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Note Qn oo-superharmonic functions.

Peter LINDQVIST and Juan MANFREDI’

Abatrací

The purpose of this note is la shaw ihat alí viscosil>’ supersa-
luliana of

¿S~v ~8t 8v 82v
~ —

are variational. That is, they are limits of p-superharmanic fune-
iions, induced by ihe operalor

div(¡VvV’2Vv)

as p appranches oc. In additian, it is shawn thaI eaeh viscasil>’
supersalulion of A~v ~ O is Lipschitz cantinnaus.

1 Introduction

Tic solutians of tic diffcrcntial equation

“ oit oir
¿S~h~ E— — —0 (1.1)

8x~ c9xj 8x~8x~

are calla! oc-harr4onic fuvictioris. Tic>’ pla>’ an essential rble as tic
besí Lipschitz exlensians of ileir boundary values, cf. [A ] and ji]. Ticir
regularil>’ properties are poarí>’ understood, buí al leasí it is knawm thai
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líe>’ belomg to 0(12> rl Wr”(12). Tic mere coneepí of solutior’ isdiffi-
culí, because líe equatian0aaes nal lave an ordinar>’ ‘weak4formulatian
contaiming amI>’ líe firsí partial derivalives, while líe second onesneeded
la evaluate (1.1) are not even known la exisí. Ticre are twa opliams lo
avercame tus difficulty.

Firsí, ame,uses ihe-concepí of vlacosity.solutions.. Tus has tic ad-
vamíage uní ~ has la be calculated onl>’ for smaath tesl-funclions.
Secamd, ono approximates líe equation by.equations Hke

div(IVuI>’2Vn) = O , div(¡ VuI>’2 Vn) =

as p approacics oc. Batí appródcbes ~re needed, so far. A sirange
mixture of viscasil>’ amd variational methóds prevails. ,, .

Par tic dctails of líe variationa] metiod seo [DBM]. Tic viscasil>’
meliod is develaped it [i].wi~re a rern’arkable ur’iquer’ess resulí is ob-
lamed. It is praven ir’ [J] tiat, given cantiiíiious baundar>’ values in an
arbitrary’ b¿uñdcd ‘damain’in líe .vil.dimensjomal Eueidcaú spacc, tiere
is a uniquc viscosil>’ solulior’ attaining líe’ givcñ baundar>’ valmés al
ever>’ baundar>’ poimí. As. a malta of fact, Ibis viscosil>’ solutian is
tic uniform limil of tic eorrcspandimg p-iarMonic fumeiions, as p ap-
proaches oc. (Tic solutioms of tic equalion div(jVit¡>’’2Vh) — O are
calla! p-harmonic.) Alíhaugí líe framcwork of viscasity solulians ¡a
needed la prave uniquencss, it doca mal produce an>’ “new” saluiians.

Tic abjeelive of aur note is la prave thai even líe viscosity super-
solntiotts of líe equatian are varialianal, i.c., thej ar~ lácail>’ uñifarm
muís of p-superharrnonic funcliona, as,p approaclies oc. Wc use nr’ ab-.
siacle prablcm in líe Calculus of Variatiams, a bol thai is of independení
interesí. A notcworliy cansequenee of líe variatianal dharacierizatian
is3 thai certain estimates now are autamaticail>’ extended la líe ful]
clasa of viseosil>’ supersolutions. As an example we meulian Harnack’s
inequaUl>’ (Corollar>’ 4.5) ¿md Liouville’s iheorem (Corollar>’ 4.7).

2 Sorne Úefinitions

Tic víscosíl>’ supersoluiions of ¿S~v = O are equivalent lo líe no-
superitarnionic funclioris defined Vm a cornparison

3puimciple.. la be on
líe safe sido, we menlion tic definilions. Leí Sil denote a damainin iRti.



Note mi oc—super.barmonic functions 473

2.1 Definitian. TIte futiction y : 12 —* (—oc, oc] is a viscosity superso-
luUovi, if

(i) v~no

(ji) y is lotoer senuicontinuons, and

(iii) at atty given point x toe ¡¿ave ¿S<,~(x) =0, if sp E 0W(12), sp
itt 12, anel ~p(x) = y(x).

Nalice thai ¿S,c, has lo be calculaled anly for líe lesí-funcí jan sp,
nal far y ilseIL. Analogausí>’, a viscasil>’ subsalulion is ddfined. Final?>’,
a funetion thai is boíl a viscosil>’ super- and a viscosil>’ subsolulion
is calla! a viscasil>’ salulion. Tius viscasity solutians are continuaus
by defmitian. 13>’ the resulí of R Jensen tic Diricilcí baundar>’ value
prablem has a unique viscasity salutian, cf. [i]. To be more precise,
suppose thai 12 is baunded and thaI f : 812 —. R is a given conlinmaus
funclian. Tien líe equation ¿S~~it = O has a unique viscosil>’ salutian it
ir’ 12 witi baundar>’ values

Hm h(x) =f(¿)

al cadí ¿ e 812. As a matier of fact, 1im,,..,,~, it>’ = it uniformdy ir’
12, wicre it,, is tic solulian lo Ihe equatian A,,h,, = O wiih baundar>’
values f un 12. (It is knawn thai ir>, is unique and thai it>, altains tic
preseribed baundar>’ values, if p> ti = líe dimension of líe spacc.) To
begin with, it is mal clear thai different sequences of p’s approachimg
oc, wauld yield Ihe same funetion it. Li is here thaI icnsen’s uniquencas
rcsult is indispensable. Accardingí>’, líe full sequence converges lo it.

2.2 Definitian. Tite functiott y : 12 —* (—no, oc] is oc-superharv4onic,

(i) v~no,

(II) y is lotoer senuicontinuons, ami

(iii) u obeus ¿he cordparison principie in on~i subdorñoin D with fi CC
12: if it E 0(ñ) la oc-it amionic ivi D ariel it <y on OD, titen it <u
iii D.
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Natice thaI tija ddfinition requires liat líe cancépí of:oc-iármbnie
funclion las been defimed in advance. Here we lake tic oc-harmonic’
functions as tic viscasil>’ salmlians. This mixture of twa car’cepls in ate
definilian is mal eslhetic.’

2.3 Prapasitian. Tite viscosity supersolutioris ami tite oc-superhan’rionic
functions are ¿he sanie functiotzs.

Praal’. Tic x6~cósity~uj}eisolu’tianssalisfythe caxñ¡arison prjnciplc 6>’
[J, Thcorcm 2.1] and hence líe>’ are oc-superha+monic.

Suppose1taw, thai vjs oc-superbarrnonic. Given x~ E 12 andspE
~ thaI sp(x) <v(x), whetx.C 12, and sp~xo) = v(xo), we lave

la shaw that 4~b(xo) <0. Suppose, on líe conírar>’, thai ¿S~sp(xo)>
Ofarsame.sp. ;B>’ continuil>’ A~p(x)$, O, when ¡x— xo¡ =.r..Denote
B F B(xo, r)...Considcr the auxiliar>’ fumetian

7 ‘-‘‘4:4 ‘~ w(x)=sp(x)—cJx—xo~
2

atian yieldsA direcí calcul ‘ 3 - ‘ 4’,

= A~sp(x) —2s¡Vsp(x) —26(x —xo)12

— 2c(x — xo) . V¡Vg(x)¡2 + 4e2 Z(xí — ~82sp(x) (x~ — xoj)

— A~sp(z)+ O(s)

I{emce, ¿S~w,(~) = O ir’ B ,whem e > O is smaH emaugí. Tus mcans
lhat tu is a classical subsolutian la líe equalion and as aucí ji salisfies a
cornparisonprrnciple:. to <it it B it denoling Ihe oc-liarrnanic funclion
having líe same baundar>’ values, on OB as tu. In particular, y(xo)

‘4to) = zd#o).=h(xo).
Qn tic oller intel,

<‘jOB VIOR = ~Aon— Sr2 <y JOB — er2

13>’ tic assmmplion y(x) =h(x) + er2 in B (líe transíation by líe con-
stamt sr2 doca mal matier). Tius v(xo) =h(xo) + Sr2, whici contradicis
tic inequalil>’ v(xo) =it(xo) aboye. Hence líe asaumplion ¿S~,sp(xo) > O
was false. Tus proves thaI y is a viscosil>’ supersalulion.

u
tWe do not kxiow, whether an~ ma>’ furthcr r~trict tite h’s jo (iii)’ to those having

94second partial deri~ativ¿, so thai the condition Aocl = O muid bé directly verified,
at least at almost every point.
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3 The Obstacle Problem

Wc wjll prove thai tic solulion lo an obstacle problern in tic Calculus
of Varjationa ja oc-superiarmanic. Suppase that 4’ : 12 —~ IR is a given
Lipschitz continmaus funclion and thai 4’ E Wl¡w(12). Por simplicil>’,
assumc thaI fi is a baunded domain. ‘17he funclion 4’ will ací as an
obsíacle: aH adiniasible functians are forced la lic aboye 4’. Wc airn
at canstructing a funciion v<’,,, E 0(12) rl Wl~<Y~(12) sud thai v~ ~ 4’,
v¡812 = 4,1812, and far each aubdamaim D c Li?

¡¡Vv0cj¡,0D =¡¡Vyj¡,,<,~ (3.1)

whencver y ~ 0(D) rl Wl~c~}D), y ~ 4’ in D, aud v¡OD = v~<,IOD. Ir’
aher words, one can characterize v~ as tic besí Lipsciutz extension lo
12 of tic baundar>’ values of 4,, under líe constrainí lhat líe adrnissible
funetions are foreed la he aboye tic obstacle.

Tic solutian lo líe obstaele prablcm is uniquc. Fortunatel>’, wc need
tal deduce thaI ftom (3.1). Foraur purpase it is enaugí lo construcí oye
solutian as tic himil of p-superharrnonie funcliona, wbieh solve tic same
obstacle prablem for tic integral f~ \7v¡”dx. To tija cnd, wc m¡nxrrnzc
líe variational integral f0 ¡Vv~P ¿ix ir’ líe cInas

fl,= {v eC(SiflnW”~(12) ¡y =4’mli?, v=4’ onOQ}. (3.2)

Ticre is a uniquc minimizer in tija class, sa>’ y>’. Ihus

4 Vu,,¡>’¿ix=4jVy¡>’¿ix (3.3)

for enel y E Y,,. Wc refer to [LI about tus obstaele problem. Notice
thaI tic elass of adrnissiblc funetions ja mal empty, since 4’ E Y,,. (Wc
tacití>’ aasumc hiat p > vi, so thai líe baundar>’ values ecríainí>’ are
altained in tic elasaical sense.)

Using tic familiar imequahities

lIVv,,IL,,n =1121’/>’¡IV4’IIa,,n

jv,,(x) — v,,(y)¡ =2vi~x — ~¡¡Vv>’ ¡¡p O
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aud sorne compacinesa argurnenis; wé dedu& iháita.subs&¡uenee of v>,’s
converges unifarmí>’ lo a fumetion va, and thai va, E Ya,. Actualí>’, Ihe
fulí sdqu’enée comvcfges, seo Rernark 3.5 below<.’.

3.4 Thc¿rerrh TIté cóñhtrnriteel sointion ya, 16 thtobstacle problen¡ is
cc-s’ukéWiar+dóriiéVn’121’Í¿ is oc -it arrdoviic’uQ¿ tire’ set {i½> 4’}

Proal’.’ Wc claim thai va, la oc-aupcriarmonjc.~5,Choose a subdomain
D CC 12and;suppase;that ita, e 0(D,) is an no<iarmanic funciion.such
that ha, =va, on líe baundar>’ 3D.. Uy Jeusen’s uniqueneas iheorem
ita, is variational, i.e., ji is tic uniform limil of p-iarrnonic funciioms
wititic same baundar>’ values as ita, on.8D. Given e > 0, we have
~>, > va, — e for (a subsequcuce of) large p’s. On líe baundar>’ 80 we
have’h>, =va, <cv>, ± .eLar large p’s. By, tic camparison principie for
p-superliarmonic fur’9lions, tic inequality,it,,= Vp4+@ lialda in.D. Al
ihe Iirnjtwe gel ha, =1va,+c.Since £> O wasarbitrary, WC haveproved’
thai va, =ita, jn 0. Tiustva, salisfies Ihe comparison.primciple. lila
provea tiqí va, is ~sup~erharmonic., 3 34 3~’ 3.

4To,,prove that .ya, is ~-harrnonic in the set where tic obsiacle doca
nol hinder, ?WC proceed as, fallows.4Given e > O, consider líe open set

<3 ‘I3~ 33.33 3~3’’ 3’ . 4 3

= {x 4ri¡ v~(~)> i,b(x) -#s}j
provided thai it is nat ernpty. When p > p~, v,,(x) > va,(x) — e aud

> 44aS) in ‘04. SiriJil>’ spe’aking, this holds Lar’ a subsequence
of p’s. It is known thai Vp is p-iarmomic in tie set {v,, > 4’}, cf. [L].

Especial]>’, y,, is phairnoiui¿ in D¿ wheh p ja large: IhiÉ ‘niéans thai va,

is líe uniforrn limil iii D~ of p-harmonic fumctions. It is easily seen tial
tictniforrn limit of p-harmonic functions, as p approacies no, always is
no-harmonie. Tina we have established tial ~a, is no-harmonie 1 each
D6,when e =0.Tus la tic desired reault.

3 ~4.333 3

‘4 u
.3

3.5 Remark. A subsequence of p’s was used in líe eoñstruct jan of va,.
Indeed, líe ful] sequence converges, lo seo tus.’ suppoaeY thai we bave
two fumetiana t4,, and v~. in líe previous iiecrcm, perhaps reaulting
fromi different subsequenees. IL tic set {v~ > v~,,,} ja not ernpty, vL
is no-harmonie in tus set, because ~L > ~ =4’ so tial líe obstado
doca nol iindcr. Butc,on the boundary of líe saíne set. va, =
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comparisan y2 > líe oc-harrnonic funetian v~, a fact that contradicís
ile definjtiom of líe aforementioned set. Tus praves iiat y’ < y2 in
12. By symrnelry, y1 > __

Finally, it ja worth aur while rnentioning that tic minimizatian prop-
erty (3.1) follows raiher djrectly fram tic construetion. (Wc will nol
need it.)

4 Viscosity Supersolutions Are Variational

Wc will shaw thai ever>’ viscosil>’ supersolution is variational. Tu other
words, it is local]>’ tic nniform limil of p-superharmonic functions. To

prove this we wifl salve líe obsiacle problem witi líe supersolution ilself
acting as obsíacle! Ticrefare wc liad belter firsí prove thai wc encountcr
a Lipschitz continuous obstacle.

4.1 Lemma. Tire cc-superhan4onic function.s are Lipscit ita tofltittutoits
on conipací subsets. Itt particular, ¿rey are locally boundeel avid betong
lo 1’V1’~

loc~
Proal’. Alihaugí a direct praof is nal difficult, wc will deduce Ihe
resulí froin Corollar>’ 3.10 in [di,aceording to which bouTidcd viscosity
supersolutions are Lipsehitz camtinuous. Tius we lave only lo shaw
thai tic oc-superharrnanic funclian y is loeally boundcd. Since tus is
a local question we ma>’ as well assumc thai y > O in 12, y being lawer
semicontinmaus by definilion.

If v(xo) no at sorne painí xo E 12, lien we would have thaI t’ oc
ha 12, a situation excluded by definiijon. Indeed, ehoosc a baH B(xo, r) c
12. Tien tic inequaHijes

v(x) =k(r — ¡x — xol) k = 1,2,3,... (4.2)

iold, when x = xo and ivien [x — xol = r. Tic functjon it(x) k(r —

br — xol) is no-harmonie in tie dornain O < Ix — rol < r, so thaI (4.2)
holds ha B(xo, y) by tic comparison principie. Tija rneans tial y
oc in ‘BQro,r). Coniinuing Hke tus, witi a chain of halla, we gel tic
coniradict jan.

lf y is localí>’ unhaunded, we can always select a sequence of l)Oinis
xl,x2, xc,... suri thai v(xk) > k aud re = lirnxk is aix interjor point.
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For’a’sufficiénlly sníall <all’B(x&, t) c 12; aud ~4

Ir’ , ‘‘‘‘‘:0

v(x)=kQ—Ix—xk¡) ¡ k= 1,2,3,...,, (4.3)

wben a~k.~nd.when ¡r — Xk¡ r. Again lhpy,i9~quaHty,iolds in
q,(xk,r.) byparnp som..,T17ius v(~) > ~_wb~J~Ix -v~Jj<. j Tus
certainly yields thaI v(ro) oc and so Wc are back to tic firsí case.

E

43331 ‘3 3 3

4.4 ThhóreM~
1 Anff oc-.infieritáfinoñud fuitction lA vav4átid,i cii;’ i.e., it is

a locally uniforrd linut of p-superirarrdonic fuvictiovis.
P,raaf. Supposc, thal.wa, is

an arbitrar>’ oc~supcrharmonic funclion
in 12. Uy. Lemma 4.1 it islocalí>’ Lipschitzconlinuaus. ,•L~lD.,Cc12

denote ,a subdomain. By Rademaeher’s tieorern Vjw% c~ds,t~, nc. ir’ 312
and wa, E w”~(D). ‘

Wc salve tbc obsíacle problcm ir’ tic domain O wili wa, as obstacle.
Tic W¿lúlian ‘&~‘ is oblaincda¿ lié uñifoimHmit lix Dof»1su~étharmonic
fun tioñ B5~’lhééañ’~ttt6iiañ Ú¿~’=zi4¿. Wc refer lo Section 3. In líe

(camponenis of líe) oper’ set where tic obstacle doca mal iinder v~, Is
oo~harmomie,¡that .is ,

1va, is no-harmonie ir’ fr5,0 > w,0}. Buí on tic

~ ~ ~ (recaU tiat5 bqih ftrnctions coincide an
00, by, thc caris whencc ihe;cornparisan principle yie]ds. iiat
W00 > va,. ha the,set1,,where wa, < va,. Tus is a. cleai4 contradiction,
except,ifj~h94oremenlioned set is, empty. ~
wa, un 0. ,‘•

itJsiqgan e~al~s~pp of, 12 with baunded subdamains Dj, D1 C j~2 C
¡¡>3 3 ‘“ ¡‘¡¡34.,’ SC’

y,afld,adlagOflflIlZatmfl procedure, weobt~in that toa,=limvp in 12.
Tic convergence is uniform an cací subsel D~, buí’ it ma>’ happcn that
VP ¡a defined in D~ aní>’ wiem p =a certain mdcx dcpending an j. Por
tic diaganaljzation ame las: la observe thai v~~><’ = in D~, wicre
aix obvioua notation has been used.

This troves ‘lic’thcoreffi.
34’

3 ‘3 ‘ 4’’ 1

415 Carollar>k’ Tite’Hár’nack ~Áie¿¡ua1it¡j’1io1dsfor att vionLne~,dtiv& ~..

snperharrnotiic Innetioris:

.44 .~ <3. ‘ v(r) <:e’~*~v(y) ,3•3 34.5 ‘u (4.6)
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whcn r, y E B(xo, r) aud B(xo, R) cú 12. 0< r < R.

Proal’. This was prava! far variatianal co-superiarmonie funcliams un
[LMI and by Tbcarem 4.4 líe>’ are alí of ibis kind.

u

4.7 Carollar>’ (Liauville) Tite ovi¿y oc-superharnionic fuvictioris bouvided
¡ron beloto in tite toitole IR” are tire constants.

Proaf. Adding a constaní to líe funclian, wc ma>’ assurnc tial it is
non-megative in IR”. Lct R —. oc jm (4.6).

u

Acknawledgement. Tus note was writlen while líe firsí autior was
visiting Tic Universil>’ of Texas at Austin and líe Univcrsjty of Pitia-.
burgí.
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