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Bessel potentials in Orlicz spaces.
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Abstraet

It is shown that Bessel potontials bave a represontation in term
of measure wben the underlying space is Qrhicz. A comparison
between capacities and Lebesgue moasure is given and goometric
properties of Bessel capacities in this space are studied. Moreover
it is shown that if the capacity of a set is nulí, then the variation
of ah signed measures of this set is nulí wben tbese moasures are
iii the dual of an Orlicz-Sobolev space.

Introduction

In [4,6,71a theory of capacity and potential in Orlicz spaces was exten-
sivel>’ studied and applications to Bessel kernels were annaunced. Hero
we begin these applications.

We give a representation of Bessel potentials iii terms of measure.
Estimations at two sidos for Bessel capacities of a bail are obtained in
term of radil. This uses arepresentation of Orhicz-Sobolev spaces in term
of Qrlicz spaces and Bessel kernels; namel>’: WrnLA(Rfl) = 9m * LA(Rn)
witen A and A satisú tite A2 condition.

We stndy afro tite relation botween Bessel capacities and Hausdorff
measure and give a condition in term of Hausdorff measure for a Bessel
capacity of a set to be nuil.

For attaining this goal, we are combining tite titear>’ of capaci-
ties un Orliez spaces and tite metitods of tite nonlinear potontial theory,
devoloped by N. O. Meyers 117] aud L. 1. Hedberg [13]. (Seo afro D. R.
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Adams and L 1. Hedberg [1] and W. P. Ziemer [20] for good and com-
prehensive surve>’ of this theory).

Qn the other itand we show that uf tite capacity of a set is nuil,
then the variation of alí signed measures of this set is nuil when these
ineasures are in tite dual of an Orlicz-Sobolev space. This generalizes
the corresponding result in Sobolev spaces by M. Grun-Rehomme [12].

1 Preliminaries

Let A : R -4 R~ be an N-.fnnction, i.e.A la continuona, convex, with
A (¿) _ _ A(t

)

A(t)>Ofort>0,lim —0 F_ = -1-oc> andAis even.
t—.O t ‘t—>+oo

ti ti
Equivalentí>’, A admita tite representation: A(t) = j a(x)dx, where

a : R±-4 R±is non-decreasing, right continuous, with a(O) 0, a(t) > O
for t > O and lim a(t) = +oo. The IV—function A conjugate to

t+00

A is defined by A*(t) = ¡ a(x)dx, where a~ la given by
ot(s) = aup{t : a(t) =s}.

Let A be an N—function and lot 1? be an open set in R~. We note
£A(Q) tbe set, called an Orlicz class, of measurable functions f, on

such that p(f,A,fl) = 4 A(f(xfldx < oc.

Lot A and A* be twa conjugate N—t’unctions and let f be a mea-
surable function defined ahnost everywitore in fl. The Orlicz norm of

¡1 1 IIA,n or ¡¡ f ¡¡A it’ titere is no confusion, ja defined by

¡II IL~= sup j f(x)g(x) dx: y E £A*(Q) and p(g,A*42) =1}

Tite set LA(C~) of measurable functions f, auch that ¡¡ f [4< oc’ is
called an Orhicz apace.

Witen 51 = R~, wo set LA in place of LA(R~).
The Luxembnrg norm ¡II f I¡j~ ~ or ¡¡¡ f ¡¡[4 if there is no confusion,

is defined in LAU1) by:

I¡IJIIIA=hlf{s>O : jA~f(x)px=í}.
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Lot A be aix IV—function. We sa>’ that A verifies tite A2 condition it’
there exista a constant O> O such titat A(2t) =CA(t) for all t > O.

We recalí the following resulta. Lot A be an IV—function and a ita
derivativo. Titen

1) A verifies tite A2 condition it’ and oní>’ ifone of tbe following itolda

u) Vr > 1, Bk = k(r) : (Vt =O,A(rt) =kA(t));
fi) Ba > 1: (Vi =O, ta(t) =aA(t));
ni) Bfi > 1: (Vt =O, ta(t) =fiA(t));
xv) 2<1 > O : (Vt =O, (A(t)/t)’ =d&(t)/t).

Moreover a in ji) and fi in iii) can be chosen such tbat

+ fi’ = 1.

We note a(A) tite amallest a aucit titat u) holda.

2) If A verifies tite A2 condition, then

1) Vi = 1, A(t) =A(1)t
0 and Vi =1, A(t) =A(1)t~

u) Vi = 1, A(t) =A(1)t0 and Vi < 1 A*(t) <A(1)tíL

See for instance [lO,15, 18].

Lot A be aix IV—function such that A and A satiafy tbe A
2 condition.

We note a(A) = a and a(A) = at Then we itave from 2) below

Vi > O c0A*(t) =1c0(t) =fiA(t).

Hence /3 =at
If fi a, then Vt >0 c0A(t) = ta(t).
Thia implies titat titere exista a constant O, sucit titat: Vi > O, A(t) =

att
Thia meana that we are un the case of Lebesgixe clasaes L~, witicit is

treated un tite literatura
Hence we suppose un the sequel titat fi < at
Lot A be an IV—fnnction. We put A an IV—function equal

to A in a neiglibaurlicod of iufinit>’ and sucit that (see[3, lemma 4.4)):

j[A—1(t)/tl+1/n]dt .c
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If J~ [A—le)pl+l/n]ciu = oc, we define a new IV—.function Á~ b>’
tite formula

ÁT’(x) =

and we let A1 to be an N—function equal to A in neigitbourhood of
O and to A1 in a neighbourhood of infinity (see[3, lemma 4.5] for the

conatructin of such N—function). 1ff [AjTí(t)/tí±í/n]dt — oc>, we
start again tite same construction aud we put A2 = (A1)í,...

Lot j = J(A, u) be tite smaflest integer such that

j[AIL(t)/tí+íI¶dt < oc. If J’~”Y4í(t)/tí+1/n]dt < 00, WC put

J(A,u) = O.
Observe titat J(A, u) < u because titere exista a constant O, such

that A’(t) ~ Ct, Vt =1.
Let rn be a positive integer. The Orlicz-Sobolev space W

mLA(O) is
the apace of real functians f, such tliat f and its distributional deriva-
tivos up to the arder tu, are in LA(Q).

WmLA(12) la a Banacit apace equipped with tite norm:

¡Uf [IlmA= >3 jj¡ DV lilA,! E WmLÁ(f))

Lot WrnLA. (It) denote tite apace of distributiona on fi, whicit can
be.written as suma of derivativos up to order tu of functions in LA. (fi).
It is a Banach apace under the usual quotient norm.

Recail that if A and A aatiafr the A
2 condition, tite dual of

W”’LA(R”) coincides with W~~~LA.(Rn).
For more detalis, one can casult tite classkal referencea [2, 14, 15,

16, 181.
We define a capacit>’- as a positive set function O given on

a a—additive clasa of sets r, which containa compact seta and itas tite
properties:

(i) C(®)=O.

(U) IfXandYareinrandXcY,theno(x)=C(Y).
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(iii) If X1, i = 1,2,•-• are in r, then o ~U xi) =>3o%).
i> 1

Lot k be a positive and measurable function in R~ nnd let A be an
N—function. For X c R¶ we define

C>~«X) = inf{A(¡¡¡f lilA) : fE LA + and k * f= ion X}

(
4Á(X) = inf{iIIflIIA fE LA~ and k*f =1~on X}

witere k * f is tite usual convolution. The aign + denia witb positive
elomenta in the conaidered apoce. Titen C~Á ja a copocity and Cb.Á is
called A—capacity.

lf a stateznent itolda except an a set X witere C~(X) = O, titen
we sa>’ that tite atatement itolds C~—quasi everywhere (abbreviated

or (k,A)—q.e ja titere is no confusion).
We calla function 1 i~x LA~ such that k * f =1 on X, a test

function for CLÁ(X)6 Moreover, a test funetion, an>’ /, for CLÁ(X) such
titat c4Á(X) = III! III,~ is called a C~—capacitary diatribution of X
and Iv * f a C~~—capocitary potential of X.

For tite properties of c4Á amI 0M, see [6], aud for tite existence and
uniquenesa of a CkA—copacitary distribution of a set, ser [7].

M will be tite vector spaee of al) Radon mensures. Tite cono of
positivo elementa of M will be denoted by M~.

Mi(Ru) will be tite Banacit spoce of rixeosuros equipped witit tite
norm ¡ji f¡=total varmation of $ < oc.

Rocahl titot uf x la o ineasurable set in R”, titen ¡¡ ji [¡(X) =
aup>3 ¡ ji (X4, tite sup being token over oil decompositions (X¿» of

1>1

Recalí afro that uf g E M
1(Rn), titen ji~ = ~(¡Iji ¡¡ +p) and ji —

(II ~ II
Bessel kernel is of principal interest in titia paper. As closaical refer-

onces, ser [8, 9, 191.
For ni > O, tite Bessel kerneI, Mm,. is most onsil>’ defined titrougit ita

Fourier transform F(g~) os

[F(y~)](x) — {2~ry~/
2(1+ ~ ¡2)—m/2
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where
[F(f)](± ) = (2irYn/2]f(v)e~fl’dv for fE L

1.

9m is positivo, in L1 nnd verifies the equality

9r+s Dr * 9s.

We put
=

0gmA aud B4,~ =

2 Representation of potentials and compari-
son with Lebesgue measure

Titeorein 1. Let A be an N—function sucit titat A ant! A satisf¡, tite
A

2 condition. Let ni be a positivo integer ant! X a set in ~n such that
oc.

Lot f be tite fi4,~— capacitary distribution of X. Titen ¿itere ezists a
positivo measure sx stLcit titat:

1) y,,*f = B4,~,¿X).sm*[c’o(ym*px)], toiterea iá tite derivativo
ofA.

2) suppsx C X.
‘1! in acidulan me suppose thaI X la campad, titen

8) Dm * 1< 1 OIt supp$x.

Proof. We follow Hedberg’s metitod in [131.

1) From [7j, for ah y E LA such that g,,, * y =O on X, we have:

J[ao(f/ III! lilA)] .D<1X >0

Qn the other hand, from [10] there exiats 2’ E WmLA.(Rn) such
titat

a o (f/ III! lilA) = 9m * 2’.
Hence

Vg E LA ~, J(~rn * 2’). ydz =O.
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Titus 2’ is a positive measure which we note ¡ix.

We hayo tite reprosentation f = III! IIIA[a’ o (g,, * px)], and 1)
follows b>’ convolution witit 9,».

2) Lot S(R”) be tite Schwartz space of C~ functions of rapidí>’ de-
crease. Since A verifies tite A2 condition, S(Rn) is dense un LA.
Let g E S(Rn) be such titat suppg,» *g c

0X~ Titen

Vt E R, g,» * (f + tg) =1 on X.

a similar calculus titan tite ono in [7, Titéorémo 1], wo obtain

<T,gm * g >< ¡LX, 9m * 9 > O.

Hence
supppx c st

3) Wo romar¡t that tite set Q = {x: (g,»*f)(x) > 1} is an open. Titia
imphies titat for g E S(R”) sucit that g,» * g c O, we hayo

g,»*(f+tg) =1 on X for al) t sucit that ¡t¡ is suificientí>’ amalí

Again, b>’ tite same argument titan tite ono in 2) we find titat
<MX,9m*9 >0.
Aud thus aupp¡tx c 0o = {x: (9,» * f)(x) =1}.

This complotes tite proof.

Remark 1. Lot A be an N—function. It’ X is a compact set, titen

84«(X) = sup{s(X)/ ¡¡¡Dm * ¡i IIiA* ji> O, suppji C X}. ()

It is a conaequence of (6, Titénréme 11].
An application of 3) in titeorem 1 givos afro (¶), but with tite condi-

tion titat A and t satisfy tite A
2 condition.

Theorem 2. Lot A be att N—functiañ such titat A and A satisf,g tite
A2 coditian. Let rn be a positivo integer. Titen
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1) Ifrn =J(A,n) ¿itere exista a constantO = C(A,n,m) > O such
titat

lot- oíl set X such that rn~}X) # O. (Here ni la tite Lobesgue
measure on R’ ant! n? la tite autor measure associated ¿a ni).

2) Ifni > J(A,n), titere exista a canstant O = C(A,n,m) > O sucit
that

BU(X)=C
far aH set X sucit that X ~ 0.

Proof.

1) It is enougli to pravo 1) when X la a nan-empty, bounded and open

Lot ni < J(A, u). Then from [3] (seo afro [11] fin the case of
a bounded and open set) the apace WrnLA(Rn) is embedded lii
LArn. Thus thero exista a constant O which dependa axil>’ on A, u
and ni, sucit that: Vit E WrnLA(Rn), III it [¡¡Am =C—’¡¡¡ h

Weput: g,»*L~(Rn)={y,»*u:u~L~}.

From [10] we have

WI»LA(Rn) = 9~*LA(Rn) axid ¡¡¡g.»”n [I¡»,~= ¡IL~~ lilA Vn E LA.

Hence
Vf E LA, ¡¡¡Dra * f ¡¡U~ =C—’Il¡filíA.

Lot 1 be a test fuxiction for fi4,j}X). Titen Hólder inequahit>’ in
Orlicz apaces gives

rn(X) =j(Dm * f)dx =¡lXX ¡[(Am) * [¡1Dm * 1

Hero (A,») is tite conjugate to Am and xx ja tite
citaracteriatie function of X. Fram tite equality ¡¡ xx [(Am) * =

rn(X)A,» ‘(1/m(X)), we deduce that

O =A,» ‘(1/ni(X)) - ¡¡II IIL.i -

Whence
fi4ÁX) =C[A,,r’(1/m(X))fl.
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2) ifni > J(A,n), then from [3] tite apace WmLA(R») is imbedded in
C(Rn) fl L00(Rn). Then titere exista a conatant O which dependa
oid>’ on A, u and ni, sucit that

VIELA,VX FR”, (g,»*f)(x)=C’I¡iIIiiA.

Thus uf 1 is a test function for B4,~(X) witit X ~ 0, titen C <

¡Ii! IiiA•
Titia imphies Bk~dX) > O.

Tite titeorem follows.
Tite fallowing lemma ha proved in [5]. For completeneas we give
tite proof.

Lemma 1. Lot A be att IV—functian aud O < fi =1. Lot ~ be defined
att R” by 92(x) = fir. Titen

- ¡II! lilAS iHfa92lliA <fi-»¡j¡f¡¡j Vf E L
4.

Proof. We have ¡ A[(1o92)(t)/ ¡flfo92 ilIAldt =1. Then

Titis implies titat fl¡f Jft~ = j¡ frnp ¡¡¡A.

Qn the otiter hand, lot A snch that JA(f(x)¡A)dx 5 1.

Titen JfinA(f(fiz)/A)d <1.

Hence JA(fi”f (fiz)/A)dx < 1.
Conaequentí>’ ¡¡¡f092¡ft4 =fi~nliif ‘líA nnd tite lemnia follows.

Lemma 2. 1) Lot A be att N—functiau ant! lot ni be snch titat O .c ni <
u. Lot ~ = B(x,p) be tite opon bali contrrd <it x ant! with radius p.
Titen titere exista a constant O independent of p sucit that

B4,4s~) =Cp
m forO < p < 1.
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2) Let A be att N-.-function satisfying tite A2 condition and lot ni be
sucit titat O < ni < u. Let C(Á) be tite sniallest eanstant O’ sucit that:
A(2t) =C’AQ) Vi.

Titen itere exista a canalant O independent of p sn.ch thai: B4,~(S~) =
C2—~prn forO .c p =1, mitere q is tite greatest positivo inte9er such thai
q 5 Log§”/Lag O(A).

Proof. We follow tite argument given un [17]

1) Lot f be atest fuxiction for B424S4). Titen J~m(x—~)f(s¿)dv ~ 1

on S4.

a change of variable we obtain

J F”sm[(x — z)/p]f(z/p)dz> 1 on

From tite following asymptotique beitaviours of gm (seo for instance
[8, 9,19])

y,»(V) = r’%c”/
2r[(u — rn)/2)]1’(ni/2f~’ ¡ r r~n + + o(j x ¡ni—»)

0< ni < u, as X + O

as x oc

we deduce tite existence of a constant Cj, such that

Ci —1~»—~—2~~ =D,»e-) =Clt-?—n
0—r/

2, grn(r) = D,,«r, O, - .

Titerefore

g,,dr/p) = cipn—»rm—ne—r/2P < C
1Pfl 177» »62r.<

Titis implios

— z)f (z/p)dz =1 en S4~,, for O < p =1/4.

Titus, for O < p =1/4, we itave

B4,s(S~) =C1p’»illfou lilA



Bessel potentials in Orlicz spaces 65

witere n(z) = z/p =
We put fon = y. Titen lemnia 1 givea ¡¡Ip ¡¡¡A =¡¡¡9092 ¡¡¡A <

V” ¡1k ¡líA-
Titus

Hence

Titia implies titat

84,s(S4p) =Cip~R4,4S4), for O c p < 1/4.

Tite desired ineqnality follows it’ we replace p by p/4.

2) lxi titia case we evaluate ¡¡¡fon ¡¡¡A in term of ¡¡¡ f ¡¡[4.
WeitaveJAtf(z)/i¡¡fi¡¡Adz =1.

Put z = n(t). Titen V”JAKfou)(t)/ ¡Ii! Il¡A]<1~~ =1.

itexice

JA[2~(fon)(t)/ rs lIIAi —

< p» JA[(fou)(t)/ iii! iiIA]~ < 1.

This meana titat ¡¡¡ fon ¡¡lA =2—~ ¡¡¡1 ¡iA~

Hence ~4,Á(¾) =C
1p—”’2—~B4«(S4, fin O < p =1/4.

Tite desired inequality followa it’ we replace p by p/
4. Titis com-

pletes tite proof.

3 Relation between capacity and Hausdorff
measure

Lemma 3. Lot u(r), O = ir < oc, be strictly positivo, decreasiug and
coutinuous frorn tite riyitt. Lot ji E M+ stícit titat fu(¡ x — y ¡)d~u(y) e
LA.

Titen titero eziate a funetion ii(r), O <r c oc, where
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1) f4r) la strictly positivo, decreasing and continnaus froin tite rigitt,

2) Jíix¡ x — dj4y) E LA,

8) £(r) =u(r) and limfi(r)u(r)’ = +00.
r—.0

Proof. We follow Meyer’s idea iii [17]in tite caso of Lebesgue clasaes.

Define foGr) = ¡

f~(x) = ¡ _ u(¡ x — y )ds(y), i =

Note that fo(x) = O for alrnoat ah x, since ji({x}) > O for at rnoat a
countable number of points x.

We will prove the existence of an increasing sequence (aí» of finite
real numbers sucit titat Vi,a1 =1 axid >3a1f~ E LA.

1>1

We remark that >3 .f¿ -4 0 atrongí>’ in LA as 1 oc>.
1>1

Titerefore titere exista a sequenco of positivo integera, (ij)~, j = 1, ...

such titat

>3Iii >3fí¡¡u. <00.j=1 i=L~,

Moreovor titere exista an ixicreasing sequence of real numbers (b~)j sucit
titat Vi, b~ =1 and

2=1 ¿=4
We define a1 = b~ for 1¡ =i < lj~> Tlien

Uf >3a¿f¿ ¡¡¡A ~ >3 ¡II >3 <ia~ ¡HA =>3b~ ¡u>] f~ ¡¡¡A < 00.

Titis sito’ws titát Vi, a1 =1 and

>3 a¿f¿ E LA.
¿>1
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We define G by:

u(O) =
u(r)=n(r)for2Í<r<2¿+í;i=

u(r) = u(r) for 1 < r.

Then G veriflea properties 1), 2) and 3).
TWa completes tite proof.

Theorem 3. Lot A be an N—futtction such thai A ant! A satisfy ihe A2
canditian. Lot ni be a positivo real sucit that arn c u, mitere a = a(A).
Lot d be a positivo, decreasiny futtctian dejined att R, continuous from
tite rigitt ant! sucit that

ym(r) =G(r) aud IimG(r)D,,.(rY~’ = +00.

II B’= El. titent4’

Hm B’(S~)B4,~(S~)—’ = O.
A—,

0

Proof. Since E’ is invariant under transíation, tite centre of S,, is of no
importante axid we can take it to be zero.

Lot f be a test function for B4,~,¿S~) sucit that

Lot O be a finite constant grenter titan one. Titen we itave

D,n(X — y)f(y)dy + ¡ _ y,»(x — y»f(y)dy =1, x E Sp.

We pose: ~‘ = ¡y~~ g,»(x — y)f(y)dy.

Titen

1<2 inf{A ~ A[Dm(x — y)/A]dy =1}. Iii! It.

But it’ A la such that

¡¡vi _ A*[gm(x — y)/A]dy 5 1,
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titen

f{¡~¡>pO}

N. Alesaoui

— y)/A]dy 5 1.

We begin by estimate tite integral

¡IyI>p(O—1)1 A[D,,«y)]dy.

8>’ a citange of variable we itave

ira = CI .1k0.-1>.001 A¶g,»(t)]t”’dt.

Qn tite otiter haxid, titere exista a conatant Cr¿ such that

g~Qc) ~ <~2 j x

Hence

A * (C”—”)0—
1dt =C~(J4 + Jg,)

A .(tm—n)t»—ídt and Jg, = j1,oo[where 4 =
We have aupposed that p(O — 1) < 1.
Wc muat evaluate J,’» nnd 4.
First, note that tm~» > 1 for p(O — 1) < t c 1. So

Since (rn — u)c¿ + u =(rn — u)fi + u < O, we deduce that

t. =
J[p(0—1),oo[

(tm—n)a%n—ldt

< A(1)[(ni — n)a + n][1 — {p(6 —

Hence

1=2inf{A
¡¡vi_

ira 5 CI ito(#-l),oc,[

(jnl—n )tn—l¿lt

Qn tite otiter itnnd, since A verifies tite A
2 condition, we get for t> 1
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Hence

J~ 5 A~(1) ¡100[(t”’»)/3t”’dt =A(1)(a — 1)(u — anifl~’.

Titen

iv» =C~A~}1)(a — 1)(n — arnf’[p(6 —

Titis sitows that titero exista a conatant K1 =1, such titat

.1,,. 5 K1[p(6 —

Put E(O, p) = {¡ y 1=p(O — í» and remar¡t titat [p(O— í)1(ra~n)a*+n > 1.
Titen

¡¡í~~’ ¡íLcs<o,p) =Ki[p(O —

Hence there exista a constant K’ such that

1 5 K’[p(O — 1)](v»—n>a~+n. iii f líA

From hemma 2 we got

¡ < K”[p(6 — í)]<~—»>~~» 2—qe—tu for O < p < 1

ivitere q is tite groatest positive integer aucit titat

q 5 Log~”/LogC(A).

Put O” = Log2/ LogO(A). Titen

q + 1 =Logp”/LogC(A) implies titat 2—q <

Qn tite otiter itand, we know titat for ahí t > O, we have a/t =
x(t)/A(t).

Titia implies

a(s)LogA(2t)/A(t) = ¡ —cis 5 aLog2.
A(s)

Hence A(2t) =2
0A(t). So 2~> C(A).
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Hence

1 < K”[p(O — i))<m—n)«+». ~,~—m+n/a

< K”(e — 1)(tu—»» +1.~ j~—m+n/a~(tu—n>a+n1

Citoase O such that

O — 1 =

K“‘ will be preciso in tite sequeL
Then

— 1) = K~~IP[m—»/úh/[Q»~n)úI.ttl .- o 85 p + O

Qn tite otiter hand we have

1 5

We chaose K”’ aucit that

s 1/2.

Titen 1 =1/2.
Titis hnplios titnt

JIVI<—} stu(x — y)f<áñdy =1/2, x E Ss,.

We define

= inf{~Z(r)[g,»(r)1’ : 0< ~ .c p(6 + 1)}.

Titen titere exiata a constant D, such titat

TWa completes the proot

Remark 2. Wc have proved the inequnlity 2q S 2p”’«. Titia implica,
in lemnia 2, that titere oxists a canstant O independent of p sucit that
B4,~(S~) 5 Cp-”‘~~I~ for o < ~ =1.
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Hence, it’ ani <u, titen

IimB,’»Á(SP) = O

Definitian. Lot 92(r) be a positive, increasing f’uuctiou in sorne interval
[O,r’[ and such titat

lñn 92(r) = O.
r—,O

IJX is att arbitrary set, tite Hausdarff <p— measure of X la given by

= ?i~ {infZ92(rí)}i

mitere tite aboyo ittfirnum la taken over alt cauntable coverings of X by
apiteres S(x¿, i-¿) sucit that ir

1 5 s.
Note thai la a capacity miticit has tite property

Hso(r)(X) = Itw(r)(Y), ()
mitore Y la a O— set containing X.

Theorem 4. Lot A be <u N—fuuctiou sucit titat A <md A satlaf¡, tite
A2 conditian <md let X be a subset of R». Lot ni be a positivo real sucit
thai arn c u, mitere a = a(A) aud lot 92(r) B~(S~). Titett

B,»4X) = O ifH~«r)(X) <00.

Praaf. Iii view of (¶ and [4, Théor&ne 3], it ha sufficient to conaider
tite case X = K, K a campact. Asaume titat B4,~¿K) > O. Titen from
[4, Titécréme 4], titere exista ji E M+ such tbat

ji # O, suppp c K axid Ytu * ji E LA..

Lemma 3 gives a kerxiel i2 witit properties 1), 2) and 3). If wo set
= C~, b>’ 14, Théoréme 4], we muat itave

B’(K) > O.
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Lommn 3 and titeorem 3 impí>’ titat

hm B’(SP)B,’,,Á(SpY’ O.
o—.0

Now let (S(x1))~ be a countable covering of K by apiterea. Titen

ñ’(K) =>3 ñ’(Spi(xi)) =
i>1 1>1

Since tite ratio [B’(Si(xi))B4.Á(Spi(xi))’] can be nimio os amalí
as we wiah while >3 fi4~(St.i(xí)) remama bounded, ive must have

1>1
B’(K) = O which gives a contradiction.

Tite proof ia finisited.

Remark 3. As we hayo noted in tite remark 3, v.’e conaider tite case fi .c
at For L~ apacos, titeorom 4 la true br 92(r) = B».,p(Sr), becauseE,»,,, is

cnpacit>r. (Here B,»,,,(X) = inf{¡¡ f ~i~:f E ~ nud Dtu*f =ion X}).
In our case, unfortunatel>’ we don’t know ivitetiter ~.,1s is a capacity,
so tite theorem la not sharp. Tite opon question ja to citaracterize tite
N—function A for witicit ~,,,Á is a capacity.

1 am ver>’ grateful to Profeasor L. 1. Hedberg for pointing out titis
fact.

4 Capacities and measures in Orlicz-Sobolev
spaces

Lemma 4. Lot FkA(X) = inf{¡¡I=b[¡¡A: ~ E D~(R») ant! Iv *4., =1 on
X} aud ¿et F~4X) = A(FL(X)). Titen

1) VX c R¶Ck4X) =F,~(X).

2) FkÁ(X) = O C~(x) = O.

Proof. 1) It ja obvious that

CkÁ(X) 5 FkÁ(X), VX c R».

Titia gives
Fk4X) = O =~. C~(x) = O.
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2) Suppoae that CkÁ(X) = O. Titen theorem 3c) in [6]givea a fuxie-
tion 1 E LA + aucit titat

Iv * f = oc on X.

Qn the otiter itaud, there exista a sequence (~~)¿ c D~}R”) ~vhicit
converges in modular and almoat ever>’witere to f. ~>‘ Fatou’a Lomma
we obtain

Hm Iv * = oc on X.
t00

Hence
VN,2~: k*4W>IVonX.

Titia implica thnt IV’=ÚNja a test fuxiction for F,~Á(X).
Sinco ¡¡ ~ ¡¡A ~ bounded, there exista a conatant O, sucit that

O/IV =N’ (¡¡4W lilA =FL(X).

Witence
F~(X)=O.

Tite proof ja finisited.

Lemma 5. Lot A be att N—function sucit titat A ant! K satlaf¡, tite A2
condition aud lot m be a positivo integer sucit titat ni < J(A, u). Let
2’ E W”’LA.(R”) fl Mi(R”) ami lot K be a compact set Buch that

BkÁK) = O aud T(K) O.

Titen

Proof. Lot e> O axid O be an open set such titat

K C O axid ¡¡ 2’ ji (O\K) <e.

Titere exista a fuxiction ¿ E D~(R”) auch titat

05 ~ =1,¿ = 1 on Knnd aupp¿ CO.

Since B&(K) O, lemnia 4 gives FM(K) = O with
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F~Á(X) = ~nf{iI¡4~ii¡A ~ E D~(R”) axid g,»*~ =1 on X} and
FkÁ(X) = A(FkA(X)).

Titere exists a sequexice (~‘i)¿ = ~ * ~ in W”‘LA(R”) such that

Vi,ip¿ =ion K,~< ~0 in W’»LA(R~) and <b¿ —*0 oxi LA.

Lot tite function It E 0+ 00(R~) be defined b>’

H(t)=t it’ O<t<1/2
H(t)=l if t>1
H(t) < 1 Vt.

From [10]~‘e hayo

Vi,2f,ELAaucitthatbj=I,»*f¿and IIIfíM¡ASO¡1L4’íli¡,».4

whore i,» is tite Riesz ¡teruel defined by: I,4x) =¡ X ¡‘»“ and O is a
conatnxit ixidependent of i.

Hence ¡¡ fi iilA O.
We pul for each i, t = H

0(1,-,,* i fi ¡)-
The same calculus titat titose given in [10] sitow tliat titere exista a

conatnxit O’ independexit of 1, such titat ¡¡¡ $~ ¡j,»~ 5 0’ j¡¡ A
This implica

¡ii~tilI,,,.Á—> O.
Moreover, on K wo hayo

1 <1,» * f~ =1,»* ¡ fi ¡

Hence
•i < 1 aud 5, = 1 on K.

Now, WC put 92¿ ¿5<.
Titen

¡II 92i ¡j,,,,4 0” ¡¡j ~‘< juntA
‘where O” is a conataxit indepexident of 1.

TWa implica
92i —. O in W

tuLA(R”).
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Sixice 2’~}K) = O, we itave

¡9242’ f 9242’ + L =iI 2’ 1(K) +

We remnrk that, for all ~,sat E W’»LA(R”) fl L”’,p, is continuous
with compact support. 13>’ tite approximation of unity we obtaixi

<T,92¿ >= ¡9242’?

Hence
¡ ]~92i<I2’ i=Ii¡92i¡iIrn,A¡iIT¡¡Im..4’~ —+0,

axid
so¿d2’.=B2’ ¡¡ (O\K) <e.

Hence for sufficiexitly large i, wo have

¡¡2’ i(K)<2e.

Titis meana
¡¡2’ Ii(K)=O.

Tite proof ja finiahed.

Lemma 6. Let A be att IV—functian sucit titat A aud A satisfy tite A2
condition ami lot ni be a positivo integor such titat ni < J(A, u). Lot
2’ E W”‘LA.(R”) nMi(Rn) <md lot X be a ¡~ 2’ ¡j —measurable set .sucit
that

BM(X) = O ant! 2’}X) = O.
Titen

¡iT

Praof. ForeacitcompnctK C X,weitaveB>~4K) = OandT}K) = O.
From lemma 5 we deduce titat

Tite inner measure of X ha defined by ¡ 2’ *(x) = sup{iI 2’ ~¡(K)
K C X axid K compact }.
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Hence
2’ *(x) = O.

Since X is a j¡ 2’ ¡ —measurable set, we conclude titat

IITiI(X)=¡2’i*(X)=O.

Tite proof ha finisited.

Lemma 7. Lot A be arz N—function sucit tit<it A ant! A satisfy tite A2
condition ami lot ni be a positivo integer sucit titat ni =J(A, u). Lot
2’ E W—

mLAdR”)flMl(R”) <md 1< a compact set sncit titat B~(K) =
O.

Titen jj 2’ H (K) = O.

Praof. Titere exista two j¡ 2’ ¡¡ —measurable seta, E and F, aucit titat
2’ is concentrated on E axid 2’+ on F. Hence

T}K\E) = O.

Lemma 6 gives
2’ j¡ (K\E) O.

Qn tite other itaxid
T~(K\F) = O.

Lemma 6 ja valid uf we take 2’~ in place of 2’.
Hence

¡¡ 2’ j~ (K\F) = O.

This implica titat
¡¡2’ ¡¡ (K)=O.

The proof it’ finisited.

Rernark 4. From [6,Titéoréme 2] we know titat C~ aud C~ are auter.
Tbk implies tite following: II X ja n set, titere exista a 06 set O, such
titat X c O axid

OM(X) = CM(O) and C¡~(X) = OL&(G).
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Titeorem 5. Lot A be arz N—function such that A ant! t satlafy tite
A2 conditian ant! Lot ni be a positivo integer sucit that ni 5 J(A, u). Lot
2’ E W~

tuLA.}R”) fl Mi(R”) ant! lot X be a set such titat B>j(X) = O.
Titen ¡~ 2’ ~¡(X) = O.

Proof. For nil compact aubaet K of X, we lave fi>s(K) = O.
Lomma 7 implica ¡¡ 2’ ¡1(K) = O.
Tite inner mensure of X ja defined b>’ ¡ 2’ *(X) = sup{j¡ 2’ ¡¡(K):

K c X and K compact }.
Tite onter mensure of X ja defixied by 2’ ¡‘ (X) inf{¡i 2’ f¡ (O)

X c O and O opon }.
Hence

¡Ti*(X)=O.

Qn tite otiter hand, tite aboye remar¡t givea n 08 set O, such that
XCC axid BM(O) = O.

Hence, ifK ja a compact set sud titat K C O, we have BM(K) O-
Lemimn 7 implica that

¡2’ ¡1(K) = O, VK compact sud titnt K G O.

From tite definition of ixiner mensure, we itave ¡ 2’ ¡ *(C) = O.
Since O ja a GB set, it is ¡ 2’ ¡¡ —mensurable. Hence

Tite inclusion X c O gives

¡2’ j. (x) =¡2’ ¡ (O) =~ 2’ ¡j (O) = O.

Titis implica
ITr(x)=ITI*(x)=O

and X ja 2’ ¡ —measurable.
Hence 2’ fi (X) = O and tite titeorem is provod.
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