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A short intervals result for linear equations in
two prime variables.

M. B. S. LAPORTA

Abstract

Given A and B integers relatively prime, we prove that almost
all integers » in an interval of the form [N, N -+ H], where N1/3+s <
H < N, can be written as a sum Ap; + Bpy = n, with p; and
p2 primes and ¢ an arbitrary positive constant. This generalizes
the results of [PP] established in the classical case A = B = 1
(Goldbach’s problem).

1 Introduction

Let us consider the linear equation Ap; + Bpg = n, where p; and po are
prime numbers and A, B, n are positive integers satisfying the following
conditions:

1) A, B are relatively prime, (4, B) = 1,
2) neA={n:(AB,n) =1, ABn =0 (mod 2)}.

In the classical case A -= B = 1 (Goldbach’s problem) Perelli and
Pintz [PP] proved that the above equation has solutions for all even inte-
gers 2n in an interval of the form [V, N + H| with O(H L~F) exceptions
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and
R(2n) = 2n6(2n) + O(’NL_C),
where
B Y e 1 p—1
R(2n) = h+§2nA(h)A(k), (2n) 2}}2 (1 (- 1)2) 111 (p— 2)’

A is von Mangoldt’s function, L = log N, N/3™ < H < N and E,
C > 0,0 < e < 2/3 are arbitrary constants.

In this paper we want to establish the same results in the general
case for A and B. Let us denote

R(n)=R(n,A,B)= > A(h)A(k),

Ah+Bk=n
M(n)=M(n,A,B)= Z 1,
Ah+Bk=n
1 1
S(n) = 6, 5(n) = 1+ —— - ——=-
plgn( P—l)p/an( (P—1)2)

Theorem 1. Let 0 < e < 2/3, C > 0 be arbitrary constants and
N3¢ < H < N. Then

3 |R(r) — M(n)8(n) |* Kepne HN2LC.
N<n<N+H
ne.Ad

Clearly Theorem 1 implies

Corollary. Let E, C > 0 be arbitrary constants and N3¢ < H < N.
Then, for alln € [N, N+ H|N A with at most O(HL_E) exceptions, the
equation Ap1 + Bpa = n is solvable and we have

R(n) = M(n)8(n) + O, o a (NLE).

Theorem 2. Let 0 < ¢ < 5/6, E > 0 be arbitrary constants. Then,
for alln € [N, N + H| N .A with af most Os,A,B,O(HL'E) exceptions, the
equalion Apy, + Bpa = n is solvable, provided N T3te < g < N.
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Remarks.

L

II.

II1.

The condition (4, B} = 1 is natural. In fact, if (4,B) = d > 1,
then the equation Ap; + Bpy = n has no solutions when d fn. If
d|n, then the equation is equivalent to A’py + B’py = n’, where
A'= AJ/d, B' = B/d, n' = n/d with (A", B') = 1. If n ¢ A, then
our equation has at most one solution, and our method is not able
to detect it.

It is easy to see [A; ch.2, ex.9] that for fixed A and B, (4,B) =1,
we have

p(AB) .
—A5—

where ¢ is Euler’s function. Hence the exceptional set in the above
results is of order smaller than | [N, N + Hjn A|.

|[IN,N + HNA| ~

The number of non-negative integer solutions of the linear equation
Az + By = n, with (4, B) = 1, is given by

M(n):[% or ]+ 1

[
AB
This result can be proved by appealing to the following theorem
(see [NZM; Theorem 5.1]) and recalling that (o] — [8] = [« — 8] or
[a — B8] + 1 (where [o] denotes the integer part of a):

Theorem 3. Let (z,,y,) be an integer solution of the linear equation
Az + By = n, with (A, B) = 1. Then the solutions of Ax + By = n are
given by:

T =Zo+ Bt, y=yo— At

where t i3 an integer.

IV.

Following the proofs of Theorem 1 and 2 below and computing
the implicit constant in < 44, it is easy to remark that the fore-
mentioned results holds uniformly for 4, B <« L, for a suitable
constant C1 = C1(C) > 0.
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2 Notation

C - an arbitrary positive constant,
€ - an arbitrarily small positive constant,
§=1/34+¢c0r7/36+¢,
N, H - positive integers such that N < H < N, N > Ny = Ng(4, B,C,¢),
D=2%@2Cc+25), @=YE
I {a €L } here £qq C ( LI )
=<¢—+n, ap, Wwhere &g -, —},
L PR “ 9Q ¢@Q
a L4D L4D
If — el I h ' — —_— ],

q
1 1 .
M= U U I;,a major arcs, m== [—, 1+ —] \ 9 minor arcs,

am Q Q
o<LP (a,q)1=1
B-1
eia={e€l0,]|3Bel,: Ba=8 (mod 1)} =B~ |J(r+ Ig,),
r=0
q
ms = U U I;rqra', mB = [0'l 1] \DJTB‘
e<L? o
R*n)=R*(N,Y,n,A,B)= 3 A(RA(k),
Ah+Bk=n
N-Y<ah<N
Bk<Y
M*(n)= M*(N,Y,n,A,B)= > L
Ah+Bk=n
N-Y<Ah<N
Bk<Y

2mic

ela) = e, eqla) = e(a/q),
Sia)= D Ah)e(Aha), Sa(a)= D A(k)e(Bka),

N-Y<Ah<N Bk<Y
S(B)= Y Ak)ekB), T(m)= 3. e(kn),
Bk<Y Bk<Y

R(n,q,a)= S (% + 7)) —‘MT(TI),

w(q)
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Wion) = Y. Alk)x(k)e(kn) — 6T (n),
Bk<Y

: _ 1 ifx-:Xoa
w1th6x—-{0 if % % Xor

q . q
Z = 2 , || 8|} = distance of 8 from the nearest integer, d{g) =
a=1

> "

{a,q)=1

dlq
2 ma .
cg(m) = Z e| — }, Ramanujan’s sum
a=1 4
q., o
(x)= Y x(a)e (—) , Gauss’ sum
a=1 q

¥(z,x) = 3 Al)x(n)-

n<x

The constants in the < and O-symbols might depend on &, A, B,
C, even in an ineffective way.

3 Lemmas

Lemima 1. Let 0 < € < 5/12, D, G > 0 be arbitrary constants, end
N be a sufficiently large integer. Suppose that N /12te < ¥ < N and
qg< LD, We have

Y
AR = —— + O po(Y L),
N_,;,SN elg)  °7°
h=a(mod q)

for (a,q) = 1.
Proof. We have (see [PPS])

Y(N,x) - (N -Y,x}) =&Y + OE,D_G(YL_G), for every x (mod g),

with G >0, NT/12*s <y < N, g < LD
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Then the Lemma follows from the property

T AM) = ;}5 S % (@) (BN, x) — $(N — ¥, ).
h.=.a(mo§q) X

Lemma 2. If (A,B) =1 and n € A, we have

I(+-=) I (:- =) +z°;° P w0,

where f,(a) = u(a(q, B))nla, A)p(e, A).
Proof. As in [V; p.34], using the well-known property c4(n)=

JRCHCENTLC :
%&%P* we obtain
_Hg)_f'f’ﬁ'f_('ﬂ_g L‘(Q)
&
w(q)??

X <q<y < o u) iﬁ ol(a)?
ulA ( AB =1
q,ABn

4 Z’;((d)zmm(%,l).

djAn

Hence E ,u(q cq( }f4,s(g) converges. Furthermore, it is easy to see

that
(1, if 5 == 0,
w(p®) ;%55, if s =1 and p|An,
ooz W fas(p?) = 3
¢ —alap’, ifs=1andp JABn,
0, ifs=landp|Bors>1.

Then, the Lemma is proved.

Lemma 3. Let X and Y be natural numbers such that X < Y. If
(A, B) = 1 then for every real ¢ # 0 we have that

} Y — X 1
; e(tf) <Aam1n( = ),
13
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where § = 3—_-1:21—&‘2.
Proof. This is wellknown for A = B'=1 (see [Vi]). Let

hl’hz""’hqo(SAB) be a reduced residue system mod 6AB.

Define h, = min{X <t <Y :t=h (mod 6AB)}, for every
i=1,2,...,2(6AB). Then we write

p(5AB) A
ST oee)= Y e(hif) Y e(s6ABE <
XfetiY i=1 USSS%
2 (Y —-X 1
& (0 AB) min | — o .
$AB | 6AB¢|

Thus, the Lemma is proved.

Lemma 4. Let us denote

" = Iq,a\Ié,a, ifg < LD,
2% | Iga if ¢ > LP.

We have that
max /1 EG) 12dB <« Y L7203,

95Q
{a,g)=1 q,a

Proof. See [PP; §5].

4 Proof of Theorenis 1 and 2

We note that M*(n) = Mﬁzﬂﬂ—i—O(l). Moreover, in the case Y = N,
for N < n < N + H we have that R*(n) = R(n) + O,s(HL), M*(n) =
M(n) + O, (HL). Hence, from &(n) <« L we get that

3 R - M@)Sn) | <

T IR0 - M*()6() [P+ HOLE =

N<n<N+H
ncA
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= Y. |R*n)--—=6(n)| +0(H3LY.
N(nS‘JX-{-H AB
ne

Moreover, writing

mg N<n<N+H
neA

2

1

f S.(@)Sy(@)e(—na)da

¢

2

2= D

me N<n<N+H

Y
fsn S (a)Ss(a)e(—na)da — X'EG(TI)

B

ncA
we have
* Y 2
w2t T TEOW | €22
neA e M

In order to prove Theorems 1 and 2 it sufficies to choose H = Y1/3+¢
where Y = N in Theorem 1 and ¥ = N7/12+¢ jn Theorem 2 and show
that

> < HY?L7C, (1)
My
Y. < HY?LC. (2)
Mp

Proof of (1). In this section we show that (1) holds for N7/12t¢ <y <
N. For any a € I _ _, we have that

BPQfa',

Sa(a) = 5(8) = Y A(n)e(kB),
BE<Y

where § € I} , with Ba = 8 (mod 1). Then, for 8 = 3+ mn €&, we
write
(9)

=s(2 = A% a).
Sa(a)—S(q +n) ¢(q)T(n)+R(n,q, )

Now, we have that
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9 .
S e(2) T Awet) - #) 13 1 0(log? ¥) =

Bk<Y ( )
k= b(rnodq)

zq;‘e(“”)izw) Y AR ®)e(kn)— 2D 1) +0(0g? v) =
(1) % ola) " &

B(&‘.SY ( )
1 .
m ;X(G)T(Y)W(Xs n)+ 0(1052 Y).

By partial summation, using the Siegel-Walfisz theorem, we have that
W(x,m) <YL,

uniformly for ¢ < LD, 8 g T € I’ . Thus, from the well-known estimate
r(x) < ¢/2, we obtam

11D
R(n,q,a) K YL 7, (3)

uniformly for 5 € £ 4, ¢ < LP, (a,q) = 1. Hence, we write
]DJTB S,(a)S(e)e(—na)da = 5 Z Z : e( - %(g— +'r)) X

L 5GG +rm) T+ mmaa)et~ i <

v(q)
PIEDIEDY!
1 2 3
where
z=i &i‘}s_le(_f.(ﬂ+r))x
1 B g<Lp L4 q) a=1 r=0 B
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f.Lt_f S‘(%(g Tr+ '?))T(ﬂ)e( - —g—n)dn,

S
th
»

~_
|._.
—~——
&
+
-
+
-
p
) T—
=
—
-
=
=
o
[4.]
~—
[
|
-
S
oy

Recalling that

) {1 if B|Ah — n,

*Ee”(’" Ak —n) if B JAh ~n,

r=0

we have (
E > £ 9) 3 cga(Ah - n)A(R)x
q<LP olg) N-Y<Ah<N

i

1 Z esr(ah—n)) I / ® eu(n(Ah + Bk —n))dn

B 5% Bk<NY"3

= B s B AR - n)A). )

q<i? ¥ (q) N-Y<AREN
Ah=n (mod B)

Using the property co(m) = z du (%), we write
d|(g,m)

> emMan-mAm =S (1) X AG),

N-Y<Ah<N dlg N-Y<ZAREN
Ah=n{mod B) Ah=n (mod Bd)
We observe that, since (A, B) = 1 and (4B, n) = 1, the linear congru-
ence Ah = n (mod Bd) has a solution if and only if (4,d) = 1 and, if it
exists, this solution is unique. Then, from Lemma 1 we obtain

Y . ca(BTHAR —n))A(h) =

N-Y<ARZN
Ah=n (mod B)

% % cp(dB) ()"'Oe,,,a(qd(q)YA‘lL*G)—

(d,An)=1



A short intervals result for linear. .. 27

Y ¢(d,B) d )
Ap(B) % “(d,B) o(d)" ( )+OED,a(qd(Q)YA 1L=%).  (5)

(d,An)=1

For every square-free ¢, we have

(d B) d g\ _ coln}
2 B @ (3) - 551w ©
(d,An)=1

where f.s(q) = u(Q(q,B))u(q, )¢(a, A} (see Lemma 2).
Since T(n) <« min(YB~%,|{n|~!), using the Cauchy-Schwarz in-

equality, we have that
1

S.(B a/q+r +n))T(n)e(—nB p)dn| <

L&D
qY
1 1/2
j;m S.(B” 1(a/t;r+r+11)[ dn| x
qY
1 1/2
2 — -
f,—,w Inl~2dn| < q/2vLi=?P.
g

Analogously, from (3) we have that

f S«(B~Ya/q +r +n))R(n, ¢ a)e(-nB n)dn < ¢~y [} F
(]

Therefore, the contribution of z and Z to Z is
3 My

Knp HY?max(L27P,1274P) « HY?L™C, )

Recalling that _(35 H (1 + —1-—) from (4)-(7) it follows that
plB

+ OHY?’L™C) <«

S« ) Zl———@i(n

N<n<N+H
M e

2

Y B (g} n
15 G qSZLD @) — S(n)

N<nS<N+H
neA
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“1,-G ’-1)
YAT'L qu (@)

of ¥
Ne<n<N+H
ncA

The contribution of the first O-term is

) +O(HY?L™C),

<« HY?L3P~2G « gy?1=€,

provided 2G > 3D + C. Then, from the proof of Lemma 2, it is easy to
see that

2

NEn<N+H
neA

« HLYP « HLC.

B 5 D) p @)egln) - S(n)

0(B) b ela)?

Thus, we conclude that (1) is proved.

Proof of (2). By the Cauchy-Schwarz inequality, Parseval’s identity,
the Brun-Titchmarsh inequality and the Lemma 3 we have that

Z = Z /;_n SA(E)SB(é)e(_nf)de Si(a}Ss(a)e(na)da <«

Mg <
ncA

JREXGEROUY EXOERSIP

H 1
= , —= dald
m(MB II5AB(a—£)II) @ <

1
2 3
1
(YL)% sup / ISB(a)|2min AH, - de <«
gem, \ Jm, §AB’ ||6AB(a—€) ||

1
2 2
a 9 . H 1
Y L)z sup S(4)|°"min | = ) —= dag <
e (L' @ (m e n) )

2\
H 1

YL S(8) | min | —, — ag| ,

( )s;é‘[?u(f | (ﬁ)'m’“(aAB IlM(ﬂ—E)II) 'B)

where my = mnN Jg, with J, = [ijl, :‘94-], s=1.,A
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Hence, (2) is proved whenever

18(8) [*dB « YL 3 s=1,..,A4 8
| pery 5O ®)

for ¥(C,€) £ Y, Y1/3+¢ < H_uniformly for £ € [0, 1)
Since, for § # & and g, ¢’ € @, we have that

a a’

a 9q

1 4

>
_..Q2 HT

[

then there are at most iwo punctured arcs I, with ¢ < @ and (a,q) = 1
(see Lemma 4) which intersect (¢ — 1/H,£ + 1/H). Then, in order to
establish (8) it sufficies to show that

max |5(8) |2dB « Y L7272,
e<Q  Jyv
(a,9)=1 " 92

But this is given by Lemma 4. Hence, (2} is proved and the proof of
Theorems 1 and 2 is complete.

Acknowledgement. The author is very grateful to Professor A. Perelli
for his kind encouragement.

References

[A] T. M. Apostol,Introduction to Analytic Number Theory. Springer
Verlag (1976).

[NZM] L Niven, H.S. Zuckerman, H.L. Montgomery, An Introduction to
the Theory of Numbers. J. Wiley, Inc., Fifth Ed. (1991).

[PP] A. Perelli, J. Pintz, On the ezceptional set for Goldbach’s Problem
in short intervals. J. London Math. Soc. (2), vol. 47 (1983), 41-49.

[PPS] A. Perelli, J. Pintz, S. Salerno, Bombieri’s Theorem in short in-
tervals IT. Invent. Math. 79 (1985), 1-9.

(V] R.C. Vaughan, The Hardy-Littlewood Method. Cambridge U.P.
(1981).



30 M. B. S. Laporta

[Vi] 1LM. Vinogradov, Elements of Number Theory. New York: Dover.
Translated from the fifth Russian edition of 1949 by S. Kravetz.

Dipartimento di Matematica e Appl. “R. Caccioppoli”
Complesso Universitario di Monte S.Angelo

Via Cinthia, 80126 Napoli (Italia)

e-mail: laportalmatna?.dma.unina.it

Recibido: 9 de Febrero de 1996



