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The density condition in quotients of
quasinormable Fréchet spaces, II.

Angela A. ALBANESE

Abstract

It is proved that a Fréchet space is quasinormable if, and only
if, every quotient space satisfies the density condition of Heinrich.
This answers positively a conjecture of Bonet and Diaz.

The class of quasinormable locally convex spaces was introduced and
studied by Grothendieck in [10]. This class has recently received much
attention in the context of Fréchet spaces and of K6the sequence spaces
(see [5, 6, 7, 8, 9, 15, 16]). In particular Bonet, Diaz (7, 8] and Dfaz,
Fernandez [9] proved that a K&the sequence space of order p, 1 < p < o0
or p = 0, is quasinormable if, and only if, every quotient space satisfies
the density condition of Heinrich [11]. This result is related to important
previous theorems by Bellenot [3] and Valdivia [17], namely, a Fréchet
space is Schwartz (respectively, totally reflexive) if every quotient is
Montel (respectively, reflexive). Accordingly, the following question was
asked as Open Problem 15 in [2): If every quotient of a Fréchet space E
has the density condition, is E' quasinormable? In [1] we showed that
the answer is positive under the assumption that F is separable. In this
note we remove this hypothesis hence we provide a complete solution to
the just mentioned problem.

In what follows we recall some notation.

In the sequel, given a Fréchet space E we denote by (|| ||;), an in-
creasing fundamental system of seminorms defining the topology of E
such that the sets
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Ur = {z € E;]jz||;, < 1} form a basis of 0-neighbourhoods in E. The
dual seminorms are defined by

171l = sup {| £ (=)]; iell, < 1} = sup {|f(2);]l=ll = 1}

for f € E'; hence || ||} is the gauge of I}k in E'. We denote by
HEES {f € E5|fIIL < oo} the linear span of D?k endowed with the norm
topology defined by || ||;. Clearly, (E,’c, i [|L) is a Banach space and

!
E
Ep = ——0.ll Ih.\ .
ker || "/
We always mean separated quotient spaces for quotient spaces.

A Fréchet space E is called quasinormable if there exists a bounded
subset B of E such that

Vndm>nVe>03A>0 : U,CAB+el,.

By [15, Theorem 7} (cf. [6, Theorem]) a Fréchet space E is quasi-
normable if, and only if,

Vndm>nVk>mVe>03A>0 : UnpCAUp+elU,. (QN),

By polarization it follows that a Fréchet space E is quasinormable if,
and only if,

Vadm>nVk>mVe> 03 >0 :AULNUCeln. (QN):

The density condition was introduced by Heinrich in his study of
ultrapowers of locally convex spaces [11]. A Fréchet space E is called to
satisfy the density condition (see [4, Proposition 2]) if for any sequence
{An),, of strictly positive numbers there exists a bounded subset B of E
such that

Vnim>n3A>0 : nL,\U; CAB+U,. (DC)

The density condition was thoroughly studied for Fréchet and Kothe
spaces by Bieisiedt and Bonet [4]. It was proved there that a Fréchet
space E has the density condition if, and only if, the bounded subsets of
its strong dual are metrizable. Every quasinormable and every Montel
Fréchet space has the density condition.
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We also recall the following fact due to Diaz and Fernindez [9,
Lemma 1] which is useful for the sequel:

Lemma 0. Let E be @ Fréchet space. Suppose that there ezist se-
quences (;k); ey C E and (fik);hen € E' with the following proper-
ties:

(1) fix(zix) =1,¥5, k€N, '

(2) 1fislly <1, V5, k€N,

(8) My =sup {|jz;s]l,; €N, n>k} <400, Yk €N,

(4) limj oo | fiblliyy =0, VE € N.

Then E does not satisfy the density condition of Heinrich.

Let E be a Fréchet space. Let {Zn),en C F and (fo)en C E'.
The couple of sequences (Zn, fu),en is called a biorthogonal system if
fn (Tm) = um for every n and m € N. If || || is a seminorm of E, a
sequence (Z»),cn 18 called a basic sequence with respect to il || if there
exists a positive constant K such that for all scalars (a,), and p and ¢

in N
P pt+q
Zanmn <K Ea"zn .
n=} n=1

For all undefined notation we refer to {12, 13].

§1. The result.

In order to state and to prove our result we need the following two
lemmas. The first one provides conditions to ensure that a Fréchet space
has a quotient space which does not satisfy the density condition. Its
proof is based on Lemma 0 and on an useful method due to Bonet and
Diaz for constructing quotient spaces without the density condition in
the setting of K&the sequence spaces, see [8, Sect. 3, Proposition 2] or
(7, Theorem 3].

Lemma 1. Let E be a Fréchet space with a conlinuous norm. Suppose
that there ezist sequences (Zjx); ey C £ and (fik);pen C E' with the
following properties:

(a) (zjk, fjk)j, keN 5@ biorthogonal system,
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(b) "f}k”; S 1; VJ? ke N;
(c) sup {llzjkll, ;7 € N} < 400, Vk € N,
(d) lim; 400 ”fi"k”’k+1 =0, Yk € N.

Then E has a quotient space which does not satisfy the density con-
dition of Heinrich.
Proof. We split the first N in N X N as a countable union of dis-
joint infinite subsets, hence we may write (%ijk, f;‘jk)ij reN Instead of
(x_,‘k, fjk)j,keN' Thus we obtain:

Ifisll} <1, Vi, jand k € N, (1)
sup {[leijkll, : 4, j € N} = anp < +o0, VkeN, ¥n <k, (2)
Jim fisklleyr =0, V4, k€ N. 3)

Now, we put
c(t, 3, k) = max{||f,-j,||;+1 :1<s< j} if j <k

and
c(i, 5, k) =1 f1<k<y.
We define

0o i,k
g;:E-R, r > Zf,-jk(z)-—Qk—
k=1

By (1), we have that, for each 7, j € N,

o0
lgii (@) < llll, D2 |l 27 < [l s
k=1

hence
llgiilly < 1. (4)
By (1) again, we obtain

! / 1 ! '1 .1
| gi(z) < (E 1fiskln 57 + 22 W fiseliy cirdrks 5 ) ;41
k=1

k>j
max {||fiell}yy s 1<k <5 }lole 5

IA
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hence |jgi;ll;,, < max{||fisll}y s 1<k < 5} < max{{lfiellyy,; 1 <
k < j} and so, by (3),
H .. ’ —
i_l:Eloo ||9’u“_,‘+1 =0. (5)
Now we are ready to construct the desired quotient space.
Let F =y, jen ker g;;. We consider the quotient space E/F, with
quotient map T: E — E/F, and we check that it does not satisfies the

density condition. To do this it suffices to prove that E/F satisfies all
conditions of Lemma 0.

We denote by (||! ||lx), the quotient norms induced by (|| ||}, on
E/F (each ||| ||{x is a norm because F is closed with respect to every
i |lc) and put, for each ¢, j € N and z € E,

9:i(Tz) = gi;(2).
Clearly, gi; is well-defined, linear and continuous. Further, since

|||§e.a‘|||§==m sup |§i;(Tz)| = sup |g(=)] = llgi;llx

Tz||lx<1 Izl <1

for every i, j and k € N, by (4) and (5) it follows that

gty <1 and tim gl =0. ©)
Next, put z;; = T(2z;;;) for every i, j € N. Then, by (a} g:;(z1:) =
8854, thereby implying that (zi;,8i;); ; € E/F x (E/F)" is a biorthog-
onal system.

Finally, fix j € N and given n > j, we have 2z,,; — 2z;n; € F and
hence, by (2},

Hzinllly € 22im = 22ins = 2izins)|, < 2 flminsll; < Dot
it follows that, for each 7 € N,
M; = sup {{[|zalll;; i € N, n > j} < +oo.

We have so proved that the biorthogonal system (z;,§i;); ; C E/F X
(E/FY satisfies all conditions (1)+(4) of Lemma 0. Therefore, Lemma

77
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0 can be applied to conclude that E/F does not satisfy the density
condition and the result follows.

The next lemma is the second basic step towards our result. It
provides the main technical tool for constructing a biothogonal system
satisfying all the above conditions (a}+(d) in a given Fréchet space which
is not quasinormable without the assumption of the separability:

Lemma 2. Let E be a Fréchet space. Let G be a subspace of E' so that

if ([l f € GG > BN < o} =0

for some k € N and o, 8 > 0.
Then, if B is a finite-dimensional subspace of E, and e, 1 > 0, there
ezists an [ € G with |{f||} < o, |[fll, > B and ||f]|i4, < 1 so that

Il < (1 +e) g + A1l

for every g € B and every scalar ).

Proof. By assumption we can find a sequence ( ) jen C G so that
U551, < o (1]l > B for every j € N and fimjme I flls,, = 0. It
follows that (f;) .y converges to 0 in Ej and hence it converges to 0 in
E, = (E',0 (E', E)). We shall show that there is an element of (fi)jen
with the desired properties. To do this we proceed in a similar way as
in [14, Lemma 1.a.6).

We may clearly assume ¢ < 1. Put ¢’ = £/2. Let (¢;), C B
with |jgiJl, = 1 such that for every ¢ € B with llglli, = 1 there is an
i € {1,...,m} for which |lg — gl < €’/4. By definition of || ||}, there
exists (#;)[-, C E such that ||z;|[, = 1 and 1 — ¢'/4 < g; (z;) < 1.

Since (f;);en converges to 0 in E} and lim;j_eo ||fj|!;¢+l = 0, we
can choose a jo € N large enough to have |f;,(z:)] < £'8/4 for every
t=1,...,m and ”fjo”;cq.l < p. We now put fo = fju/”fio”;;' Then
| folli = 1 and [fo(z:)| < &'/4 for every i = 1,...,m.

Now, if g € B with ||gl{, = 1 and |A| > 2, then

llg + Afolli > I Ifolli = llgliy > 1= llgfli-
If |Al < 2, we take ¢ such that |jg — ¢i||} < €’/4 and then

Mg +Afolle > llgi+ Afolll — llg — gilly > (g + Mo) (=) — €'/4
> (1-€/4)-€f2-€/4=(1-&) gl
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Therefore we have that
llglli, < 1 = llg + Aolly £ (1 +¢€) llg+ Afolli

for every g € B and every scalar A. Recalling that f;, = || f;, |l fo, the
result follows.

We have now our main result which should be compared w1th The-
orem 4 of [1].

Theorem 3. A Fréchet space E is quasinormable if, and only if, every
quotient space satisfies the density condition of Heinrich.

Proof. Every quotient space of a quasinormable space is again qua-
sinormable and hence has the density condition. Thus the necessity of
the condition follows.

We now suppose that F is non—quasinormable Fréchet space. Qur
aim is to construct a biorthogonal sequence which satisfies the hypothe-
ses of Lemma 1, thus E has a quotient space without the density condi-
tion and that finishes the proof. By Lemma 3 of [1] we may assume that
E has a continuous norm. Let (|| ||;).cn be an increasing fundamental
sequence of norms for F.

Since E is non—quasinormable, by using (QN ), we have

IVm>nIk>mIB>0VA>0 : AUN Ut fUn

Without loss of generality, we may then assume that there is a decreasing
sequence (fi)en of numbers with 0 < 8y < 1 so that

VEENYASO0 : AUpp N UiE B Us,
or equivalently
vkeN inf {|[flliy15f € B, I <L Il > B} =0. (D)

Actually, we have more. If G = {f € F’; f(z) = 0 Va € L} with L some
finite subset of E, from (7) it follows that, for each k¥ € N and 0 < 6 < S,

inf {[I£luy1: f € G, I <146, Il > B -6} =0.  (8)
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The proof of this fact is contained in [1, Theorem 1]} and we repeat it
here for the sake of completeness.

Assume that I = ()2, is a linearly independent set of E. Since || ||,
is a norm on E, E| is o (E’, E)-dense in E’ so we can find (¢;);~, C E]
such that (2;, :), is biorthogonal. Then the map P: E’ — E' defined
by Pf = 3"i%, f(z:)g: is a projection with ker P = G and P is continuous
with respect to each norm || |[}.

Now, fix k € N and 0 < & < k. By (7) we can find a se-
quence (f;); C Bf with [Ifj, < 1, Ifills > B for each j € N and
limjyo0 [[fillkyy = 0. Then limje |Pfjlliy, = O too; hence, since
P (Ej) is finite dimensional, also lim; ||Pf;||] = 0. Therefore, there
exists a jo € N such that [|Pf;||; < & for each j > jo. It follows that
the sequence (h;) i>io =i = Pfj) i»jo C G satisfies the following

hslly < Ul + UPSI <1+
and

thslle > ILf5lte = WPl > B — &
for each j > jo. Clearly, also limjyeo [|Rjlliy; = 0. We may then
conclude that assertion (8) holds.
We now construct by induction a biorthogenal system in E x E’
satisfying all conditions of Lemma 1.
Let y: N — N? be a bijective map and put y(n) = (71{(n), ya(n)).
For i = 1 we take v2(1); by (7) we find f,(,) € E' with

Il <t Jfo)

!

(1)

!

()41 ( )—‘Yt(l)_

<‘721

> By and |lf~;(1)|

4

Since 8,1y < ”'f"(l)"‘yg(:) < 1, there is an z.() € E with "3:1(1)”72(1) <
-1
(672(1)) and f’)’(l) (2,7(1}) = 1.
Assume we have determined a biorthogonal system (xq,(,-), f,.,(,'))
such that, foreachi=1,...,n,

n

=1

[

[0l 0 < 2070, 220 1,

!
<ol <2

(i

"x“'(") "72(:') < E:T(,)
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and "
o, 0 < (1+€3) "9 + Afyiy "ﬁﬂ(‘.)
for every ¢ € B;_; = [f'r(i); j=1,...,i— 1] and for every scalar A,

where 0 < g; < 1fori=1,...,n.
Then, consider the space

Gn+1={fEE';f(z.,(,~)) =0 for i=1,...,n}.

For i=n+ 1 we take ya(n+ 1) and 6 = ﬁi(gt—ll, then, by (8) we have

_ Bon(n
inf {171 pns1ys1 S € G, IFIG < 14 e,

ﬁ'yg(n+l) — 0.

il gy > 2L

Since B, = [ Fipi=1,.. .,n] is a finite dimensional subspace of Ej

and hence of E’;z(n“), taken 0 < €,41 < 1 and p = y2{n+ 1)"““("“),

by Lemma 2, there exists an Sy(nt1) € Gy such that

I
) 1 ~n(n+1)
v {nt1)+3 <ma{n+1) !

[

B (n+1) !

40 < o [} <1 mge <o

| < "f'y(n+1)

Y2 (n+1

and ,

Y2(n+1)

ol may < (1 €ni) 9 + ALyt (9)

for every g € B,, and for every scalar A.

!
If g;H € [f..’,(;);‘i =1,...,n+ 1] is defined by 9:;+1 (Z:‘:ll a,-f,,(l-)) =
ansr (e, gryg € Eff; (nt1) where E‘,’;z(ﬂ +1) is the strong bidual of the

normed space E, (,11) = (E, I ||72(n+1))), then, by (9) we get

[

n+1 an+1f,’,(n+1)" .
19;+1(9)i = |g:,+1 (Z a,-f.y(‘-)) | = ” 12(n+1)

i=1 B “f-r(n+1)| ;(n+1)
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2 n !
< A g-Y aifyal
Y2{n+1) §=1 ya{n+1)
2 n '
”g”’ n + a; f (i
ﬁ%(n"'l) ( ) ; " m(n+1)
< 2+Eﬂ ! n ;
S Bt { +1) 1915, (a1
therefore ||g,'1+1||;,2(n+1) < m_{_i____
Bz (nt1)

Since 1:3',"7,2(,1 +1) is the dual of the normed space E.,(,;1), we can then
apply Helly’s Lemma (see [12, Lemma 8.7.9, p. 165)) to find an z.,(n4 1) €

Yo (n+1) < ﬁ:{; and fy(;) (11(ﬂ+1)) = Gn (f'y(i))

fori=1,...,n4+1 (ie, fw(n+1) (z-‘y(n-l-l)) =1 and f) (wq(,ﬂ_l)) =0
fori=1,...,n).

E so that ||$—y(n+1) "

Proceeding inductively, we construct a biorthogonal system (m.,(n),

f.y(n))n C E x F’ satisfying

”f,f(n)“'l.< 2, ¥neN, (10)
"f.,,(n) l;z(n) > ﬂmg(n), ¥n e N, (11)
' Hf«{n) ll;m < yo(n) ™™, VneN, (12)
6
"m‘r(ﬂ} Iw(n) < m, Vn € N, (13)
ol < G +en) o+ Arm] - ”

VneN, Vg e [f.,(,-);i =1,...,n— 1] , VA,
where (£,,),, N is any sequence of numbers with 0 < g, < 1.

1
Now, put g;x = =fix and 2zjz = 2z for each j and k € N (re-

call that y(n) = (v:(n), y2(n))), from (10), (12) and (13) follows that
the biorthogonal system (z;k, gjk); ;. satisfies all conditions (a)+(d) of
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Lemma 1 and apply it to conclude that E has a quotient space without
the density condition. This finishes the proof.

Note that (14) gives the possibility to choose (g;&) in such a way
that (gx);cpy 18 a basic sequence with respect to the dual norm || H for
every k € N.
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