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Pack¡ng Constant in Musielak-Orlicz Sequence
Spa ces Equipped with the Luxemburg Norm

HENRYK HUDZIK, CONGXIN WU and YINING YE

ABSTRACT. A moré precise formula for the Kottman parameter D(X)
connected with the packing constant A(X) in such a way that A(X) =
D(X)/(2+ D(X)) for a Banach space X, in the case when X isa Musielak-
Orlicz sequence spaces fr, is given. As a corollary packing constant of the
Nakano space ¡(~~), where 1 =pí <+oo for any 1 = 1,2,~. ,iscomputed.
This generalizea the resulta of [2]for ¡P apaces. It ja also proved that A(L’~) =
A(hfl.

INTRODUCTION

In the sequel N, R, R+ and R~. stand for the set of natural numbers,
the set of reals, the set of positive reals and for the intervail [O,+ oc],
respectively. The space of alí real sequences z = (z1»’Z1 is denoted by
¿0~ A map ~ R —* RZ. is said to be an Orlicz funetion if p is convex,
even, vanishing and continuous at O, left-hand side continuous on the
who]e R~, and not identically equal to zero (see [9], [10] and [11]).

A sequence of ~ = (~j»’~ of Orlicz functions p~ is cailed a
Mnaielak-Orlicz function.
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Given a Musielak-Orlicz function ~ we define on a convex modu-
lar 14 by

00

14(x) = Zwí(xi) (Vr = (x~fl&~ 610).
i=1

A Muaielak-Orlicz space generated by ~ is defined by

= {x E 10: L,(Ax) <+00 for acertain A> O}.

Tbe funetional

IIxFk = inf{A > O: 4(x/A) =1>

a norm in fr (called the Luxemburg norm) and the conple (l’~, ¡¡
is a Bana.cb space (see [9]). We denote by h~ the subapace of ¡P being
the closure in ~P of al] sequences ITt ¡0 with finite number of coordinates
different from zero. This subapace wifl be considered with the norm
induced from 1<”. In the case when al] functions S01 which define sp are
finite-vained (i.e. S0¿ are continuous functions) we have simply

U’ = {x E ¡O : 4,(Ax) <+00 br any A > O}.

We say a Muaielaic-Orlicz fnnction tp satisfies the 6%condition it
there are positive constanta a, K, a natural nuinher m and a sequence

00

(Cí)r, a R such that E C~ < +00 aud for any i E N and u E R
=7,5

satisfying ~i(u) < a there holda

sp~(2u) =Kso~(u) + C~.

Ifa Musielak-Orlicz function sp satisfies the 6~-condition with m = 1
we say that sp satisfies the ¿5

2-condition (see [4], [6] and [11]).

For any Mnaielalc-Orlicz function sp, U’ coincides with ¡‘~ if and
only ib sp satisfies the 6~-condition (see [5]).
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Por any Banach space X denote by B(X) and S(X) the unit hall
and the unit sphere of X, respectively. The nnit hall in X centered at
x E X and with radhis r> O denote by Bx(x,r).

The packing constant A(X) of a Banach space X is defined by

A(X) = sup {r > O: B(x’t)~1 a B(X), Ix”
t — x~¡¡ =2r

00

for m ~ it, and ~ Bx(x~,r) a B(X)}
n=1

(see [12]). Kotti-nan [8] proved that lar any Banach apace X we have
A(X) = D(X)/(2 + D(X)), where

D(X) = sup mf ¡¡zm — x~Il.
(x”)CS(X> m!=n

it la well known that DQ~) — 2’~~ for 1 =p <+oc and D(¡00) = 2 (see
[12]). Moreover, Cleaver [3] obtained some lower and upper estimationa
for the packing constant of Orllcz sequence (as well as function) apaces
and be pointed out that these estimationa give an exact formula bar
the packing constant in a special clasa of Orlicz spaces, i.e. for Orlicz
spaces such that ¡¡z¡¡~ — <1(4(x)) bar any x E ¡~ (respeCtiveiy
for any x E L’~). However, Zaanen [15] pointed mit that this chas of
Orliez apaces reduces on]y to P (respectively L~) spaces (see also Wnuk
[13]). Next, Ye [14] obtained a simpler bornnla br D(fr), where sp 18
an Orlicz funetion (i.e. al bunctions spi iii the definitian ob sp are the
sanie). Narnely, he has proved that for any finite-vained Orlicz funetion
c~o which satisfies the t

2-condition at zero, we bave

= sup {Cx > O : I9(x/c~) = (1)

In this paper we abtain an analogne br Musielak-Orlicz sequence spaces
I~ generated by finite-valued Musielak-Orlicz fnnction
sp = (spi)~1 which satisfies an additional condition (+). In the case
when sp is an Orlicz function this farmula coincides with formula (1).
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We say a Mnsielak-Orlicz function sp = (sp~)~2
1 satisfies condition

(+) ib bar any e> O and any e E (O,c) there is 6> 0 snch that sp~((1 +
6)u)=cwheneversp~(u)=e—efori — 12 ...andueR+.

Assuming in this definitian e = 1 we obtain condition (*) defined
by A. Kaminska in [7].

RESULTS.

To obtain main resulís we need to give sorne anxiliary lemmas.

Lemma 1 (see [4] and [6]). II ~ = (~Ú?~i is a finite-valued
Musie¿ak-Orlicz funetion i.e. alt functions spí are finite-vatued and sp
satisfles dic 62-condition (equivalently, the t52-condition,~), then IIxII~ = 1
ífandonlyif4,(z) = 1.

Lemma 2. La sp = (~¿)~ be a Musielak-Or¡icz funetion sat-
zsfying condition (+) and such that di spi arr finite-valued. Thr any
sequence (xk)Ze1 of eiernents un S(fr) and 6 > O diere exist a subse-
quence (yk)%11 of(xk)%&1 aid a strictly increasing sequence (ik)%&i of
natural numbers such that

(i) > sp~(yfl<6 (k = 1,2,...),
t=tk+i+l

tk
(u) 2 sp~y~ —yfl <6/2 (k = 1,2,..; m,n =k),

i=1

tk+1

(iii) 2 sp~(y~)<6 (k = 1,2 -
5=

wlzere y~ denotes dic i-th coordinate of ~k -

Re lemma can be proved in the saine way as Lemrna 4 in [14].
Iherefore, we omit the proof.

Lemma 3 (see [71). Let sp = (spi)?~i be a finite-valued and
satisfying dic 6

2-condition aud condiUon (+) Musielalc-Orlicz funCtion.
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For a given e > O and c > O there cxist 6 = 6(c,e) > O such thai
lÁz + y) < 14(x) + ¿ whenever x, y E l~, 4(x) =e arad 14(y) < 6.

Carollary 1. Under dic assumption of Lemnia 3 conccrning sp inc
have thai for any 77 > O ihere exista a > O such that 14(x — y) > a
u’hcnever x,y E fr, 14(x) =u, 4(y) < t¡/2.

Praof. Asaunie that sp satisfies the assumptions and that the as-
sertion from the Corollary does not hold, ¡e. diere exista ~ > O such
that bar any a > O there exist x,y E U” snch that

14(x) =u, L,,(u) < 3-andlÁx—v)<a.

Let 6 > O be the number correspanding ta e = e = ~ in Lemma2
3, and assurne a = 6. Then we have

=14(x) = 14(y+(x—y))=14 2 2 2

a contradiction. Therefore, tbe corollary 18 proved.

Now, we shafl introduce a parameter 4 bar finite-valued Mnsielak-
Orlicz funetiona sp =
Define

n+nt
c(x,m,u) = infjc >0: >3 spj(±~.) = (Vx E S(lfl; m,n GN).

t=n

Ihe sequence (c(x,rn,n))~’§1 18 nondeCreasing bar any x E S(fr) and
t~ E N. Iherebore, for any x E S(fr) and it E N, the lhnit

d(x,n) = hm c(x,m,n)
m —.+ Co

exista. Moreover, we have d(x,n) =c(x,m,n) bar any x E S(P”) and
IIL,U E N. Let

= sup {d(x,n) : x E S(1
4”)} (Vn E N).



18 Henryk I{udzik, Congxin Wu asid Y¡ning Ye

It is easy ta see that 1 < 4 =2 bar each it c N. Since tite sequence
(d7,)~1 la nonincreasing, we can define

4= hm d,5.
n

Ohvioiisly, 1 =4 =2.

Remark 1. Note that ib we change only finite number of Orlicz
functions ‘pi in the sequence sp = (sp~)~1, the parameter 4 remaina tite
sanie. Msa the 62-conditian holds true bar tite Mnsielak-Orhicz funetian
changed ira snch a way, whenever sp satisfies the óg-conditian.

We are naw in a position to give one ob the main results ab this
paper.

Theorem 1. Ld y = (‘p~?~ be a finite-valued Musielak-Orlicz
funetion satisfying the t5%condition arad condition (+,). Titen D(fr) =
4.

Proof. First, we will prove that D(lfl =4. For any £ > O and
each it1 E N there exist a? E S(fr) and m1 E N sucb that

c(x
1,mi,ni) > d(x’,n

1) — >4, — ~ =4—¿

¡ .e.
~~“(x1) =K

5= fl 5

lake u2 = rn1 + n1 + 1. Titere eosts ~ E S(fr) arad ni2 > rn1 such
thiat

1,
c(x

2,m
2,n2) =d~, — 2

1 e.

fltrn
2(x~ ~)=
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Cenerally, putting itk = itk.1 + mk.1 + 1, there
in1~1 > mj snch that

e-
c(xk,mk,nk)> 4—

e.
‘It +ma

E
5 =

~~(x! ~)~
Let yk = (yth§1, where

3fk

Define
IIt¡k

when
12k =i =ttk + m¡,

otberwíse -

z = (zk)%?
1, where je = t/lIykIk,. Then A

=jjx’~jj~ = 1. Therebare,

‘5£ + “LA.

>3 + 4 — u

)

flk+’flk/k\flt+fl4¿¡¿\

____ ____ =
s=’Ik t=n¿

1.

Ihis íueans that ¡zk~zul¡~ =4— ~, whence it bollows immediately
that 0(19 =4.

We shall prave raaw that D(t’
0) =4. Assume that titis inequality

(loes ííat haid. Then titere exists a natural number it such that D(fr) >
4. Denote i¡ = D(IW) — 4. By the definitian ob D(lfl there exists a
sequence x = (xk)~g

1 such that

¡¡A — x’¡k > D(1”) — _
3

exist xk E S(V’) arad

C S(V’) and

(Wc, leN; k#l). (13)
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Put e = (i¡/3)/2(d~ + ij/3). In view of Lemma 3 there exists
6 E (O,s) such that

(14)14e~ + ~¡)< I~,(x) +

whenever 19(x) < 1 arad 14(y) < 6.

In virtite ob Lemma 2 we can choase a subseqnence (yk)%11 of
(xk)~&1 satisbying conditions (1), (Ii) arad (iii) brom titis ]emma with
6/2 ir¡stead ab 6.

For any n1,it2 E N, it 221 < ~2, aud any y e SQ~), we have
d,5 =4v,n2 —n1,u1). Therefore,

it
5=t~.~

~ fl2

— d,, + ~ >3
=nl

it
5=5t~

221,712

dn<pj(A)

2(4 + ~)

(15)

1
= ——e.2

Far al] natural rnimbers k, 1; k < 1, we have

k 1
~ (~ ~ 1

4+n/3)

15+1

E
,=tk+1 5=55+1+1

) spj 4+n/3) (16)

We niay assuíne without lass of generality that ~k > it. lix view ab (u) ira
Lemnia 2 arad the inequaiity 4 =1, we get

= —14) <
a1

6 e

2—2
(17)

Ira virtue of (iii) ira Lemrna 2 arad tite iraequality 4 =1 we have

E
t=t& +1

~Jd+rp/3

)

‘5+1

E (18)
i=t&+1

sodz4) < 6.
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Mareaver, by (15) we have

5k + 1

E
iit+1

1
(19)

Applying (14) witb (0,...O,—yt+i,...,—y~+,,0,...) in place obx arad
in place of-y, we get

tL + 5

1£
<22

(20)

We bave by Lemnia 2 (1) arad (iii) with 6/2 instead ob 6 and 1 = k + 1
that

it ‘ed.v!) < 6

so a~)pIying again inequality (14), we get

<it
tta+,+l

(j = k,k+ 1),

()oníbining raow inequaflties (17), (20) arad (21), we get

14

whence it bollows that

¡¡yk~yI¡~ =4+q/3 = DQ9— 27)
3 ,

which cantradicts (13), arad cansequently finishes the proob.

Thearem 2. If sp = (‘p~2~ is a Musielak-Orlicz function which
does not satisfy tite 6~ -condition, titen A(fr) =

— ¡4) < 6 +
£

2
(21)

4.
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Proof It bal]aws from the assurnption that P cantairas an isomor-
1)hically isometric copy of ¡00• Ira tite case witen al ‘p~ are finite-valued
titis was praved by Karninska ira [6]. Tite pTOof can be Tepeated ira tite
general case. Titerefare,

2 = D(1
00) =DW) =2,

wherace we get D(100) = 2, i.e. A(l~) = 4-, what completes tite proob.

Carollary 1. La ¡(~~) be a Nakano space, inhere 1 =m <+~ for
any i E Pi - Titen:

1 -

= ~, ib limsupp~ = +oc, (22)
i—+oo

=
2t/(2 + 2), ib limsuppj < +00 , (23)

i-.+oo

whcrep limirafp1.
2—• + 00

ProaS. The space 1(Ñ is the Musielak-Orhcz space r, where sp =
(<p~)soc1 is tite Musielak-Orlicz furactian with sp1(u) = IuI~’ bar eacb
E Pi arad u E R. It is obvious that sp satisfies the 62-coradition ib arad

oraly ib ]imsupp~ < +oo and that tite 62-caradition implies in Uds case
i—.+oo

candition (+). Titerefore, (22) follows iramediately from Thearem 2.

Assume raaw that limsupp1 <+00 arad define p = 1irailnfp~.

Take ara arbitrary £ > O. There exists j E Pi such that p~ =p — £ bar
any i > y

Given a > O there exist ni E N arad x E S(1~) sucb tbat x~ = O
bar i =u and c(x,rn,n) =4— a/2. We have

•1+t» n+’n n+m x~ ~ 1s~vxí~vi> > —>3 = _ ___spÍ(~t0) - Z~c(xmto—a/2

whence
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1it xi

)

~I ~ d~ )P.

Then we get for any x E S(1SO):

1=2 < -

¿=1 (d,, — a)¡’’ — ;nin[(d,, — a)”, (d~ — a)P-cf

a <Hence, ira view ob tite arbitrariness of ¿ > O, we get d,, —

whence d < 21/P by the arbitrariness of a> O.

Canversely, bor aray £ > O there is an irafiraite suhset A ob Pi sucit
that p~ = p + £ bar any i E A. Deraote the sequerace (spj)i~ by ~P. Ib
sp = (spOj=~is a sequerace ob Orliez funetioras arad ‘1’ = (‘¡‘~)~=‘ ís
a subsequence ob sp, titera d,~ =4. So, we can assnme witbant Ioss of
generality that A = Pi arad ~I¡= sp. Take any m,n e N arad x E S(fr)
with suppx = {iE N: x~ ~ O}c {n,n+1,...,n+m}. Wehave

spi( c(x,m,n)

)

nf- m

=2 ¡x~

¡

(c(x,ni,

1 1r
— [c(x,m,n)]P+C .%.¿ ~ = [c(x,m,n)]P+<

Hence it bollows that d_ > 21/P since £ > O is arbitrary.

Note. The packing constant of e0 is equal to 4-.
Proof. Takirag the sequerace

= (1,0,...), x
2 = (—1,1,0

n

x =(—1, 110 )
(n—1) t ni

23

00~ ( d~
t=

1
22

1= fl

(24)
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we have x~ E S(co) for aray 22 E N arad hz”’ —

1m,n c N, ni u. Therebore, D(co) = 2, Le. A(cr~) =
= 2boraray

Theorem 3. If sp = (‘pi)~Z1 is a Musielak-Orlicz funetion such
that alí furwtions spi are finite-valued titen A(hfl = A(1<~).

ProaS. Assnirae flrst titat sp satisfies tite 6%caraditiara. Thera 1? =
U” (see [5]), wherace tite desired equality fallows.

Assume now that sp daes raat satisby the 6~-coraditiora arad take an
arbitrary £ > O. Ihera there exists a closed subspace 1 ob U’ arad a liraear

onto
operatar 1’ : e0 —* 1 sllCh that

¡¡X¡j00 =jjPx¡¡,~ =(1 +e)¡¡x¡¡00 (Vz E Co) (25)

(see [1]). Cansider tite sequerace (x”)~g.1 defined ira (24) arad defirae a
new sequence (Px”/¡¡Px”¡¡9,»~1 ira 1. Ira view ob (25) we have

¡¡Px~¡¡LP ¡¡PZI¡¡LP — ___________ — x

’

an d

1

Applying (27), we get

11— =
£

___ <e.

xt 32 x
t—x> 1 1

¡¡Pxi¡j ¡¡Pxi¡ILP IIPx~h¡~ — hIPz~II~, — hIPxiII~,

>
=1+e

(27)

(28)

2 —

Combiraing (26) arad (28), we have

2
___ —a

_____ — <71)
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Since ¿ > O is arbitrary it follows that D(hLP) =D(l) = 2. In view ab
the obviaras inequality D(hLP) =2, we get D(hLP) = 2. Tite proof is
finisbed.

Acknawledgements. The authors thank the referee far valuable comrraents
ami resnarks.

The results of this paper were abtained in September 1989 when the first
naíned author visited Harbin Irastitute of Technology in 1-larbira, China. He
want ta tbank Prof. Wu Cangxin for invitation arad very goad hospitality and
tSe government of Harbin Instítute of Tecbnology far financial support.

References

[1] Alherlc, O. arad Hndzik, II. Copies of 1’ and eo 1» Musielak-Orlicz
sequcuce spaces, Coírairaerat. Math. Univ. Carolinae, 35, 1(1994), 9-19.

[2] Burlak, .1., Rankin, R. arad Robertson, AR. Tite packing of spheres
iii tite space 4,. Proc. Glasgaw Math. Assoc. 4(1958), 22-25.

[3] Cleaver, C.E. Packing spheres in Orliez spaces, Pacific J. Math. 65
(1976), 325-335.

[4]Denker, M. arad lludzik, II. Unifonnly non-iU~ Musielalc-Orlicz se-
quence spaces, Proc. Indiara Acad. Sci. 101, 2(1991), 71-86.

[5] Hudzik, II. arad Ye, Y. Support furtetionais and smoothness un Muste-
lak-Orlicz sequence spaces, Camment. Math. Uraiv. Carolinas, 31, 4
(1990), 661-684.

[6] Karadraska, A. Fíat Orlicz-Musielak sequence spaces. Buil. Acad.
Polon. Sci. Math. 30, 7-8 (1982), 347-352.
[7) Karaiiraska, A. Unzfonn rotundity of Musielak-Orliez sequence spaces.
J. Approximation Theory 47 (4) (1986), 302-322.

[8] Kattman, CA Packing and reflezivity un Banach spaces. Traras.
Arner. Matb. Sae. 150 (1970), 565-576.
[9] Krasraoselskii, M.A. arad Rutickii, Ya. B. Convexfunctions and Orlicz
spaces. Groniragen 1961 (transíation).



26 Henryk Hudzik, Congxin Wu asid Yining Ye

[10] Luxemburg, W.A.J. Banach furaction spaces, Ihesis, Delfet 1955.

[11] Musielak, .1. Orlicz spaces aud niodular spa~es. Lecture Notes ira
Math. 1034 (1983).

[12] Wells, J. arad Williams, L.R. Enibeddings arad extensioras in analysis.
Lectrare Notes ira Math. (1975).

[13]Wrank, W. Orliez spaces cannot be normed analogously to L”-spaces.
Indagationes Math. 46, 3 (1984), 357-359.

[14]Ye, Y. Packirag spiter-es ira Orlicz sequence spaces. Chinese Aran.
Math. 4A, 4 (1983), 487-493 (ira Chinese).

[15]Zaaraen, A.C .Sonie rrmarks about tite definition of art Orlicz space.
Lecture Notes in Math. 945 (1982), 263-268.

Henryk Hudzik
FacuLty of Mathematics and tuformaties
A. Mickiewicz University
Poznan, Pol,nd

Yining Ye
Department of Mathematics
Harbin University of Sciences and Technology
Harbin, PM. China

Congxin Wu
Department of Matbesnatica
Harbin Institute of Technology
Harbin, PR. China

Recibido: 9 de octubre de 1992

Revisado: 27 de octubre de 1993


