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Automorphisms of generic cyclic covers.

M. MANETTI

Abstract
We generalize an argument of LMa2] for proving a result abeut

automorphisms of generic simple cyclic covers of smoetb aigebraic
varieties. A finite map Ir: 5 —4 X is called a simple cychic cever
if there exists an invertible sheaf C en X such that ,r.Os =

e~jC’ (cf. [B-P-V] 1.17). Here we prove under sorne ‘rnild”
assumptions en the triple X, 4 vi that for the generic cyclic cover
5 the group Ant(S) of biregular automorphisms equals the group
p,, of automorphisms of tbe brariched cover Ir.

O Introduction

Recent exampies ([F-P], [Ma2], [Ma3]) have shown that ene of the sim-
plest way te distinguish irreducible subvarieties {M1} of the meduii
space of varieties with ampie canonical bundle and fixed tepolegical in-
variants is te look at the autemerphism greups jGJ of their generic
members. It is clear that this approach werks ení>’ if at least ene of the
group C~ is different from 0, the typicai situation where this cendition
is satisfled le the case of Galois covers of varieties. In this paper we are
interested te the case of simple cychic, or n-root, cevers. Mere precisel>’
we consider the following set-up:

Set-Up~ Let X be a smeoth connected compact complex variety of
dimensien N > 2, L

2—*X a hoiomorphic une bundie en X vi> 2 an
integer and y c F (H0(X, L®~fl) a nenempty linear system.
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For ever>’ f E JIe(X, L®n) we define the n-root covering of f as the
branched covering X(~x/T, L)—.X defina! b>’ the h>’persurface in L of
equatien z’~ = f, where z E H0(L, srL) is tbe tautelogical section.

It is immediate te observe that XQ~/7, L) is smooth if and only if
D = div(f) is srnooth, iL n and L are fixed then the isomorphism class
of the cever depends ení>’ en the divisor D, for netatienal cenvenience
we shail denote frem new en XD = X(’4/7, L).

It is well known that if D is suificientí>’ ample and generic then
Aut(XD) = ‘,, = « E cLMj¿~ = 1}, i.e. ever>’ bolemerphic autemor-
phism of XD is an autemorphism of the cover.

In [F-P] Fantechi and Pardini give, in the mere general situation of
abelian covera, an effective conditien on the ainpleness of L in such a
wa>’ the aboye fact is true. However their condition is quite restrictive
and their results don’t find applicatien in man>’ interesting cases as the
anes, fer example, described in [Oatj, [Mal), [Ma2], [Ma3J.

We shall sa>’ that a linear s>’stem y en X is big aud base point free
if it is base peint free aud DN > O fer D E V; this secend cendition is
equivalent te requiring that dim~v(X) = dñnX, where ‘tv:X —.

is the asseciated prejective merphism.
We denote b>’ Aut(X, y) the subgroup of autemorphisrns y of X

such that gD = D fer ever>’ D E V, note that if y is big and base point
free then the genericail>’ finite morphism q5j¡ is Aut(X, V)-invariant and
then Aut(X, y) is a finite group.

A linear s>’stern ti is calla! aulomorpitieme genes-it if there exists a
nenernpt>’ Zariski open subset A c y such that Aut(X, D) = Aui(X, y)
for every D E A. Note that tbk is a signiflcant condition ení>’ for
“special polarized varieties X,nL”, in fact if a polarized variet>’ (X, H),
JI E Pic(X), has finitel>’ man>’ automerphisms ( according te [Matj
Corellar>’ 1, tbk is true ir JI is ampie and X is not a ruled variety) then
ever>’ nenempt>’ linear system ti c 1’ (H0(X, JI)) is automorphisms
generic. Ihe cubics of F2 give an example of linear s>’stem which is
not automerpbisms generic, altheugh for ever>’ srnoetb cubic D <E
Aut(F2,D) isa finite greup.

IL Vi, ~“’2,ti are linear s>’stems en X we shall write ti
1 + ti2 c 1/ if

D1+D2EV ferever>’ DiEVi,D2Eti2.
Ibis note is cernpletel>’ deyeted te prove the fellewing

Theerem A. Leí X, vi, L, ti be as in lite Set-up ansi aseume:
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1) ¡<x ® L®<”—’) la art ample ¿irte bundie.

2) y is automorpitiema gertene.

.9) Eltiter

i) vi = 2 ami itere existe big baae poiní free linear systems
y1, y2, y3 such lital ti1 + ti2 + ti3 c ti.

Ii) vi > 2 avid itere exista big base poiní free linear epa lema Vi, ti2
sucit thai ti1 + ti2 C ti.

Titen for lite gerterie D E ti Itere exista art exací eequertce of gs-oupe

0—.p,,—-~Aut(XD)--tAut(X, D) = Aut(X, y).

Note that b>’ A.3 ti is aleo big and base point free.

Corollary B. Asaume lite condition A.1, A.8 are catiefied and
Aut(X,D) = 1 fos-generie DE ti, titen Aut(XD) =

The rnain teols of the preof are the semicentinuit>’ theerem of [F-PI
which is usa! for “putting” sorne special singularities in XD and the
Oartan’s lemnia (fOar] pag. 97) which gives a ver>’ short and easy preof
of the cemmutativity of certain automorphisms.

The statement of theorem A is particularí>’ useful in the stud>’ of
sirnple iterated c>’dic covers (cf. [Ma2fl, iii fact if S-.~—.X is a smeoth
Galois cover with greup O such that there exists an exact sequence

0.—.G-—.Aut(S)—*Aut(X)

and ti is a linear s>’stem en X which satisfles conditiens A.2 and A.3
then aleo rV satisfles A.2 and A.3.

Acknowledgemente. The author thanks Barbara Fantechi and Rita
Pardini for useful discussiens abeut this preblem.

The author is a meniber of GNSAGA of italian ONR; this research
is carried eut under the EU 11CM project AGE.

1. The proof.

Let f: (¿j.N+i, 0) .—* (W, 0) be a gen of holemerphic functien of mul-
tiplicit>’ m > 2 and let (X,0) = fl’(0). U fm is the hornegeneous
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part of degree m in the Ta>’ior expansien of f, up te a linear change
ofcoerdinates in «IN+1 we can write f~ = fm(xo x~), 8 =N, with

the partial derivatives ~E, 1 = 0, ..., e, iinearly independent over ev.
Bx~

In this system of ceerdinates C = {f~ = 0} is the tangent cene
of the singuiarity (X,0) and Ce = {xo = ... = x~ = 0} c O is its
vertex. For every analytic autemerphism ~ E Aut(X, 0) we denote by
dt:WN*l CN+1 its differentiai, it is clear that dc/4C) = C and then

— C0.

Lemma 1.1. In tite notalion aboye leí O c Aut(X,O) be afinute group,
960 and let a,fi 6 «9 be sucit titat

dgx
1 = fax1 fori=0,...,s

/3x~ fori=s+1 N

titen g ja contained itt tite cevites- of 0.
Proef. According te Oartan’s iemma [Car) the differentiai d: O
GL(WN±l)is an injective homomorphism of groups and therefere since
O is finite and 0e is G-stabie, alse the induced hememorphism d: 0
aL(O

0) >< GLQVN+l/Oe) is injective aud it is clear that 4 belongs te
the center.

u
As an immediate censequence we get

Prepesition 1.2. Leí vi > 2 be a,, integes-, f: ((VN,
0) —4 («1,0) a

germ of itolomos-pitic map of muttiplicily m =2, (X,0) c ((VN+1,Q)
tite hypes-aus-face eingulas-ity of equation xg = f(xi, ..., xJy) aud -r E
Aut(X,0) defined by -rx0 = ¿xo, ~ E ~¡,,, -rx1 = z1 for every i >0.

Aseume thai eititer:

1. 1) vi = 2 amI ni >3, or

2. ji) vi> 2, m = 2 avid ~ le aMos-se fuviction.

If O c Aut(X, 0) is a finule group ami r E O liten -r le contained itt lite
certí es- of 0.

We recail that a Morse function has a nendegenerate Hessian at ever>’
critical point.
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Lemma 1.3. Leí X,n,V be ae in lite Sel-up and aasume lite condilion
.9 of lheorem A is salisfied. Thert Itere exista a divisor Do E y u’ilit
isolaled singu¿aritiee, eucit lital Aut(X, ti) acte freely on Sing(De) and:

1. 1) if n = 2 Itere exisís p E X with multp(De) =3.

2. Ii) if u > 2 itere existe a poiní p E X tutes-e D0 itaa a Morse
sinpu!arily.

Note that if d’v(X) c VV is a smoeth variet>’ with positive class
then 1.3.ii) follows from the ex¿istence of Lefschetz pencils without an>’
further assuinptien en y~
Proof. We preve here only the case vi > 2, being the case vi = 2
completel>’ analogeus. Let y1, l~2 be linear systems as lix A.3.ii) and let
U C X be a Zariski open subset where the finite group Aut(X, ti) acts
freel>’.

ti1 and ti2 are big and base peint free, it is therefore possible te
find a point p E U such that, setting B. = ~‘~v~(s), 1 = 1,2, we bave
B1 UB2 c U and the differential of ~ has maximal rank at ever>’ point
of B1 (in particular each B1 is finite).

For eva>’ such a peint p we denote

Vd—p)= jD E V4pED}, i 1,2

ti(—2p) = {D E Vjmultp(D) =2}

E>’ Bertini theorern the generic D1 E tij(—p) is smoeth and therefore
tbe singularities of a generic D E ti(—2p) are centained in E1 fl ~

II q, ..., zp¡ is a system of local ceordinates at p, then for ever>’ pair
1, j E 1,..., N tbere exists a divisor D1j E l/i(—p) + ti2(—p) such that its
local equatien at p is ZiZj+ itigites- os-des- les-me and therefore a generxc
element of the linear system generated by ~ has a Morse singularity
at p. The generic D0 E V(—

2p) clearí>’ satisfles the iemma.

u
Frem new en let vi, L,ti and X be as in the statement of theorem

A and lot D
0 E ti, pC D0 as in lemnia 1.3.

Let jDt} c ti be a generic pencil containing Do, since ti is base
point free and Do has iselata! singularities, b>’ Bertini’s theorem for
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generic 1 E «1 the divisor Dt is smooth and intersects transversall>’
D0; since ti is autemerpbism generic WC have moreover Ant(X, D<) =

Aut(X, ti). This implies in particular that the divisor H = UeDt ~<jt} <E
X x <¡Y is nensingular and therefere the simple cyclic cover of degree vi

branched over H, ~ x CI! is a nensingular algebraic variet>’ of
dimensien N + 1 such that fer ever>’ t, Zt = ir

1(X x í) = XD~.

Since ¡<x®L®(fl’> is an ample lime bundie, b>’ Hurwitz formula (cf.
[B-P-VI Ch. 1, [Re] p. 349) ever>’ normal Gorenstein variety XD< = Zt

has aniple canonical bundie and therefore WC can appl>’ the follewing
sernicentinuit>’ result.

Theorem 1.4. In tite notation aboye lites-e existe a dlak O E A c <¡Y, a
base citange A —. UY, z ~ z”’, ami a firtile group O actiny on tite pu!!-
back family 2 = Z <ay A —~ A preses-ving fibres, euch thaI lite natura!
reetricliona O —. Aut(Zt) are ivijective for evermj 1 E A ami bijective fos-
every t ~ O.
Proef. lunnediate consequence of Prep. 4.4 (with L< the canonical
bundie), Remark 7.1 and Prop. 7.3 (with f = 1) of (F-P].

The group ji,, of automorphisms of the cevering Z-.-.X x A is, in
the netation of 1.4, a subgroup of O, we claim that it is a normal
subgreup. Let i- E ji,,, 9 6 0 and let q E XD

0 = Z0 be the peint such
that ir(q) = p: q and g(q) are singular pointa of XD,, and then, since
X is smooth, the>’ belong te the ramification divisor of the covering
and r(q) = q,rg(q) = g(q),~’rg(q) = q. By the prepesition 1.2 the
automorphism it — g

1rg corumutes with i- and tberefore for ever>’
t, ¡t¡ c< 1, there exists an autornorphisrn itt E Aut(X,Dt) such that

e ir = ir eh.
Fer 1 generic Aut(X, Dt) = Aut(X, ti) WhICh le limite and then

closed, fer continuit>’ alse he E Aut(X, ti), but ho(p) = p, therefere
ito must be the identit>’ and it is an automorphism of the cover, j.C.
it E ji,,. Since ,- and y are arbitrar>’ this preves the nerrnalit>’ of ji,,.

It is new Cas>’ te preve theerem A, in fact for generie D, ji,, is
a normal subgroup of Aut(Xn), in particular for ever>’ automerphism
g: XD —. X¡j there exists a continneus map of pairs q(y): (X, D)
(X, D) commuting with ir and y. B>’ Riernaun extensien theerern q(g)
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is anal>’tic and therefore it le defined a group morphism q: Ant(XD) —.

Aut(X, D) whese kernel is clearí>’ ji,,.

Example 1.5. Let 5 —* F’x 1” bea £2x £2 ceveringdeflnedbythe
equations ~2 = ~, ~

2 = g Where 1,g are bihemegeneous pol>’nernials of
respective bidegrees (2a, 2b), (2rt, 2m). If a, b, vi, m > 3 then for generic

es aboye Ant(S) = £2 x £2.

lxi fact, considering the facterizatien 5 --4 X —. 1” x P1, where X
is defined b>’ the equation ~2 — ~ then frorn theorem A and corollar>’ B
follows inimediatel>’ that for generic 1 Aut(X) = £2 and for generic g
there exists en exact sequence

0—*1
2-—.Aut(S)-—.Aut(X).

Some remas-ka on tite itypotiteses of titeorem A. The cenditions ti
base peint free and A.1 are quite natural in the preblern, while the
conditions A.2 end A.3 are essentiall>’ teclinical, it is therefore natural
te ask irwe can impreve A.2 and A.3. It is eas>’ te seo that We cannet
aveid the bigness of ti (cf. also the notien of flexible divisor in [Cnt)).
Consider fer example the auternerphisms of i’~ defined b>’

a(xe, x1, x~, yo, ¡u, ¡¡2) = (¡‘o, Vi, ¡,2, za, x1, x2)

/3(xa, x1, x2,yo, Vi, ¡‘2) = (zí, x~, re, ¡‘1,1/2, Yo)

Note that a aud fi generate the dihedral group Da.
Let 5 c F

5 be the intersection of three generic D
3-invariant hypersur-

faces of suificientí>’ high degree. Then 5 is e simpí>’ connected surface
of general type with Ant(S) = D3. The set of fixed peints of a has
codimensien 3 in i’~ and then X = 5/a le a smeoth surface of general
t>’pe with universal cever 5.

It is easy te see thet Aut(X) = 1 and therefere the tliesis ofcorellar>’
B is not true in this case.
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