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On ¡‘he Variational Inequaliíy Approach ¡‘o
Compressible Flows via Hodograph Me¡’hod

LISA SANTOS

ABSTRACT. We study the flow of a compressible, stationnaiy and irrotational
fluid with wake, in a channel, around a convex syminetric profile, wit assigned
velocity q,. at infinity and q,.Cq,. at te wake. la particular, we study te regu-
larity of te free boundary (for a problem which has non-constant coefficients),
in te hodograph plane.

Using variational inequalities, WC obtain te solutions of sorne known cases as
limit of this one, namely te solutions of te problerns of an incornpressible fluid
in a channel witout wake, in te plane wit and without wake and the problem
of a comprcssible fluid in te plane.

Wc also study te convergence of thc free boundary of te new problern to te
free boundaries of te limit corresponding problerns.

1. INTRODUCTION

We study tbe flow with wake of a stationnary, irrotational, comprcss-
ible fluid, with non-constant density e~ in a channel wit semi-height Ji,
around a convex syrnnietric profile, with givdn vclocity q0, at infinity and
q,’Cq,. on te wake.

A change of variable of Baiocchi typc in the physical formulation of
te problem, after a hodograph transformation, leads us to a variational
inequality; we also prove that its solution converges to te lirnit cases of a
fluid
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-in dic channel, without wake, when q,—*0, [(a,h, 0)]
-in te plane, with wake, when h—* + no, [(a, + no, q~]
-in the plane, without wake, wben h—* + ~,q~—*O, [(ea+ no, 0)]
-íncompressible, in each of te three situations
aboye, when tbe density ~—d, [(1, ~,**)]

being *h, ±noand **q, 0.
Ihe problem (~, + no, O) was studicd by Brézis and Stampacchia ([7]),

thc problem (1, +no, q,) by Brézis and Duvaut ([5]), the problem (1, Ji, 0)
by Tomarelli ([21]) and the problem (~, ±no,O) by Brézis ([4]). These
problems were also regarded frorn thc numerical point of view, namely by
Bourgat and Duvaut ([3]) and by Bruch and Dormiani ([8]). These kind of
problems were also studied by Díaz ([9]), Díaz and Dou ([10]), by Hum-
mcl ([13], for non-symmctric convex profiles) and extended by Shim-
borsky ([19], [20]) to plane channels, Venturi tubes and flow around a
Joukowski airfoil.

We are going to extend die formulation of diese problems fo the com-
pressible case (~, h, q9, in a channel, with wake, establishing fhat each of
dic previous cases is a (variational) liniit in thc hodograph plane, of this
more complex case. We shall also prove te convergence of te free bound-
aries. mese results for the incompressiblc case can be found in [18] and
some of the results for die compressible case were announced in [17]. A
new result is dic study of thc convergence of the solufion of thc problem
of a compressiblc fluid to die solution of dic problem of dic incompress-
ible one, whcn dic dcnsity of the fluid ~ becomes constant.

In section 2 we formulate die physical problem and introduce thc
hodograph transformation. In section 3, after a Baiocchi fype change of
variable ([2]) in the hodograph plane, we present the variational formulation
of dic problem, for whicb we know diere cxists a unique solufion. In
section 4 we study dic regularity of thc solution and free boundary of thc
solution of dic variational inequality, concluding diat it is possible fo fum
back fo te physical plane and we establish the existence and uniquencss
of solution of te physical problem. In secijon 5 we study, firstly the con-
vergence of dic solution of fhe problem with wakc fo dic solution of thc
problem without wake, when dic vclocity at the wake goes to zero and
afterwards te convergence of the solution of our problem fo the solution
of dic problcm in dic plane, when dic height of the channel becomes arbif-
rarily large. In section 6 we extcnd dic convergence results of sections 4 and
5 to dic free boundaries. In dic last section we prove dic convergence of
dic solution and free boundary of te compressiblc problcm fo dic solution
and free boundary of fhe incompressible problem, when fhc density of dic
fluid goes to one.

2. FORMULATION OF THE PROBLEM
Let ~Y be a strictly convcx profile with height 2H, syrnmetric widi re-

spect to te OX axe. Consider dic flow of a fluid around diis profile in a
channel of semi-height h>H>O. Wc suppose the flow is uniform at infi-
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nity, with assigned velocity QQ, parallel to die OX axe. mc fluid has a
given density ~,being

~=g(q) (1)

where q is dic velocity of dic fluid and g is a non-incrcasing C’ funetion,
bounded bclow by a strictly positive number ni.

Let S be dic (unknown) boundary of the wake. Wc assumc 5 is a fine,
dccrcasing when x grows, which intcrsects the profile in its descending
pan. Lct G be dic exterior of the profite and wake in the channel.

By symmetry reasons, it is enough to work in the region y=O.Wc de-
note by G~ and = + tbe intersections of O and Y with thc region {y=O}.

it

Ir

y

c
O~ %.. 5

Uj -ir

a’-

(1 A

Hg. 1. The physical plane.

Let ~, be the stream function defsned as follows:

v,x=—eq2, ipy=Qq1.

Notice that 7 ~ = qg(q) and we can consider ~
and y. Our problem can be formulated as follows:

as a function of x

ipEC
2(G)flC’ (G~O,

¡ 2 \/ 2

— _____ ~ —2

Vdx, h)=hqQ,g(qQ,), vxEli,

tp=O on Y~US or ify=0,

(2)

es
r

f+A>(~ y)=yqQ,g(qQ,), uniformly in y,
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g(q)being a2(q)=—q g’ (q)

Consider now ~ as function of q and O, instead of x and y (cn = q cos O,
q
2=q sin O). Then

qg(q) g(q)

Suppose that dic equation a(q) = q has a positive solution. Denote by q~
dic lcast positive solution of dic equation a(q) = q q~, is called the velocity
of tite sound (later on, wc will allow q~= + no, a(q)=q has no positive so-
lution).

Notice that the sccond equation of problem (2) is elliptie in thc sub-
sonie domain (qczZq~) and hyperbolic in thc supersonic domain (q>q~).
Our study is restricted to the first case.

Define

and ~=j~egOl dr (3)

(r\
_____ ( gQr) ( g(r

)

g\L/ dr, s= dr,
0C dx, (4)

.Jq V Jq 17

wherc q~=majq(x, h)¡.
x~LR

Assurning thc fluid is totally subsonic, following Brézis ([4]), te pro-
file Y * is transformed in a curve úfXwhich is a free boundary) contained
in the region a>0 that will be denoted by a=l(O).

Lct R(O)=—[~X’)2(O)+(Y’)2(O)]Y thc curvature radius of OY~ on thc
point EX(O) ,Y(O)), being EX(O), Y(O)) die unique point P of .9< ‘-whcre the
tangcnt at 1’ to &íl? + makes an angle O(O<jr/2) with the axe OX. Wc sup-
pose

X,YEC¡o(OB,OA), 0<a<1.

Wc are going to work now in dic hodograph plane, i.e., our coordi-
nates are now (O,a) instead of (x,y). Wc still denote our function, now on
the variables O and a, by i,b. The figure below shows how the hodograph
transformation acts.
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Fig. 2. The hodograph plane.

mc angle between the wake and dxc profile in thc point whcrc both in-
terscct is denoted by O,. The region 0 is transformed in a region ~, de-
fined as follows:

~= {(O,a) : 05c0c0, l(O).Cu<sl U {(O,a) 0<O’COA, l(O)czla}
U {(0,a) : l(O)~Ca<ah}.

Since q~n=O on S, we conclude tbat zp~O Qn 5.

Define

fl5=]011,0]X]O,s[U]0, OA[XR~, fl={(O,u):O~CO<0},

(5)

2Q,{(O,a):aQ,’CU<+ oo}.

Problem (2) 18 equivalcnt to thc following one:

To fxnd ~‘ def¡ned in O, and ~ CO such that:

k(a)Vboo+Wúa=tO in ~,{ R(O)q(a) Ofl

l+k(u)1’
2(O) (6)

w=0 Qn rs,
cm

1~=hQQ, g(qQ,) on
~—*0 when u—*+no, 0>0,

being
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g2(q(a)) akq(u)) (7)

3. THE VARIATIONAL INEQUALITY

In Uds section we assurne the existence of a regular solution 4’ of the
problcm in the pbysical plane, verifying thc following physically natural
assumption:

«(*) The line in the physical plane, corrcspondcnt to O = 0, intcrsccts
each Une paraicil lo dic axe OX al mosí in one poiní».

Remark 3.1. Tomarelli established in [21] that Ihe solution to the

problem of dxc incomprcssible fluid in a channel verifies this property.

Let us make now a change of variable of Baiocchi type:

fi k(r) 4’(O,r)dr
1 q(r)
o

(8)
if (O,a)EO, \ §t

Proposition 3.2. The function u verWes the following properties:

1 /q2 \
u>O Oil ~, 1 U

0I+U~+UR(6)Ofl=,
~ \k /~

on 2~ u00 oit

u(0,a) H—g(qQ,)hqQ,

>H—g(qQ,)hqQ,

k(r) dr

¿¡(17)

fi dr

Proof. For the proof of dxc thrce first properties, see [4].

k(a

)

Since u0= 4’, we have u,(O, s)=O, and so ¡¿~=0 on
¿¡(a)
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If a>a_ following [4] we conclude that u(O,a)=H.

Notice diat a point (0, a) of 1h is image, by the bodograph trans-
formation, of a point (x, it), and 4’(x, it)itqQ,g(qQ,) (see (5)). If a
is such diat l(O)cza<ah, (0,a) is isnage of a point of U’-.
As 4’=0 on a,Y~uSu{y=0}, 4’(x,it)=itg(qQ,)qQ, and

4’(x, y)=yg(qQ,)qQ,=hg(qQ,)qQ,,by dic maximum principle (since
y’ satisfies an eltiptic equation in Ge), wc conclude that
4’(0,a)<hqQ,g(qQ,).

La CJ<UQ,~ Thcn

u(O,a) — ____

q(r) 4’(O,r)dr

— f “ k(r) 4’(O, r)dr— 4’(0, r)dr
KO) q(r)

=H—J k(r

)

4’(0,r)dr,
q(r)

which concludes dxc proof. E

Let f’=]O
8, 0]X{s}. Define

V5={v:qvEL
2(Oj, qv

0EL
2(O), ~ y EL2(O% (9)

v~0

~ jj2( v~+v~+v2)dOdu. (10)

Define on V~ die following bilinear syrnmetric fonn

a(u, v)=J’ q2(~-{— u
0 v,,+ u~e—uv)dOda, (11)

and dic convcx set

K={vEV~v>0 v(0,a)Hifa>a , v(0,a)=fl(a)ifu’CaQ,}, (12)

where

S 05 k(r)
—dr.
q(r)u(a) =H — hqQ,g(qQ,) (13)
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Lenima 3.3 a is coercive iii K, titat is,

~a>0vu, u0 E 1< a(u—u0, u—u¿i=aMu—u0W (14)

Proof. Thc proof is analogous to the one found in [4] for te prob-

1cm in the whole plane, without wakc, so we omit it. EJ

Lenima 3.4 uEK.

Proof. Results directly from Proposition 3.2.

Lenuna 3.5.

u6(Oya)—u0(O~,a)=O ~fa~<a<aQ,.

Proof. Reasoning as in [4], we conclude diat

1
u(O,a)= 4’+sinO[x(O,a)—X(O)]—cosO[y(O,a)— Y(O)]

wherc (x(O,a), y(O,a)) is
hodograph transformation
of the profile indicated in

dic point of die physical plane applied by thc
in (O,a) and (X(O), Y(O)) 18 thc parametrization
die previous section.

Since

1sin 6=— 4’~,
Qq

1
cos0= ~

Qq

we conclude that

1
u(O,a) = (y’ —xy’5—yy’) —X(O)sinO + Y(O)cosO,

Qq

and as

we have
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u0(O,a) = —[-—x(4’~)0—y(4’)0] + [— X(O)sinO+y(O)cosO] ~ =Qq

— —[x~qcos O ±y~qsinO]+ [—X(O)sinO + Y(O)cosO] ~.

Qq
Then

u6(OÑa) — u0(0~,u)=x(frja)—x(0
4,a).

me propcrty (*) imposed to dxc solution of dxc pbysical prob¡cm
guarantees us that dxc ¡inc 0=0 1(0)Ca~a~ in dxc hodograph plane corre-
sponds, in the physical plane, to a one-to-one line that joins dic unique
point of thc profile where O = O (the point of thc profile of rnaximum
hcigbt), to a point of the ¡inc y= Ji where the velocity is maximum. The
complement of this curve in C~ has two connected components, one thc
set of the points whcrc 6<0 in the hodograph plane and dic othcr the set
of dxc points where 0>0 in dxc hodograph plane. It is now obvious that

Theoreni 3.6 u is tite unique solution of the variational inequality

uEK,{a(u, v—u)=Jq2(a)R(0)(v—u)dOda~ ‘IvEK. (15)

Proof.

a(u, y—u) = ~2 [{u
0(v— u)0+ ujv— u)0— u(v—u) ]dOda

— ~2 [-{--ua(v—u)0+ u0(v— u)0— u(v—u) ]dOdu

— —{ {(ÁLu)(v~u)+Q2u<v~u)

+q
2u(v—u)}d0da+ J’ ~ q2 uj)n(vu)~

where 8 ~ ==UX,,UZhUf’, and 7; is dxc exterior normal vector to 8=>’.

Let f(u, v)=({uo, -9¡.—u
0)-71(u--v). On 9< we bave u0ug0, so

Jf(u, v)=0. C)n X,,,, since v(0,a)=u(0,a)=H we have fí<u, v)=0.

Qn r~, ii=(0, 1) and u0z0, so S~,f(u, v)=O.
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On Zh,f(U, y)=(u0(Oja)—u0(O’-,a»(v(O,a)—u(O,a)). Using the pre-
vious ¡emma wc know tbat u0(0,a) -~ u0(0~,a)=O.On tbe other hand,
v(O,a)>~(a)=u(0,a) on Xh,50 fipu, v)=0.

Tben

a(u, y—u) =~f((-9—u0)+q2u00+q2u) (v—u)dOda =

q
2R(O)(y—u)dOda,

by one of thc properties of u proved in Proposition 3.2. Since v=0in
f1~, u~0 iii ~ R~CO, we have

J¿¡2R(O)(v...u)dOda=,fq2R(O)(v~u)d6da,

concluding then that

<«u, y~u)=j’q2R(O)(v~u)d6da.

Ihe uniquencss of solution is a dircct consequence of dic fact dxat a is
a symmetric bilinear coercive form. E

Remark 3.7. Related widx this problcm are dic problcms of flows of
a comprcssible fluid with prescribed velocity ¿¡Q, at infinity, around a con-
vcx symmctric profile Y, in dic thrce situations below:

(i) in a channel with scmi-height Ji, widxout wake, [(Ji, 0)],
(ji) in te plane, wjth wakc, [(+ no, qe)],

(iii) in dxc plane, wjthout wakc, [(+ no, 0)],

The pbysical formulation of diese problerns corrcsponds to ornit in
(2) dxc references to thc wakc, dic channel or both.

Conccming dic variational formulation, we have in each problern tbc
variational inequality (15), being tlie space y, defined by (9) widx tbe norrn
(10), being y= + no and fl=0 jn thc cases (i). (iii). Tbe convcx for each
one of dxc thrce problerns are dxc following ones:

— in case (i):

Kh={vEV¿v=0, v(0,a)=H ifa=crQ,,v(0,a)=~(a) ifa<aQ,}; (16)
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— rn case (u):
~<~= {vEV.»v=0, v(0,a)=H if a=a4; (17)

— ín case (iii):

K~{vEV~:v=O, v(0,u)=Hifa=a,,}. (18)

U we need to distinguish among te four diferení problems refered
here, we put a subscript no, s, Ji or sAz on dic solutions, functions or con-
vcx scts related with thc problems (no, 0), (no, ql), (it, 0) or (Ji, ql), re-
spectively.

The problem treated here and in dxc next section is the case (Ji, q,) but
alí the results are casily ajustable to dxc odier tlirec cases.

4. REGULARITY OF THE SOLUTION

We are going to look now to (15) as a variational inequality in itself,
indepcndcntly of its origin, being ¿¡(a) and k(a) defined by

¿¡‘(a) 1
_____ — ,q(0)=l, (19)

‘¡(a) g(q(o))

g
2(q(u)) (~+ ~ ). (20)

assuming from floW on dxat gE W3’ (0, ‘¡9, in order to garantee die
boundcdeness of dic first and second derivatives of k and q.

Notice that u,,. is given and ¿¡,., = ‘¡(a,,,); s is cqually given, s> a,,,,,
= q (s).

Since die variatjonal inequality (15) has a unique solution we conclude
dxat the physicat problem has at most one solution physically natural, j.c.,
satisfying thc propcrty (*); if we prove that u has enough rcgularity we can
tum back to te physical plane, cstablishing dic existence of a physically
natural solution of the initial problcm.

We begin with some important properties of te solution of (15), de-
noted in dxis section just by u, oniiting the subscripts, since there is no
risk of confusion.

Proposition 4.1. La u be tite solution of (15). Titen
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OSu(6,a)=H, y (6,a)EO,,

IiuI¡~ÁC, C constanr independent ofs and Ji.

(21)

(22)

Proof. Lct v=u—(u—H cosO)~. It is easy to verify diat vEK and
a(u—y, u—v)=O,using dic fact thai u is solution of problem (15) and di-
rect calculations. Tben

1
ku—H cosO)~M2=Mu—v~2S —o(u—-v, u—y)=0,a

and so, u~HcosO=Hjn O,.

To prove (21) consider q’EC2(0
5)flV,, q40,a)=l if a=ah,O=qtsl,

and let w(O.a)=Hw(O,a). Obviously wEK.

Noticing that, for wE 1< wc have

1 1 1
a a a

and

w— u)=— J R(O)¿¡
2(w — u)dOda=— JR(O)q 2wdOdu=C,,

C, positive, since

¿¿(u, w) S {¿¡2 (+uowo+ u
0w0+ uw) =iIuIfllwM,

we have

+ 1
a a

concluding then that

~u~SC,C depending only on a, C1 and w. 0

Define



On tire Variational Inequality Approach to Compressíble Flows Vb... 345

9={(O,a)EO;u(O,a)>0}, (Él ¡san open set);

O*=inf {OE]OB, 0[:u(6, s)>0},

u*=inf {a:u(O,a)=H—Ji94(¿¡~)J k(r) dr

¿¡(r)

OA=OSfl{O>O}, QB—OSfl{O<O},

.Z~{O}X[¿¿~, +no[, .Z*={O}X]a*,aQ,[, f’~=]6~,O[X{s}.

Proposition 4.2,, For every a, OCaC1 ¿¿att sorne fi, O~cfic1, we

have:

a) uEC
2~$2SX~UX*UF*),

uEC.a(Oux) UEC’WOBUX,,,UF*).

b) uEC’~(OAU2*), uEC’~fftLJ2*).

Proof. Thjs proposition j
5 a djrcct consequence of standard results on

pardal differential elliptic cquations ([1 1], [14]), since RECoa(O~, O), of
a result of Grisvard ([12]) which establishes the W

2”’ regularity (for alí p,
1 ~p< + no) near dxc comer .ZQ,fl f’*= {(0, s)} (for detajís see
Lcmma 5.1) and a result of Caffarclli for the Signorini problem ([1 1]). E

Theorem 43. Tite free boundary Y=O~fl8{(O,a):u (6,a)=O} is a
graph a= «O) unfformly Lipschiíz ¡it s and it, oit any compact subsel of
16~, 6~[. Tite Lipscititz constant depends oit Iull~~, (being K ¿¿ny compact
subseí of Oj, ~~~~xOCíO¡.~ IR(O), ni¿¿XOS[O,, ~ IR ‘(0)1, Ii¿¡i1w2.o ¿md oit
IIkII~i=.

¿¡ (¿¡2\ ~ +

on Él, using that -~ ~—i-—”~~+011l1,-C ku= —R(O), differentiating thjs equality in order to u and noticing diat ti

wc conclude that k(a)4’
00+4’~=0 on 9\(2~UX+). As

4’=O on &<UZ~UE* and 4’=0 on X*, since on

u(O,a)=H—it¿¡~g(q~) f ~ we conclude, by dxc strong maximum

principIe, that zp>O in Él. Then u.=0in Él \ (X~UX+) and
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y OE] 0~, OA[ 3ta~: u(6,a)>O y a=a0

and we can define an upper scmi-continuous parametrization of 6

1(O)=inf{aEDV:u(O,a)>O}, y OE]O~, ~A[•

Observe ihat 1(O)sZu*, sjnce u0(0,a)>0.

Let us verify now that 2’ does no contajn vertical segments. Rea-
soning by contradiction, let yCS be such a segment. Then 4’0 and

ti
4’o=—(u0)~, =0 on y, since u0=0 on 2k on the othcr hand, cach point of

k
y is a point of minimum of dxc funetion y’ and, by thc Hopf maximum

ayprincipIe, = ±4’~>Oon y (n normal unitary vector), which is absurd.
an

lo conclude that 1 is Lipschitz in a neighborhood of (6v, u0) E.Y we
are going to adapt to thjs case an argumcnt of Alt ([1], [16]) for elliptie
operators with constant coeffxcients. Let L be thc operator

Lw — +(+w4swoo+w]~

0= {u>0} fl]O0—~,O0+~[ X]u0—g,a0+~[CO5,

whcrc ~ will be chooscn convcnicntly, suficiently small (in particular in
such a way that GC05).

Let w=u+eu0—C u0. Wc will prove dxat

y C, C0SCS2C0 3c0>O y e, IeI<e~ wSO in F. (23)

Clearly wc have

Lw=Lu+e(Lu)ó—CL( ¿u0).

Noticing thai

1 (q
2\ f

L(fu,) fLu
0— —rI-——fouaI — —u00,

(7 \k/o k
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wberc f=f(a), and

Lu0= (Lu)0+ [-$-(~9~L)ju0+ ({-)~00,
we can venfy that

= {~rb¶kCvdrtL 4.4’kt( 4~ )ia} u.,

Let —ni be a lowcr bound (m=O)of

{ 0~
Then LwSR(O)+cR’(O)+Crnu0.

La

a= max {R(O)}<O
OC[Os.OÁ]

Since u0=O on E, using dic preceding proposition, we conclude that,
given C0>O, choosing ~ suficiently small, we have 2C0rnu_<— a14 in O.
Therc exists also an e¿>O such that, if IeI=e,,tben eR’(O)=—a/4.So,

y c, C0=C=2C0‘le, e¡=e, Lw=a/2.

Fix a non-negative function ~ of class C
2(G) such diat ~= O in F and

on aG\(OÉl nO,). Choosc ¿¿>0 (diat wilI depend only on L, a, e
and ~‘, and conscquently on MIW~= and IikJIw2.~ dxrougb e) such dxat

a
2

If we prove diat

W~/Á on 8G\(6~fl 0,), (24)

since w = O iii aY fl fi,, using tbe maximum principIe, we conclude that
w—,u4<O on O establishing ten (23).

To prove (24), tecalI diat u
0>O in Y and define
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v(e»=inf{ ka) uo(O~a):(O~u)&Gandu(O~a)>e}.

Let us see that y(e)>0. Argue by contradition. Then there exists a se-
quence (4,,). of elements of O converging to an element 40eGuao such

1
that u0(4j—*y(e)=0. TRen we Raye u(44=c and

k(a,,)

= k(40)y(e)=0,which contradjcts the fact that u0 is strictly positi-
ve in 22.

Let MIIuIIch(~> and define

£o=min{ I:M ~0= M
7(4)

Lct (O,a)EOG\(89 nO5) be such tbat u(O,a)=e0. TRen
w(O,oj=(1+M)e)=u.

La (O,a) be now a point of aO\(aÉR nO,) such dxat u(O,a)>e0.
TRen wc Raye w=M+e0M—MSp. Wc Raye tRen established (24) ami
from tRis we easily deduce that F verifies tlie (unifonn) cone property (or
equivalcntly BE is Lipschitz) since

(—e, C)-Vu=0 y C=C0¿¿ ve:IrISe~,

where a is a positive lowcr bound of the functjon jn G, which exists
by die continuity and strict positivity of k in [0, b], for any b such tbat
0<b<q~. EJ

Tbeorem 4.4.

lEC~ andueCía(22US).

Proof. These results are direct consequence of known thcorcrns on
dxc rcgularity of the free boundarics (once more since RE C

0”) and of
Tbcorem 4.3 ([¡1], [14], [16]).

Observe that, established dic regularity of the function u it is casy to
verify the possjbjlity of returnjng to the physical plane through the inverse

titransformation of ¡Re Rodograph and ¡bat y’ —u,, is ¡he unique physicaily

natural solution of the initjal problem, with die desired regularity.
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5. THE CONVERGENCE OF THE SOLUTION TO THE
COMPRESSIBLE LIMIT CASES

In tRis section we are going to Iet s—+ + no firstly (it corrcsponds to itt
dxc vc¡ocity of the wake q~—*O) and prove dxat dxc solution of problem
(*, q~) converges ¡o Uit solution of problem (*, O), being * = Ji, + no~ TRe
proofs are presented just for dic case Ji c + no, being dxc otber case simi-
lar. TRe sccond step is to let it—* + no and prove diat tbe solution of prob-
1cm (+ no, q,) is dxc ¡imit of the solutions of problcms (Ji, q,), q,=0.TRe
proof presented here is just for the case ¿¡~>0, since dic odxer case is
analogous.

Lemnia 5.1.

C contant independent of s aná Ji.

Proof. Denote, to simplify, uSh by u.

Let qEC~(li) be uniformly Lipschitz, O=q=1, and such dxat q~ 1 if
s—uCe, q,~0 if uCs—3e, e fixed less than (S—U~)/4. Lct
Q=]OB, O[x]u~, s[ and w=qu. Let

As Lu = — R(O)x<~>0>, w is dic solution of prob¡cm
1 (q2\ 1

Lw —q~R(O)x<,,>0> + —ji #p,,UJ + q2<,U0,

w,,=oonr,ur0, ‘¡ ~k,0 (25)
wq’H on
w0

whcrc F’0=]O~, O[x{a~}, .S0={O}X]aQ,, s[, £0={O~}x]a~,s[.

La

f —q,R(O)x<,,>0>+ —
2r- (4 q~ou)± 1le
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Using the properties of le, q and u, we can easily conclude tRat
fEL2(Q) and so w, whjch is the solution of Lwf bclongs to H2(Q). But,
as

y p< + no,

we Raye wEW’~(Q)andfEL~(Q), vp<+no

By a result of Grisvard ([12]), since dic necessary compatibility condi-
tions are verified on the vertices and interior of dxc rectangle Q, we can
assert tRaí wE W2’~(Q) and

IIWiIw2..
0 S (dfIL~ + II(7~ÑIIW2—LIPP<X,)). (26)

Since IuIk is independení of s and it, we conclude tRat Lt]IL~(Q> is mdc-
pcndent of s and it and consequently, IIW~Iws.’<a> is boundcd independently
of s and it. Since w=u if a>s—c, we have that the C

0” norm of u
0 is

bounded in a neigRborhood of (Oy s), indepcndently of s and Ji. EJ

Lenima 5.2.
O

>10 *
I(y’ShX/O, s)IdO=C, (27)

C constant independent of s ¿md Ji.

Proof. For simplicity, wc omit dxe subscripts sJi.

ami

—j(--9iLuo)+uoo+u=—R(O) in 22,

we Raye

(q4’),,=(—R(O)—u00—u)q
2 on =7.

On points of the form (O, s), y’ anO, so

y’
0(O, s)[—R(O)—u00(O, s)—u(O, s)]q(s).

le
Since u¿—4’,

(7

Besides that
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4’,,/6, s)=lini 4’(O,a+h

)

it

so
ofi4’0 (O, s)idO = —y’,,ÁO,

o fo

= u(O, s)q ~O s)q(s)dO
* (s)dO±JUook,

C —Hq(s)+u0 (0, s)q(s)
2

37
~ —H+u0 (Oj s),

2

since q is non-increasing asid ¿¡(0) = 1,, El

Extend now u,~ to O= O,,, as foílows:

uSh(O,U) = if(O,a)E O~, (28)if (O,o)EO \ O,

Proposition 5.3.

U51, EK,, flL~(O)

¿¿124 U,~ is tite unique solution of tite vari¿¿tional inequ¿¿li¡y

a(Wh, v—ñ43=}ÁR(8)+ (29)

+Sh(O, a)]q
2(v — %

1,)dOdU, y y EK flLNO),

being

1

q(s)

Proof. Denote ñ,1, by U and u51, by u. We can easily cReck tRat
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UECI.a(ÉluE*\(XuX*)) UEC0’X2~UE~),

asid also tRat ~

Let us evaluate LU. Let (O,a)EF~; dien

(6,a) = u
00(O, s)+u(O, s)

1
= —R(O)— y’,ÁO, s).

¿¡(s)

TRen

in Él

1
(O)— ¿¡(s) zpjO,s)

in O \ (fl5UE~)
¡si E*.

Since O(ÉluE*)=2’UX~UX*u{O*}X]s, +no[,

asid L>..~. (~0~
K it)Ihv—a)=o~ Wc have

J ¿¡2 (y U) +Ñ (y a) U(v U)}

1 1 2

+ ‘¡-1--’
Ja(~.UÉ.) Uo~—p-U0j -n(v—ú)

_____y’j~, s)}q2(a)(v~U)

=J{R(O) + cp51,(O,u)}q
2 (u)(v— a),

Lñ={O

{O*}X]s, +no[

¿¿(¡2, y—a) =

on

since RSO, q~S0, £2InM~trn.~0 asid v=0. EJ
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Tbeoreni 5.4.

IU,1,—u1,¡k=Ce?’ y S>Uoo, (31)
C cons¡ant indepeitdent of s and Ji.

¡it particular

—* uinV.
+

Proof. Recail that U,1, E04 and

1
a

TRen

aIIU,1, — u1,II~. =¿¿(¡2,1,— Uy,, ú,~— u~)

= —¿¿(¡2,1,, u1, — ~,1,) — ¿¿(u1,, a,, — u,)

~ J{R(O) +951,(O,a)}q
2(a)(u,—ñ)dOdu

— {R(O)q2(a)(ñ,
1,~ u,)dOda

= — 40q.’,1,(O,a)q(a)(u1,u51,)dOda

( q
2(a

)

= JE~ q(s) (u,—U,)dOda

~+oo q2(a)
~ Hl I(y’/D(~, s)IdOI —da,

.1~ ¿¡(s)

sjnce u,SH and U,,=0.

As tRe funct¡on q is decreasing since ‘¡‘(a) = ¿¡(a) <0, wc Raye
g(q(a))

¿¡(a) ~ j~ a>s. Using tRis fact asid Lcmma 5.2 we conclude that
¿¡(s)
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C, constant indcpendent of s and Ji.

Since q(a)~e0, the estimation results dircctly from (32>. EJ

Extcnding now u, to O as we did witR u,,, it is possiblc to prove
cqually that (u,)

0(0, s) is bounded independently of s, ¡2,EK,,,, flL~(O)
and it is solution of a variational incquality analogous to (29). Wc have
tRen

Theorem 5.5.

II~, — ujj~=CC’, (33)

C constaní independent of s, antA so

¡2, —* uiitV.
+

EJ

Leí us study now what happens when h—* + Co, firstly with s fixed.

We Raye

Lemnia 5.6. La u,~, u,, aitd u, be tite sotutions of (¡5) with convex
sets IK,s, 1K,, and 1K, respecñvely. Titen

u,~=u,,=u,iii O,, <1 h<Ji. (34)

Proof. Since the obstacle ~,(a) = H — h¿¡Q,g(q~)>1 kQr) dr decreases
¿¡(r)

on tRe segmcnt {0} XR~ whcn it mercases, we bave

K$ZK,,GK<wRenh<h.

and, using comparision arguments, we conclude (34). E

Theorem 5.7.

U,, — u ¡‘<CC
2, C coitstwz¡ independení of s antA Ji, (35)
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wJiere t1, is the uni¿¡ue solution j,(a~ — a) = 0, ~ deflited iii (13).

Proof. Let

(7WQ,(O,)=={vEV,:qvELt qv0ELt y
fk”

asid supposc diat

vyEKflW,,,(fl,) 1 v1,E04 AWÁO):IIv —~b2 <C,t,, (36)

C
1 constant indcpcndcnt of s and Ji.

Since KflWQ,(O,) is desise in 1K, and u,EK, tRere exists 1’EKflWQ,(O,)

such diat Iv—uiIk=C,t1,and so
3 VhEKhflWQ,(fl,). Y —v 117 2C3t,,.

TRen, since

aIIu,, — ujI~. = ¿¿(u,, — u,, u,1, ¿¿3
= —¿¿(u,, u,,—u3—¿¿(u,,, v,—a,J—a(u,,, u,—v,j>,

asid ¿¿(u, v)SIIuIIIIvII (as it was establisbed in tRe proof of Proposition
21), wc liave

+ {0R(O)¿z2(a)(v,.~~ u,údOda+ IIu,,II vJI~~ y4I~.

< DIIv,— u,IIv,

D constant independent of s asid Ji.

TRen

u,1, — uj¡ ~C4’
2, C constant independent of s asid Ji

To prove (36), given VEKflWQ,(fl,), define y,(O,a) as follows:

{v(O,UQ,) + [(a+t,— UQ,)/t~iJ [v(O,a,,)— v(O,a~— 2t,)]}4’(O) odicrwise,
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where zpEC1([O~, 0,41)0 y’=O~vd0)= 1, 4’(OBty’(O,4tO.

Observe diat y,,(0,a)H if a=aQ,.

If ¿¿E[¿¿Q,—2t»,UQ,~t
1,], v,(O,a)=0=n,.41a),since t, is dic only solution

of ~,(a~—a)0.

Since y1,EV,, VhEK,. Besides, y1,EWQ,(O,)

Direct calculatiosis show dxat

11v— viít=C,t1,,C, constant independent of s and it. EJ

Remark 5.8. Since le(a) *0 in [U~,aQ,j and le is contisiuous,

34:le(a)=~ y ae[; .a~]

TRen, for r1, small enough,

le(r

)

q(r) dr~4e
0(1 ~J’Á),

using die fact diat q(a)=e70.Then

H
1 e Jiq~g(¿¡,9~e0

asid, for it big, we conclude that

Corollary 5.9. We Jiave tite following order of coitvergence

Iu,,—u 112 <Ch1~2, C constant independent of s ¿¿nd it

¿¿vid consequently

EJU,, —* U, un y,.
4-, +
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Theorem 5.10.

1 u1,— u11
2<Ct2, C constant indepeitdent of Ji,

being 4 tlze unique solution of fl~(UQ,~U) = 0, n~ deflited un (13).

Furtitermore

Iu,~ud~=C,itI/2,C, coitstwzt independent of Ji,

and so,

u
1, —e. uinV.

1,-,-~

6. STABILITY OF THE FREE BOUNDARIES

Let

SC,1,=8{u,,=0} no,, &=,=a{~<,=o}no,,

=,¿z{u,=0}flO asid =={u=0}flO,

be thc Irte boundaries
(+no, +cc). It is known,
graphs of fusictiosis 1,,, 4,
to cstablish - convergence
or it—* + 00~

of problems (s, Ji), (s, + no), (±no, s) asid
by TRcorem 4.3, tRat dxc free boundaries are

11, asid ¿ respéctively. Our aim isi this section 18
rcsults for diest fusictions wRen ~ + no

We begin with die followisig lemnia, for dxc problems widi wakc:

Lemnia 6.1. O*~~O3 witen s—* + no, beiízg 0* tite aitgle beetwen tite
profile and walee oit the point of intersection of botit.

Proof. Since ¡2,1, are uniformly bounded in W~ (O), u,1, + U, Hl

— wcak asid, sisice W
2p~.Ct~, being tRe isiclusion compact, we con-

dude diat ¡2,, —* u
1, uniformly in the compact subscts of fi. Since

+

l,(O)—t+ no when O—* 0~, wc must Raye O~—* O~ wben s—* + no~ EJ

Fix 5>o arbitrarily small. By Lemnia 6.1

js~ vs=s0 O~cO3-i-óI2,

(37)

(38)

EJ

(observe that O*=O*(s)). Let 4=[O,,+<5, 0,4—eS]. TRen
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Theorem 6.2.

(1) II4~, — ‘1,IIC’¶J,,, ~ Ce ,Uo)/4,

(3) IIl,1,~ 4IIc~~u, =CAz —(3—a)/8

being C coitstants, iitdependent of s antA it ¿¿¡24
tite intervcd ]0, 1[.

a ¿¿ny ¡zumber belonging to

Proof. me proof will be presented just for case (1), since the otRers
are similar.

Let yEC~’(O\(X*UXQ,)) be a cta off function such that O~y=l,

with y~O in a sicighbourhood of (S~U=jfl]O~+¿I2, O,4—<5/2[XIC
asid supp y~O,.

Ihen yz2,, is solution of dxc variational inequa]ity

y — yu,~=f<Pi(O,a)(vyUj, Y vEK, (39)

and yu, is solution of dic variational inequality

¿¿(yu,, y—yu,)={cp2(O,a)(v—yu¿,,

being
1K= {vEV:v=0},

‘9 vEK, (40)

(41)

= yq
2 [RO) + ~,,(O, a)] —

— ~2 y
00u,, —

2
ti—y0 u,1,)0
le

asid

r2 ‘~q
2R(9)—

( 2
(7

o¿4) —ra ‘~

being q,, defisied in (30).

Let K=y’(1). Since suppy is a compact set, K is a compact subsct of

VS =s¿,

y 5 = s~,

VS =S¿,

O,. Lct
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fi =siúnIR(O)q2(a)I >0.

K

Observe that

on

so, using a result of [16],we Raye

II~,1,(~) — l1,(O)IILL(ofl+¿0~,3> = IIXi LILVo (42)

wbere x~ = X{.,,~i asid x2 = X{.~=o). But, since ¿¡, ¿¡,, asid le are bounded on
K (notice diat (O, 0)$K), we conclude diat

~ {‘¡¶y[ ‘¡le (u51,—u1,)j+2v41u51,—u¡)eI + Iy04lu,,—u,)I

Wc are going to use now dic following interpolation inequality, duc to

Gagliardo-Nirenberg ([15]): for alí a such that 0Ca< 1, for all e>0,

I[tlícoo(OM=CI£ IlfIIc(ab) + (C2+C,£r<0 l))IltlILka
Since 41,— 1, is a Lipschitz functiosi, with LipscRitz constant indepen-

dent of s asid Ji, we have

+ (C, + C,e~(aí))II41,~~ ‘hIIL’(08+¿0—6>

cRoosing £ — e~<ía)/
4, and using Tbeorem 4.3 asid property 42. EJ

7. THE INCOMPRESSIBLE CASE AS A LIMIT CASE

Wc are going to show in tRis section that, if g~ is a sequence of den-
sity functions (of the fluid) such tRat

(44)

mn,M>0 ‘vxEP« vnEr~J ni=g~(x)=M, (45)

g~—* 1, g~ ‘—40 uniformly osi dic compact subscts of R
n

(46)
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tRen, if y~ is die solution of tRe problem (after a convenicnt transíation) jn
one of die four situations refered before (in the chansiel witR wake, in tbe
channel without wake, in the plane with wake and in dxc plane without
wake), widx density function g~, tRen v5—*v in a conveniení space, being y
die solution of tRe limit problem with dcnsity fusiction g 1; bes¡des j

0y
is die solution of tlie problem in tRe incompressiblc case, formulated as it
appears in dic literature.

Given g~, define

g}r) (47)

_____ dr,

17

wRere ¿¡~ denotes the velocity of the sound, which means the least solution
g~(x

)

of the equatjon — x. For n sufficiently large. .~ is positive, since
g(x)

¿¡%-4+ no Lct

g~(r) d a~= 1 g~(r) dr.
iris 17 ‘qQ 17

Let ¿¡~ and le be defined in ]0, + oo[ by dxc following rclations:

ti:(a) — q5(4)=1, (48)

g~(q~(u))

_________ q~(a)g(¿¡}a)

)

k,(a) = g~(q~(a))) + g~(¿¡~(a)) (49)

RecaIl that the variable a (whjcR depends on n) is related with function
¿¡~ (taken as a variable) by the following relation: a(¿¡~) = < g, (r) dr. Re

17
dcfining dxe problem witR a different initial condition for q,, corresponds to
make a trasislation in the variable a, more specifzcly, a a+4, and, in

the new variables, ¿¿(¿y) = S~ ‘~“~ dr, the funetion q~ evaluates í in zero
17

asid is defined on ]—~, +no[.

Let {E, ]O~, 0[X{s~},
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Observe that, from now on, everything done for itEN, has also a
meaning for it = no, being, for simplicity, omited tRe subscript no when-
ever convcnicnt.

Let nENU{+oo}. TRe space V~ in wRicR we are going to work is

V~ {x’:q.vELNIIj, ¿¡~v0EL
2(O,), 50

ti.
y
0EL

2(O,), V~\r,,an0},

with the canonical norm

IIvII~ = ,f q2(~y2+v~+v2) dOda. (51)

La

C.(a) =H— Ji + JiqQ,gfl(qQ,

)

(52)

and

(53)

Thc convcx tRat appcars in the variational formulation of the problcm
can be defmed as follows:

1K~={vEV~:v=0,v(0,a)=¡~~(a) ifa>a (54)

Consider dxc bilincar form

¿¿~(u, y) ~fq:( ‘ u
0v.,+uovo—uv)dOda. (55)

TRe solution of dxc problcm in tbe cornpressiblc case
function g~ is the uniquc solution y. of dic problcm

witR density

{v,,EK,,, nE~%JU{+no},
y — vj=fo.R(O)q(a)(v — v,)dO da, ‘v vEK,,. (56)

Wc are going to vcrify now tbat alí dxc
defined in the same open subsct of ]OB, O,4[
limit problem (it= + no) with tRe problcm of

problcms (for any ti) can be
>< Di and afterwards relate thc
¡he incompressible fluid.
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TRe following thcorem (set [4]), gives us an a priori estimation of thc
maximum velocity of dxc fluid, or equivalently, of a lower bound of {a:30
y(O,a)>O}, where u~ is dic solution of problcm (56) widx density function
g~. In the next thcorcm, since we are working ¡si a fixed situation, we
omit dic n.

Theorem 71. Consider tite problem (56) witit density funcijon g. Let
a*=inf {a:C(a)>0}, being ~ defluzed in (52), and q(a*)=¿¡*. Let a=
siMflOe[On GAl IR(O)I>0 ¿¿¡24 ‘¡~, tite least positive solution of tite equation

~:[—í+ ~ L? g(r) dr] =4-—i. (57)

If ¿¡~ =q~ theit tite maxirnum yelocity of :Jie fluid is less or equal to q,,,.

Proof. Let ~ =J g(r) dr and define, for a=u

k(r) (r—,u)dr.¿¡(y)

It is easily verified that tp=O,q(p)=q’0(u)=0 asid q*Sq,,. Besides,

sjnce k = — we conclude that

95(a)=a¿¡P[’() j’g(r) dr——+———]. (58)

Using (58) wc conclude that q(a~)=H. As q~,=O,qvSH if aSas. Ex-
tesid q by zero to a.Cu asid define P=tPAH. Simple calculat¡ons sRow
diat

+ <p= a.

Let w=u—(u—0)’-, bcing f~=maxff 0}. Observe that wEK (1K dc-
fined in (54)). TRen

¿¿(u, (u— «>))~ >1 R(O)q
2(a)(u— <P) ~. (59)
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Let us evaluate now ¿¿(0, (u—qflfl. S¡nce O depends only on tRe
variable a and u(O, —~) = 0, isitegrating by parts wc obtain

¿¿(0, (u—<Ifl~) = —

= jjcaca.}n{~>*j (60)

As it was refered = Jo7 <‘ti (u —o>.before, there exists a positive constant C sucR diat
II(u — 0)~II2S C¿¿(u — 0, (u — Ojy’-) asid, since

¿¿(u—O, (u— <I’)fl< >1 {R(O)+a}qNu—O) +.c(J

we conclude tRat u’qt and sisice u=O,uO oit {a~u}. EJ

Remark 7.2. TRe preccding dicorein is valid whcsiever ¿¡fiS lc~ Whcn

g~—* 1 and g—*0 (usiiformly on tRe compact scts), tRen q—* + no~ On the
other hand, observing equation (57) we easily verify that, if q is the sol-
ution of (57) with desisity funetion g~, ~ .C + no, ~ solution of dxc

same equation widx density fusiction g 1. TRen, at least for 12 big, the
preceding tReorcm is truc in our case.

We verify tRen dxat there exists pER such diat, for it big, y> —~ asid

v~(O,a)=0 for aSp.

Consider ¡he open set

O,=]O», 0[Xk, s~[U]0, OÁ[Xk, +no[. (61)

Let 0,, be the restriction of y to 11 . Define V~, l~ asid 4 in tRe natural
SS

way, that is considering the isitervenient functions with domain of defini-

tion fi . Thcsi
SS

Proposition 7.3. ÍY, is tite u¡zic¡ue solution of tJie yariational ¡¡tequality

{ u,,eK,,,, nE~UU{+no}, (62)
R(O)q(a)(v— uDdOda, VV & k.
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Proof. TRe proof is imniediate.

Remark 7.4. Ihe formulation (62) of tbe problcm will be the one
used from siow on; since diere is no risk of confusion, we will ornit the
tilde on tRe functions, for simplicity of writing.

Lemnia 7.5.

(a) ¿¡a(a) = e g.dq,,(r))

(b) ¿¡~EC
3([u, + no[) ¿¿nd k~EC’(W, + no[).

(c) q~—*e0, q:—*r”, un~formly oit tite compact subsets of LU, + ~[

¿md ‘¡~~&0 it H’(u, + no).

(d) le~—* 1, k—* O unzfornily oit tite conip¿¿ct subsets of [u, + no [ antA
le~—*1 iii H’(u, +no).

Proof. TRese results are a dircct consequence of dic defxn¡tions of q~
andle,,. EJ

The limit probíem is defined letting n = no in problem (62). Notice that
q(a)=e0, k(a)= 1, q~=(HA~~)v0, where ~Q,(a)’H—it+JiqQ,e0.

Thc problcm br an incompressible fluid (see [7])has the foílowing
formulation: die open subset of Di2 considered is

o;=jo~, O]X]ni, s[U]0, O,4[X]m, +no[,

(see [16]) being s= —log(q,) and ni any lowcr bound of ~+aQ,+log(1—HI
Ji). where r, is dxc usiiquc negative solution of tRe equation

(1 +H/
9)(1 —HIAz) = e

T(r+ 1 + log (1 —Hlit));
~= max R(O)cO.

OC[O» CA]

Recalí diat F,=]O~, O[ x {s}. The space considered in this case is

V’={yEH’(O%v ~w\r.
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the convex set is

K’={yEV’:v=0,v(O,a)=H&0 it a>a_

v(O,a)=¿P(a)if ¿¿<o,,},

wRere 0(a) = it¿¡Q, + (H— it)&0, and ¡he bilinear form is

b(u,y) >1 Vu-V vdOda+ ,fuvdo.

Ihen, the solution u of the problem for an incompressiblc fluid, for-
mulateO ¡si dic hodograpb plane, using var¡ational inequalities, is the
uniquc solution of

b(u, v—u)=fR(O)e~(v—u), y vEK’. (63)

Obviously we casi suppose rn=p, cxtending u or y by zero, whether
wc are in ¡he situation m>,tI or in dic odier one. Wc need to extend dic
domain of definition of alí functions and to makc te appropriatc change
on tRe definution of te bilincar form. Since to 1K asid 1K’ osily belong non-
negative funcdons asid R(O)<ZO, the exíension of u by zero is dic solution
of the extended probíem.

Sisice, given y, wEV’,

a(e0u, Cv) = J{e20[(uv + (uv)
0+u0v) + u0v0— uv]} e ~

20dOda

and
O

J~(uvt= fB uv(a)]:+ 3 uv(a)]7= Juvde.

because, as O~u’CHe0 lim~~~u(O,a)=0, wc conclude that

a(e0u, e0v)b(u, y) y u, yCV’.

Since e0vEK it and only it yCK’, we cosiclude that u is solution of
(56) for n + no widi tRe definition of O, given in (61) if asid only if e~u
is dic solution of (63).

Define, for ¡tE~U{+no},

14= {vEV}fl,):v=0,v(0,a)=~~(u) it a=a,,,
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(64)

where V~(O,) Ras a definition analogous to V~, being te domaisis of defi-
nition of dic functions just restricted to O,. Being y~ the solution of prob-

¡cm (56) we are going to define (by extension or restriction) ii,, E14.

Suppose tRat s,,> s. TRen define 19~ y,¡0. If s > s extend y, to O, as

it was done in section 5, diat is

f y,(O,a) if (O,a)EO,0}O,a)= jv,(O,s,) if (O,a)EO,\O, (65)

Let a= lIrn,rn defined in (45) and
W W(fI,)= {v EH’(O,) :v~óo\r. 0>. Let Z = &

00W with tRe canonical

Theorem 7.6. If y, Ls tite solution of problem (56) witit density func-
don g~ aitd y ñ tite solution of tAze sanie problem witJi density function 1
and ~f tAze assurnptions (44), (45) ¿¿nd (46) are verifled, tite¡z

Proot’. By Lemma 3.3, the bilinear form a, is coercive in

K,<vEV$O,):v(0,a)=H if a>a,}.

Notice tRat 14 cositains hZ,. Since (c,’,), and (le,), are sequences
forrnly convergesit in the compact subsets, the constant of cocrcjveness can
be cRoosen independently of it, as we can verify in tRe proof of tRe re-
fered lemma.

Since

rn
0,b0>0 vaE¡ft,+oo] a¿=k,(u)=a,,

asid (45) is verified, we Raye tRat V,(O,)=qjW(O,) and

i.C,,C2>0 y vEV, Cj~q,y I¡,=~v~},=C2IIq,ijI~’,
e C2 constants independent of it.

Since g,—* 1 uniformly on tRe compact sets, tRcre exists e > 1 e,—> 1.
5 5

So, g,(0)=c,asid, sisice g, is decrcasjng, g,=c,,,.Notice tRat r,= e0¡eQ is

the solution of equation (48) asid j,= 1/4 the solution of equation (49)
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(after transiation of thc variable a) witR g5 substituted by c5. Let
4 =r’W tRe canonical norrn (tRat is~ IIwIIZ=IIr.w¡IHO. TRen 4 c~.
and IIvIK=CIIvMz,,C constant indcpendent of n. Let b~ be dxc fo¡lowing
bilinear form, defined for y, wEZ5:

b~(v,w) = Je-2aíco(c~vcwc+ i>0w0 — yw), (67)

and w,, thc solution of (56) witR convcx set ~,, defined as in (64), Rut for
the funetiosis r5 asid j~.

To prove the result it is sufficicnt to cstablish that

Recalí that Z=r$WCV5=q$W asid w~(0,a)=H for a=a~,since

w,,,EM,,,.

It was proved in section 2 tbat ¡vAl~, are bounded indcpcndently of n
(asid tRe same is verified by tbe extensiosis xis). Letting a be tRe constant
of coerciveness of alí dic bilinear forms a~ and b5 (for n big cnougR), we
Raye

a . (68)

1
= —[— a5(Q5,w~— Q~)— a~ (w5,Q5—w~)].a

Lct y’EC’([00,O,¿J) verifying

y’=O, 4’(04=4’(O,4)=0, y’(0)=1 (69)

1
and vt’~Eq

1W’~ fli4 verifying Iw.—t%=—,Q (0,a)H if a>a (~
12

exists because w1~Sflw is dense in W). Observe dial

Define

Easy verifications allow us to conclude dxat ~
5~14fl¿¡$~I~ Notice

tbat IIit—wAK1O asid
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_ >1 q~[R(O) +.pj(Q,,— xi’~) +

being q,,, defined in (30).
Analogously we construct z5EM~flr,T’W’tIIz.—~.flv10. TRen

—a4w5,Q~— w~)S

Iw5IIv,I[Qcziív+ J0{r[R + y’,] (za— wJ + ~ z,,,—

being y’,,, defisied as q,, but for dic problcm widi density of the fluid equal
to c~, asid being ~

Then

IIw.—$ 112< O(1)±

+ J~r~[R+4Q(z5—w5) (70)

=

+ J0(¿z~—4)RÓV.—w.J+ J~=~.X’
where cP5=H(~(y5)0(0,s5)~ + (w5%(0tsjI) (for details, see calculatiosis
on section 3). Since IK—w.IK—-*0, q~—r~---*O uniforrnly on tbe cornpact

subsets of [p,± no] and fo,vo, q>~=cs—sj, C constant indcpendent of n
(duc to tRe unifonn boundedeness of y~ and w5 in C’”(O,)), we conclude

diat 11w5—tiIz—to.
Analogously, we provc that 11w5—v117-—*0, since Z5=r,TIWCVe0W.

Seeming dijs case sjrnpler than tRe case treated before, jt has an addjtional
diffxculty, since a,, changes, converging to U,, when n—* + no~ NevertRe-
less, tRis difficulty can be easily solved, choosing tRe functjons
«‘,in q$W”~flV, verifying ii’,(O,a)=H for a>a,Au,,. EJ

Wc are going ¡o study now tbe free boundaries. Recail dxat g,,E W
3~,

and so ¡Re free boundarics are grapRs of Lipschitz functions (with Lips-
cRitz constants independent of it).
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TRe limit problem was siot included in wRat was done in ¡he prccedisig
sections. However, we have seen in dxis section, afler dxc transíation of
dic coordinate a done aboye, diat the limit problcm is similar to ¡Re others
and so, al> ¡he resulís previously obíained are also lruc for ¡he limil
problcm.

Let 4 asid 1 be parametrizatiosis of a{u5=o}nO asid of a{u=0}nO
rcspectively. Wc are going to prove dic convergence of tlie free boundarics
whcn ¡t—~ + no, wRich means diat tRe free boundary of the problem of dxc
compressible flow converges to tRe free bousidary of the problcm of ¡he in-
compressible flow, when g5-.-* 1.

Let us begin witb a rcsult of convergence of the angles of ¡he wakes
widi dic profile.

Lemma 7.7.

being O~, ¡Aze ¿¿itgle between rite w¿¿lee antA tAze profile on tAze poi¡zt of iitter-
sectioit of botAz, in tite problern of ¡Jie flow witit density funclion g5, and
0+ deflited ¡it tite sorne way, bur for tAze iitcornpressible case.

ProaL Notice diat

= inf{O:v5(O,s5)>O} = sup{O:v5(O, s,) 0}

Lct us see that O?,. converges on dic right for 0~. Supposc, by contra-
diction, that tRis does not iiappen, diat is,

2e>O VpEN flz,,=p O~j> O~+e.

Observe diat v5(O,sj—*y(O,s) uniformly, sisice ~ is uniformly bounded

in W~(O,,). Since v,,(O,s,,)=0 y O<OZ we have v~(O,s5)O,

vO< O*+e and so, passisig to te limite, y will be zero for alí (O,s) such

diat 0* <0<0±e, wRich is against ¡he definition of 6*.

Let us see now diat O?, converges on dic left to 0*. Suppose not; ten

~e>0 VpEIN 3n~=p O~j<O~—c.

Ex r,0<r<e. Let x0=(O?,e,s~) asid notice diat x0EN5, wherc N5 =

{(0,a)EO, :v0 (9,u)>OJ. TRen, by a result of Caffarelli, ([14])
op p
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sup {v~(O, a) — v~(Ot, s~)} =
Rjx&

where Rr(xo) is ¡he balI of center x0 asid radius r and amin0iR(O)I>0.

Observe tbat v~(O?,t,s5)=O asid, by tRe definition of least upper

a
bound, there exists (On,U’o)EBr(Xo) sud> diat y5 (O~,a~)= r

2. Since
8

v
5(O,a)=v5(O,s») if a>s~, and (v~)jO,a)=O, we conclude that

v5(O~,s~ )=y5(Op, a5). Sisice (O,,,a~) EBr(Xo), we also have (Oc, s~) E
B,(x0) and 05—O?,d<r<e. Notice diat O5<O~+r<O~+(r—e)<O*.
Since (Ofl)P~N is a bounded sequence, it has a convergcsit subsequence to a

number 0~ asid 00=O*+(r—e)<00.Since y~ (O,,, s~) =±r2 passing to

a
the lirnit we conclude ¡bat v(00,s)= r

2, which is in contradiction with
8

the definition of 0*, since 00<0*. EJ

Fix ¿>0 asid Itt pE~ be sucb that

Vn=p O?,.cO~+<5. (71)

Proposition 7.8.

111,,— ¡IIcOÁs<0 +6 0~ —~~,t0 (72)

Proof. Le¡ y be a cta off function with compact support such
¡hat 0=y~=1,and y~1 in a neighbourhood of (S<’.USlfl]OB+<5/2,
0,4 ¿/2[xDi and such diat suppycfl YE wRere X={0}X[inf,,{a,,},

it large cnougR.

men, if y,, is dxc solution of problem (56) asid y is die solution of the
same problem for it = + no, y y,, is dic solution of dic variational isiequality

‘9 vEK, (73)

and yy is the solution of dic variatiosial inequality

¿¿(yv,v—yv)=J ‘9vEK, (74)
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wRere K={yEV:v=O},

= yq~[R(O)+q,,(O,a)]—

q~y%y5 2q~y4v,)0,

bcing q~an0 if O,GO, asid being q’. defined in (30) otberwisc, and

= yeJ
2’R(O) — (y~~2Cy)~ y~~2Cy~ e 20yy— 2e ~~2Oy

0y ~.

Observe tRat

¿¿(yy,,,y—yy,,) = a,,(yv,,, y—yy,) + (a—a,) (yv,,, v—yv,,)

> J~4’o(v—yv’o)— J0¡~n(vyv5), y vE1K,

wRerc

= [2 ¿.20) (yv’o)0] +[(cñ—e
2’>)

+ [(q~—e72~)yv,,].

Let K=y’(1). Since K is a compact subset of O,,

a=d(K,R2\fI,)>0 and KCO,QJ
2

and, since s,,—*s,

IpENJ \/n=p s,=s—a/2,

asid so, KCO,. foruz=p.

Dcfining

1<.,,

we bave, in K,

(e,,— ~,,)(O,a) = ¿¡~R(O) — (¿¡~—e~)< — 2

and
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C(O,a)= e20R(O)~ —~9<O,

for n suficicntly large, since q,,—*e0 uniformly in K (compact).

Using (just as for the stability
sult of [16], we conclude ttiat

of dic free boundarics in s asid Ji) a re-

— 111L 4-ñ0-—ó) = lix. — XIIL’(x)

_ ;
whcre ~,, = X{vjO} asid x= x{~=o}.

But

Observe ¡hat

+ >1 Iy
0-.~t(v,,t~r0e~av0I + >10IqSe6y.— e

20y
68v1

+ J12’¡S’o(v’o)o— 2e~<’y0v0I—*O,

asid ¡bat

j~~i ~.

since q,,~~*&0, q—,~. ~ le,,—2 1, asid k~—,i.0 uniformly in ¡he compact
subscts of Di, y,, asid y are boundcd in w,,,,~ (independently of n).

Since 1,, are LipscRitz funetion, by Theorcm 4.3, asid ¡he Lipschitz
constants are independení of it, usisig ¡be Gagliardo-Nircnberg inequa¡jty
([15]), we conclude,as in Uit preceding seclion ¡bat

(r0+v.)-(ettv) a
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(75)
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