
REVISTA MATEMÁTICA de la
Universidad Complutense de Madrid
Volumen 10, número 2: 1997

The number of conics tangent to five given
conics : the real case.

Felice RONGA, Alberto TOGNOLI and Thierry VUST

Abstract
It ja clasaical result, fiat established by de Jonqui’eres (1859),

tbat generically the number of conica tangent to 5 given conica in
the complex projective plane is 3264. We show here the existence
of configurationa of 5 real canica such that the number of real
canica tangent to them ja 3264.

O Introduction

The following is a clasaical problem in enuinerative geometry

Given 5 generie conica, find ihe number of conies tanyent jo them.

Iii 1848 J. Steiner believed to have fornid that there are 6~. In 1859,
E. de Jonquléres fornid the corred answer 3264; however, he did not
publish his result because it was iii contradictian with Steiner’s, aud
because M. ChaMes didn’t trust him. Finally, Chasles established the
corred answer in 1864, and Th. Berner again in (1865) (cf. [6], page
268).

The problem has heen reworked more recent]y by Fulton-McPherson
[2] aud Procesi-De Concini [11 (see also (31, example 9.1.9 Qn page 158).
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Wc shall prove the existence of conflgurations of 5 real conics that adrnit
exactly 3264 real conics tangeut to thern at real paints. By a real canje
we mean a canic whose equation has real coefficients aud by the exact
number we mean tbat there are no multiplicities to take into aceount
each solution to the problern is a smooth conic whieh is simply tangent
at exactly 1 real pañil of eacb of the 5 given comes.

The configuratian of 5 canjes will be found as a smafl deformation of
the 5 degeneráte canjes constituted by suitahle pairs of limes crassing at
the vertices of a regular pentagon in an affine plane. Uy taking different
pairs of limes, it is possible ta flnd canfigurations of 5 canjes with a
number of canjes tangent to them smaller then 3264, but we da not
investigate this any further here.

The main ingredient that we sball use to control the defarmatian ¡u
tbe real case is theorem 8, which might have sorne interest by itself. It
says that if the derivatives of a C~ map F al sorne poiní xo coincide up
to arder 2 with those of the map (x1 xk) ~ (x?, . . , 4), then there
exist regular values mear F(xo) with 2k preimages near to.

Wc bave been informed that W. Fulton liad réalized afready in 1986-
87, usimg a similar approaeh, that there exist 5 real canjes with 3264
real eonics tangemt to them.

1 First contacts

Most statements of this paragraph will be made ayer E, but they remain
valid, 85 well as their proofs, ayer C

Let us denote by Q (respectively Qr) the space of alí bilinear sym-
metric farms (respectively the bilinear symrnetric forms of rank r) an
E

3. Denote by FQ 11w projective space of Q and by IPQr the locally
clased subvariety of 1’ Q correspanding to 42v. Leí ~ — PR2 be the
real prajective plane.

Geometrically, JPQ is the space of alí (passibly empty) real canjes of
F2, PQ

3 is ihe set of all smooth canies, PQo is ihe set of alí singular
conxcs eansisting of 2 distincí lines, aud FQ1 is ihe set of alí dauble
lines.

Por q E Q\{O} (resp. x E E
3 \ {O}) we denote by [q] (resp. Ix])

its image in PQ (resp. ¡~2); for simplieity, we will sarnetirnes drop

ihe brackets [j. Consider ihe subvariety W of (FQ)5>< (~2)5 x FQ
3
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defimed by:
W = {UqiI, [q2l,~.. , [q5j,[x1j,... [x5],[<j]) E (PQ)

5 x (¡>2)5 x PQ~ ¡
[xi] # ¡xj], i ~ j and ihe fallowing equatioms hold, i = 1,~ .. , 5:

(I)q¿(xí, xi) = O, (II)q(xj, x~) = O, (III)q
4(x~, .) A q(xj, .) = O).

Note thai in fact ihe equatiana q(xj, xi) = O and qj(xí, x~) O imply al-
ready thai qí(xí, .)Aq(xj,.) vanishes on {x~}AR

3 and iherefore equatian
(III) can be vi9wed in (R~ A R3/ {x

1} A ¡0) E. Altematively, ifwe
/1

ehoose x~, x~ E E
3 such thai iheir irnages in R3/[x?1 are limearly mdc-

pemdent, ihen in a meighbaurhaad of (jqiJ [qs], [x~],... , [x2], [q]) E W
equationa (111) can be written

(qí(x~, ~)A q(xí, •)) (x~, x?) = qt(xí, x~)q(xí, x7)—q~(xí, x~’)q(xí, x~) O

Thc conditions defining W mean thai ihe 2 canjes defined by qi(x) =

O aud q(x) O are tangení at [xi]; if ¡xi] is singular on q~, it rneans s¡mply
thai x~ E qfl qj. In arder to simplify ihe notatian, we MiaU say thai x~
belongs to q and qí, or x~ E q fl qí, aud thai q and q~ are tangemí at x~.
We shall denote by (~)sing and (q)reg respectively the singular and ihe
regular pan of q.

Denote by
E: VV —.. (PQ)5

ihe restrictian to VV of ihe natural projection (FQ)5 x (r2)~ >< PQ~
(IP Q)5. I’he prablern is lo flud ihe maximal number of elernemis of
F’(u), for u E (PQ)5 belanging ta a suitable apen, dense subset U c
(PQ)5 thai we wiIl define in ihis paragraph.

fl.cmark. The irnage of VV by the projection

(PQ)5 x (¡>27 x FQ~ —* (ff-’Q~x

is ihe set of (Iqil, . , [qn],q) sueh thai q is tangení to qj, i = 1 5 at
sorne unspecified point. Denote by VVo the loeally closed subvariety of
(PQ)5xPQa afilie ([qi] Iq~J, [qJ) that are sueh thai iheintersectian
of q and qí, i = 1 5, camsists of 3 distincí poinis, at 2 of which q and
qí are tranversal, and the third (necessarily a real poiní) at whieh q and
qj are tangení. Denate hy Fo: VV

0 .—. (FQ)
5 ihe natural projectian; aur

gemuine problem is ta compute ihe cardinality of the fibers FE’ (u) for
u in a suitable open subset of (PC)5.
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Clearly, VV0 is open amd dense in p(W) and p induces a bijectian
from p

1(Wo) fl VV ta VVo. It foflaws fram Propasition 1 below that
VV and (FC)5_have the same diinensian, aud so there the apen snbset
U = (FQ)S\F(VV\.rl(Wo) is non-empty and p induces a bijection:

—> F¿’(u) for u E U.
This justifica that we concentrate on ilie study afilie generic fibers

of F rather than F
0.

In fact we shall denote by U an apen set in (FC)
5 that will shrink

during this paragraph, as we add more and more genericity conditions.
Recail thai far [xJ E pfl = F(R~~1) ihe tangení space Tí~íP~

Rfl± l/[x]; we sliall write ~ for an elemení of T
12,>F”, or Lar sorne of lis

representatives in j~fl+l•

Propositian 1. Tite uariety VV is smooth, of dimension 25. Por
w = ([qí], [x¿I,[qI) E VV, tite tangení apace T~VV la tite set of

x5,q) such thai:

I (1) 2q¿(x¿,~¿) +~¿(xí,x~) = O
(II) 2q(xíJJ+~(x1,x~) = O fon =

(III) ~ + q¿(~¿, -)) A q(xí, ) + q¿(xí, ) A (~(x1, j + q(~í, .)) = O

Praaf. Leí w = ([qij, [q~4, .., [q5],[zí],. .. , [rs], (q]) E VV and let us take
the following derivates nf the equatiana deflning VV at ihe painí w

81 811 8111

Choase x~, 4 E E
3 límearly independení im R3/[xíJ T~

1IP
2, ~ =

1, ... , 5. It 15 readily ehecked tliat ihe linear map

(~, ~) ‘—* (~í(xí, rí), 2q(x~, ~ (~‘
1(xí, .) A q(xí, .))(x~, x~’))

5

is surjective, which shaws thai VV is smooth of dirnensian 25, amd thai
ihe prajection VV —* FQ3 is a fibratian.

The secand assertiom follaws hy taking ihe total derivatives of the
equationa 1,11 and III defining VV

u



The number of conics tangent lo ...... 395

Wc now introduce a firsí series of genericiiy conditions Qn
([qíb. .., ¡qsl) e (FC)5. Althaugh ihe qí’s are Teal canics, ihe Unes
and points mentiomed belaw are taken into accaunt even iLthey are not
in 1>2(10:

(a
1) : Y distinct i,j, k, qí fl qj ~ q~ 0 (in r2(c~)

(ú1) : Y distinct 1, j, k, q¿, qjand q~ have no comnon tangení (in F2Q74).

(a2) : Y distincí i,j,k,t, any common tangení la q¿ and qj daes noi
coníain paints in q¡~ fl qj (ir’ F

2QLj).

(Ca) : Y distincí i,j,k,t,m, if dr,s la any tangent comman ta q,. and q,,
we have that de,j fl dk,e fl qm = O (in r2(c».

(ña) : Y distincí 1, j, k,1, ni and Vxr,s E Qr fl q
8 ilie line ihraugh x¿,j and

xk,t is nat tangení ta q,,.. (in r
2QLfl.

(a
4) : Vi # j, q~ and qj intersecí transversally (in r

2(«j) al poinis thai
are smooth both on qj and qj-

In ather words, the eanfiguraiians represented in figure 1 are exciuded
(as usual, we draw a real piciure thai representa abjects in tQr)).

(O)

(O) (t
3)

q.
- J

(G~)

Figure 1. Configurailaus thai we dan’t want in Sectian 1.
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Let U c (PC)5 be tlie set of ([ql], . . . , jq5j) saiisfrimg ihe aboye
genericity conditions. It is readily verifled thai U is a Zariski-open,
nonempty subset of (FC)5. Leí

VV(U) = {([qi], - - - , ¡~1, ¡xjJ, - . . [xsJ,[q]) E VV ¡ (¡ql], - - , fq~]) E U}

Proposition 2. F : VV(U) —* U la pmper

Proal’. Wc will use ihe space_PC of complete comics (see [4J,example
22.27, page 297). RecaIl thai PQ is tlie clasure in PQ x FC of ihe set

{Uql, [qí) E FQ~ x FQ ¡ q’ ~ tlie dual of q}

In fact, ihe natural prajection FQ .—. FQ is the blawimg mp of FQ
alomg PCi. Set theoretically, FC cansists of pairs [q], [ql where

• [~í = [4]II [qj is of rank 2 or 3.

• in ihe case when [qj is of rank 1, [qlconsisis of a pair of limes
(distimct ar nat) of whjcli are ihe limes of ,~2 goimg thraugh
ame of twa poinis (distinct or fbi) of ¡ql.

Denote by ¡‘¡‘(U) the closed snbvariety af (PC)5 x x (PC)5 x

x PC which cansisis of ¡he tE’ = (([q¿J, [xi], [t~])~, 5, (fqj, [q’J))
such thai:

(1) (Iqi] [q5])EU

(2) x~ E 4

(3) qí(xj,y) = q(xj,y) = O, Yy e 4

(4) q’(Ij, 4) = O

far 1 = 1 5. Consider tSe eommutative diagram:

w(U) AL. W(U)

U
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wliere F and «‘ are induced by ilie natural prajeclions; now F is proper.
Therefore it suflices lo shaw thaI Ihe gemericity camdiiioms definimg U
imply thai ~‘ is am isomorphism. Buí the lemma below implies thai if
ú~ e W(rn, ihen q E FQ3, and so ihe map

is an inverse of ~.

u

Lemma. If tE’ = (([qí], [x¿j, [t¿])¿±~í ~, ([q], [ql)) E IV(U), titen q E
IPCa.

Praof. Indeed, if q E IPC2, ane afilie candiiions (aí), (Ó~), (02) or
C~ is violated. líq E PQí, ihe tangenís £~ to qí al x¿ belong to ame of
the sheaves of limes defined by q’, buí ihen ame afilie canditions (Ci),
(&i), (02) or ña is violaled -

u

Propositian 3. Tite fibera ofE = F(U) : VV(U) -~ U are finite.

Proal’. Consider ihe complexification Fc: W(U)c—* U0af F and ilie
prajeclian p : VV(U)c—~ (FCa)c . Leí u E Uc; since ~c

1~ proper aud
(PCa)0 is an affine variety, p(E¿,’(u)) consisis of a finite number of
poimis. Moreover, PIF¿1 (u) .-. (PCa)

0has finile fibers because of(a4).

u

Here comes a genericiiy condilian thai we will need later on. Leí
k E {1 5} and denote by 14 Ihe snbyarieiy of W(U) cansisling of
ihe ([qí], [z¿],[q]) sucb thai ihe arder of contací of q amd q~, at Xk is at
leasí 3. Far example, leí [q¡~]E FQ2 and let xk be Ihe singular poiní
of q~; ji q is tangení to ame of ihe 2 limes tlirough xk thai constitute q¡,
iben ihe order of camiací af q and q¡~ al xk is 3 if q is smooili (see figure
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2).

Figure 2. The arder af contací is 3.

Since W(U) and U have ihe same dimensian, F(Vk) ~ U and F(Vk)
is clased, since F is proper. Our last genericity conditiam is ihe followimg:

We shall denote again by U ihe set of ([q
1],..., [qn]) thai satis~’ alí

ihe generieity comditioms introdueed sa far.
Notice thai U comtains comfiguratiams of ihe forrn ([qí], . . . , [qn])witli

q< E Q2, 1 = 1,... , 5. Imdeed, ihere is no problem in cliaosing u
0 =

(q~,..., q~), q? E FC~, 1 = 1,..., 5, satisfying comditions (ai) through
(a

4) amd Gi, G3. Por sorne k E {1,... ,5}, leí 11k denote ihe singular
poiní of q~. Consider

= {(uO, {x~], ¡q]) E VV(U) 1 = lJk}

ihis is a finite set whicli depends only an 11k, mat on q~. Therefore, we

can defarrn u
0 luto u = ([qil [qn]), where qj = q~ Lar 1 ~ k, and q¡, is

singular at 11k, buí Lar all (u, [xi], [q]) E F’(u) nane afilie twa distimei
Unes composimg q¡~ is tangemt to [q] at xk = 11k, that is : u ~ F(V&).

2 Qn the singularities of the map F

q

Titroughout titis paragraph tve sitail assumne that u E U.
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Let w = (u, [x¿], [q]) E F’(u) and

s(w) = {Xí 1 x~ E (~¿)sing}~

where ¡XI denotes the cardinality of X. We shall see that ihe behaviaur
of F mear w essentially dependa anly on 8(w)

Proposition 4. Leí a E {O,..., 5} and asaume that x¿ E (qí)sing for

i =a and x1 E (qdreg for i > a. Titen tite projection

induces att isomorphiam

<A:Ker(dF~)Z {(~í ~ ¡q(xí,jAq1(~1i,.)=O,i 1,...,s}

Sfr1 E T[~1]q \ {O}, titen

Corollary 5. dimKer(dF~) = s(w)

Proal’. Indeed, since qj, i = 1 a consisis of 2 distincí limes, ihe
linear map

2

has a kernel of dimension 1.

u

We give naw a geametrie description of Im =b.Leí IPR~.1 denote ilie

set of limes of FE
2 through [x~1.Leí us recalí how twa Unes t’,É” e

FR1 define a polariiy among pairs of limes of ~. a be a[x~l FR1 Leí
homogeneous 2-farm in 2 variables whose zeroes are £~ and f~t; if y, tu E

E2 \ {O} are such thai a(v, tu) = O, we say thai ilie lime thraugh y is
polar ta ihe Une through tu with respecí ta ihe twa limes 1’, 1”. Choase
r~ E T{~~jq\ {O}; ilien qj(~j,rí) = O for (u ~) E Im~. This meams
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that ~j musí he mi the
through [xi] defimed by qj

polar line to
(see figure 3).

t

(q) with respeet to tlic 2 litios

q

1’

Figure 3. Ceomeirie interpreiation of tlie kernel of dF~.

Proal’ of proposition 4. According to proposition 1, Ker (dF,,,) is the
suhspace of (®~~ ~T~.jP~) ® T~jFC defined by the equations:

f (1)
(A) (II)

(III)

qj(xj, jr~) = o
2q(xj, ~) + ~jx

1, x1) = O i=1 5
qi(~j, -) A q(xj,.) + qi(xj,.) A (~(xi,.) + q(i~~,)) O

Por i < .s, since qi(xj,.) = O, ihis set of equations is equivalení to
2q(x~,Ij) +4(x~,x~) = O

q~(3~,-) A q(xj,.) = O
(E) i<s

{ (II)
(III)

and far i > s tliere exisí sealars )~j sueh thai q(xj,.) = A~qi(xj,). Iliere-
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fore (A)(I) implies that q(x~,Yj) = O and the set of equations becomes:

(1) qi(xj,~’i) = O
(C) (II) 4(xi,xj)zzzO i>s{ (III) qj(xj,.) A (q(~i,) + ~(x¿,.) — Ajqj(ii,.)) = O

Equation (B) (III) shaws thai ~ is well defined.

~ la .surjective. Leí ~ E T¡~jF2 be sueh thai q(xj,.) A qí(x~,.) = O for
<a. Since q is non-singular, iliree afilie xi’s are never aligned and so

ihere exisis q E C sueh tliat

iL 1 <a
q(xj,x~) = { —2q(xi,ii) if 1>5

Wc choose ~i, 1 > a, sueh tliat (C)(I) is satisfled. Ihen 1~ ¿fn, where
r~ is sorne fixed non zero elemení in T[

1~]q aud ~ is a sealar.
We praceed naw to elioose ~j in arder to satisfy (C)(III). Sine. ihe

kernel of q(xj,.), which equals the kernel of qj(xi,.), is generated by x~
aud r~, we hay. to choase ~j in sueh a way that q(~, .)+4(xi, .)—.\iq~(~í,.)
also vanislies on x~ and an r~. It clearly vamishes an x~; now qí(ri, w~) = O
and q(r1, T~) # O. We may iherefore take:

~(x:,ri

)

~ la injective. If ~i 0, 1 < a ihen it follows frarn (B)(II) thai

4(xj,xj) = O Lar i =aand by (C)(II) 4(x~,x~) = O for 1 > a. Therefore,
q and 4 hay. tSe 5 distincí poimis [xii [x5]in eomrnon, aud no iliree
of ihese are aligned because q is non-singular, and 50 4 = O in T[qjIPC.

Now it fallows from (C)(III) thai for 1 > a

qj(xj,.) A (q(~i,-) — Ajq1(?ñj,.)) O

and ilierefore ihere are sorne scalars g~ sucli that:

Q q(W,.) Aiqj(~j,.) + ~i~qi(xi,.)

Sine. qi(xi,~i) = O and xi ~ (qi)5j~g for 1 > a, ~j beLongs to ome of ihe
2 distincí limes thai constituí. qi, say £~, and iherefore q4~, ~i) = O.
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Replacingihedol by~ imVshows thai q(~iJ¿) = O. Buí qfl4= {x¿},
iherefare ~¿ = O in T[± .j1>2

Since q 15 man-singular, q(x¿, .) Aq1(~¿,.) = O is equivalent lo say thai
qí(~í,-) vanishes an ihe kernel of q(xj, .), which is generated by Tj amd
x1. Therefore:

q(xj, -) A q~(~¿,.) = O ~* qí(x~, ‘rí) = O

u

We wamt now ta study the seeomd derivative of E. Recail thai for
a C~’ map O : X —* Y betweem C~ manifolds, the second intrinsic
derivative, firsí iniraduced by Portecus [5], is the linear map

4 d
2G~ : Ker (dG~) ® T,X —* Coker(dC~)

which is obíained fram ihe secand derivative at x of O writien in local

coardinates. Ifa: Ra—. IP and h: U —~ R¶ H1 : y —> IV’ are local
diffeomorphisms on IV’ and IP respectively, where U c E”, V G IV’,
h(O) = x, H’(O) 4 0(x), ihen

d2(H Oh)o = dHa<~>(d2G±(dho,dho)) + dHo(~)(dCX(d2ho))

+ d2Ha(~)(dGÁdho), d0
1,(dho))

from whieh it follows thai the linear map d
20X : Ker (dG~) ® TXR” —~

Coker(dGx) is affected anly by ilie linear pan of ihe local diffeamor-
phisms it and H. This shows thai ihe linear rnap of 4 is weB defined.

Leí mow L
1, L2 and L3 be open seis in 1W”, E”

2 and E”3 respectively
amd leí $ : L

1 ~< .—~ L3 be C
00 andassume thai O E L

3 isa regular value
of 4’. Set VV <‘—‘(O) and leí E : W .-.~ L, be ihe map induced by ihe
prajection on Ihe firsí factor. We wamt to express ihe second intrinsie
denivative af E in terms af ihe derivatives of 4’. Denote by ~(w) and
~(tv) ihe derivatives of $ in ihe dfrectian L, and L2 respeciively at
ilie point tu (wí, w2).

Lemma 6. Tite derivative »~—(w) induces an isomorphism:

O: Coker(dF~) —~-~ Coker
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We itave a comniutative diagram:

Ker(dFu,)@TwW

j d2Fu,

Coleer(dFw)

.1
(—1)0

Coker ( ~(to))

from witich d~Fu, can be ezpressed itt temis of tite demivatives of 4’.

Proal’. The fact thai O is an isomorphism fallaws easily fram the fact
thai <‘is a submersian and frorn ihe definition of F.

Par ihe corninutative diagram, leí it — (it’, it2) : U —. VV C L, >< L
2

be a local parametrisation af VV, it(O) = tu. Since $ it = O, we have:

d
2$w(dho, dho) + d$u,(d2ho) = d2$ta(dho, dha)

8$ 8$
+ —(w)(d2h¿) + —(uj(d2h2) — OOwi 0w2

anA therefare, for ~¿ E TaU, i = 1,2, amd iiJ~ = dho(~¿)

d$w(wl,tu2) ——(tu) ~dho(xí~x2)) mod Im—(w)
Owí 8w2

Sinee ht — F . it d2h¿(E\,Y
2) = d

2Fu,(dh
0(Y,),dh0(~2)) +dF,L,(d

2ho(7
1J2))

and so:

04’
_ <u,)

0w1
0$

—-——(u,)
8w1
04’

— (u,)
0w1

(dF~d2ho(u, X2))

(d2Ft~eñn 752)) mod Im —(tu)

8w2

from which aur assertiom follaws.

u

We come back lo our map F VV(U) —. U. Leí L1 be an apen subset

of U c (FC)
5, L

2 an apen subset of (r2) >< FCa and L3 = E
15;

assume thai L, aud L~¿ are contaimed in produets of affine open sets, so
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thai we have explicit represeniatives for ([q~], [x¿j, ¡q]) E L1 >< L2, and
iherefore it makes sense la write die map:

$ : Li x L2 —. L3, ([qi], [xi], [q])

((qdxi, xi))~.1 ~, (q(x~, xi))1...1 5(q~(xi, .) A q(xj, ~»=~

Note ihat beqause the prajective spaces are replaced by affine spaces of
ihe same dimension, we can alsa laak ai qí amd q as non-homogeneoms
paiynornials of degree 2 on E

2. Their deriyatives at x¿ E E2 are linear
maps: E2 —. E, and iL qi(x~, x¿) = q(x~, xj) = 0, the condition d(qj)~~ A
dq,~ = O is equivalemí ta qi(x¿, .)Aq(x

1,.) = O. We knaw from propositian
1 thai O E E

15 is a regular value of 4’.
Recail thai we assuine thaI [qí] E FQ

2, 1 = 1,..., 5, z¿ E
(~í)sing forí= 1 sandxie(qdregfori=s+1....,5. Forw=
([q~J, [x1],[qJ),we liave thaI dimKer (dF,,,) = a, amd sodimCaker (dFu,) =

dimCoker(~®) a. Since

8w2
3

ihe firsí a coardinates of E’
5 represení Coker (~j(w)) amd so ihe re-

siriction afilie secamd inirinsie der¡vative of F lo Rer (dF,») ®Ker (dF,»),
thai we siffl denote by d2F,,,, can be identified using Lemma 6 to ihe
bilimear map:

Ker (dF,») ® Ker (dF,») E8 , (ii,. . . , ~, ~) ® (~,. . . , ~, ~)

Recail from Propasition 4 that if (~, ii’~, ~)E ICer (dF,») \ {O} tlien
q(xí,.) A qí(~i,.) = O Lar i = 1, ... , a. If in additiom qí(~i,~ = O for
sorne i 1 a, llien ~¿ e (qjreg and so the tangemí lime to q at xj is
a componemí of qj, which is excínded by ihe genericiiy conditian (Gs).

Tu canelusion, we have proved ilie followimg resulí:

Theorem 7. Leí u E U n (PC2)5 and w = (u, [xi] [xsJ, [q]) E
asaume that x~ c (qi)

8~~9 for i=a and x~ E (qi) reg for i > s.
Titen:

• dii Ker(dF,,,) = a = dim CoIcer(dF~)
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• Leí ~ E KerdF,,,, so thai qí(~,r¿) = O, for Tj E
i= 1,...,s; titen

d2Fu,(~í ~ =

u

We will shaw ir’ the next paragraph thai ihe particular praperties of
the derivatiyes up to arder 2 of F linply thai there exisis u’ mear u wiih 2~
non singular poinis in iis fiber near ilie point tu, where a = dlin Ker dFu,.

3 A deformation theorem

We sliall use ihe emeidean disiance on R”; B(O, r) will denote ilie open
bail of radius r centered at O.

Theorem 8. Leí f:fZ —> R”, O E fl C E” open, f(O) O, be a
map. Leí a = dimKer(dfo) and asaume thai

d fo: Ker(dfo) ® Ker (dfo) --4 Coker(dfo)

is tite producí of a quadratic fonna of rank 1 witit transversal kerneLs;
thai la, for a suitable cito ice of basis of Ker(dfo) and Coker(dfo) me can

for (aí,...,cx
5), (fij,~.,f33) E Ker(dfo)

d
2f

0 ((al,..., a,), (fi,.. .,fl8)) = (a1131 a,138)

(1) Afier a change of coordinatea iii tite aource and ta,-get, f can be
tuntien

f(xj,...,xn) (4,..., 4,x5+i x,j±g<x1 x~)

for ¡jx ¡¡ < 1, mitere g: B(O, 1) —. Rs satisfies:

g(O)=O, fl—(0)=tO,i= 1 ~, 829 (O)=O,tj= 1 a.
axioz’
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(2) Itt tite coardinates of(I), leí yo = (1,...,1,O O). Titeme exista

e
6 > O sucit thai for any e, O < < 6, tite equiation f(x) = eva
has exa cliv 2~ solutions itt tite boU centered al O of radius V~2, al
whicit lite jacobian of! la non zero.

Proal’. (1) is a consequence of ihe hypathesis on d2fo.
Since f(x) = eyo implica x

5.~í — ... — x.~ = O, we rnight as well
assnme thai a = n.

Wc have that for 1 El — 1, 1[, g(txí, . . . ,tx5) = t
3gí(x,t), where

gí:B(O, 1)x¡ —1,11-—> R is C”’. Leí

~(x, t) = f(tx)/t2 = (4 4) + tgi(x, t)

Set u = ihe equation t(x, O) = u-yo has 2~ soluiions ¿~, i = 1,..., 2,
Ss,

afilie farin (±vC,..., ±v’fl,thai He in ihe bail B(O, 4), and ~(4,O) is
invertible. It follaws frorn the implicit funclion theorem thai ihere exisis
6’ > 0, ‘~ > O and 2’ functions ¿~(t) :] — 6’,6’[—* B(E?,n) C B(O, 4),
i = 1,... ,2’, ~(O)— ~o snch that

for ¡t¡ < 6’, x E ~ R(¿?oñ, t(z,t) = vyo .~ Bi sueh thai x =

í=1 2’

and ~(&(t), t) is invertible. Since ~ (B(O, 1) \ U
21 2SB(¿~, ;;), 0) does

not cantain uyo, iliere exists 6” < 6’ sueh thai for ¡t¡ < 6”, sato
~ (B(O, 4) \Uí~rír..,2sB(¿?,n)~t)~ and iherefore

1
far ¡t¡ < 6”, lxii < ~, t(x, t) = uyo ~- BI such thai x =

Now

f(x)=c11o<~(j-7~ civ)

If we set 6 = ~“ ihen

,/kc6~ e/u<6”and ¡4 1 jxlj <x’~
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Qur assertion follows at once

Figure 4. If we deform qj to q~ = qí + e in such
the sector mot eomtainiug T~1q, we can guess

mear q tangent to q~.

a way thai q~ appears in
thai there are 2 canjes

Leí us skeich how we will use this tliearern ta calculate ihe eardimality
of a maxñnal gemerie fiber of ihe map F of paragraph 1. Let ti E
U fl (1>C2)

5, so thai u = ({q~j,..., [qn]) where qi is a degenerate canic
thai cansisis of 2 distincí limes meeting ata poiní [y~]. Por a E {O 5}
we set

F’(u)s= {w EF’(n) IdirnKer(dF,»)=s}

We restricí ihe equatians q¿, 1 = 1,..., 5 to sorne affine chan on P2 con-
tainimg (vil,... , [ya], thai we idemtify ta R2. Por w E F’(u)

8, perliaps
áfter remumeration, tu = ([yi] [va], [xs+uj frs], [qj] [qs], Iql).
Recail thai if (~i ~s, ~‘) E Ker dF,», ihen ~í is polar to T~1q with
respecí to qj, aud so ~ and T[~~1q ile on differeni compomenis of the
complernemí of qj, for 1 = 1 iL we choase ihe equatiams q~ in sueh a

407

u

q.
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way thai qi(~¿,~) > O, or equivalently q~Qr1,r¿) < O for r¿ E T~,jq, ihen
it follows from theorems 7 amd 8 thai iL we replace q~ by q~ = qj+e, e > O
srnall enougli, then F’(u’), u’ = (q~ q~,qs±í,-..,qs)will have 2~

poinis in a neighborhoad of w. This can be conflrrned iniuiiively, be-
cause ilien q~ will have 2 sheets mear T¡~jq (see figure 4).

flemark. It can be shawm in fact thai F can be written locally, in ihe
neiglibarboad of a u, such iliat dim Ker (dF,») s, as (ti, . . . , t~r)

t~, t.,+í tzq). However, this eannot be detecied from ihe
properties afilie derivatives of F at tlie poimí w, as shows ilie example

(ti, 12) ‘—. Ql + 4k+í, 4)•
Tlie nexí prablem is ihat ifF

1(u) {w
1,.. .,w~}, we wil] have ta

flnd a deformatian ~ as abave,valid for alt tSe w1 uit. This meams
thai wlienever ([xíi,. ., [x~], [qí],... Iqsl, [q]) e F~’(u) amd lxii =

ilion qj(Tj, r¿) < O for r~ E T~jq (we will do ihis in Sectian 5). Tlien we
will liave:

= Z2~ Fí(u)s~
s=O

Finally, ihere are (~)2~—~ ways of choosimg a subset 1 c {1, .. . , 5} of
cardinal s, and 5 — a lines, one among each pair of limes thai canstitute
ihe qj’s. Tlierefore

=

where n~ denotes ihe number of canjes passing ihrough a poimis and
tangení to 5 — e lines. The number ti5 depends an ilie mutual pasiiioms
of ihe e painis and tSe 5 — a limes and will be determined in ilie next
paragraph.

4 Basic enumerations

Given a painí Ix] E IP
2 and a Une £ c 1>2, we can define the 2 following

diyisars in ¡PC:
Dx{[qieFCjxeq}

= {[q] E FC q is tangení tal)
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Tbe first divisor is a hyperplane, and sorne praperties of ilie secand are
given in the following easy lemma, that we leave ta ihe reader:

Lemma 9.

(1) De has degmee 2

(2) (De)5~~9 = {q q ~ 1>2

(3) ifq E (Di) reg atid lx] = qfl£, me have:

Tjq]Dt = {[~1 ¡ ~(x) = O}

u

We introduce now genericity conditians an tlie chaice of s painis

and 5 — s limes in IP
2: we define Sil., G (r2) x (¡>2) as ilie set of

(lxii [x,i,£
8+í £~) thai satisfy:

(1) 3 amomg ihe [x1]’sare nai aligned (in particular, [xi]# [xj]far

(2) 3 among ilie 4’s da mal go tlirough a sarne poiní (in particular,
4 # £j for i #

(3) Vi,j x~ ~

(4) Vii # i2, ji ~ h any Une ihrough xj1 aud Xj2 does not go ihrough
‘ji (vii2.

(5) Y distincí ~1,22, 23,24 and Vj ilie intersection of ilie lime tlirough
[x~1iand [xí2]with ihe Une through [x13]amd [xjj does nai belong

to (j.

(6) Y distincí i~, i2, i~, i4 and Vj, x~j doca not belong ta ilie Une tlirougli
41 fl 4~ and 4~ fl 4~.
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In ollier wards, the configuratioms sliown in figure 5 are mal allawed.

1~
1

x -,

(5) (6)

Figure 5. Configuratioma that we dan’t wamt in Section 3.

Lemma 10. Leí (lxi],..., [xsI,ts+í, ...£~) E Si), and [q]E D~1 11
...flD~.flD,..4 rl ... fl D4. Then [q] ~ FC2 and II [q] E FQ~,

Dr,, De.+ D¿5 intersecí tmnsversatly al [q].

Proaf. Assume thai [qjE FQ2 and leí [y]be lis singular poimt. Then
tSe genericiiy condition (1) irnplies that s < 4. Any tangení ta q gaes

iliraugh y, and so candition (3) impUes thai lx¿] # [pi, i = 1 s, amd
candition (2) implies thai s > 3.

If s = 3, canditian (1) or (4) is contradicted, and if s = 4 conditian
(1) ar (5) is cantradieted.

Naw leí [q]E PCa; ihen by lernina 9 (2) [q]is a smoath poiní of
each divisar ~ D¿, and ihe iniersectian of ihe tangení spaces of ihe
divisors at [q] is

E T[q]IPC 1 q(x~) = -.. = ~(x~)= ~(vs+) ... = ~(~) = O}

wliere y~ = q rl £¡. Conditions (1), (2) and (3) imply that ihe paimis

[xi] ..., lxsl, [11s+1~,... , [1151are 5 distimel painis on q, and iherefore 3
of them are mever aligmed. But ihere is exactly 1 conic goimg tlirougli 5
paimis, 3 of whieh are never aligned. u

1.t4

x. —--x, ¡4
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Leí

‘/3 = {(([x1],..., [x8],~ ...,t~), [q]) E fl3x
PCa ¡ q E D~1fl...fl Dx. rl D1•~1fl ...fl 134 }

Propasition 11. The variety 1’3 la snzootit and ihe natura¿ projection
ir: V8 —* 1?. ja a proper subíersion with finute fibers.

Proal’. The facis thai 1/8 18 smaath amd thai ir is a submersian follow
from lemnia 10.

U ln ihe defimition of V~ we allow [q] e FQ , ihe corresponding
projection ir ja obviously proper. Lemma 10 implies in ibis case thai
q ~ Q2, and iL a > 3 ihe genericiiy condition (1) implies thai q ~ Qi.
Therefore ir is praper far s > 3. The case a <2 is obíained by abserving
thai associating lo a canlc jis dual induces an isamarphism 1/3 ~

u

Corallary 12. Tite rnap

w ‘—~

la locally constattt.

a

We compute now ¡iC’(w)¡ for varioms conmected compamenis of %.

By applying aur resulis lo iii. dual canjes, ilie cases a = 3, 4, 5 will he
deduced fram ilie cases a = 2, 1, 0 respectively.

First of alí, we compexify ib. situatian. Then it follaws from lernma 9
(1)that ¡ic’(w)¡ = 1,2,4,4,2,lfarallw E (Qa)c,s= 0,1,2,3,4,5. We
set N8 = ir¿.’ (w) . Back to ihe real case, we shall say thai a cornponent

~2of Q1 is maximat IL ¡ir’(w
0)j — N_ for w0 E

lii what follaws, we will máke use of ilie action of ib. group PGl(3, .1?)
an Q

8; simce it is connected, it will preserve ilie canmected campomenis
of
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x
1

x —>
2

Figure 6. s = 5; ihe sixth forbidden ljne is at x.

= O anA s = 5 There is exactly ame (non-singular) conic ihrough
5 poinis, 3 of ~hich are never aligmed, ¿md so aH ihe componenis of

are maximal. Dually, it follows thai ah ihe companemis of 1k are
rnaximal.

In fact, ihe variety fl~ has 12 connected componenis: ihe set of 4-

tupíes of painis of IP2 3 by 3 not aligned is camnected because it is
a hornogencaus space Lar PGI(3, 1?). Tlierefare we can fixe ihe firsí 4
poimis [xii, ..., [x

4]; tbem for ihe flfih painí tliere will be 6 Unes forhiddem
by ilie genericiiy eanditiams, namely ihose tlirouglx ihe pairs of ihe firsí
4 paints. It is naw easy ta check on an explicii example that iliere are
12 connected compomemis in ihe complernemt of such 6 limes (see figure
6, in whieli ome of ihe farbidden limes is ilie lime at no).

s = 1 Tlie variety Q1 has 16 connecied camponenis. indeed, using
ihe action of PGI{3, R) ~ve can flx ilie four limes amd [xi] musí belang
ta ihe eomplement E of ibis 4 lines, buí not ta tlie unes jaining paírwise
intersections of ihe 4’s. Among ihe camponenis of E, ihere are 4 irian-
gles T1 aud 3 quadrangles Q. Clearly (see figure 7), ihe componenis of
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iype Q are maximal, ihase of type T are not.

Figure 7. s = 1; choase xi in a quadrangle if you want to be in a
maximal compamení.

Ilie varieiy fi2 has 12 cannected compomenis. Indeed, WC cam
fix ilie 3 limes Li, £~, £3 and ihe painí [xii; ihe paimí [x2] musí be choasen
in ilie cornplerneni of ihe 6 limes Li, £2, £3 and ihe linee limes joining [xi]
ta ihe intersectioms L~ rl 4.. Tlie maximal campanemis are ihose where
[xíj and (x2] are in ihe sarne compamemí of Ihe complemení of ihe 3
lines Li, £2, £a. Since ihe chaice of £í, £2 and £~ is irrelevant, it suifices
ta check on a particular case. We iake

[xi] =

— {x=2z},£s={x=—
2z}.

Let q(x, y, z) = ax2 + b
11
2 +cz2+ dxy+exz + fyz = O be a conie ihraugh

[xi], 1x2] aud tangení to Lj, ~2 and £3. Tlien:

q(xí) =

q(x2) =

O==t~ a+c—eO
O==~ a+c+eO 5 ~*a=—c,e=O

1
5

¡
13

Q
2
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Tben ilie canje q = a(x2 — z2) + (bit + dx + fz)y musí be tangení to:

d2—4a(--a+b—f)=0

(2d + f)2 — l2ab = O
(—2d + f)2 — l2ab = O

It follows frorn die lasí 2 equatians thai df = O.
If d = O, we bave

{ (1) f2—l2ab=O =0

a = O gives the dauble Une through [xi] and [x2], for which we dom’t
cara Replacing b = a + f in equatiom (2) aboye gives 2 distimct real
solutions: f = a(6 + 4V~).

1ff = O, we have

(1) d2—4a(—a+b)=O{ (2) 4d2 — l2ab = O

whieh implies thai a(4a — b) = O, and replacimg b = 4a in equation (1)
aboye gives 2 new real solutions: d = ±2ax/S. If a = O, we fimd again
ihe dauble lime tliramgh [xl] and [x21.

Ir conelusion, we liave 4 goad real salutions.

A

¡ ¡
4

..

(—2,4) (2,—l

3

Figure 8. s = 2; ibe daslied line sliould not go thraugh a vertex. At
righi, ihe particular case thai we investigate.

¡
4
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s=3 This case is dual to s = 2. The maxirnal companenis of Sil3 are
iliase far wlilch ibe 3 points [xi], [xa] amd [xa]are in ib. same compamení
of ibe cornplememt of ib. 2 Unes £~ ¿md £2 (seo figure 9).

Tbis is dual to a = 1. If we leí £s be ib. Une al oc, lis

carnplement can be ideniified with R
2, amd it cantains ihe 4 painis

[x
1],..., [x4]. Tbe maxirnal compomemis are ihase for whicb ibese 4

paimis are the vertices of a cottvex quadrangle in R
2 (seo figure 9).

¡5

x
.1

2

• x
3 1

4

x

x
2

x
4

Figure 9. a = 3 and s = 4.

5 The final step

In ihis paragraph we shall wark in sorne affine chan of ~2 thai we idem-
tify witb R

2. Leí rn us E E2 be ilie verilees of a regular pemiagan
aud denote by II ib. convex huil of ya,.. . , y~ (i.e. ihe pentagon itself).
DenaiebyF, ihe space of Unes ihraugh y~ and leí ‘? E )P~.,i = 1 5,
be sucb. thai Lar all 5 c .1...., 5} ilie canfiguration ((u~h~’, (~~)jcc(I)),
where C(I) = {1,... ,5} \ 5, belongs lo a maxirnal compomení of Sil

111
(figure 10 shaws such a camflgmration). Leí L~, i = 1,..., 5 be open
neighbarhoads of ihe 4’s such thai for aH ¡ c {1 5} ihe configura-

415

1
5

x
3.
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tjons ((yi)iu, (ti) .icc<n) silíl belong to a maximal compomení of

Figure 10. 5 generle unes thai generale rnaximal eonfiguraiions.

Set

V(I) = { ((£i)jccm, q) E (rJ~~C(I) L~) < FQa ¡
q(yí) = O, Vi E 1 amd Vj E C(I) q is tangení la £4

The following lernna telís us thai it is passible to make a goad choice
of Unes ¿md thai ibis choice is stable, in sorne sense.

Lernma 13. Leí U G Lí>< ... x L
5 be dejined as follows:

V1c{1...,5},

U3(tí £s)e~ { ((‘~U~ccn~ q) E V(.t) Vi E 1, T[~4jq # fi
Thai:

(1) U la open atid dense iii L1 x ... x L5.

(2) If(£i £~) E U, ihere ezisí conttected neighborhooda U(£h) = Uh
of 4. itt Lh, it = 1,..., 5 such that:

YI c {i, . :. ,s} y @5)~~C(J) ,£5 E U~

toe itave : ((t5) , q) E V(I) ~. T1~.jq ~ (Jí ,VI E 1

fi¡ 2

3
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Proaf.
(1)Fortc{1 5}andioelset

V’(I, io) = {(£í, . . .,£s), q E >< PCa ¡
h=1

E L~Yj E C(I) ,q(y¿) = 0W E I,q
is tangení to £~Yj E C(¡) and T[~0;q = Lí~}

V’(I, io) is a closed subset of codimensian 1 of ihe set

5
v’(I) = {((£í £~),q) E ~J~!Ih x PQ~ ¡

h=i
Lj E LjVj E C(I),q(y~) = OVi E I,q is tangení lo £~Vj E C(I)}
amd it faflows ftom prapasitian 11 ihat ilie natural projection

jEC(I) tU

is proper, and llierefore ilie set

= p~ (v’q, io))

is closed, of codimension 1 in (H~cc~> Li) x (u161 t.) . Now

U=Lix...XLs\ U
1C{i 5} , 1061

iherefore U is apen, dense jn Li x . -~>< 115.
(2) For 1 c {1,. . . , 5}, cansider ihe diagram

v(I) L. -‘2
[IiEIFyi

PC(1) 1
Hiec(I) L~

where T¡ ((£9 iccw~ q) = (T[~1jq) . Leí u = (1 í Ls) E U and

set z = (ti) icC(I)’ ~» = (4) ic1• Sinee u E U, we have thai T¡’(W) rl
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= 0. II follaws fram Ihe fact thai p¿¿¡)(z) is flmlte aud thai

PC(I) is a coverlmg thai tbere exist apen seis:

c L¿, Ufl 3£~, Vi E 1

such thai, seiting Ub<
1> = H~ec(n Ub(¡)Ó and u7 = n1~1 Ufl

P¿k(U;) flr1
1(U7) O

If we lake Uh to be Ihe canmected compamemí of:

(C;hU¿
1h) n (Ñu¡h)

thai contains 4. ihen assertian (2) will be satisfied

u

U £‘ and £“ are ¡inca through the paimí y in R
2 thai are nat perpen-

dicular ilien tliey determine twa angles: une thai is strjctly smaller ilian
ir/2, amoilier thai is stricily larger than <2. We shall cail Ihe sector
determined by £‘ atid £“ ibe set of limes thai go ilirough y and Ue in ihe
smaller angle.

Choase (£í,...,£~) E U and4# ¿gE Uh(£h), ~ = 1,...,5; ihen any
pair (4,4) determines a seciar as explained aboye, whicb is caníained
in Uh. We choase an equatian q¡~ afilie comie 4 u £g,h=1 5im
sucb a way thai q¡, takes negative values in ilie sector deterinined by
(4,4). Set u (¡q~],..., [qn]); we may assume also thai u E U (thai is
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u satisfies camd.itiams (Gi) througb (05> of Sed lan 1).

Tq
yi

Figure 11. The sector defined by (L~, £~‘)

to q at Iii-
does not camíain ihe tangení

It fallows from Ibe praperties of tbe Uh’s, it = 1,..., 5, thai if tu =

([qi],. .., [qs], [xí],..., [zs],[q])E F’(u)s, Iben for all i such thai [x1]=

[ye], T[~~]q will lie outsjde ibe sector determined by £~, £~‘ (seo figure 11),
amd so jis polar wilh respecí to qj wlll Ile imside ihe sector. Tberefare it
follows fram theorems 7 amd 8 thaI if we replace qj by q~ = qí + e, wbere
e > O is small emough, ihen Ihere are 2~ painis of F’([qj],..., [qfl)im a
neigliborliood of tu. Note thaI ihe comies defined by ihe q~ he inside Ihe
sector defimed by (4, 4), whlch js what we expecí imtuitively.

LetsE{O,...,5}and

F
1(u)s = {,» E F..í(u) 1 dimKer (dF,,,) = s}

as in Secijon 3. Them:

¡

1”q 9,

F ‘(u)s~ = (92~~fl~



420 Felice ¡tonga, Alberto Tognoil ¿md Tbierry Vust

where n~ 1,2,4,4,2,1 for s = 0,1,2,3,4,5. Pinally, we set u’ =

(qj,. .. ,q~) and so

5
= Z2~2~~(ins

— 2~ ((~)‘ + (~)2 + (~)4 + (~)4+ (~)2 + (~)i) = 3264.
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