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The link types do not always vary under sorne coniposition of twist
rnaps. For exaníple, the knot type 1< iii Figure 1 is invariant under
fil> ~ fV í)• Then, when the link types vaHes?

In the case of knots, the following theorení is given by M. Kouno,
1<. Motegi an(l 1. Shibuya ([KMS 1], [KMS2]).

Theorem 1.1. Let 1< be u knot in S3, l~1 and i”2 salid tan witit
tite bonudanies being ;nutuafly disjoint and essential in tite exterior of
It’, ffl> un n-twist alang ¼.Suppose K G 1/1 G V

2, wv,(K) =2 and
wv2(careVi) =2. If(ni,n2) # (0,0), then fI~’~(K) ~ fh>(K).

Here coreV denotes a core of V. Tbey also got sorne results about
twisting of knots along a standard solid torus. Moreover, the author
([12]) showed Ube following theorern.

Theorem 1.2. Let 1< be a knot iii S
3,V

1,. ..,Vk be salid tan witit
tite baundanies being ;nutually disjoint, non-panallel aud essential in tite

exterior of K <md fin) un n-twist alang vi. ji u1 ~ 0, tIten jfn~> ~
i=1

•0 fiflk)(jj•) ~ K.

As a special case of Iheorení 1.2, he generalized Theorem 1.1 as
follows ([12]).

Theorem 1.3. Let 1< be a knat in S
3, y

1,..., 14 be salid tan tnith
tite baundanies being ;nutualty disjoint. nan-panallel <md essentzal itt tite
exterior of 1<, <md j~fl> un n-twist aloug V1. Suppose K G V1 C C
Vk, wv,(K) =2,andwv1(coreVui) =2for2 =i =k. If(ui,... ,flk) #
(0,... ,0), titen f~”’>o... o f(nk)(K) ~ A’.

The problení iii thi~ paper is wliether the transiation of these results
for the case of links are time or not.

2. MAIN RESULTS

Let L be a non-separable non-trivial link in S
3. Consider the torus

decomposition of E = 9 — iniN(L, S3) (see ~S] and [Jo]). By a
finite set IT¿ of rnutuafly disjoint, non-parallel, essential tori inibedded
in E,we can deconípose E nniqnely into the pieces each of which 18 Seifert
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libered or adrnits a complete hyperbolic structui-e of finite volurne in its
interior (see [1]). We cali the piece a Seifert piece or a hyperbolic piece
respectively. Moreover eacb Seifert piece is one of a torus knot space, a
cable space and a composing space (see [Ii]).

Suppose T1 T¡ E �� are torí, allowing duplication, each of
which satisfles the following:

(1) There is a solid torus Vi bounded by T~ satisfying wv1(L)> 2.

(2) For any T E 15 satisfying (1), T~ = T for sorne t.

(3) i ~ j iniplies V1 # V9.

(4) If T~ is standard and wstiflt½(L)=2, then there is an integer
i#isuchthatT~ = Tg,i.e.VjflVg = T~andViUVj = 9.

Let
TD = {T

1,.. . ,T¿}. Note that, by the property (4), we do
not always have a one to one correspondence between indices 1,... 4
aud Ube eleníents of

1D~ Suppose T~ has an orientation decided by that
of 9 and a noTmal of T~ oriented to the exterior of ½.If there is an
orientation preserving bomeomorphisní of S3 ca.rrying Vi to Vp it gives
an orientation preserving homeomorphisní from T~ to T~.

Let íI~~ be an n-twist along Vj. First we shaw the following tite-
orern.

Theorem 2.1. If > n~ ~ 0, tIten o~ o ~fffl¿>(L)# L.
t=1

Though Theorern 2.1 gives the transíation of Theorem 1.3 for the
case of links, it is not enough to see the general cases. First we remark
the following case, which can never be found for any knots.

Remark 2.1. When T¿ bonnds two different Seifert pieces M and
M’ in botb sides, the Seifert flbering of M and M’ cannot be extended
over T~. ¡bit flbers on = fI~>(T1) given by f$’>(M) aud
can be níutually isotopic for sorne u. In titis case, the Seifert flbering of

and fI?t)(M~) are extended over T~. Ihus T1 Ls contained in the
interior of a new Se¡fert piece fI~’~(M) U fI~’~(M’).

We show an exaíííple in Figure 2. Let L be a link constructed froní
a Hopf Iink by (5,2)-cabling for one cornponent and (2,3)-cabling for
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anotiter. Tite torus decomposition of tite exterior of L gives an essential
torus 2’. Let V be a solid torus bounded by T containing (5,2)-cable.
The exterior E of L consists of two Seifert pieces. Tite orbit manifoid of
eacit piece is a disk with a hole and a singillar point. Make a new link

= Í(—i)(L) where f<n) is an n-twist along V. Since U is a torus
link of type (6,4), 2’ = f<—’>(T) is contained in a Seifert piece witit the
orbit manifoid being a disk witit a itole and two singular points.

o

L

‘It

similar points �
Figure 2.

In titis case, titere can be an essential torus 2” which intersects 2’
for ah deforrnation by isotopies of f<—1)(E). Let V’ be a solid torus
bounded by 2” aud g(fl) an n-twist along V’. We can define g(”> o fVl)
for any u ~ 0, bnt titis map is not considered in Theorem 2.1.

Tite non-parallel essentiai tori, which intersect eacit other for ah
deforniation by isotopies in E, exist only in Seifert pieces. Let T~ be tite
set of níutua]]y non-parallel essential tori, whicit are tite representatives
of all the isotopy classes of essential tori in tite interior of the Seifert
pieces. Suppose T¡+í,. .. ,T,,, are tori in 7~, allowing duphication, witich
satisfy the following:

orbit m.nifolds
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(1) Titereis asolid torus Vi bounded byTe E 7?s satisfyingw~(L) =

2.

(2) For any 2’ E T~ satisfying (1), 2’~ = 2’ forsome 1 + 1 =i =ni.

(3) i # j iníplies Vi # Vg.

(4) II T
1 c 7¿. is standard and wst¿,.tv(L) =2,then there isa

torusTgEj~withj#iandTi = 2’g,i.e.VinVg =
2’i

andViUVj = 9.
Let Is = {T¿+i,.. . ,Tm}. Tori 2’~ and 2’g in §Ts are not always

niutnally disjoint, even if ffl ~ Tg. Let í = 1D � r~.
Our result in tite general case is stated as follows. Any cases reduce

to titis theorern, witich we show in §5.

Theorem 2.2. Let {Ta<i>}~’ii � 1 aud {Tb(g)}j’1í � 1 are twa

sets of mutually disjaint tani. If E n~ � E mg # 0, then f~¿2l’)’ O ... O
t=1 j=1

~ .. .,
Here Ta(i) may intersect Tb(g> for sorne i and 5.
In a special case when ah the solid tori to twist are in an inchision

relation, we get tite fohlowing titeorern.

Theorem 2.3. Let L be a link itt 9, Vqi)(1 =i = k) salid toni
sucit t/tat V~> � V«

2~ G . . �
t/c(k), wv~<

1/L) =2 and wv,<~+,>((L �

� coreV«~) =2 for 1 � i �k � 1. Titen í7j’~ ~ of~ k) (L)#L
fon any (ni,... ,?tk) # (0,..

Theorern 2.3 gives tite transiation of Theorern 1.3.

3. PIECES IN A SOLID TORUS

Let V be a torus in 9 such titat 2’ = dV 18 essential in E, ni

and 1 hornology classes of a meridian and a preferred longitude of 2’
respectively. In tite statement aud tite proof of ternrna 3.1, dontie signs
are in tite sanie order.

Lemma 3.1. La T be a fibered torus of type (p,q) where p <md q
are copnirne integens with q ~ 0, F 2’ —* 2’ a ltomeomorp/tism which
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preserves the orientation and Me fibers, aud F. H1 (2’) ��� Hí (2’) un
zsomorpltism induced by E. If F4(m) = ±m,then F~(1) ±1.

Pronf. Since E preserves the orientation of 2’ and E. Ls an iso-
rnorphisrn, we bave F41) = ±(l+ cm) for sorne a. Moreover, since E
preserves the fibers on 2’, we have F4pm+q1) = ±(pm+q(1+rnn)) =

±(pm+ qí). Then a = 0, hence £41) = ±1. u
Let M be a piece got by the torus decomposition of 1/ — intN(L fl

1/, 1/) attaching 2’ in 1/. In the staternent and tite proof of Lernma 3.2,
double signs are in tite same order.

Lemma 3.2. Let E: M -. M be un arientation pneserving horneo-
ntorphism carrying 2’ to 2’, E. H1 (2’) —> Hí (2’) un isomarphism
induced by E. Suppose F.(m) = ±m.If M is not a Seifert piece inith
meridional fibers on 2’, tIten LV) = ±1.

Proof. First, assunie M is a hyperbolic piece. We have F41) =

±(l+ cm) for sorne a. By Mostow’s rigidity theoreni ([T, 5.7.4.]),
Iso?n(intM) ~ Out(iri(intM)) Ls a finite gronp. So EIintM is horno-
topic to a nni4ue isornetry G of M and GN is tite identity for sorne
integer N > 0. Ihen FN is hornotopic to tite identity. Titen F.N(l) =

(± l)NQ+ Nam) = 1. Titerefore a = 0, bence F41) = ±1.

Next, assuine M is a Seifert piece without meridional fibers on 2’.
Since 2’ is an essential torus iii E, M is neither a trivial knot space nos a
Hopfllnk space. By [fi, Theorern 11, M Ls horneoinorphic toan exterior
of a Seifert link. So M Ls eititer a torus link space, a cable space or a
coníposing space by [Ti, Titeorein 2]. Titerefore M itas a unique Seifert
flbering up to isotopy by [Ja, Lemrna VI.17]. Titen E Ls isotopic to a
fiber preserving borneomorphisrn. ¡¡ence tite proof cornpletes by Lemma
3.1. U

Assurne M Ls a Seifert piece with rneridional fibers mi 2’. Then M
is a cornposing space, because a Seifert piece in alink exterior is eititer a
torus link space, a cable space or a cornposing space. In titis case, titere

a solid torus y’ satisfying V’ fl M = 2” such that 2” = 8V’ has
meridional flbers given by M [Ii, Proposition 12].

Lemma 3.3. Leí 2”, 1/’ be as aboye, 2”’ un essential toras ¡u
zntM, V” a salid torus bounded by 2”’ cantaining V’, aud f(n>, f’(n),
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f”(n) n-tinists along 1/, 1/’, V” respectively. Then tve huye f(~L)(L) ~
f’(”) (L) f”(’O ( L).

Proof. By [11, Proposition 13], titere is a conípanion of L, witicit
is a coinposite link, with coreV’ being one of its coinponents. Since
wv(coreV’) = 1, fi’0 twists 1/’ n times to the níeridional direction.
Moreover, since wv(L — V’) = O, f(~)((L — 1/’) U coreV’) is aiííbient
isotopic to (L — V’) U eoreV’ in 1/. So we get f00(L) ~ f’(~>(L). Other
cases are similar. U

We show an example in Figure 3. By Lenma 3.3, f<’~>, f’<n> aud
f”(fl) aye snntuafly replaceable.

4. PROOF OF THEOREM 2.1

Let m~ and l~ be the itornology classes of a meridian and a preferred
longitude of 2’~ with m

1 . u = 1 respectively, M~ tlíe piece got by
deconíposing En Vi by ‘Th attaciting

T~ in V~.

2’

L

Figure 3.
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In titis section, we snppose 2’~ E TD•

Proof of Theorem 2.1. Assuzne f
1¶fll) o ... o f/~’~(L) ~ L br

sorne (ni,... ,n¡). Under titis assurnption, we sitow E ni = O in tite
i=i

foliowing.
There is an orientation preserving homeomorphisní ~ 9 —* 9

carrying ff”I) o~•~ o f~~’>(L) to L. Assume sorne M1 witit ni # O is a
coníposing space with meridional fibers on fl. Let

2’g C 8!vJ~ be a torus
witit meridional flbers sucit titat 1/g O M

1 = Tg. By tite condition of tite
tonis decoxnposition of E, M5 ½not a coinposing space witli meridional

(ni) f(fli)
flbers on Tg. Citange fi for , by Lemma3.3. Titen we can assume
M~ witit ~ ~ O Ls not a cornposmg space witit meridional fibers on
for any i.

For convenience, denote s~ o f1nl) o ... o f~flh) by ‘p,. where ji —

(ni,..., ni). Altitough cp~. is a discontinuons map on 9, it gives an
orientation preserving homeomorphisrn on eacit M1, witicit lceeps tite ity-
perbollc structure or Seifert llbering. Titus {9~(T)}Terb is a set of
essentiai tori in E = so~(E), a subset of witich gives a torus decompo-
sition of E. As in Remark 2.1, ~4T) can be contained in tite interior of
a Seifert pLece for sorne 2’ E ~h•itt tuis case, tite nnmber of torL given
by tite torus decomposition decreases. Titis contradicts the uniqueness
of tite torus decoinposition of E. ¡¡ence each torus ~~(2’) Ls isatopic to
a torus in I/~. Then s~~(U ID) Ls isotopic to UID. Modify ~oso as to
satisfy9~~(UID) = UID.

~ induces a permíitation 0 on a finite set
TD~ We can write 0 as a

product disjoint cycles as follows:

(TP(i,i),2’P(1 2), ..,TP<i,N,>)(2’P(2,1),. . . ,2’p~,iv~~) . . •(2’p<r,i»..., 2’p(r Nr))

We cail the set {2’p(¿í>,. . . ~ att orbit under s%•
¡ r

Let ¡4 = E 7lp(i,g) Since ~ n
1 = u1, fohlowing Lemma 4.1

5=1 i~i i=i
completes tite proof of Titeoreni 2.1.
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Lemma 4.1. Suppose .f~”1> o... a f1<n¿>(L) ~ L <md any M1 with
u1 ~ O is not a composing space with meridional fibers on T~. Let cp~2
aud tite orbits under ‘Pi. are as aboye. Titen me huye y1 = O for any i.

Proof. Let N = LCM{Ní,.. .,Nr} and u~ = veN/N1. We
calculate itt tite fohlowing. In tite case r = 1 and N = = 1,
we itave

¡ ¡—1
<Pi. =

— <Pof~(llj 04(12) a~~o 4<~¡> 09,;~

Using

= <“~~1 ‘>~ and (n,0 » O’P~ = (np<, ~>for 2 =i < ¿wi.ofPcí Ii)

we get

— (flp(l,vb> (n,,,2> ~,o) ¡—2
— ~ O 4<~,j> O 4(1,1> 0 p(1j—1) O

— ~20 f~~t~I>+nP<12>) ~ (n,<, 2)+flp(I ~> ~

— (n, 4(1,21 o . . o jflp<~>+flp<ii» ¡—2— 1 ~ 0 p(I,
2)

¡—3o... o f(flP(;.o+nP(1.1>+flP<1.2)) 0 9,

— <P’oí~
1>Oí%fl)0...of(~f,).

Similarly, itt tite general case, we have

Tite pieces Mp(í,g)(1 =5 =N1) are mntually itomeomorpitic. So
if M~(1í) is a composing space witit meridional flbers on

Tgi,1), titen
= O for 1 =5 =N~, titus ¿4 = v~ =0.
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Assuníe titat M isp(i,1) not a composing space witit meridional flbers
Non 2’p(í,í) . 9,~ gives an orientation preserving self-homeomorpitism of

M~(~,l) carrying T~(l,í) to T~<
1,1>. Note that when Ko,í c intVg br

sorne 5, V*í> can be autoníatically twisted by .f5fli). So <P% induces
an isomorpitism of H1 (

2’p(i,í>) carrying m~(~,l) to ±m,<~,
1>and

tp(i,í) to
±Up(i,1) + (¡4 + a~)m,(~,i)). Here a~ depends mi tite twists along Ube
solid torL containing 1/p(i,1)• Applying Lemnia 3.2 to <PZIM<.,>, we get
¡4 + a

1 = 0. If eLtiter titere is no solid torus containing VP(~,l) or any of
tite twists aiong tite sotid tori containing VgI,¡) is 0-twist, titen a~ = 0.
So we get a, = ¡4 = O in order of tite inclusion relation of tite solid
tori. Titerefore we get v¿ = O for any i. Titis completes tite proof of
Lemma 4.1 and Theorem 2.1. U

5. PROOF OF TEEOREM 2.2

In titis section, we suppose titat 2’~ does not a]ways belong to
TD•

Suppose M
1 and M5 are Seifert pieces sucit that M~ O M5 =

Lf a regular fiber on 2’~ given by M1 (resp. M5) is itomologons to (p +
nq)m1 + q4 (resp. pm1 + ql~) for sorne coprime integers (p, q) and an
integer it, titen we say 2’~ is a connectuble torus and tite discrepancy of 2’~
is u. Titis means that tite Seifert fibering of M1 and M5 are connectable
after (—n)-twist along Vi.

Moreover, suppose 2’, is standard itt 9 and titere LS att integer 5
sucit titat V~ n V~ = = 2’g. Ifa regular fiber on

2’i given by M
1 (resp.

Mg) Ls itoníologous to (p+níq)m¿+ql~ (resp. pm~+(—n2p+q)l~), titen
we say 2’~ = TJ is a connectable torus and tite discrepuncies of 2’~ and
Tg are it1 and u2 respectively. Titis rneans that tite Seifert fibering of
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M1 and M5 are connectable after (—n~)-twist aiong Viand (—ng>-twist
along Vj,.

Figure 4.

Obviously, tite discrepancy of a connectable tonis is unique. Let lb
be tite set of aill the connectable tori itt IT (Figure 4.). Titen we itave
IT = IDUIc and li~ =

Let {M~1}~Q1 be a set of SeLfert pLeces in E witich satisfies tite
foflowing:

(1) M = ���M,,, is connected.
(2) 2’,.., C intM Lmplies 2%, E lic for any i.

(3) Fibers on 2’,,, given by M,.,, are not meridional for any i.

Let ji be tite discrepancy of 2’,,,. By s = fS7i.1)o.. OfSr~’~, $(M)
gets to be a connected Seifert manifoid. Itt otiter words, M Ls got by
applying •~ to tite Seifert manifoid $(M). So we calI M a twisted
Seifert manifoid. In titis paper, we suppose the boundary components
of the twísted Seifert manifolds always belong to Y � {OE}. When
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a twisted Seifert manifoid whicit contains M is only M, we calI M a
maximul twisted Seiferí munifoid. In Figure 2, tite exterior of L is att

example of a níaximal twisted SeLlen manifoid.
Lemma 5.1. Let V be a solid torus with 7’ = ¿9V king essential

itt E. Snppose ihere is a imisted Seifert munifoid M attaching 2’ in
V, E M —* M is u fiber preserving rnup can’ying 2’ to 2’ ínhich muy
be discontinuous oit sorne esgential torí iii intM, L H1 (2’) —+ H1 (2’)
u un ¡sornorpltism induced by -E, m und ¿ are homology classes of u
ineridiun aud u preferred longitude of 2’ respectively. !f E,(m) = Luz,
then E.(l) = Li ([(he double signs are itt the sanie orden).

Proof. Since 2’ Ls essential itt E, M Ls neititer a trivial knot space
nor a Hopflink space, asid so are tite Seifert pieces in M. Titen the Seifert
fibering of eacit Seifert piece is nnique by [Ja, Lemma VI.17]. Titerefore
tite Seifert flbering of 2’ gLven by M Ls unique and not meridLonal. Hence
tite proof completes by Lemnia 3.1. U

Let be a set of mutually non-parallel essential tori, witicit are tite
representatives of ah tite isotopy classes in tite exterior E’ of (ni) ~ afi
f~tm>(L) where ji = (‘¿1,... ,nm). Suppose any two tori in ~2have
the transvene intersection with minimal nuinher of components. Let
T,...,T.betoriinl% aflowing duplication, witicit satisfy tite following:

(1)27isnotisotopictofI~’>o...ofS=>(2’g)forany 1 <i< ¡‘asid
1 =j=m.

(2) Titere is a solid torus V¿ boiinded by 77 satisfying wv’ (L) > 2
for any i.

(3) For any 2’ E l~ satisfying (1) and (2), T~’ = 2’ for sorne z.

(4) i #i Lisiphies VI’ # 14.
(5) If 77 is standard and ws3Á~~v(L) =2,then titere isa torus

wititi#iand77 = 2$ Le. l~fl~ = 2’1’ and VI U T~J

Let 7~ = {T{,. . . ,2’~}. Tite existence of tori in [4depends on the
uncertainty of tite atoroidal decomposition of tite Seifert pieces. So each
77 Ls a connectable torus wLtit discrepancy zero. By an m1-twist 9,
along VI’~ tite discrepancy of ~~m>(2’¿) gets tobe m1. So g~’~~> produces
no similar tori in 9~mi>(E¡) for any m1 ~ 0.
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Consider the general cases. Let 4’ be any composition of sequential
twists, each of witicit is defined after applying tite previosis twists. We
classify these twists np to isotopy as follows: Tite first class consists of
ah tite twists already defined, sucit as f~’>,•.. ,f$,~m); Tite secosid class
consists of ah tite twists defined after applying tite twists in tite first
class, sucit as 9e(i> . . . ‘9c(k,) c(i)’ . c(k,) being mutuadly
disjoint; Similarly, each class consists of tite twists defined for tite first
time after applying tite twists in the previous classes.

Caiculate • usíng <“~> ~ itt the first class and~f~ = Íí~<1+fl2)
(n¿, ) (,n

2)
93 0 9g = Yg �� tite second class. Ignore ah 0-twists, since
they are isotopic to tite identity. Titen by tite aboye observation, titere Ls
no twists out of tite flrst two classes. Titerefore any cases can be reduced
to Titeorein 2.2.

Ía(1)~ •

0ia(k> L) -~ f(miProofofTheorem 2.2. Assume ( b(1)

ft~>(L) for sorne (n
1,. . . ,nk,,mí,. - .,mk2). Under thLs assumption,

we sbow tI1 u1 — _ mg = O in tite following.

Titere Ls an orientation preserving itomeomorpitisní <P —*

carrying L1 = f~7» o ... o f%~’»(L) to L2 fÑ?2 ~ ~
(u,) (nk,) )) Ls isotopic to -4(1)

Note that 9, o f<~> o of<> (UCT—Tc (mi)

o f~Ñt( U(~ — ~Tc)). Modify <P by att isotopy so as to satisfy <PO

14(1) ~ J<\UV’ — iC)) = Jb(1) o . . .~ fb(k) _

Titen y carnes each maximal twisted Seifert manifoid to a maximal
twisted Seifert manifoid. So rnodify <P so as to preserve tite fibening of
níaxiníal twLsted Seifert manifolds. Suppose m = fla(k) — mb(k) witen

= a(k) = b(k’) for sorne k and k’, j~ = ~a(k) witen i = a(k) asid
i # b(k’) for any k’, j~ = —mb(k) when i = b(k) and i # a(k’) for
any U, and otherwise j~ = 0.

<P
—*

1<m1> (mk)
b(1)

L
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We classify the solid tori to twist itt the two cases. First consider
tite case of tite solid tori without connectable toral bonsidaries. Let
4’: 53 9 be a discontinuosis map defined by

= (fh?ro...ofh::0)1o’Po(Í~r; o

In titis case, we can decompose tite set Y — lb to tite orbits
< i =r) under 4’. Witen 2’p(i,1) bounds a hy-

perbolic piece, itt tite sarne way as tite proof of Titeorení 2.1, we get
S jp(i,5) = O for any by Lemnia 4.1. When 2’p(i,i) bounds a

j=1
twisted Seifert manifoid M, ?/,N gives a fiber preserving inap of M
asid att orientation preserving self-itomeomorphisin of 2’p(í,í) Titen we

get 2 $p(i,g) = O by Lernma 5.1.

Next consider tite case of tite solid tori witit tite cosinectable toral
bonsidaries. Let 2’, E lb. Since eacit cosinectable torus itas nniqne
discrepancy, tite surn of tite discrepancy of afl tite consiectable tori in tite
exterior of L

1 and L2 are tite same. On tite otiter itasid, fIn> increases
tite discrepancy of 7~ by u. Titerefore tite surn of n~ witit 2’«¿> E [Fc½
equal to titat of m5 witit

2’b(s) EXc, itence ~ = 0.
T~ETc

Cosisequently we get 2 ji = 0, that is, 2 — E mg = 0,
t~ET i=1 5=1

asid titis completes tite proof. U

6. PROOF OF THEOREM 2.3

lsi titis section, we snppose Vqi> C ~~(2) C - G 1¿(k)~ wV~<l)(L) =
2, and wv«~l>((L — tice)) U coreVa(o) =2 for 1 < < k — 1. Assnme

o... o f~¿~>(L) ~ L for sorne (u
1,... ,nk). Titere is att oriesitatiosi

preserving hosiíeomorphism 9,: 9 —* 9 carrying 4t> o... o f~%
3(L)

to L. Note titat <Pof~&’>)o. . . of~> (UCT—Tc)) Ls isotopicto U(1’Tc)
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in E. Modify p so as to satisfy y of~¿7» ~ o <t>( U(IT—ITc)) =

U(IT—ITc). Denote <Poft]O...Of~41~> by ~ wherej = (ní,...,nk).

Lemma 6.1. Tc(i) E IT — IT0 zrnpliús ni = O.

Proof. Assume
Tc(i) E IT — IT

0. Sisice ‘p~ fixes U(IT — 2%), we
can consider tite orbit of

Tqí) under <Pi. Eititer Vc(i) C ifltV
4(g) or

Vqg> c intVC(~> itolds for any 5 ~ i, titerefore [f’0(g)does not belong to
tite orbit of

Tc(i) under ‘Pi. - Accordisig as Ls a ityperbolic piece or a
Seifert pLece, tite proof completes by Leisirna 3.2 or 5.1 itt tite same way
as Lernina 4.1 respectively. U

By Leisima 6.1, we can assume Tc(í) E lic for any i. Titen eacb
18 contained in a maximal twisted Seifert inanifoid.

Lemma 6.2. si
1 = O for uny i.

ProaS lgnoí-ing f~> with n~ = 0, we casi swppose n~ ~ O for any
5.

First asgunie 2’c(i) E
1D fl 1c for any i. Since ‘Pi.(L) = L iniplies

that tite torus decomposition of titeir exteriors give tite sanie number of
tori, then <Pu(2’qi)) E Tn ~ Tc for any i. Titerefore yi.(2’~<~>) is a con-
nectable torus witit discrepancy non-zero. Itt this case, ‘Pi.(U lin) ¡siso-
topic to UIn isi E. Titesi modify psoas to satisfy 9,i.( U TD) = U 1D•
So we casi cosisider tite orbit of 2’c(i> usider y,.. Since Tc(í)~ ,2’~eo are
ordered by tite inclnsiosi relatiosi of V~(¡),.. .,Vc(k), titeir orbits under

are mutually different. According as MC(i> is a hyperbohic piece or a
Seifert piece, we get n~ = O by Lemrna 3.2 or 5.1, contradictiosi.

Next assusiíe 2’c(i) E Tc — lb for sorne i. Titen 2’c(í) is a cosinectable
torus with discrepancy zero. Suppose Vc(i) is innermost of alí tite solid
tori Vc(t) witit 1 < t < k and 2’c(t) E ITc — liD. We define sorne solid
tori W

1,...,W~ Lnductively itt tite followisig. Let VV1 = V~(l). Since tite
discrepancy of 8W1 =

2’~(I) is zero, titat of <Pi.(OWl) i~ ni # 0. Titen
y~(8W¡) is isotopic to a torus itt IT¡,. So modify ‘p~ by an isotopy isi E
so as to satisfy

9,48W1) E ~Ib. Titen one of tite followisig occurs:

(1) y~(Wl) Ls equail to one of V~(í),.. . , Vcpe>.
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(2) <P~(8Wi) = 2’~(g) and <Pi.(V~(~>) # K(g) far sorne 5.
(3) <PÁOWl) is disjaisit to asiy of 2’~(i),~ ••,Tc(k).

Witen eltiter (2) or (3) italds, let W
2 = <Pi.(Wí). Titen tite discrepasicy

of 8W2 is ni # 0. Similarly, witen tite salid torus T’V1 is defined, ane of
tite following occurs:

(1) <P~(Wt) Ls equal to ane of V~(í),. . . ,
(2) <Pi.(8W¡) =

Tc(g) asid ‘P~(W~) # 1/«g~ for sorne 5.
(3)

9,~(8W~) is disjaisit to any of 2’«~>,. .. ,
2’c(k).

When eititer (2) or (3) itods, let W
1~1 = <Pi.(WÓ. Tite discrepancy of

8W1 Ls n~ ~ 0, asid so is titat of 8W1~1. Tite Lsotopy classes of essesitial
tan isi E are finite, titesi we get W1 = V0(g) for sorne t asid 5. Here tite
discrepancy of

2’c(í) and 2’«~> are zero and ni # O respectively, titerefore
j ~ i halds. Note that 2’<o~> ~ int(VC(I) O E) implies T«,,> E ID lar any
u. Titen tite number of Seifert pieces itt W, n E Ls less titan or equal to
titat itt Ve(i) o E, asid tite number of tite isotopy classes of essetttiai tori itt
Wt o E Ls greater titan or equal ta that itt V~(I) O E. Titesi 1/qi) C intW~
contradicts tite farmer, asid W±G intV«

1> casitradicts tite latter. Titis
completes tite proof. U

Consequently, titese lemmas completes tite praaf of Titeorem 2.3.
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