abselutohy iii l3(a, ¡4 tu u fer ahí
~i E ¿¿(¡la). Títis question originates from Leont’ev’s study [13] fer tite
functions analytic en a convex doííiain in G.

Dvi

Wc put D5(u) := u E E(a. ¡4. 1 <5 =p
1.13 Lemma. Iffor sorne A e U asid sanie u E E(a, p) tite equohty
D5(v) = —iA1v botds for oIl 1 ~ 5 ~ p, ¿ben ¿Itere crisis ¡¿ E G such
thaI u = ¡¡CA.

Proof. ‘No give a. brief proofofthíe wohh known fact. Sinco V5(v)+iA1v =

O for ahí 1 =5 =p, apphying tite Feiirior-Laplaco transforní, we ebtain,
titat < (:¡ — A1)f(z), u3 >= O for al] f E Aa,(a. p) artd 1 ~ J =p. hf
y E Aa,(a. ¡¡) and < y. CA >= O. i.e. y(A) = 0. for aíív 1 < J ~ p tuero a

71
fi E 4~(a. ¡4 suchí thía.t g(z) = ~ (zj — A1)95 (z) 1kw ah z E C~. Titen

5=1
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71
< gv >= >3 < (z5 — A5)95(z), y. >= O. Conaoquertthy titere exists

5 1

y e G witit u = ¡ie~.

1.14 Lemma. If M ci G~ is art unLqueness se¿ for A~(a, p) ¿bert Al is
ay uniquertcss set for B~(r, p) for arty O < r < a.

Proof. Lot f be a functiort in D~(r,p) such tltat f E O
citooso :0 E M and a function y E A~(a — r,p) witit g(zo)
fg e A~(a,p) and fg E O en M, we obtain tltat fg E O
consequeíithy f E O en U.

en M. Wc
# 0. Sirice
en O’ artd

Wc note tlíat Dw(flr)~ for aíty r > O is a regular (LB)-spase. [lenco
by [18] (Titeorcín 5) a series >3 u» convorges.absolutely irt DW(HJ~ if

and only if there exista ni E N witit >3 ¡¡u»¡¡~ < oc.
»ENP

1.15 Theorem. Le¿ L5. 1 =5=p, tp,,,vi E NP, artdw as irt 1.4. TIte
fo/lowivig asser¿ions are equivalent:

(i) For any u e E~( hin) ¿be series >3 y»(v) e,~<,1 coviverges absolutcly
nENP

in E(a,p) ¿0v.

(Li) Eor any A E O’ ¿he series U(A) CA
»ENP (A<»9(A —

absotutely iii E(a, p) ¿o eA.

converges

(iii) Por any 1 =5 = p ¿be serLes >3 (U[/A$t))’ e~c,) converges ab-
mEN

solu¿ely in E(a5, 1) ¿o O.

(iv) Por any 1 =5=p andzEG ¿líe series mEN L5(z

)

— Ak>) eAijt
converges absotu¿e/y in E(a,. 1) ¿o e.

(u) Por <¡ny 1 ~ 5 ~ p

1) ¿here cxists ay ivicreasing sequence R~ > 0, a E N, sucb tIta¿ hm fi. =
s —la,

±ocaud ¿Itere is c > O witI¡

¡L}(z)¡ =c
1 exp(a

1¡Iín z¡ — cw(z))

fór <¡It 8 E N aríd z e G satisfyirtg ¡:¡ = R~ and
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2) ¡L’(A$,~>)¡ =c’exp(a5¡hm AW¡ — cw(A$fl) for alí ni e N.

(vi) Por a/lf e A~(a,p) ond A e G~ ¿be Lagravige’s in¿erpo/atLon for-
mulo Itolds:

r U(A

)

f(A) = ¿~, f(A~»~) L’(A(»))(A —

nEN~

¡<¡Itere ¿he series converges absolu¿ely (Lvi G).

Proof. (i) ~ (Li): Titis itohds since by 1.4 for al] A E G~ and vi E N~

y»(eA) = ~(A) = L(A)/(L’(A(4)(A — A))

(Li) ~ (iii): We fix A E G~ witit A5 # A$,Q for ahí ni E N aud

1<5<p. By(ii) eA= >3 U(A)
6A whoro tite series

nENP L’(A(Ñ)(A — A(,,))’ (n)
converges absohutely iii E(a,p). Titis imphies titat for ahí f~ e A

0(a5, 1)

flfÁAi)=<fJ L(z.J~(ex)z> =

E L’( U(A) “ =
»ENP A(»))(A— A(»))’ fJf5(At¿)

fi (A5) fs(A$$)) . (5)

We lix 1 =It =p and obtain by (u)
O = iA,.eA + D,.(eA) =

x—’ U,.(A,) L5(A5

)

witere tite series converges absohuteiy in E(a,p). Choese gj E A~(as, 1)
for any 1 =5 =p witit 5 !=It sucli titat g5(A5) # O. Wo hayo by (6) for
ahí f E A~(a,.. 1)

0= (z £kt ñ(r
~eN Lj(A») f(A$Q)) ,r.CN L3(A

)

L;(AW)(A5 — A$Q) ‘» 1
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[‘ram tite hast oquahity by (5) it fohhows that for ah f E A~(a,., 1)

= > (~ f(A$Q) — Kt Lkt? C0k(>.

Since U,.(A,.) !=0, wo obtain O = >3 (L~}A~I2)Síe\ck> witere tite series
raEN

converges absohutely in E(a,., 1).
(iii) =~ (i): Wo use tite idea of tite proof of [20](Thm 1,1) ~ 3)).

By (iii) and 1.10 titere is It e N sucit titat

E IU’(Sr.))¡ IIeA~~> ¡j~ < oc. (7)
»ENP

13y 1.5 tito set {L/(. — A(»))’ — Q U’(A(r.)) vi E N71) is baundod in

B~(a,p). Consequently titere are se N and C~ > O with

for ahí u E ¿¿(¡la) and vi e N”. Hence by (7) >3 ¡y»(v)¡I¡ex<0>¡l~ <
nENP

C8Aq(v) for ahí y E ¿¿(Ha) and a continuous linear operator

T(v) := E <p»(v)eA<~>, u E ¿¿(¡la),

neNP

froin ¿¿(fla) into E(a,p) is defined.
We prove titat T : ¿¿(it) —* E(a,p) is tite embedding map. Lot

I’(eA), A E GP. [‘ram vx = >3 £~4A)eA<~1 it fohlows titat for any
r.ENP

1<k’$ip (A
(D,.(vá) + LA,.vA)~ fftz))

~(z LdAk~¡(A~k>)) ~ (~ (Ab)7~IM A$Q) L(A$t)) =0

lar ahí A E O’ and fj E D~([—a5, a5]). Since by Braun, Meise, Taylor
[3](8.1 Thearern), Meyer [22] (if w is a weigitt function) and [7] (Cit.hl,
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71
§ 3, Ex. 4) (if w(t) — hoa±¿)tite set of ahí functions fl f~ (za), where

5=1
fj e D~([—as, a}]) for any 1 ~ 5 ~ p, is total in Dw(fla), wo hayo
D,.(uA) + LAjeVA = O for ah A E G~ and 1 < It < p. Hortce by 1.13
Lemma for any A E G~ titere is h(A) e G wítit ~A = h(A)eA. By tite
dofinition of T we have b(A(»)) = 1 for ahí vi E N~. Lot 7” bo an adjoint
te T operator froin A~(a,p) into B~(a,p). Tlien T’ is tite inultiphication
operator with tite function h, j.c. T’(f) = /4 fer ahí fE Aa,(a,p). Wc
prove titat h e B~(0,p). Since T’ : A~(a,p) —* Da,(a,p) is continuous
by Crotitendieck-Theorom thero exista / e N such titat T’ is cantinuous
frem A~(a,p) te D~,i(a,p). Consequenthy for any It E N titere is B > O
sucit titat for a!! fE A~(a,p)

sup h(z)f(z)¡ exp(—Ha(lm z) — lw(z)) =
zEO’
B sup f(z)¡ exp(Ha(Im z) + kw(z)). (8)

zE O’

Frem (8) with f := fA, witere Ix are tite functions froín 1.9 Coroflary.
it fohlows titat titere are ni EN artd C >0 with ¡h(A)¡ =BCexp((ni±
l)w(A)) for ahí A e G~. Since hf E B~(a.p) far ahí f E Aa,(a,p), tite
function h is ontiro in G~. [lenco hE Ba,(O.p).

Since h(A)cA = >3 ~»(A)e~<1 lar ahí A e G<¡ , xxiíero tite series

converges absoiuítely in E(a,p), xve hayo b(A)f(A) = >3 ~n(A)f(A(»))
nENP

fer ah! f ~ A~(a, ¡4. Titorofare fer arty f e A~(a, ¡4 witit f(A<,,1) = O

far ahí vi E N~ it fohlows hf E O aítd bocause 1 E 0. Consequentiy
{A(Ñ vi E NP> ja tite uniquertoas set for A~(a. p). By 1.14 Leinma it is
tite uniquenesa set for Ba,(0, p),too. ¡lenco Ji E 1 and 7’ is thíe embeddiííg
ínap of &(fl~) into E(a, p).

(iii) ~ (iv): Tit is halda by (iii) ~ (Li) fer p = 1.
(iv) ~ (iii): Títis itolda by (Li) ~. (iii) for p = 1.

(iii) ~ (u): Thíe proof of tite caííditiorts oit U~ as iii (u) gaes fron>
Loortt’ov [13] (seo h<orobeinik [10] (p. 114,115) and [20], Note. I).6G, tao).
‘No lix 1 ~ 5 ~ p. Since tite series >3 (L.(A$flrlc\Ú, caííverges ab-

niEN
sal u tely te O i rt E(a5, 1) and tite opera ter D> is coíítiII 110,18 n E (a1, 1)
thíe series >3 ( I¿ (A$Q) ) — D~ (e\úí ) cezívergos absol ti toiy te O i it E (a1, 1)

onEN
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tao. Heííce titero is k E N satisfying

1
1V := ~j> (1 + A$,~)¡)2I¡eAo,> j¡~ < 00. (9)

raEN ¡LJ(A,» )j

1W (iii) =~ (Lv) WC hayo e, = >3 L
5(z) . e~uí far any z E G.

mENL4A¶t)@ A~’~)

Wc put Bm := {z E G¡ ¡z — A$Q¡ < (1 + IA$tj)2} for arty m E N. 13y
(9) for ah z E G\(U,r.ENDvn) tite foilowing itoida

Since t~ is an entiro furtction of exponontial typo, we hayo >3 (1 +
piEN

¡ AW¡)2 < oc. Honco tuero is an incroasirtg sequenco l~ > o sud> titat
{z e G¡ ¡z¡ = R~} fl (UmENB,») = ~ artd consequenthy (10) holds for ahí
a E N artd z e G withí ¡:1 = R~. [‘ramitere by 1.10 we obtain (u), 1).
[‘ram(9) and 1.10 it foihows (u), 2).

(u) ~ (iii): From (y), 2) it folhows that >3 (L[~(A$4)Y’e~o> con-
niEN -

verges absohutoly in E(a5, 1) far ahí 1 < 5 ~ p. By (u), 1) it converges
to O (seo tite proof of Titearom 5 iii [20]).

Sinco tite Frécitet space Dw(fla) is nuclear, by Pietscit [24] (4.4.2
Proposition) (Li) is equix’aiont te (vi).

[‘raín tite proof of (iii) # (u) in 1.15 Titeoroin it fohhaws

1.16 ftemark. Evory of tite assertions (i) — (vi) of 1.15 Theareííí is
e(1Ilivahellt te

(u’) Por any 1 =5=p
1’) tltere ore a sequertee of circíes B5 := {z E G ¡ ¡z — j,, ¡ < ¿~ } w¿d a
cons¿ant e sucb ¿ba¿ >3 ¿. < oc and

sEN

¡Ls(:)l ~ c
1 exp(11

0(Iín z) — cw(:)) for ah : E G\ (U.~cNlt)

and

2) j L’(Ak¼¡~ c
1 exp(a

1¡Iín AW¡ — cw (Ah))) for oíl in E N.

1ro lii ¡<<ira bei it i k [1(1] (‘Elico re íít 7) XVO reca.h 1
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1.17 Lemma. flr any sequence (p(í))IENP Ln G~ wilh ¡P(i)¡ —* oc ¿be
sys¿em (e,L(<) )>ENP Ls on ARS Lvi E(a, p) LI asid only Lf for arty It E N ¿bere
are ni E N asid a cons¿an¿ C sucb ¿bat

¡¡f¡¡,. =C sup II(/’(i))I oxp(—H0(Im ¡¿(í))±niw(p(i))) for ahí f e A~(a. p).
icNP

1.18 Theorem. If ¿be assurnp¿Lons of 1.15 Tbeorem are fulIjilled asid
orte of i¿s s¿a¿emen¿s (i) — (vi) holds, ¿ben (eA<0>),,ENP La ay ARS Lrt
E(a,p).

Proof. To apphy 1.17 Lemma, we use a motitad of Napalkev [23]. Wc
fíx It E N. By 1.5 Remark and 1.15 Theorem, (u) titore are ni e N artd
a co¡tstant C1 sucit titat for ahí A E G~ and vi e NP

¡(A — A(»))’i =Cí oxp(H0(Im A) + rníw(A))

artd

IL’(A(n>)I =C~ exp(H0(lm A(»)) — niiw(A(»)fl.

Note that titere exists 1V e N sucit that

71 71
w(>3 t5) =K(3w(ts) + 1) for ah tí, ..., ½=0.

5=1 5=1

Sinco w is a subitarmanic function of finite ardor on G, by Yulmukitaíne-
tov [26] (Titeorein 5) titere aro a function go E A(G), a sequezíco of
tite cirches B~ := {z E G¡l: — Ps¡ < tj and a constant 02 satisfying
>3 t. < oc and
SEN

¡K(mí± It±1)w(z)—hag¡go(z)¡¡=C~Iog(1+¡z¡) for ahí z e G\(USENBS).

([‘or w(t) hog+t we put go(z) := :¡<(m,+k+fl. it fohhows C’2 = O.) Let

13 := {A e G
71 ¡A

5 — g~¡ =¿~ for ahí a E N and 1 <1 < p}.

71
[‘or a function y(A) := fl go(A}) titoro is a cansta¡ít C3 such titat for ah

j=1

AEB
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(1+ IAIYC3 exp((ni¡ + k + 1)w(A)) =¡g(A)j =
(1 + ¡A¡)0~ exp(Kp(nii + It + 1)w(A)).

(For w(t) — hag+t we hayo C
3 = O.) In a standart way (witit tho itehp of

the maximum principie) we deduce froin tite last inequahitios titat titoro
are a constant C4 and ni2 E N sucit titat ¡g(A)j =C4exp(m2w(A)) lar
ah A E «Y. 13y 1.15 (vi) for any he A~(a,p)

h(A) = ST’ U(A) for ahí A e G
2. (11)~, b(A~»~) L’(A<»>)(A —

Since fg E A~(a,p) for ahí fE A~(a,p), by (11) we hayo for ahí A E 13

1(A) = >3 I(A(»))g(A(»)) U(A

)

g(A)U’(A(,,))(A —

and
sup ¡I(A)¡ exp(—H

0(Im A) + kw(A)) =
ACT3

C?C4 >3 ¡f(A¿»))i exp(ni2w(A(,,)) + míw(A(,,)) — H0(hm A(n)))

sup oxp(Caiog(1 + ¡A¡) — w(A))
AEO>

=C5 sup ¡I(A(»))¡ oxp(—H~(Im A(r.)) + niow(A(,yí),
nE NP

XV itere

C?C4 oxp (Cahog(1 + ¡A¡) — w(A))) >3 exp(—2w(A(»))) <
AEO> »ENP

oc and mo := ni1 + ni2 + 2.

By tite maximum principie there are C > C5 ami ni > mo sucit that for
ahí fE A~(a,p) WO itave

¡[fil,. =C sup ¡I(A(»))¡ oxp(110(im A(,,)) + rnw(A(»))).
n~NP

By 1.17 Leíí¡ma (es<~1 )»EN’ ja art ARS irt E(a, p).
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Becauso statement (y) of 1.15 Titeorein is vahé far tite ftíííctians
L5(z) := sin(a5z). 1 <5 < p, tite following corohhary Iíohds, XVhiero vi/a
(ns/a5)~l for ahí si E Z~.

1.19 Corollary. TIte .system (e,.»/a)»Ezv ja art ABS irt E(a,p). Every
func¿ion y E ¿¿(Ha) casi ¿Itert be expanded into a Fourier series ab-
solu¿ely convergen¿ iii E(a,p): y = >3 y»(v)e,-»/0. i<¡búrú ¿be systern

»~zp
(yn)nEZ” ci ¿¿(Ha)’ La sucb ¿ba¿

71

— n)í = ( 1)I”I J~ 07»’ sin(a5z5) bar Ml z E G
71 azid si E Z~.

5=1

1.20 Gorollary. Ue¿ 1< be a cornpac¿ set in R~. Por ah a > O svcb ¿ha¿
1=ci ~a asid for ahí furtetiovis U

5, 1 < 5 ~ p, sa¿isfyísig ¿be s¿a¿cmnertt (y)
of 1.15 Theorem ¿be sys¿em (eA 0~>)»ENr Ls art AJ?S in D~(K)%. Every
func¿iosi u E ¿¿(fl~) Lrt addL¿ion casi ¿ben be expartded mio a generahi:ed
Eourier series absolutely cortvergesi¿ in DI<)$: y = >3 y4u)eA11,

nF NP
¡<¡Itere ¿be sys¿ern (y») »ENP irt ¿¿(Ha)’ as in 1.4.

.20 Coroihary fohlewa from Hahn-Baííacit titeerein, 1.15 Titearem
azid 1.18 Titeorein.

1.21 Remark. As irt [19] XVC can prove:

ADDED IN PI100F. Tite condicion (y) of 1.15 Tlieore,n is satisfied lot tite entire
bunctions L, ob exponential ty¡~e such that bor eaclt 1 < 5 =p chore is a co,tsoant. 1<
xv it.It

0< liS lt,(z>iexp(—o,hlniz¡) < sup iL,(:)Iexí«—a,hl¡nzl) < +~o

a¡tcl nf ¡ 4~> — > 0, wl,e,e (A~> ) ,,, ~u is citc set of al] zeros ab L, ami aity Zola of
k#n

¼is simple. Tite f,ínctians as aboye are cailed cite fi,nccions ab sitie txja:; tite class
ob s,mcix b,ínctions (for a, = ,r) ‘vas introduced by 13. Ya. Levin. Ocher exantples of <he
bunccions ob sine cype, besides sin(a, z), may be fo,m,td iii tite ~aper of 13. Ya. l~evi~, aud
Yo. 1. Ly’tbarskii “ interpolatia,, by entire funcílaus ob special classes and expansions
iii exponencial series connecced xvich it”, lzv. Akad. Nauk USSR Ser. Mar 39
(1975), No 3, 657—702 (Russiai¡); English trans. iii “Mach. USSR lzv” 9 (1975). In
part ictílar, che comidicien (y) of 1.15 Theoremn is satisfied br che b,,nrtio,ts

1
0(z) =

A, exp(utz) + 13, cxp(—ia,z) + Gb, z E Cl, xvith A,, I~, (3, E Cl, .4,13, ~ o, (J #
4A,It, 1=5=;>.
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Le! (v(k))k.EN be a sequence irt O’ sucb ¿ha! ¡P(k)I —4 00 artd ¿be sys¿ern
X := (Cg(~) )ICEN is art A RS in ¿be space ¿¿(Fha) Lf i¿ cndou,ed witb induced
¿opology frorn E(a, p). TIten X Ls ay ARS in E(a, p) tao.

2 A right inverse for a representation operator
and a formula for it

iii th~ is part we salve tite fahlowi ng pral)heln : Asan inc tlta.t a. sequolice of
expoiíonts (A(»))»ENP as iii 1.5 is suclt that tlie statements (i) — (vi) of
1.15 Theoreín aro valid. ‘No lix b E R~ xvith O < b < a. By 1.20 Corollary
tite systoín (eÁ<~,)»eNr’ is an AI{S in D~(flb)$. Witeíí (loes tite surjective
representatien eperator 11 : 1=7(b)—+ D~(flb)~ adínit a continuous litícar
rigitt inverso (in tite sequel, a rigitt inverso)? As in tite first soctioi we

¡Zar u E E(b,p) and 1 =5 < p lot ~ denote art ai¡tiderivatives of
u as in 13reínermann [4] (2.11) aucit thíat Dj(u~7l>

) = ti.
a,

Wc citoase p~ E D~([—bs, ½])witit f yg(t)dt = 1 (tite furtctiert p~
-00

exista by Braurt, Moiso, Tayhor [3], 2.6 Corahlary). Fer aí¡y f E V~(Hb)
and z E IR71 we put

a:,

f
5(z) := (f(z¡....,zs..o.t,xs+í

-00

Co

y~(t) ¡ I(zí xs...í,q,zs+í,...,z,,)dy)dt aud ,¿iVf) := —u(fÁ.

1>‘[‘líe í¡a.p u ‘—> u,. a c.aíttiítuous íírtd hirtea.r in IS(b, p).
Por exani pie

~iA,(ex)7í) = CA — ~(As)e(,x, \111 A,41 ,> lar aity A E G
71. (12)

Far a¡íy it E E(b,p) ~vepíit
11W> := ( ... (uV~>) Vi>

71

¡líe ittap u ‘—> 1~Ví) is cantiíiííeus a.nd linear iii E(b, ¡4
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To derive tite formulas for a rigitt inverse fer tite representation op-
eratar, we wihh use tite fohlawing definition witit gaes back to Leont’ev
[13].

2.1 Definition. Lot Q be art entiro function in G2~ sud> titat for any
ji E C~ tite function Q(., ji) behong to A~(p). Tite functionaí

12Q (z, ji, u) := (ez(ue..z)Vl)) (y-—l(Q(~))) , zjt E G71, u E D~(R”)’,

we cali a Q-interpohating functionah.

22 Lemma. Le! 4) be art en¿irefunc¿Lon irt A(G2P) such ¿Ita! Q(.,p) E
A~(b,p) for anyp E GP.

(i) Por ahí z, t E GP

— z)’QQ(z, z, e~) = Q(t, z)+

71 It

ZS))E kII9sm(¿son — Q(s(z,t), z), (13)
i=st<s2<...Ok=p

wbere s(z, t) E G~ asid s(z, t)
1 = :~ zfj =

5rn for sorne 1 < ni < It asid
.s(t, z)5 : t~ if 5 ~ 5,» for ahí 1 < ni < It.

(u) Por ahí z, ji E GP (be fusictiortal 12q (z, ji,.) Ls con¿irtuous and hirtear
o~> E(b,p).

71
(iiL) We assume ¿ba¿ Q(z, ji) = fl Q

5(z5, ji5) for ahí :, ¡i E G~ wbere Q,
5=1

are esi¿ire fusictiosis isi G
2 .such ¿bat Q~(z~, zJ) = L

5(:5) for oíl z~ E G
asid br ahí 1 ~ 5 ~ p asid for asiy It E N ¿Itere are ivi E N asid a cons¿asit
C satisfyir¿g

Q(z, ji)¡ =Cexp(Hb(lm:) + H0..b(hm ji) — kw(:) + niw(ji))

for oíl z,j¿ E GP. Tbesifor any It EN ¿Itere ares EN asid 13<00 sucb
tIta¿

112Q(A(»), A(»), u)¡ =B oxp(H0...b(hm A(,,)) + s’w(A(»9)¡¡u¡¡~

for ah! u E E(b, p) aud vi E N~.

Proof. (i) fo!howa from (12).
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(Li): Tite map u k—* ez(uez)U1) is continuous and linear in E(b,p).
Since Y’(Q(.,p)) E D~(ht), tite linear functional v—*
is continuous on E(b,p). Hence 12(z, ji,.) E E(b,p)’.

(iii): By (13) for ahí t E G~ and vi E N~ we itave
(—i)71(t — A(»))’12q(A(,,), A(»), eí) = Q(t, A(»)) and £2q(A<,,>, A(»), et) =
(—i)71Q(t, A(,,))/(t — A(»))1. ‘Ne lix It E N and citoese ni for It by 1.11
Corolhary. [‘ram tbe estimates from aboyo for ¡Q¡ and 1.10 it fohhows
titat titere are /, s E N and C

1, <J2 < 00 aucit titat for ahí t E GP with
— Ah)¡ > 1 for ahí r E N and 1 =5 =p tite fehlowing itoida

¡QQ(A(»), A(Ñ, et)¡ =4)(t, A(r.))I =
C1 exp(Hb(Im t) + fI0...b(Im A(»)) — /w(¿) + sw(A(»Q) =
C2 OXP(Ha~b(lm A(»)) + sw(A(»)))¡jeíI¡~ for ahí vi E N

71.

By tite maximum principie applying te tite entire iri GP function t ‘-4

12q(A(»), A<»), et) titere is 03 < oc sucit titat for ah ¿ E G~ and vi E N~

¡f2q(A(,,), A(r.), e,)¡ =Caexp(H
0..b(Im A(»)) + sw(A(»)))IIetiI~.

‘No put h,,(t) := QQ(A(,,>, A(»), eí) for ah t E G~ and vi E N~. [‘ram
tite estimates froin aboyo for ¡Ql and (13) it fohhows titat h» E Aa,(b,p).
Sinco tite linear functionahs u —* 12q(A(»), A(»), u) (by 2.2 (Li)) and u ‘—*<

/t,,, u > are continuous en E(b, p), for ahí t E G~ we itave < It», ej >=
£2Q(A(»), A<»>, e,) and tite set {ej ~E Gp> ja total in E(b,p), tite equaiity

< h», u >= QQ(A<»), Ap,), u) holds for ahí u E E<b,p) and vi E NP. 1-lence
¡12Q(A(fl>, A(r.),u)¡ =¡¡uIlUIh»I¡,. for ahí vi E N~ aiíd u E E(b,p). By 1.10
Coroihary

¡¡h,,Ii,. = sup ¡h»(QI exp(—H6(lm t) + Itw(t)) =sup
lEV’ lEO’ ¡ki¡¡k —

CaexP(Ha..b(Im A(»)) + sw(Ap,9) for ah si E N
71.

Tito proof of tite foliowing hemma is based en ah idea of 5. Momm.

2.3 Lemma. Le! ag > b5 for sorne 1 ~ 5 ~ p or w is a (DN,)-weigbt
furtc¿Lort (see 1.6,). Tbesi ¿here Ls a fusichon 4)1 E A(G2) sucb ¿bat
Q

1(z, z) = L,(z) asid for asiy k E N ¿Itere are in E N artd a cortstasi¿ C
wi¿b

Iog¡Q5(z, ¿)j = b5¡lín :j+(a5—b5)Ihín t¡—Itw(:)±w.w(¿)+Cfor ah! z, ¿ E G.
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Proof. 13y 1.8 Lemina titore are tite subitarínonic en G functio¡ís >
1Á

and ~A, A E C, síícit titat u,\(A) =O, v~}A) =O armé lar any It E N thíere
aro ni C N artd a cortatartt C Xvitit

us(:) =b
5¡hni :¡ — b5¡híu A¡ — kw(:) .4. mw(A) + C

and

vx(t) =(a} — bg)¡lm ¿¡ — (a5 — b,)¡hín A[ + rn’w(t.) — kw(A) + C.’

for ahí z, 1, A E G. The uppor seinicarttinuous reguharization w(:, 1) of clic
furtction sup(UA(:) +vA(t) +b5¡Im A¡ + (ag—b5) ¡fin A¡) is p!íirisubitarmonic

AEC
en G

2 and sucit titat w(:, z) =a
5¡hin :¡ and for any k E N titore are ni E N

and C < oc witit

w(z, ¿) =b5¡im :¡ + (a5 — b5)jlm t¡ — Itw(z) + m’w(¿) + 6’ for al! :,t E G.

By 1.4 titore is s E N soíclt tlíat ¡L5%¡ =sexp(a5¡hín z¡ + .sw(:)) aíté
consoquenthy ¡U5(:)¡ < sexp(w(:, z) + sw(z)) for ah : E G. [‘reilí a
modificatioít of 4.4.3 [8] tite existertce of a functiaít Q foh!ows.

2.4 Lemma. There is no a fam 1/y of ¿be convexfunctiorts 1<, ¿ =O. Qn
[O,+oc) sucb 1/ial f<(t) =O azul for any It c N Mere are in e N aud a
constan¿ O wU/z

f,(x) =C -- Itt + mt for ahí 1,: > O.

Proof. Wc asaulee t}tat suchí functjans It exist. Wc píít q4.x)
Ii m sup 1»< (u x ) /iz lar ah 1. y > o. Titeíí 9< a re chíe CartX’CX fu nc tieíis

»~ a,
aatisfyiítg g,(1) =O and lar any It E N thíero is ni E N sud> thmat

g,.(x) =—Itt + mx fer ahí lx > (1.

Sinco gí (O) =—k lar ahí It E N. XVC líave Qí (O) = —-oc aííé hícítee a
can tra(h ic ti art

2.5 Lem ma. I’roní (1) follo <rs (11):
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(i) Tbere is a rigb¿ isiverse for ¿be represen¿a¿iosi operator fi 1=7(b).—*

E(b, ¡4.

(Li) Por asiy 1 =s ~ p Mere are fusictiosis vA, A E G, wbich are su bItar-
monzc on G, sucb ¿ha! vx(A) > O asid for arty It E N ¿Itere are ni E N
asid a constart¿ C ¡<¡UIt

t’A(¿) = (a, — b,)¡hrn ti — (a, — b4¡ím A¡ + rnw(¿) — kw(A) + C

for ahí ¿A E G.

Proof. ‘No asaume titat títere is a rigitt inverso for fi. Titen thíore is a
centinuous linear left inverso ti for fi’ : A~(b, p) —> A(b). Wc put ft
tc(ej, witere e; := (Ó,»»),»ENP lar ahí vi E N~. Since ii : A(b) —* Aa,(b. p)
is coíítinuaus, for aíty It E N titero are ni

1 E N and C1 < 00 suchí that
bar ahí si E NP and z E G~

¡f,,(z)j =C1 exp(Hb(hín :) — H6(lm Ap,)) — kw(:) + míw(A¿q)). (14)

Wc lix 1 < s < p ami citoeso z~ E G and 95 E D~([—bs, bj]) bar arty

1 =5 =p witit 5 ~ s sucit that L5(z5) ~ O and ~(z5)# 0. Wc h)ut bar
any :,,ji, e G

T,(z,, ít~)

(fl’t5(z,)) ~ L5(ji,) f,, (:) (:, — A(s)) (n’~(A~)) ú1,1 .(15)

nENP jis — Aft »‘

71

Xvhlere fl’ denotes fl . By 1.5, 1.10, (14) thío iast series converges
j= 1 ,j!=s

absaiutely iít E(b8, 1) for ahí :,. ji, E C. Sirtce ja a contirtuanís hiínea.r
heft irtverse far fi’: Aa,(b.p) —> A(b), bar ahí y E A~(b.p) artd A ~ G~ tite
fohhaXving híelda

y(A) = >3 g(Ap,Df»(A). (16)
nC Ni’

Heni ce

cA = >3 .f»(A)e.\0,,, bar ahí A E G
71

»ENP
whíere t líe series callX’erges absol íí teíy i it E (it ¡4. Tu is i in ¡Mies t lía t iii

E(b. ¡¡)

O — ¡A c~ + D4c\) = i >3 f»(A)(A, — A¶.))cA<l lar ahí A E G71. (17)
<tEN”
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By (15) and (17) we itave for ah g, E D~d—b,, b,]) artd z~, ji, E G

< g,,Lji,T,(z,, ji,) + D1(T,(z,,ji,)) >=

i (H’t5(zs)) >3 U,(ji,)fr.(z)(z, — Ah)) (ñ41(A2))) = o.
r.E N~

By 1.13 for any :, E G titere exista a function ~ : G —* G sud> that

T,(z,,ji,) = hz1(jis)eg, far ahí ji, E G. (18)

From (15) and(18) it fohlows titat for ahí z, E G tite function h~, is entire
in G. By (15), (16) and (18) we itave for ahí g, E D~([—b,, b,]) and

z, E G

h~.(z,)g,(z,) = (ÚL(zn) 3Ir.(z) ?(A$fl)
»ENP

U,(z,) (fl’L5(z5)gg(z5)) g,(zj.

Consoquertthy, diere oxists a canstant B := H’U5(z5)g5(z5) ~ O sucit tbat

= BL~(z,) for ahí z, E G. (19)

Froin (14), (18) artd 1.10 it folhows thtat for any It E N títere aro ni2 E N
and a constant C2 sucit that far ahí :,, ji, C G

Iog¡h~, (p,)¡ =b,¡Im z5¡ + (a, — b,)¡hm ji,¡ — Itw(:,) + m2w( ji,) + C2.

By 1.16 Remarhc artd (19) titere is a sequenco al tite cirches 13¡ := {z, E
G ¡:, — uq¡ < ¿4 witit >3 ~1 < 00 and sucit thíat thnere aro ni3 E N and

¡EN

C~ < 00 witit

Iog¡h~,(z,)¡ = log¡L,(:,)¡ + hog B =a5¡hm z,[ — ¡visw(z,) —

for ahí z, ci G\(U¡ENB,). Wo put ~o := >3 ¿¡ aud
leN

P3, (ji,) := sup hog¡h2, (ji, + iv), Z,, ji~ E G.
1,1< ¡So
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Tite function P~, is subitarmonic in C and sucit titat titore are ni4 E N
and a constant C4 witit

P~,(z,) =a,¡lmz,¡ — ni4w(z,) — (74 for ahh z, E G

and far aíty It e N titere aro ni E N and a constant (7 witit

p2Á,’,) =b,¡hmnz,¡+ (a, —b,)¡¡mji,j —kw(z3) +mw( ji,) +C

for Mi :,, /t, E G.
Wc can tako new as ~A tite functions

vx(t) := Px(¿) — a4lrn Al + m4w(A) + C~.

For any weight function a, any c E R~ witit c > O aud any functian

It e B<, (c, p) Xve denote by Mh tite muitiphicatian oporator with tite
function It, i.e. Mh(I) := hf. [‘orahí r > O tite operator Ma is continuous
and linear from Aa(r,p) into A«(r+ c,p). Lot h(D) tite adjoint te Ma
operator from Dc}flr+c»i into Do}flr)$. Note that for eacit z E G~ tite
equahity h(D)(e2) = h(z)e~ itoida.

lf c = O we say that h(D) is an uhtradifferentiai oporator of ciasa a.

2.6 Theorem. (1) Le¿ w(t) = log±t. TIte represesita¿iort opera¿or fi
1=7(b)—>E(b,p) Itas a rLght irtverse if asid onhy ifb < a.

(II) Leí w be a s¿rosig weigbt func¿ion. TIte represesi¿a¿iort opera¿or
fi :1=7(b)—> E(b,p) has a rigIt¿ isiverse Lf and only ifa > b or ihere is
1 =5 =p witb a5= ½artd w is a (DN)-weLgb¿ fu.nc¿iosi.

(III) lf a rigb¿ isiverse for fi : 1=7(b)—* E(b, p) ezis¿s, ¿Itere exisis tIte
fusic¿iort 4) os in 2.2 (Lii) asid a map

S(a) := ¡ ,,12q(Ap,), Ap,), u) E E(b,p),) »ENP

is a rigb¿ isiverse for ¿be represert¿a¿ion opera¿or fi: 1=7(b)—* E(b,p).

(IV) Letp = 1. II 5 : E(b, 1)-> 1=7(6)Ls a righ¿ inverse for fi :1=7(b)—*

E(b. 1). ¿Iter, ¿Itere is art nnique fusiction 4) os in 2.2 (Lii) such thai

= (QQ(Ap,), Ap,), fl
L’(Ap,~) ~
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Proof. NEcESSITY IN (1): Wc asaurne titat titoro are 1 =s =p XVitIi
a5 = b5 arid a right inverso S lar fi :1=7(b)—* E(b, ¡4. l~ 2.5 Lertíiíía
titore aro tite subltarmonic in C functions v~, A E G, suchí thíat v\(A) =O
arid lar any It e N titore are ¡u. e N artd a canstant (7 withi

vA(:) <mhog~¡z¡ khog’-[A¡+Cfar ah! A.:eG

Tito uppor aomicontirtuous regularization iYg(ji) of sup{vÉ(c’<¡í¿) ¡6 E IR>
is radial subharmonjc functian in G suchi that 5~(t) =O aud far aíív
k E N titero are ¡si E N and a canstant (7 wjth

£<(z) =mleg’-z kheg~t + (7 for al! ¿. z > O.

Since tite functions y —* i5~(eY) are convex en IR, tuis centradicta 2.4
Lein ma.

NECESSITY IN (FI): it fohhows fram 2.4 Lemma. aítch 1.8 Lernina.
(III) (AND sUFFICIENcY iN (1) AND (II)) : II a rightt inverso lar

1? exista, by tite nocossity in (1) (resp. (II)) a > b 4 w(t) := heg~l
(rosp. a > b ar titore is 1 =5 =7) XVitL¡ a5 = Li5 arid w is a (IJN)-
lunction). By 2.3 Lemína thero exista a functian 4) as i¡t 2.2 (iii). By
2.2 (iii) 5 is a cantinuous hinoar map of E(b, ¡4 i¡tto 1=7(b).Wc pravo thíat

1? oS = iéE(b,p).

By 2.2 (i) and 1.15 (Li) XVO itave for any : E G~

L(:)(fioS)(e~) = >3 L(:) Q(:,Ap,)) ‘¾ =
nEW> L’(Ap,)) (: — Ap,>) 1

Q(:, D) L’(Ap,>)(:— A)’ exo>) Q(z. z)c. = L(:)e=.

(Frorn tite estintatos froin aboye far ¡Ql it lahheXvs thtat lcr cadí z E GP llie
oporator 4) (:, D) is cortti n tícus froin E (a, ¡4 iítta E (Li. ¡‘) .) Canseq ucíl thy
(1? o S)(c) = e. lar ahí : E GP. Siííce th~e set {c. z E GP> is total iíí

E(b, p), titia un phios tit at (fi e 5) (u) = u lar any u E E (b, ¡4.
(IV): Lot 5 : E(b, 1) -~> 1=7(b) be a rig}tt iítverse lar fi. Titen íts

a(hjoi nt operater 5’ : A (b) —> A~ (b. 1) ja a. cantinuaíís i i raca r heft i itx’erse
lar 1?’ : A~ (b, 1) —> A (b) . As in tite proal al 2.5 Len~ iii a wo ¡mt t~ . —
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(&>»)íeN, f» := S’(e), vi c N, aííd cL>aose a function h~ E A(G) sucit
tit at

h~(ji)e~ := t(ji) f4z)(z — A(»))eA0,4 lar ahí :, ji E G. (20)
ji — Ap,>

Let Q(z, ~í) := /¿z(ji), z, ji E G. [‘ram (20) it fehhaws titat 4) E A(G
2).

By tite praef of 2.5 Lemma we get Q(z,:) = L(z) for ah z E G. [‘ro¡íi
(20). 1.10 we Itave tite ostimatos froin aboye for ¡Ql as in 2.2 (iii).

13y (20) tite following hohds

Q(:, Ap,>)
= U(Ap,))(: — A<»)) for ahí z E G and vi E N. (21)

Te shoXv titat 5 = (—iQQ(A(»), A(Ñ, .)/L’(A(»)))»EN ‘ve note at first that
by (21) for ahí z E G and cE A(b)

S’(c)(z)= 3c» (: —< S’(c), e~ c, S(e~)

Honco 5(e
3) = ~Z VEN By (13) XVO hayo

5(e) = ( .12~(~7¿jjez) ) foral!: E G
nEN

8y (lii) tite linear eperator u —+ (~i12QV7&Aj u)) IS Cali-

tiííiíous froíí¡ E(b, 1) into 1=7(b). Henco for ahí u E E(b, 1) 5(u) =
(QQ(Ap,), Ap,>, u)’

\

k>vAp,,)
Te pravo tite uniquoíess of 4), XVC assume thtat tite fuííctioí¡s Qí, 4)2

satisfy of tite cortditiorts of 2.2 (iii) and far al! u C E(b, 1) ant! lar MI
si E N 129, (Ap,>, Ap,>. u)/L’(Ap,>) = 12~, (A<,~>, Ap,>, u)/L’(A¿,.>). Titeií
by 2.2 (í) Lemnia. Qí(:. A(

0)) = Q2(z, Ap,>) lar ah! z E G arid ti e N.
Wc lix : e G. Thie esti iii a.t~s lram aboye lar Qí ¡ ,¡Q¡ ¡ i iii ~hy 1. lía

Q~ (z .),4)2(:, ~)E It(a—b. 1). Shíce 1)3’ 1.15 Titeoreití. (vi) (A(,e),,E¡1 ~S
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tite uniquonesa set for A~(a, 1), by 1.14 Lomma (A(»))»EN is tite unique-
neas set for B~(a — b, 1)) toe. [lenco 4)¡(z, ji) = 4)2(z, ji) for ah ji E C
and Q~ E 4)2 in G2.

‘No give in conchusion an adding to 8 Titeorem in Braun [1].

2.7 Corollary. For asiy b > O asid any weight furtc¿iosi u wLtb w(t) =
o(a(¿)) as t —* +oc ¿here are art ultradifferen¿iah opera¿or of c/ass u
h(D) : ¿¿(1716) —* Da(fl

6)$ such tha¿ ¿Itere is a cositisiuous artd lirtear
operator T : E(b,p) —* ¿¿(fi6) wi¿It h(D) oT = idE(b,p).

Proof. ‘No exploit an idea of I’Coroboinik of tite construction of a right
inverse for a convoiution operator witit tite itehp of a rigitt inverso for a
representation operator. By 1.19 Corohlary and 2.6 Titeorem titere is an
ARS (ex< 1)»ENP in E(b,p) witit Ap,> E R~ for ahí u E N~ and sucit titat
tite representation aperatar fi : K(b) —* E(b, p) itave a right inverso 5.
By Braun [1] (Titeorein 7) titere is a function h E B«(0,p) sucit titat
h(z)¡ = exp(o}z)) for ahh z E R

71. Tite ultradifferontial operator h(D)
maps D

6(fl6)$ into Da(fl6)$ and, consequently, ¿¿(flb) ci D~,(H6)$ inte
D«(FIb)$ cantinuoushy and hinearhy. We put

T(u) := >3 ~t)teAn, u E E(b,p).

13y tite ostimates from aboyo for tite nerrns of eA(,> in ¿¿(flb) (see Braurt,
Meiso, Taylor [3], 7.1) titis series converges absolutely in ¿¿(116) lar ahí
u E E(b,p). Hence by Banacit-Stoinitaua theerem tite oporatar T is
coiítinuous and hinear from E(b,p) into ¿¿(flb). Moreover we have

h(D) eT(u) = >3 (S(u))»ex (n) = u for ahí u E E(b,p).
»E NP

We noto tlíat if w is a weigitt lunction, by Braun, Meise, Tayher [3]
(1.6 Lemma) titere exista a weight fuaction a Witlt w(t) = o(a(¿))
¿ +oc. [f w(t) ho~+t_ lar a¡íy Xvoighlt Itínetian a by 1.1 (i) XVO itave
w(t) = o(a(t)) as t —> +00.
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