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ABSTRACT. The concept of WM point is introduced arad the criterion
of WM property ira Orhicz furaction spaces endowed with Luxemburg norm is
given.

It is well known titat WM property is an ímportarat property ira
Geometry of Orlicz Spaces. The criteria of WM property itave beera
discussed. [1-3] Ira this paper, we introduce tite concept of WM point
arad give a criterion of WM point ira Or]icz furactiora spaces LM endowed
with Luxernburg norm. Herace, we get easily a sufficient arad necessary
coraditiora that LM itas WM property.

Let X be a Banacit Space, B(X), 8(X) be tite unit bali arad unit
spitere of X, respectively. x E 8(X) is cahled WM point provided z,, E
B(X) arad ¡~z, +xlI —* 2 imply titat titere exists a supportirag furactional
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f at x sucit titat f(x~) -~ 1. If every x E 5(X) is WM point, titen we
say titat X itas WM property.

M(u), N(v) denote a pair of complemerated N-furactions, p4u)
arad p(u) denote tite left arad rigitt derivatives of M(u), respectively. 5M
denote a set of strictly coravex points. [a,b] is calied a structural affine
interval of M(u), if M(u) is linear ora [a,b], arad for any E > 0, M(u) is
neititer linear on [a — E, b] nor ora [a,b+ e]. We say M E A

2, if M(2u) S
1<M(u) for ah large u, witere 1< > 2 isa previously constarat. M(u) E V2
mearas titat N(v) E A2. Suppose titat (O,E,g) is a raonatomic firaite
measure space. For eacit E-measurable furaction 41) 011 (3, we denote
its mordular by

Tite set
LM = {xQ) : PM(AZ) < oc for some A > 0I>

eradowed witit Luxemburg raorm

¡Hl = inf{A >0, PM(X/A) =1}

arad Orlicz norm

= iraf{le
1[1 + pM(lex)] : le > 0}

we denote by LM, LM0 respectively, arad we cali titem Orhicz Spaces.

It is known titat for ah x ~ 0, titere exists le~ > O sucit titat

ilxI¡O = le;1(1 + pM(k~x)).

First we give sorne auxiliary Lemmas.

Lemma 1. Aray f E LM has lite unique decomposition

f = ti + 4, (ti E Lp¡0, 4, is a singular fuvictiovial), i.e.
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f(x) = x(t)vQ)dt + 4,(x) (x E LM).

Proof. See [4].

Lemnia 2. f = ti + 4, Ls a supporí furaclional al z E LM \ {0} uf
(1) PM(¡j~p) = 1,

(2) ¡¡~¡¡ =

(3) x(t)v(i) > O and for any (equivaleratly for sorne) le E K(v),

Proof. See [4].

Lenima 3. If M E V2, [a,b] is ara affirae iralerval of M(u), arad
M(u) is neititer linearon [a — e, a], nor on [b,b + e] for aray e > O, titen
fo> aray e > 0, Itere exisls fi > O sucit lital fo> any ti E [a, b],

M(u) + M(V)~MÑL+V’~<fiimliesuE[a~Eb+E1

2

Proof. See [1].

Lenima 4. Assume x E S(LM). ¡f 6(x) = inf{e > 0: pM(xIc) <
oc} < 1, liten alí supporl funcíioraals of x are ira LN

0.

ProaL See Lemma 2 ira [5].

Theorem. a, E S(X) is WM poiral if arad oraly if

(1) Itere exisís r > O such thaI PM((1 + r)x) < oc.

(2) s{t E O : ¡x(fl¡ E (a,b]} = O or M E V
2, uñere [a,b] is ara

arbilrary stn¡ctural affirae iralerval of M(u).
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(3) For aray comrnora erad-poiral of tío raeigitbour affirae intervals
e,p{tEG: Ix(t)¡=c}=0.

Proof. Necessity. Wititout loss of generality, we assume 41) > 0.
If(1)isnottrue,titeraforanyE >0,pM((1+e)x)= oc. Takeo< c<d
sucit titat ¡tE = p{t: e =x(t) =dI> > 0. Put

y = —XIE + X¡O\E

Obviously j¡y¡¡ = ¡¡x¡¡ = 1. Forarayc > 0, since PM = PM(X ¡G\E)

< 1 arad PM ((lí+E) t”) = PM((1+E)XIG\E) = oc, we deduce 281! —

li.e. ¡¡x+yj¡=2.

Denote (3» = ji E (3 : Ix(l)¡ =viI>, x,,(t) = z(t)¡o~. Clearly,
iIa,41 =t ¡k» + ~i¡ --4 ¡12x11 = 2. We corasider tite sequerace

a,1, y, x2, y, a,3, y,•~•.

For aray support furactional f = ti + 4, at a,, if «~) # 0, titen

= L xn(t)v(t)dl —. L x(t)v(l)dt = f(x) — «~) # f(x) = i

arad if «~) = 0, titen by Lemma 2,

— = ¡E 2x(t)v(t)di = ~ ‘E 2x(i)k~v(l)dt =+-2cpic)¡tE > O

so f(y) # f(x) = 1 and deraoting tite sequence by (Za), we itave Z» E
B(LM), ¡ja, + Z,,¡¡ —* 2 arad f(Z,,) -~i for aray support furactional at x,
i.e. x is not WM poirat.

If (2) does not itold, titen titere exists ara affirae iraterval [a,b] of
M(u), such that ¡4i E O : x(t) E (a,b]} > O arad titere is a sequerace
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M(u,,

)

(u,,) sucit that u,, t oc, arad

Mtt!4JX)

Tate e >0 sucit titat ¡¡E = ji {t E O: a,(i) E [a+e,b]} >0 arad
measurable sets E,, tE E satisfyirag

PM(XIG\E) + L M(x(t) — E)dt + M(u»)p(E \ E») = 1

Titen ¡¡(E \ E,,) —* O arad ¡¿E» —* ¡¡E. Let

y,, = XIG\E + (z(t) — E)IE, + UnIE\E

Titen fl~MI = 1 arad

= PM(XIG\E) + PM
( a,+a, —e

2

+ M(5~Zi)¡¿(E\ E,,)

> PM(XIG\E) + ~PM(XIE~)

+ (i—~) M(u,,

)

¡ Ef.)

1
+ pM((Z2 — e)IE,)

(p,w(y») + PM(ZIG\(E\E,j) —> 1

a,
PM(

witerace ¡la, + yn¡¡ —* 2.
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Take aray support furactional f = v+4, ata,. Since pM((1+r)x) < oc
for some i- > 0, we have 6(a,) = ~ < 1. By Lemma 4, we get titat ali1+r
support furactionals at a, are ira LÑ0. Titerefore

— y~) =< a, — y,,,v >= j ev(t)dI — u,,v(í)dt

+ JE\E, x(t)v(t)dt

=¡ ev(I)dI — JE\E~ u»v(t)di

=~ — [¡y,,¡jp(b)¡¡XE\E,.I¡N)
y

1
> O.

Titis implies f(y,,) # f(a,) = 1 which gives titat x is raot a WM

point. Titis is a coratradictiora

Tite proof of (3) is trivial, it is omited.

Sufficieracy. Let a,» c B(X) arad ¡¡a,,, + a~l¡ 2.

First we will pr¿ve that

PM(Xn) -~1, PM (x~~+x) ~~+i

For any E > O arad vi large eraougit we itave h(1 + E)xtrh > 1.
Titen
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+ E)~ + x

)

= PM (1 tEa,» +

1+E 1 —EI’1+C\
<PM(Xn)+ PMIZI
—2

lake e smahl eraougit titat j-~ < 1 + y. By (1), we itave

1=1+e 1 E(PM(a,) + 0(e)) -

2 pM(~~) + 2

Sirace E is arbitrary, we get PM(Z,t) —* 1 immediately.

Similarly, by ~ ~a, —.2, we cara deduce titat PM(%+r) -4 1.

We wili discuss two cases.
1. Por aray affirae interval (a,b) of M(u), ¡¡{t : a,(l) E (a,b]} = 0.

First we will prove titat a,» — a, —* 0.

Denote by {a¿} tite left eradpoirats of ali structural affirae iratervals.

Oa = {l E O: x(t) E {a~},~’21}. Ifx» — a, -~ O on G\O~ is raot true,

titen titere exists e, a > O sucit titat

g{tEO\04 : Jz,di)—x(l)¡ =E} =a.

By 1 — PM(Xn) =M(D)p{t:
eraougit sucit titat

¡z»(t)¡ > DI>, we cara tate D large

¡¿jí: a,»(OI>DI>.cE,p{t: ¡a,(i)¡>D}cz¶.4 4

Herace

1< PM((1
1—el

2

~4í E O \ O~ ¡a,»(t) — a,(l)¡ =e, ¡a,Q)¡, ¡a,»(t)l =DI> >
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Leí r1, >2,..., re,..., be eradpoints of ah] structural affine intervais
of M(u), titen ¡¿{t E (3 \ O» : a,Q) = >4 = 0. So titere exists a
raeigitbouritood 14 of r~ smahl enougit sucit titat ¡¡ji e G\ G~ : a,Q) E
V¿} < ¡j.r. Therefore

00

¡41: a,(l) e.U ¾}< a¡i=1

Titus ¡¡O» > ~ witere

O» ji E O \ Ca : ¡x41) — x(t)I =E, z(t)I, ¡cc»(1)¡ S

00

xQ) E S~ U
i=1

It is easy to know titat titere exists 6,0 < 6 < 1, sucit titat for aray 1 E (3»

We have a contradictiora

O — (PM(xn)-f-PM(x) PM(~2)

= 4 (M(x~dIt))+ M(x(t)) — M(~»~’)~ x(t)))d

=¡ (M(x»(í))2+ M(x(í)) — M(~»(
1)t x(í)))a~

M(x,,(ijl) + M(41))d2
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Usirag tite same metitod as aboye, we get for any e > 0,

¡¿ji EOa : a,,.(l)<x(t)—eI>-.0

Combinirag this witit a,,, — a, -~ O on O \ (3<,, we deduce titat for any
EGO.

hm irafpM(x,.IE) =PM(3’ IR) . (1)
Y. *00

II a,» — a, -~ O on (3<, is raot true, titen titere exists positive raumbers
a, e arada sucit titat gE<, = ,i{í E (3<, : a,~(t)—x(t) = x»(t)—a =E} > a.
Titus we cara deduce easily

lim mf PM(xn¡ s~) > PM(~l E0)
Y. 00

Combirairag titis witit (1), we get a contradiction

1= IImPM(x,,) > PM(X) = 1

Titis firaisites tite proof that a,,, — a, -~ 0.
Take any support furactional f at a,. By tite assumption (1), we itave

f = VE S(LN
0). Now we will prove < a,,,,v >—* flor <a,» —a,,v >-. 0.

For any e > 0, titere exists 6 > O sucit that for any e c O, ¡te < 6
implies pN(vI~) < e arad PMQX l~) < E. Sirace a,,, — a, -~ 0, there exists
E c O witit ¡40 \ E) <6 sucit tItat a,,, — a, -4 0 uniformly ora E.

So titere exists vio, ¡a,»(t) — x(i)¡ < e (1 E E), arad

JF — M(a,(t)))dl < e
as u> vi

0
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Noticirag PM(Xn) 1 = PM(

e for it large eraougit. So

JG\F
M(x»(t))di < IG\

a,), we itave fG\F(M(ÁI~fl(í) — M(a,(i))di <

M(a,(t))di + e <2E for vi large eraougit.

Titus

< a,» — a,,v> — 1) — x(t))v(t)dl + L\F (a,,«í) — a,(t))v(t)di

=dliii + PM(X»iG\F) + PM(xIav’) + 2pN(vIa\F)

=0(e).

By tite arbitrariraess of e we get c a,» — a,,v >—* O

II. M E V2, First we wili prove titat

hm sup PM(a,nle) = O

If it is raot true, titen titere exists e > O arad e», ge» .1. 0 witit pM(X»Ie,,) =
E..

Wititout loss of generahity, we may assume ¡x»(i)I =no > 0 (1 E e»).

Let 1 + f = ¡—~—r (r’ > O). Since M e y2, titere exists 6 > O such

< oc, we itave PM(itr~ it») < as vi is large

(2)

By PM(

enougit. Hence
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Ln M (x~dí)-l-x(í))dí

1 + r

’

1 + 9
2 (1

=jn M(l%rfl5t+

1—
2

1 M(a,~(t))di + ¿e
-lii

Se SeM(a,»(t)dt — — + —2 4

1 f ¿e
= — ¡ M(x»(l))dí2 j~ 4

Titerefore, we get a coratradictiora

14— PM(% a,)

+ ~PM(X»Ie,.)

Se-.1-—.4

Denote by jb~} tite rígitt endpoints of tite structural affine iratervals.

Prat v(i) = ~u(I), witere

u(l) = i. p4x(i))1
a,(t) E {b~fl§1 arad le = lIuIl~

2 1—r’/

(a,» + a
—PM 2 lG\en) +PM(

PM(Zn¡G\e.) + PM(XIG\~~

)

2

~»+ a,~

¿E

~~1

otiterwise
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It is easy to prove le~ = le. By Lemma 2, we kviow y ~ S(LNO) is a
support furactional of a,.

Now we prove titat <a,»,v >4 1.

Let {[a1,b~]I>¿ be al] structural affine iratervals of M(u), arad E1 =
{t E (3: z(i) E [ai,bA}.

By assumptiora (3) E~ nF5 = 4, (i # ]).
For any e > 0, titere exists d, sucit titat e c O, ¡¿e < d imply

PM(nle) < e, PN(levIC) < e arad ,oM(z,,i~) <C

Recali titat tite last iraequality itolds uraiformly witit respect to vi by M E
00

V2. Sirace >j ¡¿E1 =¡¡O < oc, titere exists m sucit titat ¡4 U E¿) < d.
1=1 1>’»

For eacit i < rn arad ah u E [a1,bij, we itave

np(a¿) = M(u) + N(p(a1))

Titerefore, we can firad ¡3 > O sucit titat uf u E [a1— ¡3,b~ + ¡3], titen

np(a1) > M(u) + N(p(a1)) — e

ny Lemma 3, titere e,dsts 6> 0 sucit that

(3)

M(n)+M(w) _ M(u+w

)

2 2

uE[a1—¡3,b1+¡3] (i= 1,2,...,rn)

Sirace fG (Mxnm½+Mxen — M(xn<t½+r(t)))dl 0, we get

M(x,,(l)) + M(x(i)

)

imply

arad tve. [a1,b1]

(4)

2 (5)
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Denote F,, = {i E QEÍ : M(x~(t))+M(4t1i) =¿}~by
7»

(5), we itave ¡¡E» < d for vi large enougit. For t E U E1 \ E,,, we itave
7»

x(l)c Ukx1,b~]arad
i= 1

M(a,,41)) + M(x(i)) — ____________

2 M(x»(í)t ~O) <s
By (4) x»Q) E [a~—¡3, b1 + ¡3], arad by (3) we get

xn(i)p(a1) > M(x»(t)) + N(p(aJ) — e

Notice tliat lev(l) = u(t) = p(ai), so

z,4t)lev(l) > M(a,»(t)) + N(lev(t)) — e E Li E~ \ E~~) (6)

00

Denote Lo = O\ U E~. Using tite same metitod as ira tite case 1, we get
i=1

a,,. — a, -~ O on E<>. Titus, titere exists Fo tE Eo, ¡¿Eo <d sucit titat

x,,(l) — x(i)¡ <e, ¡M(a,,.(t)) — M(41))¡ < e uraiformly ora E0 \ Eo

for u large eraougit. Herace

a,»(t)kv(t) > (41) — e)kv(l) = M(a,(t)) + N(lev(t)) — elev(l)

(7)
> M(a,»(t)) + N(lev(t)) — e — ekv(i) (i E E0 \ Eo)

It follows frorn (6) and (7) titat
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< a,,.,lev> = Jo
¿=1

+ JEo\F0
±Én+JUE,JFo x,.(t)lev(t)di

(M(x,dt)) + N(kv(t) — e))di

(M(x4i)) + N(kv(t)) — e — ekv(t))di

— J(M(x»(t))

(M(x»(t)) + N(kv(t)fldt

— E¡¿O — EkII1II —

(M(a,»(t)) + N(kv(t))dt
JG

E~ uF,. uF0
(M(a,»(l)) + N(lev(t))dt

— egO — ele¡¡1¡¡ — 6e

-. 1 + PN(lev) — 0(e) = leIIvulN
0 — o(s) = le — o(s).

‘=1

+

JF»JU E,
+ N(kvQ)))dt

i=1
U E, \F,.)tJEo\Fo

¡y
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Coroliary LM itas WM property if arad oraly if
(1) M E A2

(2) M E SC or M E V2

(3) Titere are not two raeigitbour affirae iratervais of M(t4.

Proof. Sufficieracy. Take aray x E S(LM). Sirace M E A2, LM =

EM. So for any r > 0, pM((1 + r)a,) <oc.
M E SC implies M(u) itas no aray affine iraterval i.e.

{i e. O : a,(t) E (a,b]} = 4, titen p{t E (3 : a,Q) E (a,b]I> = O
By Titeorem, we get a, is WM poirat.
If M E V2 combinirag pM((1 + r)a,) < oc and by Titeorem, we get titat
a, is WM poirat. So LM itas WM property.

Necessity. If M ~ A2, we may construct a, E S(LM) with pM((1 +
r)a,) = oc, for any r > 0. By Titeorem, a, is not WM point.

II M « SC, and M < V2. Titen M(u) itas ara affirae interval [a,b].
Take d large enougit, and measurable E, E c O, E O E = 4 sucit titat

M(b)¡¿E + M(d)¡tE = 1,

Put a, = bIE + dIF. Titen a, e. S(LM) but ¡t{l E O : a,(t) E (a,b]I> =
¡¿E> 0.
By Titeorem, a, is raot WM point.

II [a, e], [e,b] are tite two raeigitbour structural afflne intervais of
M(u), take d large eraougit, E, Fc (3, En E = 4 satisfying

M(c)¡tE + M(d)¡¿F = 1.

Let a, = clz + dir. Titen a, is raot WM point.
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