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Link Homotopy lnvar¡ants of Graphs in R

KOUKI TAI’4IYAMA

ABSTRACT. lxi this paper we define a Iink homotopy invariant of spatial
graphs based an the second degree coefllcient of the Conway polynornial of a
knat.

1. INTRODUCTION

Througitout titis paper we work in tite piccewise lisiear category.
Let G be a finite grapit wititout loops and multiple edges. Titen titere
are various eníbeddisigs of G isito tite titree-dimesisiosial Euclideasi space
R3. Two embeddisigs f,g: O —* R3 are said tobe little homotopie ifg is
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obtained from f by a finite sequence of self-crossing citanges (Fig. 1.1)
aud ambient isotopy.

¿~~~~7

ame edge

Fig. 1.1

Two edges of G are cailed adjacent if titey itave a vertex itt comnion.
Two embeddings f,g G —-e R3 are called meakly lisile horno topic if g
is obtained from f by a finite sequence of crossing chasiges of a.djacent
edges (Fig. 1.2) asid ambiesit isotopy.

¿~~~7i

Fig. 1.2
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We siote titat a self-crossisig chasige
of adjacent edges as ilínstrated in Fig.
iinplies weah link boníotopy.
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Ls replaced by crossing citanges
1.3. Titerefore link itomotopy
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Fig. 1.3

Att si—cycle is a grapit witit u vertices titat Ls itomeornorpitic to a
circie. Witen 6’ Ls a disjoint nniosi of cycles our link itornotopy and weak
hisik itomotopy coincide witit Milnor’s link itomotopy defisied isi [4].

The purpose of this paper 18 to define Unk itomotopy invariants
asid weaic hisik itomotopy invariants for an arbitrary grapit G. By tite
fundaaner¡tail titeorern itt [7] we itave titat a hink homotopy isivariant is
att ¡-equivalence invariasit and itence att isotopy invariasit attd also a
cobordisní ittvariasit. Cosiversely a itomology isivariant is a lisik itomo-
topy invariant. Thus Wu’s invariasit (see [8]) is a wealc link itornotopy
invariasit and itence a link hornotopy invariant. Except tite case titat O
is a disjoisit union of cycles, tite autitor ksiows no otiter lisik itoníotopy
invariants asid weak link itomotopy isivariants.

A cycle of a grapit O is a subgrapit of O titat is a cycle.
¡‘(O) be tite set of afl cycles of O. Let Z be tite integers.
a non-ríegative integer. Let Z, = {0,1,2,.. . ,u — 1} if si
Zo = Z. Letw: 1’—’Z~beamap. Wecallwaweighton
eníbedding f: O —* we defisie a~(f) E Z,, by

Let r —

Let si be
> 0. Let
1’. For att

a~(f) 2wWa2(fW) (mod u)
yEF
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w(y)= U;

witere a2(K) is tite coefficiesit of z
2 in tite Cosiway polynomiai v¡<(z) of

a knot A’. We will sitow tlíat if a weigitt w satisfies certain conditions
titen a~ is a (weak) link itozsiotopy invariant.

We rernark itere titat tite modulo2 reduction of a
2(K) equals tite Arf

invariant of A’ [3]. Titerefore witen O Ls tite complete grapit A’7, si = 2

att d if y is a 7—cycle

otiterwise
~ equals an isivariasit defisied isi [2]. Isi [2] Gordon proved titat a~., is
invariasit under asiy crossisig citange. He found a particular embedding
f: A’7 —* R

3 sucit titat a~(f) 1 (mod 2). Titerefore ~w(g) 1 (mod
2) for asiy eníbedding g K

7 —+ R
3. Since a

2(nsilcnot) = O be coidd
conclude that every spatial embedding of A’7 contains a nontrivially
knotted 7-cycle.

For osir purpose it Ls enougit titat
crossing citange or a crossing citange of
tite idea itt [2] was a great hint of Uds
that our deflsiition of a~(f) generalizes
Gordon’s invariant [6].

a~ is invariant under a self-
adjacent edges. Itt titis sense
papa. We also remark itere
Shimabara’s generalization of

Let e be att edge of O. We give asi arbitrary oriesitatiosi to e. Let
F~ be a subset of 1’ defisied by

= {j~ E 1’ 1 -y D e}.

We give an orientation to eacit y E F~ by tite orientation of e. We say
that a weigitt w r — Z,. is balasiced on e if tite boniological sum
£~YEr3wQrh is zero ¡si Hí(G; Z,3. We remark that titis property does
not depesid os tite citoice of tite orientation of e.

Lem ma
on an edge e
embedding f:

1.1. Let w ¡‘(O) —.* Z,~ be a weight that is balunced
of O. If att emnbedding g O —> R

3 is obíained from un
O —> R3 by a self-cs-ossittg chunge of tite edge e titen

As asi imníediate corollary we itave:
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Theorem 1.2. Let w: P(O) —.* Z,., be a weigitt that is bulanced on
each edge of O. Titen a~ is a little homotopy invas-iant. Namely if tino
embeddings f,g: G —* R3 are little homotopic titen

a~(f) aw(9) (mod si).

Let e
1 and e2 be adjacent edges of O. We give an arbitrary orien-

tation toe1. Let ¡‘CI,C2 be a subset of ¡‘ defined by

= {yÉflyjei,e2}.
We give an orientatiosi to eacit ~ye rei,e2 by tite orientatiosi of e1. We
say titat a weigitt w 1’ —* 4 Ls balunced on a pair of adjacent edges
(eí,e2) if tite itomological sum S~er<1~2w(y)y is zero itt Hí(O; 4).

Lemma 1.3. Let w: ¡‘(O)
a pais- of udjacent edges (eí,e2)
obluined from att embeddittg 1
e1 asid e2 titen

—* 4 be a weigitt thai is balur¡ced oit
of O. If un embeddingg O —* R

3is
O —. R3 by a cs-ossing citange beimeen

a~(f) Qw(9) (níod si).

As att irnmediate corollary we itave:

Theorem 1.4. Leí ca: ¡‘(O) —* 4
on eacit pair of adjacent edges of O. Titen
invariuní. Numely if tino embeddings f,g
homotopic titén

be a meigití thai is balunced
a~ ts a meale little homotopy

O —* R3 are sneakly little

a~(f) E ckw(g) (mod si).

Titis paper LS organized as follows. Isi §2 we prove Lemrna 1.1 asid
Leníma 1.3. lxi §3 we sitow sorne examples. In §4 we sitow titat
Milsior’s ¡i-invariant for 3-coníposient itomologica]ly unlinked links can
be re-defined via a weal< littk homotopy isivariant of a certaisi grapit.

2. PROOFS OF LEMMA 1.1 AND LEMMA 1.3

Proof of Lemma 1.1. We tecali tite equality

(*) a
2(K+)—a2(Kj = tk(Lo)
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where K+, A’... asid L0 are knots and atwo-cornposient linl< as illustrated
in Fig. 2.1 asid Ile desiotes tite hinking siumber [3].

1~
3.

(ji
A?

Fig. 2.1

Let y be a cycle Lxi ¡‘e. We recail titat ¡‘ Ls oriesited by tite orientation
of e. We may suppose wititout losa of gesierally titat .f(y) asid g(y) are
related as illustrated isi Fig. 2.2 (a) asid (b). Let L1,9Qy) = lf,g(Y) U
mf,2(y) be tite 2-component lisik as illutrated isi Fig. 2.2 (c).

7¾
w

1(e)

1(-7)

$
9<-Y)

(a) (b) (o)

Fig 2.2
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Titen we itave

a~(f) — aw(g) >3w(y)a2(fQy)) — >3w(’y)a2(g(y))

yEr
>3w(y)(a2(f(y)) — a2(g(y))) >3 w(y)(a2(ft7y)) — a2(gQY)))

yE!’.

>3 w(y)tk(tj,9(y),rnj,9(y)) (inod st).
yEF~

Since mf,2(-y) = mj,2(y’) for any y,y’ E 1½we rnay write mj,9(y) as
mj,2. Sisice linkixig number ½a itomological invariaxit we have

>3 wQ9¿k(ff,g(y),mJ,9) >3 £k(ca(y)11,2(y),mj,2)

Since ca LS bailasiced on e we itave titat tite itornological surn

>3 ca(’y)tj,2(’y) O (mod si).

‘sEr.

TiterefoTe we itave

tk( >3 ca()tí,s()~mí,9) tk(0,mj,2) O (niod si).
yE!’.

Titis completes tite proof. U

ProofofLemma 1.3. Tite proof Ls similar to titat of Lemnia 1.1.
We siote titat osie of tite two cornponents of tite sníootited linlc Ls common
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for al! y E ¡‘ele
2 as in tite case of Lemma 1.1, see Fig. 2.3.

3$

si
fe>.) ‘kwge?)

Fig. 2.3

Titerefore tite same proof worl<s. U

Example 3.1. Let O be tite complete grapit A’4. Let u = O and
Iet w: ¡‘(A’4) —~ Z be a weigitt defisied by

Lf y is a 4—cycle
if y is a 3—cycle.

Titen it Ls easily citecked titat ca Ls balanced osi eacit edge of A’4. Titerefore
a~ is a link bomotopy invariant.

(Y

3. EXAMPLES
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Let 5 be an integer axid let fg : A’
4 — R

3 be an embedding illus-
trated by Fig. 3.1 where tite box desiotes 25— 1 right.itanded italf twists
when 5 > O, —25 + 1 left-handed hall twists when 5 =O.

f
1(K4)

Fig. 3.1

Titen fg(K4) cositalns at most osie nontrivial knot. lite knot is a
twisted knot. Since a twisted knot itas unknotting number one a2 is
easily calculated by tite equality (*). Then we itave a~(f~) = 5.

Example 3.2. Let O = 14, st = O axid ca: ¡‘(A’5) -~ Za weigitt
defined by

{E1

if y is a 5—cycle
if y is a 4—cycle
if y is a 3—cycle

Titen it is easily checked titat ca Ls balanced on eacit pair of adjacent
edges of A’5. Titus a~ is a weak lisik itomotopy invariant.
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Let 5 be an integer. Let fg: A’5 R
3 be an esiubedding illustrated

1)31 Fig. 3.2.

Fig. 3.2

Then at niost two 5-cycles and
Titey are all tite (2, 25—1)-torus knot.

g<g—i

)

a
2((2,25 — 1)-torus knot) = 2

5<5—1

)

2

a 4-cycle casi be siositrivial knots.
From tite equality (*) we hiave titat
Titerefore we itave titat a~(fg) =

It is known in [8] that {fg ¡ 5 e Z} is a complete llst of tite itomology
c3asses of ernbeddings of K5 into U

3. In [5] we will show that homology
implies weak flnk homotopy when O = A’

5. Titerefore {fs ¡5 E Z} is
also a complete list of weak link hornotopy classes. Titus ~ classifies
the embeddings of K~ into U

3 up to weak link itomotopy and mirror
irnage.
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3. 3-COMPONENT HOMOLOGICALLY UNLINKED
LINKS

Let O be the grapit of Fig. 4.1.

vi

Fig. 4.1

Let u = O and let w: ¡‘(O) —. Z be a weigitt defined by

if j’ Ls a 9.—cycle titat
y1, y2 and y3

if j’ is a 9—cycle titat
y1, y2 axid va

if y Ls a 4—cycle.

contaixis zero or two of

contaisis one or titree of

Titen ca Ls balasiced on eacit pair of adjacesit edges
weaik link hosiíotopy invariant.

of O. Titus a~~,’is a

A 3-cornposient ordered oriesited Unk L = £~ u £2 U
ta LS cafled

Ito?nologiCally unlinleed if £k(1
1,4) = £k(12,¿a) = £le(ta,t1) = 0. Let

11 be tite subgrapit of O titat Ls tite disjoint union of titree 4-cycles of

w(j’)=
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U. Let f : H —> R3 be an esnbeddisig. Let £í(f) = f(v~s~uit
1v1) (i =

1,2,3). Titen L(f) = Éi(f) u £2(f) U 13(1) is a 3-composient ordered
oflente(l link.

Theorem 4.1. La f,g O --e R
3 be embeddings such tltat both

L(f IR) asid L(g¡~) are homologicully usilinleed. Titen f astdg are weakly
little hornotopie if and only if f IR and YIH are weakly little Itomotopic.

Proof. Tite ‘osily if’ part LS clear. We sitow ‘if’ part. Suppose titat
f IR Ls weakly hisik itornotopic to gIR. Titesi f is weakly Unk homotopic
to an ernbedding, still denoted by f, 50 titat f¡H = 9IH. It is sufficiesit
to show that a aossing citasige between tite edge s~t

41 asid att edge of O
is realized by a weak link honiotopy (itere we consider tite sufllx modulo
3). Ely replacisig a crossing citange by sorne crossisig citasiges as Lxi Fig.
1.3 we have titat a crossing change between s441 axid att edge titat Ls not
on tite cycle vI+2s~+2u 2t1+2v1¾is realized by soníe crossisig citanges
of adjacesit edges. Titen by tite syminetry of O is snfficiettt to sitow tliat
a crossing between s1t2 asid v3s3 is realized by a weak link itomotopy.
We choose a ssiíall bali B

3 near tite crossing where tite crossing citange
is desired, see Fig. 4.2.

f(v383)

Step 1. By a weak hink itoníotopy outside of B3 we deform f so
titat í~(f) U 12(1) is a trivial 2.composient lisik.

Step 2. We citoose a disk D2 Lxi general position so titat 8D2 —

íi(f), Y n 12(1) = O asid Y n B3 = 0.

Fig. 4.2

r— f(sít
2)

It’
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Step 3. We remove tite isitersection if any of Y asid f(sí,t
2) by a

weak link honxotopy outside of B
3.

Step 4. We perforin tite crossing citasige by a weú link itomotopy
as illustrated in Fig. 4.3.

4-f(v,s,)

~1~
B3 IÚ’a.) /~ 1

1~

~/1/

-J
7 -It,’ ---7

7’

Fg 4.3

Step ‘5. We re-fix tite 3-balI B3 asid retrace one’s steps from Step 3
to Step 1.

Titus we have tite desired crossing citasige. U

Let L be a honiologically nnlinked 3-composiesit ordered oriented
lLnk. Let f : (77 -~ R3 be an ernbedding such titat L(fIH) = L. Titen
by Theorem 4.1 a~(f) Ls a well-defined weak link itomotopy invariant
of L. Since weak hnk itomotopy equals lisik itomotopy for lisiks a~(f)
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is a lisik itoníotopy invariasit of L. It Ls ksiown ¡si [4]titat 3-coníponent
homologically unlinked links are classified up to lisik itoníotopy by
Milsior’s j-invariant. Let 5 be an integer and let Lg be a link illustrated
in FLg. 4.4.

1

2
3

L, (j=3)

Fig. 4.4

Titen ¡4Lg) = 5 and {Lgjj E Z} Ls tite complete list of lisik
homotopy classes [4]. Let fg : O —-e R3 be att ernbedding illustrated in
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Fig. 4.5.

fi
f
1(v,)

f,(v2)

FLg. 4.5

Titen L(fg) = L5. It is easy to check titat f5(O) cositains at most
two nontrivial knots that are twisted knots. Titen we itave a~(fg) = y
Ihus Milnor’s p-Lnvariasit Ls re-defined, cf. [1].
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