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The density condition in quotients of
quasinormable Fréchet spaces, II.

Angela A. ALBANESE

Abstract
It ja proved that a Fréchet apare la quasinormable if, and only

if, every quotient apare satiafies tbe density condition of Heinricb.
This answers positively a conjecture of Bonet and Días.

The chasa of quasinormable locally convex apares was introduced and
atudied by Grothendieck in [10]. Thla class has recently received much
attention in the context of Fréchet apares and of Kóthe sequence apares
(see [5, 6, 7, 8, 9,15, 16]). In particular Bonet, Díaz [7, 8] and Díaz,
Fernández [9]proved that a Kóthe sequence apare of order p, 1 =p =oc
or p = 0, is quasinormable if, and only if, every quotient apare satiafies
the denaity condition of Heinrich [11]. Thia result ¡a relata! to important
previous theorema by Bellenot [3] and Valdivia [17], namely, a Fréchet
apare ja Schwartz (respectively, totally refiexive) if every quotient ia
Montel (respectively, reflexive). Accordingly, the following question was
asked as Open Problem 15 in [2]: If every quotiení of o Fréchet apoce E
Ita8 tIte de»s¿ty couid¿t¿on, ¿a E quasiviormable? In [1] we ahowed that
the ayawer ja positive under the assumption that E ja separable. In thia
note we remove thia hypotheaia hence we provide a complete solution to
the just mentioned problem.

In what followa we recalí sorne notat¡on.
In the sequel, given a Fréchet apare E we denote by (II IIk)k an in-

creasing fundamental ayatem of seminorma defining the topology of E
auch that the seta
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U,. := {z E E; hz II,. =i} forrn a basis of 0—neighbourhooda in E. The
dual serninorma are defined by

hIflI~ :=aup{If(x)l;IIxII,. =11=aup{If(z)I;lIzhI,. = 11
o

for f e E’; hence ¡I~ la the gauge of U,. in E’. We denote by
1 .‘ ojf E E’; hIfIl~ <ooj the linear apan of (J~ endowed with the norm

topology defined by ¡¡ ¡~. Clearly, (E~, ¡¡ iii) ¡a a Banach apace avid

= (ker¶ II,. iiii~)
We alwaya mean aeparated quotient apacea for quotient apacea.
A Fréchet apare E ja calla! quasinormable if there exista a bounded

aubset B of E such that

Vvi~m>nVs>0BA>0 : UmGAB+EUn.

By [15, Theorern 7] (cf. [6, Theorern]) a Fréchet apare E ¡a quasi-
norrnable if, and only if,

VviBrn>viVle>mVe>OBA>0 : UmCM4+CU,,. (QN)i

By polarization it follows that a Fréchet apare E la quaainormable if,
and only if,

o o o

Vn~rn>nVle>rnVs>0BA>0 :AU~flUnCcUm. (QN)2
Ihe density condition was introduced by Heinrich in hia study of

ultrapowers of local¡y convex apares [11]. A Fréchet apare E ¡a calla! to
satiafy the devuity condujo» (aee [4, Fropoaition 2]) if for any aequence
(A,-.)~ of atrictly positive numbera there ex¡sts a bounded aubaet B of E
auch that

VviBrn>viBA>0 : fl71A5U5cAB+U~. (D~

The density condition was thoroughly atudied for Fréchet and K6the
apares by Bieístedt and Bonet [4]. It was prova! there that a Fréchet
apare E has the denaity condition if, and onhy 1?, the bounded aubseta of
ita atrong dual are metrizable. Every quasiviormable and every Montel
Fréchet apare has the density condition.
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We also recalí the following fact due to Díaz and Fernández [9,
Lemrna 1] which is useful for the aequel:

Lemma O. Leí E be a Fréchel spoce. Suppoae tItal ihere nial ae-
quences (zák)skEN c E avid (fsk)s,kEN c E’ wiiIt tIte followirzy proper-

(1) f5k(zsk) = 1, Vj, le E N,

(2) IIfskILl =1, Vj, le E N,

(3) Mk = aup {IIzsflhIk; j E N, vi =4 <+oc, Vle E N,

(4) lim5>~ IIfSkILk+1 = 0, Vk E N.

TIten E doca viot sat¿sfy tIte devisity conditio» of HeiviricIt.
Let E be a Fréchet apare. Let (Zn)nEN c E and (fn)~EN C E’.

The couple of sequencea (za, fn)nEN is called a biortItogovial ayatem if
f,i (z»,) =

54m for every vi and rn e N. If ja a aernjnorrn of E, a
sequence (zn)flEN ja called a basic sequevice w¿th respect lo ¡1 II if there
exista a positive constant K auch that for alí acalara (an)~ and p a»d q
in N

>1
n1

For alí undefined notation we refer to [12, 13].

§1. Tbe result.
In order to atate and to prove our reault we need the following two

lemmRs. The firat one providea conditiona to ensure that aFréchet apare
has a quotient apare which doea not aatiafy the denaity condition. Ita
proof ¡a based on Lernrna O and on a» useful rnethod due to Bonet and
Díaz for conatruct¡ng quotient apares without the denaity condition in
the aetting of K8the aequence apares, see (8, Sed. 3, Proposition 2] or
[7, Theorem 3].
Lemma 1. Leí E be a Fréchel apoce with a co»uiviuous viorm. Suppose
thai there ezLst sequevices (zák)dkEN c E avid (fák)jkEN a E’ witIt tIte
followiviy propertica:

(a) (z5k, fsk)sk~N ¿a a biorthogonal ayslem,
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<b) IIfákII =1, Vj, le EN,

(c) sup {IIxákI¡k ;j E N} <+oo, Vle E N,

(d) lim5~~~, IifákIj~1 = 0, Vle E N.

TIten E haa a quotiení apoce wItich doca nol aatLsfy tIte deviaity con-
dition of Heivirich.
Prao?. We ap¡it the first N in N x N as a countable union of dia-
joint infinite aubsets, hence we rnay write (zIJk, fiik)iIkEN matead of
(zsk, fák)JkEN. Thua we obtain:

¡IfískIIl < 1 Vi, j and le E N, (1)

sup{iIzijkJI~ : 1, j E N} =~~* <+00, Vle EN, Vn <le (2)
.jft~’ IIf.,kIL~1 —0, Vj, leEN.

(3)
Now, we put

c(i,j,le) = rnax{IIfis8IIS1 : 1 <s< j} ifj <le

and
c(i,j,le)=1 ifl<le<j.

We define
c(i,j,le

)

g15:E—*R, z—*Zfíák(x) 2”
k= 1

By (1), we have tbat, for each i, j E N,
00

k=1

hence
< 1. (4)

By (1) again, we obtaivi

c(i,j,k

)

lIfiikIijí )yij(z) = 2”
k>5

< max {IIfis~iIii; 1 < le =J} IIxIU+¡
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hence I¡y~5Il%1 = max{LIf~s~tI%l; 1 =le =i} =rnax{IIf~s~IL~+1; 1 <
le =j} and so, by (3),

~i~T00¡9i5 II~ = 0. (5)

Now we are ready to conatruct the desired quotient apare.
Let F = fl1, ~N kery¿,. We consider the quotient apare E/F, with

quotient map lA: E .—> E/E, and we check that it doca not satiaflea the
denaity condition. To do thia it suificea to prove that E/E satisflea ah
conditiona of Lemma 0.

We denote by (III iIIk)~ the quotient norma induced by (II II~)~ on
E/F (each fl¡, is a norm becauae E is cloaed with reapect to every
II ¡ik) and put, for each 1, j E N a»d z E E,

411(Tz) = guj(z).

Clearly, gi, la well—defined, linear and continuoua. Further, since

lII~úIII~ = sup I~~s(Tz)I = aup ¡y(z)j = IIy~sIl~
lIITrIIIk<1 IIXIIkC1

for every 1, j and le E N, by (4) and (5) it followa that

IIlÑisIIIl =1 avid llrn i¡¡~~jji~1 =0. (6)

Next, put zq = T(2z15;) for every 1, j E N. Then, by (a) 4~~(z¡~) =

&¡6~, thereby implying that (zis,~~D~5 E E/Ex (E/E)’ is a biorthog-
onal system.

Finally, fix j E N and given n ~ j, we have 2z~ — 2’z1~5 E E and
hence, by (2),

¡¡jzívi¡j¡á =j2ziní — (2z1~j 2’zinflI~ =2’lIzi~sII. <

it fohlowa that, for earh j E N,

= aup{IIIz~~IIIs; iN, » =j} <+~~

We have so prova! that the biorthogonal ayatem ~ Diñ~,5 c E/E x
(E/E)’ aat¡afies alí conditiona (1)÷(4)of Lemma 0. Therefore, Lemma
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O can be applied to conclude that E/E does not satisfy the density
condition and the reault followa.

The next hemrna ja the second basic step towarda our result. It
provides the main technical tool for constructing a biothogonal aystern
aatiafying alí ihe aboye conditiona (a)~(d) in a given Fréchet apare which
is not quas¡norrnable without the assurnption of the aeparabihity:
Lemma 2. Leí E be a Fréchel apace. Leí O be a subapace of E’ so tItal

¡nf {I¡fI~+í; f E O, I¡f¡¡~ > /3, II! II~ <a} = O

for sorne le E N anda, ¡3 > 0.
TIten, if B ¿a a finite—dimensiovial subapoce of E,, ande, ji > 0, there

ez¿ata a» f E O wiih 111W1 <a, ¡¡fI¡~ > /3 avid IIflI~+1 <ji so that

IIg¡¡~ =(1 + e) ¡¡9 + Af¡¡~,
for every y E fi avid every acalar A.
Proa?. By assurnption we can fivid a sequence (fs)JEN C O so that
IIfsIIl < a, ¡¡fjj¡~ > fi for every j E N and lirn5~00 IIfsI¡~+1 = 0. It
follows that (liteN converges to O in E~ and hence it converges to O ¡vi

E’ — (E’, a (E’, E)). We ahail ahow that there la an element of (fá)56N
with the desired properties. To do this we proceed in a similar way as
in [14, Lernrna 1.a.6].

We rnay clearly asaurne e < 1. Put e’ = ¿/2. Let (ge):, c fi
with ¡Iy~ = 1 auch that for every y E B with ¡¡y¡¡~ = 1 there ¡a
¿ E ji,..., rn} for which ¡¡y — y¿¡1, < ¿‘/4. By definition of II ¡¡~~ there
exlata (x¿)11 C E auch thai ¡¡ze¡¡~ = 1 and 1 — ¿‘/4 <gi (ze) =1.

Since (f~)5~N converges to O in E~ and limp~00 IIfsIt~ = 0, we
can chooae a jo e N large enough to have ¡fj0 (z~) 1 < ¿‘/3/4 for every
i=1,...,m and ¡jfjj¡~., < ji. We now put fo = fs0/ILkI¡~. Then

= 1 a»d jfo(z1)¡ <¿‘/4 for every i = 1,..., m.
Now, if y E B with ¡Iy¡j~ = 1 avid 1>4 =2, then

¡¡94- Afo¡¡~ =¡A¡ ¡IfoIIi, — ¡¡g¡¡~ ~ 1 = ¡1911k.
lf ¡AL < 2, we take ¿ auch that ¡¡y — gifl~ <¿‘/4 avid then

¡¡y + Afo¡¡~ =1191+ AfoII~ — ¡¡y — y~¡¡~ =(s’e + AJo) (xi) — ¿‘/4
> (1 — ¿‘/4) — ¿‘/2 — ¿‘/4 = (1 — e’) ¡¡yII~
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Therefore we have that

~ 1
1 — ~‘ ~+ AfoII~ =(1 + e) II~ + ~foI¡~

for every y E fi ayd every acalar A. Recalling that fj~, = lIjo 115, fo, the
result followa.

We have now our main result which ahould be compared with The-
orern 4 of [1].

Theorem 3. A Eréchel space E ¿a quasiviormable ji, avid o»ly if, every
quotievil spoee satisflea tIte devia¿ty cond¿t¿ovi of He¿vir¿ch.

Proa?. Every quotient apare of a quasinormable apare ¡a again qua-
sinormable and hence has the denaity condition. Thua the necessity of
the condition followa.

We now auppoae that E la non—quasinormable Fréchet apare. Our
aim ia to conatruct a biorthogonal aequence which aatlafies the hypothe-
sea of Lernma 1, thua E has a quotient apare without the denaity condi-
tion and that finiahes the proof. By Lemma 3 of [1]we may asaume that
E has a continuous norrn. Let (¡¡ IIk)kEN be an increasing fundamental
sequence of norma for E.

Since E la non—quasinormablp, by uaing (QN)2, we have

o o o
2nVm>n2k>m~fi>0VA>0 : AUkflU4/3Um.

Without loss of generahity, we may then assume that there isa decreasing
aequence (fik)kEN of numbera with O < /3,. < 1 50 that

o o oVkENVA>0 : AU,.~íflU1fl3~U,.,

or equivalently

Vle EN mf {¡Ifl¡5,+1 ; f E E’, ¡If¡I =1, ¡¡!¡¡5, > /34 = 0. (7)

Actuahly, we have more. If O = {f E E’; ffr) = O Vz E L} with L aome
finite subaet of E, from (7) it follows that, for earh le E N andO < 6 < f3,~,

mf {iWi~+1 ; fE O, ¡Ff111 < 1+6, ¡¡fj¡5, > fue — 6} = 0. (8)
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The proof of thia fact ¡a contained in [1, Theorem 1] and we repeat it
here for the aake of completeneas.

Aasume that L = (z~)i1 ¡a a linearly independent set of E. Since ¡¡¡¡1
ja a norm on E, Ef la a (E’, E)—denae ¡vi E’ so we can find (y~)7L1 C E
auch that (z~, y~)1~ is biorthogonal. Then the rnap P: E’ —* E’ defined
by FI = ~3~L1f(zJy1 is a projection with leerP = O avid E ia continuoua
with reapect to each norm ¡¡ ¡¡5,.

Now,fixkENand0<6<f~. By(7)wecanfindaae-
quence (A)5 c Ef with ¡¡1411 =1, ¡¡fj¡5, > fue for each j E N and
lirn5-4,., ¡¡1415,~ = 0. Then lirn5..~ ¡PI5 fl5,~1 = O too; hence, since
E (Ef) ¡a finite dimensional, also lim5~00 ¡PI5 III = 0. Therefore, there
exlata a jo E N auch that ¡¡PI5 III < 6 for each j =jo. It followa that
the sequence (Its)5>~ = (h — PI5)5>5 c O satiafies the following

IIhsW1 =I1hW1 + Il~hU1 < 1 + 6

and
¡1h5¡¡5, =¡¡1415, — iPf5I¡5, > fue —6

for each j = jo. Clearly, afro hm5.400 I1h11I5,1 = O. We rnay then
conclude that assertion (8) holda.

We now construct by induction a biorthogonal ayatem in E x E’
aatiafying ahí conditiona of Lemma 1.

Let ‘y:N—* N
2 be a bijective rnap and put y(») =

For 1 = 1 we take i’2(i); by (7) we flnd f,<~> E E’ with

U 141) u: =‘~ U AmU? (1) > í½<’>and ibm ír~2<1 >+~ < 72 (1f” <‘>.

Since ~-~ey‘C
1fy(1> LI) 1 there ja ay z.~<

1> E E with BxY(1>h< <

and f,<’) (z~7<1>) = 1.
Aasume we have determina! a biorthogonal system (z~(I), fMi>).1

auch that, foreach 1—1 ..,vi,

~> <~> 6
(1)
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and

II9II~ (i) =(1 + e~) ~y+ AIy(i41
for every y e B11 = [í~<s>;j = 1,..., 1— 1] and for every acalar A,
where 0< c~ < 1 for 1 = 1 ,...,vi.

Thevi, conaider the apare
0nj1 {IEE’;I(at

91>) =0 for ¿=1,..., n}.
Fori=vi+1 wetakey2(vi+1) and6 _ fi~(fl+i

)

_ 2 then, by (8) we have

mf { IIIIk(»+1)+1 ; 1 E ~ ¡¡f¡¡~ < 1 +

IiIII;2(n+1> > f.y,~+í> } = o.

Since fi,. = ¿ = 1,..., vi] is a finite dimenalonal subapare of E~
and hence of E’ taken O < e”+í < 1 and ~¡ = 1’2(n+ 1)~I(n+L),
by Lemma 2, there exista an E Ofl.~ such that

jIY(fl+I
41(~

1)~1 < y2(n +

_______ f-y2n+í

>

fY2(;+1> < ~~~“’+‘
4L<,Ñ.l)=~I.y(n+i4[< 1 + 2 <2

and
II9II->~(n+1) =(1 + e,.+~) j~y + AI,(fl+

14j’<~1> (9)

for every y E B~ avid for every acalar A.
Ifg,~1 E [íy<i>;i = 1,..., vi + la defined by ~ (s~É~’ ait(i)) =

a»+í (i.e., ~ e E(fl+í)~ where E(fl+í) is the atrong bidual of the
norrned apace E~,<~~1> = (E, ¡j iI~(~+1)))~ then, by (9) we get

1 ~+~(s’)¡ = ¡ ~ (~‘ aiA<.)) 1 =
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2
12(n+ 1>

2 ~ + Ea¿f1u )
— f~(~+i) k 12 (n+1

2
(2 + e~+~) l¡gII;2(~~fl;

therefore 6

Since Et(n+í> ¡a the dual of the normed apare E.y2(,.+x), we can then
apply Helly’s Lemrna (see [12, Lernma 8.7.9, p. 165]) to find an X-«,,~1> E

II < avid f1(i) =Esothat Xy(n~i) II-y2(”+1> 6 (z1(~+l)) (í1<~>)

for i — 1 vi + 1 (i.e., .4(n+’> (z1(n+o) = 1 and Iy(i) (z1(~+1)) =

fori=1,...,n).
Proceeding inductively, we conatruct a biorthogonal syatern

e E x E’ satisfying

2, Vn E N, (10)

> ¡¾.> VviEN, (11)

< ~y2(n)fl«”>,Vn EN, (12)

IZMML(,.) < Vn eN, (13)

LIyJI;2(n) = (1 +s~) ~g+ AfY(n>1L2(>, (14)
VviEN, VgE [fy(i>;í=í,...,n—í], VA,

where (~“)~EN ha any aequence of nurnbers with O <e~ < 1.
1Now, put 9ft = ~fj~and ZJ~ = 2záue for each j and le E N (re-

calI that -y(vi) = (-y~ (vi),y~(vi))), frorn (10), (12) avid (13) follows that
the biorthogonal syatem (z~ue, 9sue)sue~N satisfies ah conditiona (a)-i-(d) of



Tibe density condition in quoiients... 83

Lemma 1 and apply it to conclude that E has a quotient apace without
Ihe density condition. Thia finishes the proof.

Note that (14) gives the poss¡bility to choose (yiue) in auch a way
that (gáue)IEN is a basic aequence with reapect to the dual norm fi ¡¡5, for
every le E N.
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