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Sorne results about blow-up and global
existence to a semilinear degenerate heat

equation.

Jacques GIACOMON!

Abstract

In this paper, we are dealing with the following degenerate
parabolic prohlem

— ¡xj2Au = g(u) ini R’ x B,
(Pa) { u(t,x) E Din R~ x OB,; u(O,x) = ~o

where B
1 = {z E RN ¡nl = 1) anid g is nonlinear.

Wc are interested in analizying such questiona as local and
global existence, blow-up ini finite time and convergence te a sta-
tienary solution for solutions of (fi).

First, we give sorne examples of nonlinearities y where the blow
up in L

2(
1~¶~) fl L¶B1) occurs. ini a secenid part of this work,

we present two cases of global existence of selutiona te (fi) which
converge ini L¶B,) te a stationary solution of (fi) when ¡ —* oc.

1 Introduction
In this work, WC study the following problem

0<71 — zj
2Au = g(u) in )R~ x fi,

fl~ u(t,z) Din R >< OB,; u(O,x) = 71o =0,

where y is nonlinear and fi, is the unit bali un it.
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Firat, using Hille-Yosida theory, we preve for alt ~o 6 L00(fi
1) fl

and y 6 W7$~(IRN), the local existence and the uniquenesa of

the solutien u(t) = S(it)uo of (Pi), where S(it) is the semigroup associated
te (Pt). Pien, we are interested in the behaviour of the solution u(it)
as 1 increases. Preciscly, under different assumptions of y and ~o, we
give en ene hand, sorne examples of blow-up in finite time and en the
other hand, sorne examples of global existence of solutions te (Pi) which
converge te a stationary solution of (Pt).

Throughout this work, we keep in mmd the results of [7] and [8]
which deal with the stationary problem (E’)

Irní xj
2Au = g(u) in B,

uE ff¿(fiz)/{O};u>O

Precisely, in [7], the authors preve the nonexistence of nentrivial soln-
tions te (E’) in the case where y satisfles thc follewing assiímptions

(GS1) A — (N-.-2)2 + hm y(s) > ~
5-4+00 5

(GS2) Vs> 0, G(s) =~=.

Otherwise, in [8], the authors give sorne results abeut the existence of
nontrivial solutions of (P) in the case where y is sublinear. They treat
three cases

1. y(u) Att + ~ — tP where 1 <p < q

2. g(u) r.-, Att — u” where p> 1 and A> (N-2)2

3. y(u) r’.’ ~0 + Att where O < a < 1 and A <
It is worth noting that in alí cases, an unbeunded cennected branch of
positive solutiona in either ¡¡¿(E

1) or L
00 (fi) exista and in the second

and third case, there is uniqueneas of the nentrivial solutien in H¿(fi,).
Then, it is very natural te see in which cases the nonexistence of non-
trivial solutiona of (E’) implies the blew-up in finite time for selutiens of
(P<) and when the uniquenesa of the selution of (E’) implica the
gence te a statienary solutien for solutions te (E’<) when it —* +00. In
this work, we prove seme resulta in these directiena.

Se, the outhine of the present paper is as fellews

‘L> (*) := {u/ ft, }~dx < CC)
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1. Local existence of solutiona te (P<) in it x L00 fl L2(~).

2. Seme examples of blew up in finite time fer solutions te (Pi)

(a) The case g(0) = O

(b) The case y(O) > O

3. Two examples of existence of global solutions and cenvergence te
a stationary solutien.

Precisely, in Section 2, we apply Hille-Vosida theory in LO0flL2(4¶,). Tn
Section 3, we start adapting a classical spectral methed (see for instance
[4]) te prove die blow-up in finite time when y satiafles

(81) y is convex and positive in Rt

__ .X<+oc.
8.40+ 5

(B3) There exists ~o > O s,ich that f +00 dég(s)—As

Next, we use a wcIl known “cnergy method” (see for instance [4]). For
this, we asaurne the follewing hypothesis

(84) A = hm ~ <+oc and there cxists a > O , C > O such that
S~40+ 5

Ji(s) = y(s) — As> Cs”~’, for alí s > 0.

(BS) There exista e > O such that (2 + e) J~ Ji(i) di =sJi(s) , Vs > 0.

Then, we preve that if uo satisfles f~, lO ¡2 < O , where
G(s) = Jj y(t) di, the solution z4t) te (E’~) blows up ini finite time. Fi-
nally, we conclude the section with the case y(O) > O. Precisely, we apply
a method from [3]which links directly the blew-up and the nonexiatence
of stationary solutiona. For this, we assume

(86) y(O) >0 , y E C’([0,+oc[), convex anid increasing.

(87) There exista x
0 > O such that f$7 da <oc.2<8)
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Then, fer any ~o =O, the selutien u(it) = S(t)uo blews up in finite time.
In Sectien 4, we give sorne results concerning the existence of global

aelutions te (Pi). First, proving the radial aymmetry of the solution te
(1>4 when uo la radially aymmetric, we exhibit the heat kernel of —IxI2A
in H¿(fi,). Ihen, using a method due te Fujita, we prove the existence
of a global solutien of (Pi) for small initial data when y(it) r.~ Ait + it’,
p> 1 and A <O. Mereover, we prove that u(t) converges te O in L00(fiu)
with an exponentional decay when it —> +00.

Finally, assuming the follewing hypothesis

(Ga) s —* is continuous and strictly decrcasing,

(G4) ~>S.4+00

hm y(s) =A (N2)
2(GS) s—*O+ .~ 2

we shew that for any yo> O satisfying uo 6 L
00 n L2(~~) , jUfl¡¡f~m =

f-d(
0) and u0 ~ f’(O) where f(it) __ ~Q>the solutien u(it) of (¡‘4 is

global and converges te the unique nontrivial stationary solutien of (¡‘4
in L

00<fiz)fl H¿(fii).

2 Local existence

Threughout this section, we asaume that y E H’~~(R). Qur goal is te
study the local existence of a solutien te (¡‘4. Freciscly, we shew that
we can apply Hille-Yosida theery in L00(fi

1) ri !s2(I~7J. Censequently,
forevery uo e fl00 flL

2(¡~fr), the uniqueneas of selutions of (¡‘4 follows.
First, we remark
Proposition 2.1. Leí A = ¡x¡2A. TIten, A is a selfadjomnzi mazimal
monzotonie operotor ini L2Q~Ir). Moreover, 73(A) = {u E L2(~fr)/u E

H¿(fi,) <md ¡xj2Au e

Proof. For this, netice that fer every u 6 73(A) anid A > O

¡u — A ¡zj2A U1112(a±) = fi fl¡I~,~ a’> + 2AjjV 7111L2

+ IA¡2J~ jr(2¡zXui2 =¡¡ttfi~
3( dx)
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which implies thai A is disaipative in L2Q~fr). Then, it sufflces te shew
that A is maximal. Taking 1 6
minirnization problem

— mf £(u)
t~ E (fi

1)
where £(u)~j kI

12:12

Uy Cauchy-Schwarz’s inequality,

~[
uEJl¿(B,) 2 j~, ¡xj

2

we censider the following

+ AIVuI2) dx —

dx—(j 12:12) (Jfi,

then, considering a mínimizing sequence ~ cE H¿(B
1)fl L2(~),

it followa that ihUnhIHinL2ct) ~ C. And by standard compactness argu-

ments, there exista u 6 H¿(B1)fl L2Q$) síach that up te subsequences

—‘ u weakly in
00

H¿(fi¡),u~ weakly in

and

IBMXI2 1B4Z12
Therefere, ‘A is achieved by u and the preef is complete.

Wc deduce immediatly the following cerollary

Corollary 2.2. A ts mazimal monzolonie in L
00(Bu) fl L2(~fr). More-

over, 73(A) = ~¿ 6 H¿(B,) fl LO0/¡z¡2Au E L2(¡~fr) fl L~}

Proof. Let 1 ~ L2(
1~) qL

00 and A > O. Uy Prepesition 2.1, there
exists u E ¡EJ II L2 ( í~7~) stích that

J fu
Bit

> —oc

u— A¡z¡2Au=fin D~ (2.1)
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Thus, it suifices te show that u 6 L00(Bt). Multiplying (2.1)
by (u — IIfjIL¾~,we obtain

IB, (u— ¡¡f lILoo)+2~ + J~, ¡ V(u— II 1 IILoÓ~

ji .t iij,ooy* <O
which yields (u— IIfIILoo)+ s O anid u=IIfIIL~. By thesarne argumenta,
we show that ~ =—IIftIL~. This ends the proef of Corellary 2.2.

u
Remark. For N =3, L00(B

1) cE L
2(

1~j~4. And in this case, te prove
Corollary 2.2, it suffices te show the maximality of A in L

00.
New, we apply Hille-Yosida theory (see [15]) and we deduce the

fellowing proposition
Proposition 2.3. Leí tto E L00(B

1) fl L
2(j~¶~jP. Theni, ihere ezisis a

unique solution u(i) = S(it)uo ¡o (E’<) irí a mazimal iríterval [O,T[, 7’> 0
such thai

(1) u(-) e CO([O,T[,LO0(fi,) n L2(#ft)) n C’ flO,T[, L2(~)).

(Ii) Fo,- alí t irí ]0, T[, u(t) e H¿(fi,)fl L00n L2(
1~fr) anzd IxI

2Au(t) E

(iii) If tto =O, ¡herí u(t) =O for allí > O.

(iv) ¡ft¡o e L00(B,)fl L2(~) satisfies jxj2Auo 6 L00(B
1)fl L2(~.fr),

ilzeni u(it) 6 C’([O,T[, L
00(fi

1) n

Proal’. By Proposition 2.1, Cerollary 2.2 and since y E we can
apply Theorems 3.7 amI 3.9 of [4]. ‘Phis preves assertions (i), (u) anid
(iv). New, let us prove asaertion (iii). For every To < T, we multiply
the equation in (E’<) by Lj~... and integrate by parta te obtain for every
1 6 [O,To]

dx = — L, ¡Vu~¡
2 — J~, y(u)u- =C(T

0) É, ul
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which implica by Gronwall’s lemrna that ir O. This completes the
proof of Proposition 2.3.

u
As a consequence of Hille-Yosida Theery, we have the follewing al-

ternative for u(it) = S(it)uo

Corollary 2.4. ¡Ef u0 e L2(1~)flL00, ¡herí, eliher 7’ = 7’(jluoIIv(Á)) =

+oc ami ihe solution u(.) = S(.)uo Is ylobal, or 7’ < +oo ami ihe
sohuuionz blows up in firíuie time whích mearís thai

lu(í)IIL~’ + IIU(itHIc2(..~j.> tQ3j4 +oc

Proof. See [4].
Remarks. lf y O and i¡o E U’ Ci L

00 Ci L2(¡~fr) then u(t) = S(it)uo
is global anid satiafles

< e ..1)2tíi ¡2¡u(it)i2 IIUOIIL2(.A~.) (2.2)
iB, jz¡2 —

The preol’ is based upen Hardy’s inequality. First, observe that since
y O, (Pr) is linear. Therefore, u(it) = S(t)uo is global. Moreover,
multiplying (Pt) by u(t)e(S~R)2t and integrating by parts, we have

+ f, j<j e(S~)2~ dx = 2 (N 2)2 ~ e<±+¾2<dx —2

IB, ¡Vul2e(M>2<dx < o
by Hardy’s inequality. Thus, integrating en [O,i], we deduce (2.2).

New, we deal with the behaviour of the solutien te (E’<). In the next
sectien, we give sorne examples of blew-up in finite time of aolutions te
(fi).

3 Blaw up in finite time in fl L00

Throughout this section, we assume that y belongs te WJ~§, un 6 L00Ci
and G(s) = f

09(t) dI.
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3.1 Main results

We conaider three clasaes of functiens y. First, we adapt a clasaical
“apectral methed” (see fer instance [4]). Precisely, we prove the fellowing
theorem

Tbeorem 3.1.Assumiríy N > 3 anid

(fil) y is corívez anid positive ini ¡It

(B2) (N2)2 <A := hm <+00,
s-+O+ 8

(¡33) There ezisis 5o > O such thai f+OO ds < oc inJiere Ji(s) = y(s) —It(s)
As.

7’heni, for aniy u
0 ~ O ini L

00 Ci L2(~ji), u(t) = S(t)z¡o salisfies : 37’ E
Jfl+ such thai

_____ — +00 anid hm Ihu(t)IIcc~~ = +oc

The second blew-up case is based upen an “energy method” (see fer
instance [4]).

(¡¡4)>1

Theorem 3.2. Assume ¡hal u
0 sa¡isfies (*) fB lVuol

2
arzd thaI y has ihe follotniríy properties

hm y(s) e II? anidihereexis¡sct>O
5

Ji(s) = y(s) — As =Csal for dI s>0

(1)5) There exisis > O such ¡ha¡ for alí s > O,
inJiere ¡¡(it) = f¿ It(s) ds.

Then, u(t) = S(t)uo salisfies
+00.

Remarks.

37’ >0 such ¡hal

fB, ~ <0

C > O such thai

(2 + E )H(s) =sJi(s)

ju(t) 2
[x¡2

1. lf y(s) = >15+ sp with A > and ~> > 1, (U]), (B2) and

2~- ¡

(B3) are satisfled.
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2. lf y(s) = >1s+ sP with p> 1, (B4) and (U5) are satisfled.

3. Let 4> 6 L00 Ci H¿. Then, by (B4), there exista M > 0, large
eneugh, such that uo = M4> satisfies (*).

4. If t¡o =O is a radially decreasing nentrivial subsolution of (E’)
and belonga te H¿(fi~) Ci L00, then, a simple computation based
upen a “Pohozaev’s equality type” shows that (*) is satisfied for
N > 2. Indeed, multiplying —IzI2Auo =g(uo) by j~5~ . ‘Quo anid
integrating by parta, Wc ebtain

(N—2’~ 1 9J¡ =(2— ___

— k2) iB, IS7uor 2 íes, <9~0¡2¿¡ N) L, G(uo

)

which implies

_____ f 710) 1 [ I?~I2ds
¡sI — jz12 ~iB, 2’N

2N 1~, O

Finally, we deal with the case y(O) > O. In Ihis case, we adapt a
methed from [3]. And we use the results of nonexistence of solutiona te
the preblem (P).
Theorem 3.3. Assume thaI N > 3 Unid tIte followiríy assumptiorís onz
y:

(B6) y > O is conívex, inicreasiríy anzd belorígs te C’ ([0, +oc[),

00 di(B7) 7’here exisis
5o > O such Mal j7 <oc.

TIten, for oíl ~o =0ini L00nt2(~) anidnioniirivial, u(it) = S(it)uo blows
up irí firíuie lime mu L00 and ini

Remarks.

1. It la worth neting that in iheorema 3.1 and 3.3, no additienal
assurnptien is required for uo. Here, the nenexistence of wcak
nontrivial solutiena of the stationary problem (E’) implies the blow-
up in finite time for any initial data in L00 Ci

2. Ihe assumptions (83) and (87) prevent the exiatence of unbeunded
global solutions (Le. which blew up when t —* oc).
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New, we prove ‘1’heorem 3.1:
Proal’ of Theorem 3.1. Let us censider ~ the eigenfunctien asaeciated
with the first eigenvalue A of ~(¡r¡2 + ei2)A 1 H¿(Bu) such that
fB, ~fr = 1 (for this, notice that N =3 implica that L2(~fr) cE
It is easy te prove that Ñ —> (flf~)2 when c —* 0. Therefore, by (B2),
there exists e > O amail enough auch that A < >1. Thus, multiplying
(P

1) by ~ we obtain

dtIB, u(t)4>, ~,f u(i) 4’ — ¡ g(u(t»~b
rl ‘iB, [x¡

2+jc~ B, ¡2:12
Since gis convex (which implies that f is cenvex), by iensen’s inequality,
we have:

~jB¡rI2)
Frorn which it fellows:

d (L~(t) ds) > 1 where 4>(t) = ¡s ~I7” (3.1)

Integrating (3.1), ene has f
0~(t> h(s> > + £7 which tegether with (B3)

implica that 4>(.) blews up in fluite time. Finally, noting that fer N > 3
the injection L

00 c...> L2(~~f~.) is continuous, the proefofTheorem 31 is
complete.

u
Next, we give the proef of Theorem 3.2:

Proal’ nf Theorem 3.2. Suppose that the solutien u(t) = S(t)uo
is global. Let us consider E(it) = ifB, ¶771(1)12 — IB, 2~f4)I. Then,
multiplying (E’<) by ~frand integrating by parts, we ebtain

f u42 df G(u(it)) _ d
¡ tZu(t)¡2—f- 2

iB
1 12:12 2ditJB,~ dl-IB1 IxI — dI

Thus, E(t) is decreasing and E(t) =E(O) < O. New, multiplying the
equation in (P.’) by j~ and integrating by parts:

2~JB, u(it)¡
2 — — ~f¡Vu(t)I2+ ¡ g(u(t))u(it

)

¡r12
<3.2)
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Uy using (BS), and taking H(s) = fJJi(it) di, we prove that

2 di IB, ir¡2
> A I~~(flI2+ ff(u(it)) + 4 ¡u(it)j2

iB, (2+Ó¡s 1x12 B,

> —2E(t) +cj H(u(t)

)

> —2E(O)+cj Hfu¡¶
2t)

)

(3.3)

Thus, (3.3) and (*)

¡u(i)1
2

¡z¡2 - IB,

1r12 —

H(u(t)) 71(012+0
¡rl2 > Ce iB,

Then, by (3.3)

2

Ce (IB, Iu@H2

)

Taking «it) = f~i b±¿A~l1,we have

d o+2

w4>(t) =2cC4>(t) 2

lntegrating (3.4) en [lo,1], we obtain

11 — >C(t—to)
4>(t)~ «to)T —

which contradicta that u(.) is a global selution
the proof of Theorern 3.2.

of (94. ‘Phis completes

u
Fiíally, we prove Theorem 3.3. Here, we use an approach frorn [3]

the nanexistence of statienary weak solutiona implies the nonexistence
of global, beunded solution of (94 for every ~o =O.

First, WC adapt the definition of a weak stationary salution of (9<)
from [3]

Definition 3.1. A weak staiionary sohuuiorí of (9<) is a funclion u E
L’(fi

1) such IJial W¿(r) 6 L’(fi,) (inJiere 6(z) = dist(r,0B1)) anid

(3.4)

V~ E C
2(É,) uÉx~dz=j $9¿dz
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Then, we have the following result

Proposition 3.4. Assume thai y salisfies (¡36) ami (¡37). Thai, ¡here
río weak statioríarsg sohutioni of (¡‘4. Proof -

Wc apply a method frem [3]. Precisely, for alí q such that O < ‘>< 1,
we define

—¡xj2Au — (1— z¡)g(u) in ¡3í(1%) { u>O 716 H¿(Bi)

As in [3],wedefine Ji(u) = f¿’
9’j> h(u) = r¾¡~(~)and @(u) = lv’ (Ji(u)).

It is easy te prove the following assertions (see [3])

(1) •(O) = O and O < $(u) =u~

(u) $ is increasing and concave. Moreover, $‘(u) =1.

(iii) ‘Y> 6 L
00 and $(u) satisfles

V¿ e C2(fi,) J(4(flc (1

jzj2

which means that $(u) is a “weak supersolution” of (E’,,).

Ferail ¿ 6 C3(B
1), let us consider the fol¡owing iterative scheme

~‘

Then, neting that $(v) 6 L
00 implica that for N > a, g((u)) c

lx¡2
and by the fact that O is a strict subsolution te (E’,,), we preve, by the
maxímun principie, that in L00, {u4n>í is a decreasing sequence of
weak superselutiona of (E’,,) and u,, ~ •(u). Thus, v,,= hm u,, 6 L00
isa weak solution of (E’,,). New, consider for alí c in ]O, 1[, the following
problem

= (1— ~)g(v) in B¡
~ { —(IzV + e(¾A =~, ~, E lT¿(B,)

As in [1], we prove the existence of a minimal selution of (J)~,,,), ~,,,,
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Putting w,,,,(r) := w,~(E 2:), for r E ¡3±,we have

—(fi2 + 1)A = (1 — ‘i)g(~’~,,,) in ¡3±{
As aboye, we can shew that e —* ~ is increasing in L00. Passing te
the limit e —4 0, it is easy te prove that in := hm w~ satisfies ¡¡wj¡noo <

c—>0
iv,,i¡coc. and is the minirnal non trivial solution of the fellowing problem:

{ —(¡zJ~ + 1)Aw = (1— ~)y(w) in IR”’

Therefore, w(x) = * ~“> where CN = (N — 2)!aNl¡ andCNIXI>”2 1r12+1
~N—1 the surfare area of the unit sphere. Ihus,

w(O) = CNg(w) dx> mf y(s)¡
2:¡N—2(¡2:¡2 + 1) — sc(0,llw¡lt~1

JÉN(¡x12+1)¡rIN-2 = +00

This centradicts the boundedness of u, anid the proof of Prepositien 3.4
is new complete.

u

Proof of Theorem 3.3. First, note that by the maximum principie,
it sufilces te prove Theorem 3.3 ini the case t¿o O (note that since
y is increasing, u0 ~ mo !=. Vt > O S(t)uo = S(it)wo). Moreover,
y(O) > O * u< > O fer it amalí. Pien, for 6> 0 amalí,

u(t+6) =S(t+6)O=S(it)oS(6)0= S(it)0= u(t) and u< =0 Vi> O

New, taking 4> E Cg(B,), multiplying tbe equation ini (1%) by 4 and
integrating by parts, we ebtain

df u(t)4> _ f f y(u(t))4

>

___ _ uA4>
dit JBí izi2 iB~ Js, ¡r12 (3.5)



Jacques Giacomoxil338

Therefore, choosing 4> = ~b. (defined in the preof of Theorem 3.1) we
have

df 71(t)~b1

[x¡2
+ ~ IB1 711/4¡x¡

2 + 1E12 JB,

Thus,

¡B~ (t~

»

— 4) u(it)t/4

which provides the follewing alternative

1. either there exists M > O such that SR ~ SR, ~ < M
for alí 1 > O or

2. SR, IQ*É t~*AO +00.

Let us suppese that the secend case helda. Then, by Jenaen’s inequality,
we have for 1 large enough

¡x¡2 =~IB, y(u(tfl4>. =¼(IB, )
Hence,

J
1(t) ds

__ > -t±C
o

where f(t) =

which contraclicts (B7). And u(it) = S(t)O blows up in finite time.
Finally, suppose that the flrst case occurs. And let 4 denote the

unique solution of the following problem{ —(jx¡2)A( 1 in
O in OB,

For N > 3 it is easy te preve that 4 E W2”’(B
1) for alí p < ~ which

by Hardy’s inequality and by Sobelev’s embedding implies that 4 6
L2(~) Ci FfJ(B,). Hence, there exista {cfl}flEN cE C~(fi,) auch that

¿X4,, —>A( and 4,, —4 4

dtJB,
u(t)~

¡x12

J u(t)1/
B,

(3.6)
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Choesing 4> := (,, in (3.5) and integrating in [t, it + 1], we have

[IB,71;1:k ]:~‘ + ¡<+1

= .1+1
dsJ

¡z12
Passing te the limit rí —*oc, we obtain by (3.6)

IB,
Moreover, by Lebesgue theorem and by (3.6)

J
1+1

and

J
1+1 ¿sJ u(s)(—A(,.) “.4’

J
t+ 1

¡1+1

dsJ

¡2:12

ds u(s)(—AC)

Therefore

[IB,¡r¡2 +
dsj y(u(s))

(

New, since itt =O,

IB¡1~ =J<~’
— ¡1+1

dsj

ds j ~e~))c
J t+1

ds ¡ u(s)(—zX()
— [IB,¡2:1

Therefore, by monotene convergente, there exists tu E L’ (j~f~.) such

that u(it) t~±rxv in L’(
1~3?j. It implica that for alí 4> E C3(81)

1-4+00 1 w4> pt+l
-4 _ 5 ¡

JBIXI2 ~ ds ¡~w it iB,

400u(s)(—A4’) —* J w(—A4.’) anid
y(v(s))4> ~ fBids

(3.7)

“t4’ t4s)

(

dsj J=

IB, ¡x12

J
1+1

¡x¡2
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(For this, note that f¿~’ dsfB, ~L41»=2J~1 ~ < +oc). Therefere,
for alí 4> 6 C<~(É,)

-[ wA4>= ¡ y(wWS~
iB, E1

which contradicts the nonexistence of weak stationary solutiona te (P1).
‘Phis completes the preef of Theorern 3.3.

u

Remarks. Consider y E C
1 cenvex , increasing function satiafy-

¡j~~(s)> (N— 2)2 (B7) andforaljs>O s2~s)=G()

fJ y(it) dI . Then, Wc can apply the previeus method. Frecisely, for alí
u
0 > 0, u(.) = S(.)u~ blows up in finite time in

It suffices te modify the proof of Theorem 3.3 as follows

.1. 0 ja replaced by e4>~ which is a subselutienof (E’) and e4>~ < un,
for c amalí eneugh.

2. The nenexistence of stationary solutiona of (9±)is provided by the
resulta from [7].

4 Global existence of solutions to (P1) and

convergence to a stationary solution

4.1 Main results

In this section, we give twe examples of global existence of selutions
te (9±)which converge te a stationary solution when it -400. In each
case, we obtain aix exponential control of the cenvergence either in L

00
HJ(B,). Here, it la werth te underline that the convergence te a

atationary solutien is related te the uniqueneas of the solution te (E’).
First, we prove the fellowing

Theorem 4.1. Assume thai N > 2 aríd ihe followiny hypothesis

(Cl) l~_ _
s-.>O+ 5
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(02,) Ihere exisis e> 0, sucIt ¡Ital y(s) — As¡ =Cjs[1~’.

Therí, for ~o such thai ¡luoliLco small eríouyh, u(.) = S()uo 18 ylobal aríd
iJiere exisis C > O such tItal flu(t)I1L00 =Ce>~< for dI it > O.

In the aecond part of the section, we preve the follewing theerem

Thearem 4.2. Assume thai N > 3 <md g satisfies ihe followiríy as-
sumpttor¿s

(08) s —* ~ is conzilunoris and strictly decreasing,

(04) ~ -oc,

(Gb) a1Ñ*4~tÁ>(LzZ)2

TIten, for aríy ~o .such that O < ~o =f—’(O) aríd tto ~ [‘(O), inith
f(s) := ..<~X, 71(t) = S(it)uo is global anid converges lo ihe muque nioni-
trivial sohuulorí of (E’), u>x, u>Iterí 1 00. Moreover, if ine suppose,
1 additiorí, thai —g is sirictly conivez, ihere ezisis K > O such ¡Jal
¡¡u(t) — WÁIIHI(B,) =Ce1” for allí > O.

We start by proving a proposition which prevides the heat kernel of
—¡zi2A
Proposkinn 4.3. Corísider u = T(it)uo e L00(B,) <~1 L2(¡~f5) soluijorí
of

¡xVAu Au ini l3~{ — u(t,r) =0 iiz it x OB
1, u(O,z) =

where
tto is radial. Theni, u(t) is radial anzd if v(t,s) := u(it,z) inith

s = —lni jxj arzd AN = (NjZ)2, therz,

e
v(t,s)= (4irt) * v(0,s).

Proof. First, we remark that the radial aymmetry of u fellews from the
uniquenesa of the solution te (E’~). Then, te compute the heat kernel of
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we use a mcthod from [7]. Indeed, put w(t, s) : e~0~v(it, s).
We ahow that xv satisfies

(It) f tt,t — = (A— ~V4w in it x (0, +oc)
w(t,O) = O , w(t,s) sÉ±~OoO , w(0,s) =

Taking m(t, —s) = —w(it, s) fer alí s > O we have that (Pm) is satisfied
in I?+ x IR. And we can apply Fourier transform. Indeed, for N > 2
m(t,.) belonga te L2(IR) (for N > 2, it is obvioua alice u 6 L00 and for
N = 2, it suffices te rernark that SB~l~~ <oc => f¿~ w2ds <oc).

A simple cemputatien shows that tñ(t,r) — v3
0c(1u1

2+(Vr>Ot). Us-
ing inverse Fourier transform, ene has

w(it, s) = * 1 and v(t,s) = vg * 1

This completes the proef of Proposition 4.3.

u
New, we are ready te prove Theorem 4.1.

Proal’ of Theorem 41. Here, we apply a method from [4]. First,
remark that by the maximum principIe, it suifices te prove Theorem 4.1 -

when u~ is radially aymmetric. Then, by Preposition 4.3, T(t)uo is
radially symmetric and

¡j7’(¡)uoI¡L00 = ~0 *
(4lrt)2

II __________________< jV~¡¡~ (4.1)

New, using Laplace transform 1(y) := 54-00 evrÉ2t dr, we shew that

11C24t11L1 =
etAN(4,rt)4. Therefore, by (4.1), IT(it)uo¡IL~ = eXtIIuoI¡LOO. New,
we apply a method from [4]. Firat, we define e(.) auch that e(x) =
~ z1~’ — z with C defined in (G2) and 6 > O satisfy

clAl

minO(z)+6<O , e(6)+6>o and e’(6) =0
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Let us choese uo E L00 Ci L2(4¶~) such that IIuoItLco = 6. Then, ~¿ —
S(it)uo satisfies

i¡u(t)IILOO =IIT(t)uojILoc + e.\«é>IIu(s)Ilitc =e>~6
cf

+ CeAt ¡ ecAs(eÁsIIu(s)¡ILoo)I+f <Ls

Putting «it) = sup&AélIu(s)IILOO which is an increasing funetion, we
[e,t]

have
c

«it) =6+C] 4>l+C(s)e<Sds <6+ —4>(t)’~’.
— E¡AI

Ifp=inf{r > 0/~(z)+6 =O} =6, itiseasytoprovethat 4>(t) =p¿
for alí it e [O,T[, where 7’ is defined in Propesition 2.3. Moreover,
¡iu(t)IlL~ =e>’<g, which implies tbat u is global and 7’ = oc. This
completes 11w proef of Theorem 4.1.

u
Remarks-

1. lf p 6]1,+oc[, the functien y : 8 -4 s~ satisfles the hypothesia
of Theorern 4.1. ‘Pherefore, Theorems 3.1 anid 4.1 shew that the
behavieur of the selutien of (E’<) depends en the initial data.

2. It is worth neticing that fer N = 2, we ebtain almest a complete
description of the behavieur of solutiens of (¡‘4. Precisely, >1N —
(Nj2)2 = O is the “blow-up critical parameter” (see [13]) which
meana that for >1 < AN, there exiats global solutions of (Ji) for
srnall initial data and if A> AN then for alí 71o ~ 0, 71(1) = S(it)uo
blews up in finite time. llewever, we do not knew what happens
in the case >1 = >.N. Moreover, since the heat kernel of —¡xj2A
does not vanish at the boundary, we cannot apply a method due
te Fujita (ser [9]) which would furniah the anawer. For N > 3 we
suspect that AN st!!! remains the critical blow-up parameter.

Now, we give the proofof Theorem 4.2.
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Proal’ of Theorem 4.2.
Since there ¡a a unique nentrivial solution te (P), it aufilces te prove

Theorem 4.2 when ~o ~ radially decreasing. In thia case, S<it)uo is
also radially decreasing. Indeed, chooaing £ E ]O, 1[, we remark that
u(it, ez) := u<(it) is selutien te

(E’) { 71~ I¡ = y(u) in IR~ x fi1x) = O in ¡it x 0W , u(O, x) = no(a)

Since uo(cz) =uo(z), by the maximum principIe, for any 6 EJO, 1[,
u4t) =S(t)uo which preves that S(it)uo is radially decreasing.

New, as aboye we preve that

al 1 ¡U(t) ¡2 __ — 1 ¡N7u(t)¡
2 + ( y(u(t))u(t

)

dit iB
1 ¡z¡2 IB, iB, ¡rl

2

Mereover, E(u(t)) = ~ f~, ¡S7u(it)j2 — SB, 2¶~fP> satisfles

d—E(u(¡)) < O aud E(u(¡)) < E(ucj). (4.2)
dt

Futhermore, multiplying the equation in (¡‘4 by <uJ
14~)>+ we obtain

d f ((u(it) — f
1 (O))+)~ r

di iB, ¡z¡2 + IB, jV(u(t) —

= fBi ~ — f(u(t)))(u

—

¡2:j2 <0

which implica that for alí 1 ~ 0, u(t) =f’ (O) and therefore LIt>o{u(t)}
is uniformly beunded in L00 (Br). By (4.2), for N > 3 it fellows that

________ ErÍN ~ 1
IB1 ¡Vu(it)1

2 — ‘-‘kik”J) —dx<C2= ‘-‘k”O) ¡si z¡~ —

Therefere, LIt>o{u(t)} is beunded in L00(fiu) Ci H¿(B
1). Then, fer any

sequence {t,,} e?.í such that it,~ —> +oc, there la iv E L00(B,) Ci H<3 (fil)
(depending a priori en {tn}~~p¡) satisfying

u(t~) flfflOO iv in ¡¡¿(fi,) , u(t,,) ~ in
jx¡
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and
L’( dx

)

Por thia, netice that en ene hand

J ¡u(4.) —u’!2
si

xv¡”’) ;7 (fa,
where p < ~ and ~ + z, = 1. Qn the other hand, since

y
xv are uniformly beunded in L00,

G(u(it~) —
IB’

LI<>o{u(it)} and

¡u(t,¿1— wj2
x¡2

Let us shew that
H¿ (Si)

u(t,.) —* tu when ti —*00

For this, it sufEces te prove that 5~, ¶7u(t~)j2 “Á4~ 5~,
prove that 5~1 ¡S7u(t~)¡2 does not concentrate in z = O.

6< 1, mu!tiplying the equation in (E’<) by ~49in fis, we have

df _ +
I¶7u(t)12 — Ou(í

)

On u(t) ds = frI=6

g(u(t))u(t

)

¡x¡2

Since 71(i) is radially decreasing,

+ ¡¶771(1)12 =fzl=5
g(u(it))u(t

)

¡2:12
(4.3)

lntegrating (4.3) in [it,it + 1], we ebtain

<Ls ¡ _ ¡¶7~(s)¡2 =c[L~5u(s)2] <+1 + ¡<+1t
¡r¡<5W2

where C is independent of 1. Then, for alt e > O, there is 6(e) > O srnall
enough such that for alí 6 < 6(e), we have:

(4.4)

1

¶7 xv ¡2.
First,

Let us
for any

0=
¡rl<5 ¡¶7u(íj¡

2 ~ E
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Te cenclude the proof, suppose that SR1 ¡¶7w¡
2 < llm¡s ¡¶7u(t~)j2.

Then, by (4.2) E(w) < E
00 = hm E(u(it)). Hewever, by (4.4), it ia easy

t400
te preve that

t ~t+1 rj <Ls] ¡S7u(t,, + r)¡2 “.4’] ] ¡V(S(r)w)¡
2 (4.5)

Indeed, by the boundedness of {u(t)}t>o in L00 Ci Jf¿(B~),

¡¡ jxl2A(S(i + r)uo)l¡LíC ~%> = fi

+ ¡x¡2AT(t + r — s)g(u(S))l¡L2c.n
7) ds

from which it follows

Cfi ¡x¡
2A5(t + r)uo¡¡L2( dx> = —IIu(t)iILoo

1t.4-r ds £7
+ ~111 Ii~0IiL~ =

(for this, using a methed frem [4] Lemma 3.10, we prove that

fi 12: 1
2AT(t)uoIlL

2( dr > ~ 1

and

IIT(it)uoI¡HI(B1) =it 2¡¡u~j¡¡~~ a.) =CitdihuoiLL00
for N =3)

Finally, (4.4) and the cempactness of the embedding ¡¡2(6 =¡r¡ =
1) ‘—* ¡¡‘(6 =I~i =1) imply (4.5). New, using that E(.) is decreasing,
we have

E(S(r)w) dr =E(w) ‘z E00

which contradicta (4.5). Thus,

“4’
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anid fer any

u ~ OE(S(t)(tv)) = E(in) = E00.

Thia implies that iv is a atationary solution of (¡‘e.uo) and either u’ E O,
or it> E mx which is the nentrivial solution of (E’).

New, Iet us prove that u(it) ~ iv in L00(Bx). Uy a bootstrap
argument (see [12]), it is easy te preve that for any 6 > O,

¡u(t) — wjILoc(¡xl=s>~24’ 0 (4.6)

We censider ~o := et~ which satisfles

jrj
2Auo + g(uo) =O if E 18 srnall enough (4.7)

We recalí that 1/’~ is the eigenfunction of ~~(lxI2+ je12)A defined in the
preof of Theorem 3.1. Note that by (GS) and (G4), (4.7) is satisfled for
£ amalí enough. Then, tto is a strict subsolutien of (E’) and as aboye, it
implica that tS(t)uo =O for ah it > O. Hence, u(-) la increasing. Hence,
u, = v~. Then, by Dini’a theorem and (4.6), we have fer alí 6 > O

¡u(t) — iv>jlLoc(Ixí=s>‘~~‘ 0 (4.8)

Moreover, from [8] we know that u’> (O) = f-’(O). Therefore, since
{u(it)}t=eU {tn>} are radially decreasing

hm sup ~tu> — u(t)IlLoo(Bi> = hm sup ¡ju(t) — tu>IILOO(Ixl=8)

+ hm sup ¡¡u(t) — wxlILoo(IxI=s)
t-~00

= hm sup ll~(~) — tu> IILOO(IxI<5) =f’ (0)
t-400

— hm u(t,z)

Thua, auppeae that e> := hm hm u(it,x) < f’(0). Then, since u(t,.)
t400 12:1-40

la radially decreasing, for any xs such that ¡xl = 6 > 0, tux(zs) —
hm u(t, rs) =e>. thia centradicta that tu> is continneus.
t-*oo

New, considerirxg any no auch thai O < no =f1 (O) and ~o # f.’ (0),
there exists E > O small enough such that qb~ < tto• It imphies that

S(it)(et~) < S(t)(uo) =[‘(0) and ILS(it)uo — W>LILOO(Bí) ~ 0(4.9)
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Te cenclude the proof of Theerem 4.2, let us prove that if we auppese,
in additien, that —y is strictly convex, then, there exista 1< > O such
that j¡u(t) — WAIlHt(Bi) = Ce<~ for alí 1 > O. First, note that

¡u’> —71(1)12
jzj2

~fB jV(u’> — u(t))12
= ¡s~ (g(u’>) —g(u(t)))(w> — 71(t)

)

¡xj2

By (4.9), fer u large eneugh, we bave

(iv> —
¡x¡2 =0 (4.10)

where >~‘ (—A-—~-~9Yistheflrsteigcnvalue of (—A—~~,,’tP>) in ¡¡¿(fi,).
Then, the strict convexity of —g implies (see [8])

— y’(xv>)) ~ — 1 y(wj)) —
iv>

Thus, frem (4.10), it is easy te preve that

fE, u’> —71(1)12¡zj2 < CC 2

Uaing (4.10) and putting 1< = ~ we have for ahí2’

fE, — u(¡))I2 =CCÉr~f (4.11)

This completes the proof of Theerem 4.2.

u

Remarks.

1. Il’ y(s) := As — ¡sjP—’s where A > (N;2)2 and p > 1, then, y

df

d¡s¡xv>—u(O¡2 A~

satiaflea the assumptiena of Theorem 4.2.
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2. Suppese that —y is strictly cenvex and satiafles the assumptiena
(G3) te (G5). Then, taking eS > 0, (4.11) and a beetstrap argu-
ment show that for alí it > O

j¡u(t) — ivÁ¡jL0O(¡x¡>5> =C(6)eM.

However, we den’t know if that remains valid fer 6 = 0.

3. The asaumption (G5) and the second part of Assumption (G4)
suffice te prevent that u(it) = S(it)uo converges te O in L00(Bi)
when it —+oc and when u~ ~ O.

Indeed, suppese that IIS(it)uoiIL00(B,> ~ o. Then, adapting a
methed from [14], we consider e amalí enough auch that A~ < A.
Thcn, multiplying the equatien un (F4 by ~‘.

dit iB
1 1z12 iB, ¡x¡

2+ ¡~¡2 — iB, ¡z¡2

from which it fel¡ows fer it large eneugh

~ u(it)4y > u(t)4 + ¡s9(u(itmb~

2:12

Mereover, assumption (G5) implies that for e amalí eneugh, y’(O) =

A> A~. Thua, by (4.12), we have fB, !±{~#> Ce~A ~
which contradicta the uniform boundedness of {u(t)}t>o.

4. Ini [8], the authers show dic existence and the uniquencas of the
selutien, u<, te the follewing pertubed preblem

where y satisfies (G3) te (GS), f is a pesitive function in IR+ aríd
belonga te C’(IR~) such that hm f(s) + y(s) = —oc and £ > O

S~4+ 00

small enough. Moreever, A,(—A — U, ) > O. Then,
Theorem 4.2 helda far (Pr).
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