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Sorne remarks on the regularity of weak
solutions of degenerate elliptic systems.

Luca ESPQSITQ and Giuseppe MINCIQNE

Abstrae t

Wc prove the existence of second derivatives of the weak so-
lutions u E W ‘SI’ of the degenerate system div A(Du) = 0, wherc
no differentiability is supposed on the monotone vector fleld A
RnN ~ ~nN Wc also give a boundedness result for the scalar
case.

1. Introduction

Ihe main result of this paper is the bigher differentiability of local so-
lutions of elliptic systems of the type

div A(Dv) =0 iii V’(fi) (1)

where fi is an open subset of W and A is a mapping from RnN mt’>
R””’. This problem has been studied by several authors; we oní>’ quote
IAF],[DB],¡GiI,[GM1,[UI, where the reader can find further references.
‘fo get such regularity, it is necessary to impose a suitable ellipticit>’
assumption 011 A. We want to recail that if A is 01 and satisfies the
ellipticity condition
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for Q xx 1 n; i xx 1 fi. Now we estabilish two Propositions that
are crucial in the approximation argument used in the proof of the main
result.

Vectorial case.
Proposition 1. Let A : RnN ~.4 RnN be a 01 functien satisfying (7),
and assume titat títere exist u, A> O sucit titat for any z, ~ E RnN

aA;úa~ =v(g2+ ¡ z ¡2) ½~j ¡2 (10)
o

1 É$(z) 1< A(p2+ z ¡2) ~r (11)

tuhere y> 0. If u E Wl2(fl,RN) is a weak solution of (6) in fi and if
p =2 titen:

u E W~(fi)

while if 1 cp < 2 titen
u E W~j’(fl).

Moreover títere exists a consíaní O depending en n, N,.p, L, u but nol on
A,p orn sucit that iffiR(xo) ci fi, 0< p < 1?:

Dii ¡2)Y D2u ¡2 dx = (R0 ¡02 JBÁr2± Du ¡2)~ (12)

Remark 1. We want to stress that the constant O appearing in (12)
does not depeud on A, y, u. Actualí>’, under assumption of Proposition
1 it is well known that local solutions u of (1) have second derivatives
satisf>’ing (12), (see [Gi]), nevertheless it is not obvious that estimate
(12) holds with the nice dependence quoted aboye. Now we state a
technical lemma that we need for the proof of Proposition 1.

Lemma 1. Under tite assumption of Proposit,ion 1 me have
r

]t(Du)Dct<~oxx0 ixzr 1 N (13)

fer any ¿p E W1”(fl, RN) witit compact support in fi and such that

A(Du)q,, Do(A~,(Du))sot, A(Du)D
099, (14)
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are in L’(fl) for everij i xx 1 ,N; a xx 1 ,n.

Proof. Fol]ows from [EFL] Lemma 2.

Proaf af Propasition 1.

Let us flx BR(xo) ci fi, 0< p < R and i~ E O~(fiR), O =n =~, >j 1 on
sp, D~ ¡2 + ¡ D2i, j=c/(R — r)2. Fix also M > O and 4>6 O’(R) such
that 0=4’ =1, 4’ xx 1 if t < ~ 4’(t) xx O if t > M and ¡ 4>’(t) 1< A~
Let us define

cp(x) = A..h,s [fl2(te)D
51t(x)4>(I Du(x) ¡ + Du(x + ite5) 1)] , (15)

where we denote, for g E Lj,~(R”) aud s E {1 4, by /á/v,5g (or
simpí>’ LSh9 if no confusion arises) the difference quotient

Ah,sg(te) xx g(x + he5) — g(x

)

it

where e5 is the unit vector in the s-direction, it e R. ¡fi it ¡ is suificentí>’
small, the function p(x) has compact support in ~ ~ is easy to
check that conditions (14) stated in [¿emma 1 are satisfied by ~ because

21u E W1~, and by a standard difference quotient argument A~,(Dí¿) E
w4J(fl, RN), moreover y = O wbenever 1 Du(x) j=M. Therefore
get from (13)

4 th(AÁDU))fl
2Dastt4>(I Du(x) ¡ +.¡ Du(x + hes) ¡) Cite

= —4 th(A
0(DIL))fl D8u4’(¡ Du(x) 1 + 1 Du(x + he5) )

.D~(¡ Du(x) 1 + 1 Du(x + ¡¿e5) j) dx

+24 A(Du)Lh [qDo~Dautp(¡ Du(x) 1 + ¡ Du(x + hes) ¡)] dx.

Now we recalí that under the assumption of Proposition 1 ~¿ E W~ u

p =2, while A~(Du) E W¿~ and D
2ul{IDÚI=M)is in L~ (see lemma

2.5 in [AF]), then we pdss to the limit in the last formula to get:

J OA2
4(Du)ll2DasutDf,su34’(2 1 Du(x) j) dx

fi 04
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L OA’ 2 1xx —2 —f(Du)n D1u D¡%u
34’ (2 ¡ Du(x) ¡)D

0(¡ Du(x) ¡) (IX
82¡3

+24 A;(Du)Da(71D07/DsU¾k(2 Du(.x) j)) Cite.

Now from (7),(10),(11) we get, suníming np with respect to s:

Dii 2~j

2 ¡ Ñ~ ¡2 ~24’(21 Du(x) ) dte

=cAf(
112+IDu!2) ~r ¡D

2u¡2n2jDu¡4’(2¡Du(x)¡)dx

+cjoi2± 1 Du 2) ~V ¡ D
0Q~D0~Du4’(2 Du(te) [))[ dx,

where c does not depeid on A or g. Since 4>’ 1<
1~[M/2,Mj, using

Young inequality we obtain

jY2+¡DuÑ aZ ¡nk 2 n24’(2 ¡ Du(x) 1) dx

=c(A + 1) ¡M/2~Imu(x)=M}(/12+ ¡ Dii 12) 2

D2u 2 ~2 ¡ Dii ¡ 4>’(2 1 Du(x) ¡) dx

Dii 2)~(¡ D>
1 ¡~ + ¡ D

2~ )4’(2 ¡ Du(x) ¡) dx.

From this inequality, letting M —s ex (12) follows.

u
Scalar case.
Proposition 2. Let A : R” — R” be a 01 futiction satisfying (7), atid
assume that títere exist ¡x, A> O sucit thaI for any z, e

DA~ 00/3 =vQ¿2+ 1 z 12) ~ ¡2 (16)
82/3

2) EjI (17)

mitere ji > 0. ¡fu E W”P(fl) is a local solution of (1) in fi then u E
W~2(fi) ii W?&c} fi). Moreover títere exists a constaní O dependung on
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n,p,L,v but not onA,g orn such thaI ifBR(xo) ci fi, 0< pc R, títe
following estimates itold

¡ Dii ¡2)Eji D2u ¡2 dx< (1? ¡02 f (~2~ Dii ¡2)~ dx

sup ¡ Dii j’=c(p)C ¡BR (~2+ ¡ Dii 2j dx. (19)

Remark 2. The proposition aboye is the counterpart of Proposition
1 in the scalar case, and again the main point is the independence of
(18),(19) of A,g,u. Moreover we observe that in this case, under the
hypothesis of Proposition 2 it is known that Dii E L~(fi), aud this

implies that u E w7~(fi) for an>’ 1 <p .c oc.

Praof of Proposition 2.
The proof of (18) ma>’ be simplifled in this case, because we know that
Dii E L~(fl, 1?”) and so we can just take ~ xx t...h,s(n2Dsu) instead of
(15). To prove (19) choese ~ xx D4QH~D

8u) in (9), where

H(Du) xx ,2+ ¡ Dii ¡2

ij EO<(fi¡0, 0=t,= 1, ~ ion fi» and ¡ Di1 ¡2+1 D
2r~ 1=

This is an admissible test function because u E w74(fi) n
then we get

A
0(Du)D5(D0(H~D5u))77

2 dx = —2J nAo(Du)Ds(H~Dsu)Dan

¡ntegrating by part the flrst integral, we have

¡BR 0A
0(Du) D8~uDú(H

0D,u)n2 dx

2f
77A0(DU)Ds(H$Dsu)DoIJ dx

2 J 77A0(Dn)D0(H~Dsu)Dsn dx,
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then using (7) we get

JBfi OAO ~)DD1lfi,2 dx

+a j 8A0(Du)D uDuD(¡ Dii ¡2)ííP—’r>2 dx

<c(n>’.L)j RSTh> 1 Dr> 1 [H~ 1 D2u ¡ Dii D(¡ Dii ¡2)] dx.

Now we use (16) to obtain, summing np on s

uf Hfi+ETflD2uI2n2dx+~É H~’~~2T ¡ D(¡ Dii ¡2) 2 n2 dx

=c(n,p,L) Hfl+Err> ¡ Dr> ¡¡ D2u ¡ dx

ufi~*+Pi~t ¡ D(¡ Dii ¡2) ¡¡Dr> ¡ r> dx.

Now we observe that

J H0—’~r ¡ D(¡ Dii ¡2) ¡2 ~ dx =c(n) .18)1 íís+~;2 ¡ 2 ~>2 dx

and appl>’ Young inequality to get

1 [ H’~4 ¡2
-‘BR H/31+S ¡ D(¡ Dii ¡2) ¡2772 dx =c(n,p, L) JBR Dij dx.u-

Setting y xx ~ + _ > ~ the aboye inequality implies

¡ D(H~i>) I2~ dx =c(n,P,L,vh2j H2~ Dl> 2 dx.

Using now Poincaré inequality we deduce

¡¡ H~i> l¡L2X(Bp)=c(n,p, L,u)y ¡¡ H7Di> IlL2g3,),

Nwhere x xx r-~ u 1V > 3 or an>’ number grather then 1 if 1V = 2. From
this inequality by a straightforward application of Moser’s technique we
get (19).

u
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Now we state a simple approximation lemma that will allow us to man-
age the case when upper estimates on ¡ DA are not available aud
jixxO.

Lemma 2. Leí A : RnN -4 RnN be a centinuous funclion satisfying (7)
and (8) inJiere ji =0. Titen Itere exists a sequence of Ol(RnN, re””)
functiens Ah, aná a constante c(n, 1V,p) sucit tita¿ Ah ... A unifermly
oit compací seis,

LAh(z) 1 (20)z ) 2

OAkO (z)C¿ > c1v(p2 + ~+ ¡ z ¡2)27! ¡¿¡2 (21)
84

¡ OAY(z) 1=A(g2 + ~+ z 2)Y (22)

O 4
Proof. Lot us set

fiul\~(2+II2’~E= . PP a=1 ti~z,—~ji
1z1 >2 4 lxxi,.... ,

with
B(z)

and define for ever>’ it E 1V

Wh(z) xx (1 — nh(z))A(z) + 77h(z)B(z)

where ,j E 0
2(RnN) is such that O =flh =1 and

i>hxx{i if¡z¡=2h

¡t is obvious that

1 2¡ Wh(z) 1=cL(p2 + ~ ¡ z ¡ )Y, (23)

recail that the vector fleid fi is monotone in the sense that:
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<Bh(zí) — Bh(z2), z1 — 22> =c’u(ji
2+ ¡ ~1 2± 22 ¡2)Eii ZI — 22 ¡2

so, by the fact that it is the sum of two monotone vector fields, also Wh
satisfies:

<Wh(zí) — Wh(22), 21 — 22> =&‘v(p2+ ¡ zi 2 + ¡ 22 ¡2) 2 z
1 ~ ¡2

(24)
for ever>’ z1,z2 E R”~”’. Now we denote by p(z) a positive radially
symmetric mollifier with compact support in B(0, 1) and define

Ah(z) = 1 W¡~(Z + —)p(4) ¿14.
JB(0,i) it

We can finail>’ verify that Ait satisfies the required conditions. 13>’ dcli-
nition of Ait and (23) we get

1 422.2.!
LAh(zfl = cLJP(C)IÍ? ¡ 2

= cL(¡A 1 22z.A.

+~±¡zj) 2

then (20) is verified. Now from (24) it follows, setting

5’ xx fi(0, 1) fl {4 E : <4,2> =01

— Ah(22), zi —

p(~)<W¡¿z2 + 4—) .—)~ (z~) —

= JB(O,1) h — W>(z~ + (22)> d4

~ dklzí~z2¡2
fR(O1) it it

>c—~vIp1fli’p2 141 . <4, 21) _____~w. +.jr+IzlI’±1z21
2±2 it h d4x

1 21 — z~ ¡2

=C’u(ji2 + ¡ ~ + 1 z
2 ¡~(~ ¡ — ~ ¡2

and this implies (21) since Ait isa O~ function. To conclude the proofwe
observe that Wit(z) A(z) if ¡ z 1< hwhile Wh(z) fi(z) if ¡ z 1=2h;
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then arguing as before we deduce that Ah satisfies (22) and Ah — A
uniformí>’ on compact sets. u

In the sequel V(z) will denote the following function

V(z) (p2+ 1 z

where z C RnN, ~ =o, p> 1.
Next lemma will be useful in the next section and its proof can be found
in [AF]

Lemma 3. Tite futiction V(z) satisfies:

C’ Izl—z2¡2= V(zi) — v(z
2) 2 =coIzl—z2¡

2, (25)(ji2+¡z112±IzQ¡2)P2Z

for any 21,22 E RnN, inJiere c~, depends enly on N, ti, p, and ji =0,1) > 1.

3 Proof of the regularity results

In this section we prove Proposition 1 and Proposition 2, assuming that
A(z) oní>’ satisfies (7) aud (8), thus obtaining the existence of second
derivatives for solntions of (1) under fairí>’ general assurnption on A.
In the scalar case, we are also able to prove local boundedness of the
gradient of solutions of (1).
Let us flrst consider the

Scalar case.

Theorem 1. Let A : R” —. 1?” be a continuous function satisfying (7)
and (8) witit ji =O, atid u E W”P(fl) a local solution of (1). Titen

V(Du) E W
1~(fl, R”), Dii E L~(fl, R”)

aud for any bali firdxo) ci fi, O c p < R

¡ DV(Du) ¡2 dx = (R—p)
2 JBR<~~ Dii 2)~ dx (26)

sup ¡ Dii ¡»=c(p) ‘BR (~2+ Dii ¡2) dx. (27)
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Before proving the theorem we remark that estimate aboye implies that
u E w~;j(fl) if ~> 0.

Corollar>’ 1. Under tite assumptions of titeorem 1, if ji > 0, titen
u E W7~f(fl) and br every bali BR(xo) ci fi, O < p < U

(jiQ+¡Du¡2)V ¡D2u¡2 CiteS (U C 2 J (ji2+ Dii 2)~ dx

Proof. LetusflxsE{1 ,n}and0<p<R. If¡h¡=~K~weget
from (25) and (26)

(~2+ Du(x) ¡2 + ¡ Du(x + hes) ¡2) ~r /áh,s(DU) ¡2 dx

J ¡ Ah,
5(V(Du)) 2 dx 5 f DV(Du) ¡2 Cite

c f¡ E
¡ ip+ ¡Dii ¡2)2 dx

— (R—p) JBR “

The result then follows, recalling that Dii is locail>’ bounded, letting
it —*0.

u

¡‘roo? of Theorem 1.

Let us lix Ba(x<,) ci fi and denote by iih the solution of the equation

1 A~,0<Diih)D0¿,~ dx O vy E

wbere iih E u + W¿”(BR), ¿md Ah is the sequence given by lemrna ‘2;
then we have

<A,~(Du,) — Ah(Du), Dii — Diih> dxxx

LR<ADu — Ah(DU), Dii — Duh> dx
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Uslng assumption (~» and inequalities (20), (21) we have

c ~j (~2±Á~±IDuh¡2+ ¡ Dii ¡2) ¡Dii—Duh ¡2dx 5

<cLjQL2+h+ ¡Dii ~) IDu—Duh¡ dx

From this inequality we can deduce

LR ¡ DU—Diih ¡>‘ dx <of (ji2+h+ ¡Dii ¡2)2.1 ¡ Du—Duh¡ Cite.

(28)
This is obvious for p =2. Otherwise, if 1 <p < 2 notice that

¡ Dii — Duh U> l{XEBR:IDUÁ(x)12=AIDU(x)¡2+p2+4¿1

¡Du—Duh¡2

=(ji~+~+ ¡ Duh ¡2+ ¡ Dii ¡2)2v ¡ Dt— DiihC.
From (28) we obtain applying Young inequality

dx +~+¡ j2)~ dx
aud this implies that (ji2 1 Dii

IBR IDuhU>dx<O (29)
From this inequalit>’ and Proposition 1 we have that for an>’ O < p < R

fB~ ¡ DVh(Duh) ¡2 Cix 5 c(p) (30)

where
2

Vh(2) xx (ji2 + 1
z

and c(p) is independent on it. Eventualí>’ passing to a (not relabelled)
subsequence, we ma>’ assume tbat:

1 weakly in W1”’(Bp)
Vh(Duh) — g weakly in W¿~(fiR) (31)

—. g in L?~,~,(fiR) and a... in fift
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Now we observe that (31)s implies that j Diih ¡ converges a.e. and
tberefore that Duh converges a.e. in B11. Arguing as in the proof of
(28) we also have for an>’ it

Du¡, ¡» í{x5Bn:IDuh(x)l2>p2+~ = c Vh(Diih) ¡2

and we ma>’ assume that

Duh —* DI1 in L~t~(Bn) aud a.e. in BR. (32)

Using (32) we can pass to the limit as Ji -4 oc in the equation

<Ah(Duh), Dep> dx xx O V~ E

to get that

JBR D~> dx xx O V~ C W¿’»(BR) (33)

moreover we bave

Vh(Dnh) —. V(Dñ) weakly in W¿kf(BR).

We now recail that assumption (8) implies the uniqueness of tSe solution
of (1) aud then from (33) we deduce that xx ~. Finalí>’ from Proposition
2 we have

¡ DV(Duh) ¡2 dx =(R p)
2 j(ji2 ft Duh ¡2)~ dx

sup Dii~ ¡»=c(p) IB (~2+ Duh 2j dx,
1?

and from this inequalities, passing to tSe limit as it —* O we get the
result.

The vectorial case.

¡u this case we cannot get the local boundedness of Dii and we ma>’ only
prove the existence of second derivatives.
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Theorem 2. Let A : RnN Rí&N be a continuous function satisfying
(2) and (8) witit ji > O atid u E W”»(fl) a local solution of (1). Titen
V(Du) E W¿<~(fl, RnN) and for any balí Bp(x<->) ci fi, O < p < R

¡ ¡ DV(Du) 12 dx = j (ji2+ ¡ Dii ¡20 dx. (34)
p

Moreover, if ji > O ii E W¿~Q(fl, RN) inhen p > 2 otitermise ii E

W~új’(fl, RN) miten 1 <p < 2 and tite folleming estimate itolds

f(jiQ+ ¡Dii ¡2) S3 ¡ D2ii ¡2 dx 5 (1? ¡02 ~ ¡ Dii ¡~0 dx

(35)

¡‘roo?. The first part of the theorem can be proved ¡u the sanie way
as in the scalar case. To prove the second part of the theorem one ma>’
argue as in the proof of corollar>’ 5 to get

/012+ ¡ Du(x) ¡2 + ¡ Du(x + he
5) 2)ETi ¡ ¿ShÁDU) ¡2 Cix

=cf 1 L=.hA(V(Dii))¡2~ J ¡ DV(Dii) ¡2 dx

O ~2 22

‘01+ [Dii¡)2 Cix,(R — pV’ JB.q

for an>’ ~R ci, ~< p < 1?, sE {1 ,n}. From this estimate, forp =2,
letting it go to O we have(35) while for 1 < p < 2 we deduce

¡ A,(Dii) U> Cix

=~f(ji%- ¡ Du(x) 2 + ¡ Du(x + he8) ¡2)273 Ah,s(Dzx) ¡2 dxl
¡ Du(x) ¡2 ~ Du(x + ¡¿es) ¡2)~ 12

(¡~ —¡0» j (¡2+ ¡ Dii ¡2)~ dx,

aud the result again follows letting it —. 0.

u
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