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Exact Controllability of a Pluridimensional
Coupled Problem

SERGE NICAISE

ABSTRACT. We set a coupled boundary value problem between two domains of
different dimension. The first one is the unit cube of R", n€ |2, 3}, with a crack and
the second one is the crack. This problem comes from [1], that obtained an analogous
coupled problem. We show that the solution has singularities due to the crack. As in
[7], we adapt the Hilbert uniqueness method of J.-L. Lions [11-12] in order to obtain
the exact controllability of the associated wave equation with Dirichlet action on a
part of the boundary.

1. INTRODUCTION
Let us start with some notations., For n€{2, 3}, we set

P={xe]—1, 1["x,=0,0<x, <1},
w={xeR": x=0,0<x <2 and if n=3, -1 <x; <1},
O=]1—1,1["\T.

We sometimes identify I and w with the open sets ]0, 1 [x]—1, 1[*-2 and

10,2[x]—1, 1[*-? of R*-!, We also remark that {) is the unit cube with a slit
along the half- hyperplane x; =0, x, =0 (see figures 1 and 2).

d a
We denote by v+ 1, -y+ﬁ (resp. v_u, vy- —a-;uj) the trace of the func-

tion u and the trace of the outward normal derivative of u on I' from above
(resp. from below) in (2. a4} (resp. dI", dw) denotes the boundary of (2 (resp.
I, w), and we set [') =dON\I". Moreover, in the sequel, for a function u defined
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Fig. 1 (n=2)
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Fig. 2 (n=3)
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in {} we shall aiso denote by yu (resp. ¥ g‘—’:) the trace of u (resp. the trace

of the outward normal derivative’ of w) on I';. And in order to avoid

confusions, for a function v defined in I, we denote by v v (resp. y* %)
v

the trace of v (resp. the trace of the outward normal derivative of v) on dI".
Finally, » (resp. »") will be in {} (resp. I'), the unitary outer normal vector on
'y (resp. on dT").

‘From now on, A, (resp. 9,) will denote the Laplace operator (resp. the
gradient)’in R". : '

We first consider the following boundary value problem: given f'e LZ({}),
g€ I*{w), find weak solutions u€ H'({)) and u,€ H' (w) of (1.1), (1.2) and
(1.3) hereafter.

— AN u=f in (3,
' ' du du
(L1.1) —A, Ty = +y_ ==& in I,

—A,_juy=g ine\T.
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(1.2) Yyru=vy_u=u on I
u=0 on [,
(1.3)
;=0 on dI'.

Our motivation to study problem (1.1)-(1.3) comes from [l], who
obtained an analogous coupled problem between ()} and « but more
complicated. Actually, they deduced a coupling between the linear elasticity
system in () and the plate equation in w (in dimension 3). This paper is the
first step in the study of singularities and exact controllability of the problem
given in [1].

Due to the Dirichlet boundary conditions imposed on I';, the boundary
value problem (1.1}- (1.3} splits into two problems: the first one is a coupling
between (I and I' i.e. uw is a solution of

—Au=f in },

Ju du
— A, (vetd Ty e +y_ 5,- =8 on r,
(1.4)

Yru=vy_u on T,

u=0 on T,

\'y+u=0 on drI'.

The second one is the Dirichlet problem in w\T i.e.

—A,_yuy=g in o\T,

(1.5)
=0 on d(w\D).

Since this second problem is a Dirichlet problem in a convex domain of
R"—!, we never speak about it (for the regularity of the solution, see [5] and
for the exact controllability of the associated wave equation, see [12]).

We can say that problem (1.4) is a mixed problem Dirichlet-Ventcel (since
on a part of the boundary of {2, the boundary condition is of Dirichlet type;
while on the remainder of the boundary, the boundary condition is of Ventcel
type). In dimension 2, Ventcel problems on polygonal domains without slit
were studied by K, Lemrabet [8-9]. Moreover, the regularity results we
obtained in dimension 2 are similar to those of [8].

In view of the exact controllability of the wave equation associated with
problem (1.4), we need a regularity result about the solution u of (1.4).
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Classically, the optimal regularity we expect is H2({}) for v and H?*(I") for
v+ u. But, even for u, it is clear that it can not have the optimal regularity
since it is a solution of a non-homogeneous Dirichlet problem in §}, which is
an open set with a sht (cf. [5] and [7]). Inspired from ihese results, we can
show that v and vy, u admit the following expansion;

(1.6) t= g+ cn (Nr'1? sin (-g—),

(1.7) veu=in—3en()rl,

where ug€ H2({Y) ; uyp<€ H2(T"); (r, 0) denotes polar coordinates with origin
(0, 0) in the x,, xs-plane i.e. x| + ix, =r e®, such that the half-line 8 =0 is equal
to the half-line x;=0, x,>0 (this means that the half-hyperplane 6=0
contains the crack I');n€ % (R) is a cut-off function satisfying n=1 in a
neighbourhood of 0 and suppn C]— % , %[ : finally, in dimension 2, ¢ is a
constant and in dimension 3, c=c(r, x;) is a function of the variables r and
x3 such that c€ H'(J0, 1[x]—1, 1[). The expansion (1.6) shows that « has a
singularity due to the crack (in dimension 2, this is a vertex singularity, while
in dimension 3, it is an edge singularity). Moreover (1.6) will induce a
singularity to vy u due to the jump of the normal derivative of the singular
part cr'/? sin (i) of w. This singularity of y; u is concentrated at the bottom

of-the crack I'y, since ¢ is regular far from Iy,

Let us now pass to the wave equation. For Cauchy data (g, ¢0) and
{@1,401) lwy and ¢, are functions defined in 0, while ¢y and ¢, are functions
defined in I") and a Dirichlet datum (v, vy) (as above, v is defined on Q2 x (0, T),
while v, is defined on dI" x (0, 7)) ; we consider the solution¢ of the following
wave equation:

f«p”—A,,cp:O in Ox{0,7,

" d 9 o
(v )" — A,y (y40) + v+ ﬁ +y_ %:0 in T'x(0,7),

Y+¢=7_¢ on T,
(1.8) @ () =¢q, (v+©) (0) =g,
@ (0)=w,, (v+¥) (0) =y,

Y=v on I-‘IX(Oa T)s

| mo=v on arx(,7,

where ¢ denotes the partial derivative of ¢ with respect.to ¢ i.e.¢'= D, .
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The problem of the exact controllability consists in finding a time T such
that for all Cauchy data, there exists (at least) one Dirichlet datum (v, vy} such
that

¢ (T)=¢ (T)=0,
(v+eH DN =(y+9) (N=0.

So, we have to drive our coupled system to rest, by acting on the
boundaries df) and JI'.

We adapt the Hilbert uniqueness method of J.-L. Lions [11-12] in order
to apply it to our coupled problem (1.8). Our technics are analogous to those
of P. Grisvard [7], who studied the exact controllability of the wave equation
in nonsmooth domains (see also [14], for the exact controllability of the
vibrating plates equation in a polygon).

In our case, the Hilbert uniqueness method is based on the estimate of the
energy of the solutione of (1.8) with homogeneous Dirichlet data (i.e. v=0,
- do d(y+e)

- 2 ¥ P R 2
vo=0) by the Z2-norm of the normal derivatives -y Ew and y — of
and y.¢. This estimate is itself based on the following identity, where m is a
vector field, called mulitiplier of the form m (x) = x — x;, where xy = (xg) ,..., Xp,)
satisfies xp, =0

(1.9) fn (—A,@)m -V dx
de de
+fr (A, _i(y+0) + Y+F+7_ﬁ) vem -V, (v+o)dx

n

—(1= ) [, a2 dx+(0 =220 [ 19, (a2

1 a‘p 2 I 4 § a(ly'l“P) 2 I
_Efr,m°v(7 —-—av ) do—EJ;I, yemevi(y o ) do

+ X froc2 (o) do*/4,

where I'g={x€ JI": x, =0} is the bottom of the crack and ¢ is the coefficient
of the singularity appearing in the decomposition (1.6) of ¢.

The choice of x; is inspired from the results of § 7 of {7]. Geometrically,
this means that x; is in the direction of the crack in dimension 2 and in the
plane of the crack in dimension 3.
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From (1.9), we can deduce that if Xxg; =0, there exists a minimal time Ty
and a positive constant. C such that

3 (v+o) \

de
< ¥ v # #
(1.10) (T— Tp) By < C f2+tml 0% o ) dod!-l-fz.{(xo} ('y Ew ) de? di},

where E, denotes the energy of ¢,

S ={xel :m(x)}-v(x)>0}x(0, T,

Si(xp) ={x" €30  m (x¥) - w7 (x*) >0} x (0, 7).

meg to HUM, we arrive to the exact controllability of (1.8) with
Dirichlet data only on 27 (x) and 273 (xp).

For convenience, in all this paper, we suppose that C is a positive

constant, which may depend on the domain  and on the circumstances but
which never depends on the solution of the problem we solve.

2. VARIATIONAL FORMULATION’OF THE PROBLEM

Let us introduce the two following Hilbert spaces
H,=2{)x 12 (w),

l;, ={E=(u, u)e H (M) x H} (w) satiéfying
(2.1} o u=0 on I,
(2.2) - Yeu=vy_u=w on T},

this last one being equipped with the norm of H' () x H'(w). Let us recall
that Hj (w) denotes the closure in H!(w) of & # {w) (the space of C>™-functions
with compact support in w).

We introduce the form of the gradlent on V| as follows for all 7= (2, 1)),
v=(v,v))E V|, we set

b (i, ﬁ):fnvnu-vnvdx+_l;v,,_,L'r,-V,,_.vldx#. '
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The form b is obviously a continuous bilinear form on ¥, X V| ; moreover,
owing to Poincaré’s inequality in Q) and e, it is ¥,-coercive 1.e. there exists a
positive constant 8 such that

2
b{u, wy= |l v, Yael,.

Owtng to the Lax-Milgram lemma, we obtain the

Lemma 2.1. For all (f, g)€ H,, there exists a unique solution i€ V| of

(2.3) b(ﬁ,ﬁ):fu fodx+ [ gudx',  Vi=(v,u)eV,. .

Forma!l applications of Green’s formula drive us to say that & =(uw, ¢|) 1s
a weak solution of problem (i.1)-(1.3). Before giving a meaning to (1.1)-(1.3),
we first show that problem (2.3) splits into two problems corresponding to
(1.4) and (1.5). In dimension 2, this splitting is based on the trace theorem
1.5.2.3 of [5]. In dimension 3, we use the following one:

Theorem 2.2. Let 0 be a bounded open set of R, with a polyhedral
boundary 38, 0 lying on only one side of its boundary, and set 36=U]_| T},
where I'; are disjoint plane open sets. For all k=1 ..., N, let us denote by vy,
the trace operator on the face U'. For a fixed je{l,..., N}, let us set

Vi={ue H'Y(6): v, u=0, Vk#j}.

Then the operator
- ')/J, u

is a continuous operator from V; into HY2(V). Identifying T; with a
polygonal open set of RY, we recall that (see Definition 1.3.2.5 of [5]) ve

A2 () iff b€ H'2(R2), where 1 is the continuation of v by zero outside T';.

Proof: Owing to the results of [4], we know that this operator is
continuous and surjective onto the subspace of f€ HV2(I") satisfying

dxdy

@4 Joer, 1S OP2 = ST

for all /# j, || - || denoting the Euclidean norm of R3.
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We now prove that this condition (2.4) implies that

dx oo
2.5) Jo @R g <t

where p;(x) =d(x, d17}) is the distance from x to the boundary of T} This will
prove the result, owing to Lemma 1.3.2.6 of [5].

As in [4], by localization and linear change of variables, we are reduced to
the case 8 = G, where G is the trihedral x; >0, x; >0, x;>>0. Let us denote by
Sy, the face defined by x,=0, for £c{l,2,3}. We may suppose that I
corresponds to ).

By a direct computation, we check that for xe Sy, we have

5 llx—ylP? 2x;7

for /€ {2, 3}. Therefore, the conditions (2.4) tanspose to G and the previous
inequality imply that

dx
p1(x)

Jo, @ —s<tee,

since on 8|, p; (x)=min{x,, x3). This proves the theorem. : ']

Lemma 2.3. Letf={x=(x" x,)eR":0<x,<I,x"€0, }, where 8, isan
open set of R*=1 with a smooth boundary. Let v, denote the trace operator
on the part of the boundary of 0 corresponding to x,,=0. Let ue H'(0). Then

(2.6) Y. u=0 if and only if
d #
2.7 Jlute, x,,)|2dex”~<+oo.

n

Proof: Let v (6) (the set of C=-functions in §). We can write

xﬂ

(¥, x,) — v (xt, 0) = j <, v) v

(] R

Therefore, Schwarz's inequality implies

)Y

v ) o e, [

% v 2dy,.

n
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Dividing this inequality by x, and integrating over 6, we get

28 o 3 10 ) = () ()2 = s

Since Z (6) is dense in H' (8) (see Theorem 1.4.2.1 of [5]), (2.8) shows that
for all ue H'(P), the function

(x*, x,)— (e (X", x) — (yn 1) (x7)

n

belongs to £2(#) and (2.8) holds for w.

Let us fix ueH'(6). I vy,u=0, then (2.8) directly implies (2.7).
Reciprocally, if (2.7) holds, then (2.8) and the triangular inequality imply

I
Jo 51 Orn ) ()2 i, <o
. . 1. .
This proves (2.6) since —— is not integrable on 10, I[. "
n
Using local charts and Lemma 1.3.2.6 of [5], we obtain the

Corollary 2.4. Let 0 be a bounded open set of R" with a Lipschitz
boundary. Then

H'2(8) N H (6)= H(6) . -

Lemma 2.5. Let w;=o\T. If i = (1, u))€ V), then
(2.9 u € H (N Hi(w) .
Proof: Applying Theorem 1.5.2.3 of [5] in dimension 2 and Theorem 2.2

in dimension 3 in the open set Ot ={x€}: x,>>0}, we deduce that 4, =y, u
fulfils

dx
2
(2.10) [l = <t
since |- x;=d(x,d1"), where I° is the part of the boundary of O+

corresponding to x, =0 (notice that 'CT).
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—~
If we denote dI'={x€dI": x;=1} and ¥, the trace operator on 3T in I,
then Lemma 2.3 and inequality (2.10) imply that

e
yu;=0 on dI'.

Since we already know that the trace of u is equal to zero on dw, we deduce
(2.9). .

We are now able to state the splitting of problem (2.3). Let us introduce
the Hilbert spaces:

H=[2(Q)x L*(I):
V={uc H'(Q)) satisfying (2.1) and vy u=vy_uec H (I},
equipped with the norm

“u” V: (”u“})n (Q) + ” Y+ u“}]ﬂ (1’\) )I"f2 M

We consider the form of the gradient on ¥ as follows: for all w, ve ¥, we
set

(2.1D) a(u, v) :fn V,uV,vdx +J; Voo 1 (v+ ) Vi (v v). dx”.

As previously, this form is a continuous coercive bilinear form on V.

Theorem 2.6. Let (f, g)€ H|. Then il =(u, u)) €V, is the unique solution
of (2.3) if and only if

i) ueV and is the unique solution of
2.12) a(u, v) :fn fodx+ [ gy, vdx*, WoeV.
ii) the restriction u, of u; to w; belongs 10 Hi(w;) and fulfils

(2.13) L Uy 12V wdx”:fw gwdx®, Ywe H) (w).

Remarks 2.7: We see that u, is a solution of a classical Dirichlet problem
1 a convex domain of R*~!. Owing to the results of [5], &€ H*(w)) and the
exact controllability of the associated wave equation is wellknown (cf. [12]).
Therefore, from now on, we only study the solution w& ¥ of problem (2.12).
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The splitting phenomenon is a consequence of the Dirichlet boundary
conditions imposed on I';. For instance if we consider Neumann boundary
conditions on T'}, no splitting occurs. s

In order to show in what sense u< ¥, solution of (2.12), is a solution of
(1.4), we need the extension of Theorems 1.5.3.10 and 1.5.3.11 of [5] in
dimension 3. The proofs are actually identical using the Green formula
{22.11) of [2] and Theorem 2.2.

Theorem 2.8. Assume that the assumptions of Theorem 2.2 are fulfilled.
For p>1, let us set

E(A, IP(0))={ucH'(8): Auc 17 (8)}.

Then the mapping

du
‘yj ayj ’

u--

which is defined on Z (0), has a unique continuous extension as an operator
Srom E(A LP(0) into (HY3(T)Y. Moreover, the following half Green
identity still holds :

“ du
(2.14) J;Auudx‘:—j; Vu Vvdx+j§l<‘yj—§;j—; Yiv s

for all u€ E(A,Lr(6)) and all ve D (0} such that vive D(T)), for every
JE{l,..,NL

Theorem 2.9. Let (f. g)€ H be fixed. Then the unique solution ucV of
(2.12) satisfies

(2.15) —Au=f in 9,
d d .
(2.16) ~A et veg pty_g =g in T.

Proof: (2.15) is a direct application of (2.12) with v€ & (Q}). So we deduce
that ue E(A, LP((})). But unfortunately, {} does not fulfil the assumption of
Theorem 2.8. So we use the following trick. Let us set

Q={xe]—1,1{" x;,>0},
Qr={xe: x>0},
O ={xefl:x,<0}.
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Then we know that
ue E(A, IP (1), ue E(A, 17 (1)),

du du

This allows us to give a meaning to v, —— o and y_ 2, & elements of
(H'72(T))-

Taking ¢ € Z (Q}), then ot (resp. ¢ ) the restriction of ¢ to ar (resp. 0
fulfils the assumptions of Theorem 2.8 in " (resp. 7). Therefore, using the
Green identity (2.14) to the pairs (1,¢%) in £ and (u, ¢™) in £ and addmg
the results, we obtain

du du
A updx= —f“V,, uV,,‘pdx+<y+—aVT + Y-3,- VYo .

¢}

Owing to (2.12), (2.15) and the previous identity, we obtain
SV )V (rs) o <y Py DLy o>
r n—| + n—1 + av+ — av__-g

=f, g(vs0)dx’, Ve (@),

This proves (2.16). -

3. REGULARITY OF THE WEAK SOLUTION

The aim of this paragraph is to prove the expansions (1.6) and (1.7). Let
us set

G0 S0 9= n() 77 sin (5)

2
2

(3.2 S (0 =——2n(r

Theorem 3.1. Let ucV be the solution of (2.12) with data (f,g)e H.
Then u and v+ u admit the following expansion :

(3.3 u=1uyt+cs,

(3.4) Y+ U=ty TS,
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where uy€ H2(Q), uy€ H2 () and in dimension 2, ceR, while in dimension
3, ce H'(T"). Moreover, we have the folllowing estimate :

(3.5) Huofluz(n) + “u20“H1(1")+ HC“H'(P)‘S ClE Dl s

In dimension 2, in order to apply the results of Corollary 4.4.1.4 of [5] to
u, we need to show that v, u« belongs to H¥2(I"). We use the

Theorem 3.2. Let § be a bounded open set of R™, m= 1, with a smooth
boundary ; 8 being only on one side of its boundary. If v€ H} (8) is such that

A, ve(HIHO)Y,

then
ve HY2(6).

Proof: The proof is made by interpolation and using Theorems 1,6.2 and
Li1.7 of [13]. .

Proof of Theorem 3.1 when n=2: Owing to (2.16), v+ uc Hy(I") fulfils

du Ju
(3.6) —An_:(wu):g—wg;;—v_ﬁ_;

which belongs to (HY2(I")Y. So Theorem 3.2 shows that

vyu€ HY2(T).

We now remark that u is a solution of the following non-homogeneous
Dirichlet problem in (}:

Au=—felZ() n Q,
u=0 on I,

yiu=y_uc H*(MNH()Y on T.

Owing to Corollary 4.4.4.14 and Remark 4.4.4.16 of [5] (see also Theerem
1.4.10 of [2]), we obtain the decomposition (3.3) for w.
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Using this expansion (3.3) of u in the right-hand side of (3.6) and
computing the normal derivative of the singular part, we see that y, uc H) (D)
fulfils

— A (vrw)y=g T enx 2 ,

where we set

(;UO auU
EI=E—Y+ o+ ~V-5,-F L3Iy,

v

Remark that x7%2 does not belong to I2(T"). But we can compute
explicitly the solution w of

w_ .

T w7 en Jop
;=

w(o)zg—;‘:(g)):o.

This is w{x)=- g- X2

Finally, the function
(3.7) Lyy =Y+ U — W
belongs to H3((0, 1)) and fulfils

—Ajuy e L2((0,1)).

So wy e H?((0, 1)) and the expansion (3.4) follows from (3.7).

By Theorem 3.5 hereafter (applied with A =0, see Remarks 3.6), there
exists (K|, K;)€ H such that

(38) C:((ﬂg)a (KISKZ))Hs
where (-,); denotes the inner product of H.

Let us define the linear operator

T: H— H*(Q)x (1) (f, 8) — (s, a0} -
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Owing to the closed graph theorem, if 7T is closed, then T is continuous and
therefore the estimate (3.5) holds. But the closeness of T is a direct
consequence of (3.8) and the continucus dependence of the solution ue F of
(2.12) with respect to {(f. g) in H.

This proves Theorem 3.1 when n=2. .
In order to obtain an analogous decomposition result in dimension 3, we

need to study «the Helmoltz equation» in dimension 2. Actually, we shail
extend the results of § 2 of [6] in our situation.

Theorem 3.3. Assume that n=2 and let (f, g)c H and \ be a real
parameter = 1. We denote by u, the unique solution of

(3.9) a{u, v}t Ay ), (U, v+ )= £ 8). (v, v vy, WWEV.
Then u and y4 u admit the following expansion

(3.10) u=ugtce-ViS,,

(3.11) You=typt e VA S,,

where up€ H2(Q), € H2(D), and c€ R satisfy the estimates

2 i
(3.12) _§0 A2 Hllugli iy + gl i} = ClIC @i

(3.13) lel=Cen sl i,
where C does not depend on A,
Proof: The idea of the proof is identical with Theorem 2.1 of [6] but the

technics are different. The main step is based on an explicit fermula for ¢,
obtained as in [3].

Applying (3.9) with v=wu, we can show that u fulfils
(3.14) VNl + Al G v )y = CHE &)y
Since u€ ¥ may be seen as a solution of (2.12) with a datum (f— Au,

g—Avy+u) in H, Theorem 3.1 shows that ©# and -+, » admit the respective
expansion (3.3) and (3.4); moreover the estimate (3.5) becomes

llziol! 42y F 220l 2y + el = CUTE D 1+ AN (26 v ) 4}
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Owing to (3.14), we deduce that

(3.15) (12l p2gey + luoll sy T 1l = CH L ) -

Unfortunately, this estimate does not allow us to prove the estimates
(3.12) and (3.13). So as in [6], we modify the decompositions (3.3) and (3.4)
of u and -y, u. Setting
(3.16) up=wytec(l—e-VA) §,,

(317) HZRZL{Z(}‘l'C(l—e_r\/K)Sz,

we directly obtain (3.10) and (3.11) (with the same constant ¢ as in (3..4)}.
Moreover, the regularity of uy, and u,, follows from the following lemma,
which 1s proven by an easy computation.

Lemma 3.4. Let n=2. Then the functions (1 —eVN 5, (1 —eVYy 8,
belong respectively to H*()) and H*(I') and fulfil
11— =AY 8[| pagey S CAYE,

(1 —e=V2) 8yl ey = €. .

It remains to prove (3.12) and (3.13). To do that, we need the explicit
formula for ¢. Let us set

Wi B)=e VA sin(%).
We check that
(3.18) (—By+ N =0,
(3.19) (=0 X ()l 40y < Ce A,
for some d>>0. But the main problem is that

a_‘f’ Jai_ —r A p=3/2
Y+ gt - E r

does not belong to H-'(I'). Fortunately, the function &, defined by

¢ (.80 =4n(Nr7 cos(D) |V,
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belongs to H' () (owing to Theorems 1.4.5.3 and 1.7.1 of [5]) and fulfils
V+d=vy_ = 471!"38"‘/;-

Therefore, on T, the laplacian of y; ¢ is equal to —nr_f’fze—’ﬁ, modulo
H-1(D).

Let ¢, € V be the unique solution of
(3.20) a(¢y,v)+A{Pr, v+ 1), (v, Y+ VDu
=[ 12—\ (1) v— V26 V> v—Adu}dx

+ LR 0 (e B+ xR HIEE Ly g

for all ve V.

Let us notice that the right-hand side of (3.20) is well defined since (A — A)
(q) € L2(Q), < H' (0) and because vy ve HY (T) fulfils xi! vy ve L2(D).

Now, we are able to give the expression for c.

Theorem 3.5. Under the assumptions of Theorem 3.3, if we set

(3.21) K=nj+od+d¢,

then we have

(3.22) _re= fﬂ FRdx+ fr gv+ Kdx, .

Before giving the proof of (3.22:. vt .~ show how it implies (3.12) and
(3.13).

To obtain the estimate (3.13), it suffices to estimate the norm of K in
L2(}) and the norm of v, K in L2(T"). But we easily check that

[l 2= CAY4
@il 12y == CA—34,

v+ @l 2y CAY2,
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Maoreover, since ¢, is a solution of (3.20), we can prove that
il + VAL v+ eDll=C.
Using the expansion (3.21) of K and the four previous inequalities, we get
(3.23) (L SWSPEL S
S0 (3.22), (3.23) and Schwarz’s inequality imply (3.13).

Let us now prove (3.12). Using (3.16), (3.17), Lemma 3.4 and the estimates
(3.13) and (3.15), we obtain:

(3.24) gl g2+ l2ez2ell 2y = ClI L M -
Owing to (3.10) and (3.11), we can say that
I
(3.25) 2 ||UR||:."(n)+ etz gl gy }
IR .
E [||u H'(!1}+ Iy ““H’(l]
+leltlle=™VAS [ in lle= VA Syt 1.

But we easily check that for i< 0, 1}:

(3.26) lle A8 ey < CX % 7 s
(3.27) le=A Sl iy < CN5

Using (3.14), (3.13), (3.26) and (3.27);(3.25) becomes
(3.28)' o é AT Hlzerll ey T Naagpll i 3= ClLE Ol -

The sum of (3.24) and (3.28) yields (3.12). .

Proof of Theorem 3.5: let us denot‘e by I, the right-hand side of (3.22).
Using the expansion (3.21) of K, [ splits as follows: -

(3.29) I=h+1+1,,



Exact Controllability of a Pluridimensional Coupled Problem 109

where we set

hy= 0 Smbdx,

If :fn fd’dx”*‘ﬁ. gy+ddx,

L= ﬂf¢|dx+fr gY+ b dx,.
‘ i) Transformation of [;:/; is the right-hand side of (3.9) with v=4¢,,
since ¢, €V, we get
{3.30) hL=a(¢r W)t A(d1, v+ ), @, v+ 1))y

i) Transformation of /;: The splitting (3.3) of u induces the following
one for fy:

(3.31) fy=Ty+cS,

with

(3.32) Ty=J, (=D Nuynirdx,
(3.33) S, :ﬁ! (—Ay+ A) S qprdx .

Now, our goal is to use Green’s formula in the right-hand side of (3.32)
and (3.33).

a) Since yy< H2(Q) and fulfils u;(0)=0, Theorem 4.3.2.2 of [5] implies
that uy€ PLr (), for all p<C2 (see Definition 4.3.2.1 of [5]). Moreover, we
check that nyrel9((}), for all ¢g<<4. Since ¢ is smooth far from 0,
Aqgne L1()), for all g<{4. Therefore, the pair (@, ) fulfils the
assumptions of Theorem 12.3 of [3] with some p<{2 and g€]2, 4[ such that
l/p+1/g=1. Applying the Green formula (12.4) of [3] to this pair, we get

d(n¥) d(nd)

(334) T,= "ug(—Az-l-AJ.LnJﬂ_dx_‘lﬁl*_d? +y_ G- Y thg >

b) To transform S, we apply Green’s formula in O, = Q\B(0, &), for all
£>0. By a classical computation, letting € go to zero, we obtain

(3.35) So=[, S (=2 + N () dx — .
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In (3.31), replacing T, and Sy by their expression (3.34) and (3.35) and
using again the expansion (3.3) of u, we obtain

) ()

dvT Y- "a-

(3.36) I, =fnu(——A2+)\) () dx + <y > — e,

ii) Transformation of /,: The first step consists in using the haif Green
formula in . Since u¢ H?>(0)), we again use its expansion (3.3) and we
decompose f a Jddx in two integrals corresponding to the regular part and the
singular one. For the regular part, we may apply the half Green formula. For
the singular part, we use the half Green formula in (), for £2>0; letting & go
to zero and using the definition of ¢, we obtain

(337 I :ﬁ} (Vu¥y b+ Aug)dx+ [ (— A+ M) (v4 1) v+ bdx,

We now transform the integral over I' by using Green formula in
.=TN\B(0,¢e), for e >0; and by letting £ go to zero. Computing the laplacian
of vy ¢, we get

‘ E
(3.38) I = Ll (V2 uVy &+ Augp)dx — <y ag:ia) +y_ sﬁ') ;YU

d(ne—=vd)

ot (a0 (e i)t 20
X)

Yyqudx) .

iv) Conclusion: In (3.29), replacing I, I, and /f, respectively by (3.36),
(3.38) and (3.30) and using the fact that ¢; is solution of (3.20), we arrive to
(3.22). u

Remarks 3.6: In view of the proof of (3.22), we need to introduce ¢
because, in the right-hand side of (3.36), the duality bracket has a meaning
since -y u= vy iy belongs to the weighted space P2-1/7.2(I"), for some p<<2;
but it has no meaning if we only know that . u belongs to H{(T"). Indeed, if
the duality bracket would have a meaning for v, u in H{(I"), it would be
sufficient to consider ¢, € V, solution of

a(d, v) +A((S1, v+ 1), (v, v+ )u

d ]
:fn (A — AN () vdx —<yg cng)-_b'y— ;’:?)

;v v, for all ve V,

Theorem 3.6 is also true if we suppose that A =0. Therefore, it gives an
explicit formula for the coefficient ¢ of the singularities of the solution u of
(2.12). .
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Let us suppose that n=3 up to the end of paragraph 3. In order to prove
Theorem 3.1, we shall develop « in Fourier series with respect to the basis

.k . . .
{sin - (x3=1)}es- It corresponds to take the partial Fourier transform in

the xj-variable of the solution of the Dirichlet problem in a polyhedral
cylinder xR, where 60 is a plane polygon of RZ, as P. Grisvard did in [6]).

We use the following notation:

0=0@x]-1,1[, =T x] -1, 1[,

where Q@ (resp. I'2) is the domain ) (resp. I") defined in § | when n=2.
Moreover, for a point x in Q or in I", we denote

x=(x,x3},
where x(@ belongs to @ or I'? and x;e]—1, I{.

For an arbitrary function w in L2(Q) or L2(I") and for all k€ N*, we set

+1

wi (x) ZJ

.k
w (x@, x3) sm—z—w (x3— D) dxsy,
. . . . . k7
its Fourier coefficient with respect to smT(x3 -~ 1.

We finally denote by V@, the Hilbert space ¥ defined on (2.

We can eaéily prove the

Lemma 3.7. For all we V and all ke N*, we have
wi € VD and vy wi=vy_ wie=(y+ whk. .
We are now able to give the

Proof of Theorem 3.1 when n=3: Let us {ix A€N*. Using Fubini’s
theorem, we can prove that u, € F@ is the unique solution of

[0 (Va Ty v+

252
u vidx@
k2l e
F o (9 (v u)d Vi (4 V) + = v b v v} dx®
r 4

=fﬂ(2) j}i' de(z) +fr{2) Ek Y+ de(z)#, Yve V(Z) .
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This shows that u; € V@ is the solution of the Helmoltz equation (3.9) with

272
A= —k—f— =1 and a datum (f}, g;). By Theorem 3.3, there exist g, € H2 (01,

Uy e € HX(I'2) and ¢, € R such that
(3.39) we=uppt et s,
(3.40) Yeup=thpet e S,

Moreover, there exists a constant C independent of & such that

2
(3.41) 'Zu K= gl arigouan & ek pall grsrom} + K12 i1}
i=
= CUV Nl 2g2y Nl giell L2 et

Let us denote by w4y, uy and ¢, the functions defined respectively in {},

I' and also I', with respective Fourier coefficients wup,, thp and ¢, e, The
last function ¢ is actually the convolution K+ ¢ in [—I, ] (with respect to x,)
of the function ¢ and the kernel K with respective coefficients ¢, and e=7#7/2,

The estimate (3.41) precisely shows that uye H2({)), wuyp€ H'(I") and

c€ H'(T') and fulfil the estimate (3.5). Finally, the expansions (3.39) and
(3.40) imply (3.3) and (3.4). This completes the proof of Theorem 3.1. ~ =

Remark 3.8: In view of the definition of ¢, it is defined on R*x]— 1, I]
and is a solution of

Aye=0 in R*x]—1, I,

C(Oy'):qb in ]_lal[’

¢(.)=c(-,—1)=0 on RT.
This means that ¢ is the solution of the Dirichlet problem in R*x]—1, I[
with a boundary datum ¢€ H'2(]— [, 1I[) (owing to the estimate (4.4)). So
the regularity of ¢ is in accordance with the regularity we expected. Moreover,

far from x; =0, ¢ is smooth, "

In § 5, we shall need the following estimate about ¢ and V; ¢ near x, =0.
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Lemma 3.9. Assume that n=3. Then under the assumptions of
Theorem 3.1, for all €c]0, I, we have:

+1
(3.42) ] (e, x)2dxs < C N s 913
1

(3.43) [ 19sctexoran < 161

Proof: Since the Fourier coefficients of ¢ are c,e~"F, by Parseval’s
identity, we have

+1
(3.44) ] le(e, x3)|2dxs =23, fepl2e—hm,
- ke N
+
(3.45) f |V2c(e, x3)|12dxs = C3, {c|? k2 e—ckn,
—1 kG N

The inequality (3.41) implies that

(3.46) 3 lal2k=Cl¢h 9l

kEN
The inequalities (3.42) and (3.43) are a direct consequence of (3.44)-(3.46)
since we remark that

e~tkm = Ck, ke’“k”S%. .

To end this section, we shall prove that the outward normal derivative
y”%of y+u on 8" exists and belongs to L£2(I).
Theorem 3.10. Under the assumptions of Theorem 3.1, we have
d (v+ 1)
p CAV+H) 2
Y =57 & L2(3T)

and fulfils

Ayt
(3.47) ||7#T i 2= CHE ) -
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Proof; When n =2, since ¢ is a constant, the ¢laim follows from (3.5) and
the Sobolev imbedding theorem.

Let us assume that n=3, We prove that v, ue W2r(I"), for all p<2 and
fulfils

(3.48) v+ ull wer ey = CHEE o,
where C may depend on p, for all p<{2.

Using the expansion (3.4) of y4u and the definitions of S, and ¢, we see
that

By (yru)=h —enxi'?
where by L2(1") and

L1 ”LZ{J‘}S Cl(f gl

Since x7"2e Lr(IN), for all p<2, we deduce that A,(y.w)€ L7(T), for all
p<2 and using (3.5}, we have

II AE (y'f' u)”lﬂu)——— CI] (f g)”U

As v ue H{(I') and T is a convex domain of the plane, we deduce (3. 48)
{(see for instance Theorem 4.4.3.7 of {5]).

Using the trace theorem 1.5.2.1 of [5], the Sobolev imbedding theorem
and the estimate (3.48), we arrive to (3.47). .

4. THE WAVE EQUATION

Our first aim is to establish the existence of a solution to the wave
equation associated with the boundary value problem (1.4). The easiest
manner is to introduce a4 selfadjoint operator 4 from H into H associated
with (1.4).

The bilinear form a induces an isomorphism &7 from ¥ into V" defined by
(24w) (V) =a(u,v), Yu,ve V.
Using the density of & (") in LZ(I") and the density of & (1) in L2(}), we

can show that V' is dense in H. Moreover, the Rellich-Kondrachov theorem
implies that ¥ is compactly imbedded into H. Therefore, the bilinear form a
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also induces a positive selfadjoint operator 4 from H into f, with a compact
inverse, defined by

Dy={ueV:o/uc H},

du

du
Vu€ Dy Au=(=du, ~A, (v )t yve sy =),
dv -

owing to Theorem 2.9. It is also wellknown that D, is dense in V' and
Dyn= y (see [10], for instance).

The wave equation associated with A may be written as follows : given
@<V, ocH and feL'(0, T, H), find a solution ¢ of

[ € C([0, 7], HNC'(0, T), H),
(4.1) " () + A ()= f(1), 1€[0, T],
@ {0) =y,
| ¢ (0)=¢1,

where ¢¢* denotes the derivative of ¢ with respect to the variable ¢.

Since A admits a sequence of eigenfunctions, which forms a basis of H,
Theorem 3.1 of [7] can be adapted to our setting. Therefore, we have the

Theorem 4.1. Let ¢y€ Dy, ¢ € Dygn and fe L0, T, Dy v2) with
s=1/2. Then problem (4.1) has a unique solution ¢ C([0,7], Dys}N
CY ([0, T, Do) fulfilling

4.2)  Mellego. r T l@llerqo. 11 Dpmiiz

= Cllleolip,Flleillp i T Wl 0. 10y} .

In the same way, Remark 3.2 of [7] still holds.

Theorem 4.2, Let o€V, o€ H and fe L'(0, T, H) and let ¢ be the
unique solution of (4.1). Then there exist sequences ¢y, € Dy, 01, €V, [ €
C ([0, 71, V). me N*, such that

Pom L0 in V,
Crm—@ in H,

Jm—f in LY(0,T; H), as m—+oo.



116 Serge Nicaise
" Moreover, the solution i, of (4.1) with data o, @1, fo JUlfils

e € C([0, T, DHNCHO, T], NN C2(0,T], H),
and

on—¢ in C(0,T], NOCO, T, H), as m—+ce.

Proof: Direct consequence of the density of & (0, T3 V) in L'(0, T, H). =

We now establish a law of conservation of energy.’

Theorem 4.3. Letpye V, @ € H and denote by g, thé unigue solution of
{4.1) with datay, ¢, and f=0. Let us denote by E{t), the energy of ¢ at time
tef0, T} Qe

(4.3) E(W)= 5 (I’ Wi} + ae (1), ¢ (1)}
Then for all 1<{0,T]:
(44 S BW=Ey= el aker, @0}

Proof: In view of Theorem 4.2, it suffices to prove (4.4) for ¢y€ D4 and
¢ € V. The advantage is that the corresponding solution ¢ belongs to
C(q0, 7], H)NCH([O0, T], MNCE([0,T], H). Indeed, since ¢ ()EV, we
deduce that " '

AE (= 1.0 )y +a 1o 1)

=" ()+ Ap (1), 0" ()

This proves that
dE
—; (=0, Vief0, 7]

and then (4.4). B .

Remark 4.4: Theorems 4.1 to 4.3 may be extended to the following
abstract setting: A and V are two real Hilbert spaces such that V' is dense in
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H and ¥ is compactly imbedded into H; a is coercive continuous bilinear
form on V, which is symmetric, s

If ue D,, then Theorem 3.1 shows that & and +y; « admit the respective
expansion (3.3) and (3.4). Unfortunately (3.3) does not imply that « belongs

to H*(Q)), for some s>%- Therefore, as in paragraphs 6 and 7 of [7]; if we

want to use multiplier technics, we have to establish an identity with
multiplier, which takes into account (3.3) and (3.4).

Theorem 4.5. Let us assume that m(x)=x—xy, with Xg={(Xy .., Xon)
fulfilling x, =0. Then for all ue D,, we have:

@.5) [ (~Auym-V,udx

d d
A )ty o Yo ) veme Ty (s W) d

:(1_—;—)fn|v,,u|2dx+(l— :_l )fl, Voo (v+ 12 dx”

1 du 1 (vt o, 4
= Jo v G o= [y me vy =gy do

+ TTXOIJ.FO C'2 (O’“)dU#}’4,

where ¢ is the coefficient of the singularity S| appearing in the decomposition

(3.3) of u
Proof: For all e€]0, I, let us set
C,={xeR": x}+ xi<e?},
Q,=O\C, I',=I\C,,

r,=d0,NT,, MN=30,N3C,.

Theorem 3.1 shows that we H2(Q),) and v, ue H2([), therefore, they
fulfil the identity (3.4) of [7] respectively in ), and T,. Adding these two
identities and taking into account the boundary conditions fulfilled by u« and
vt and the fact that

m-vif=0 on T,
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we arrive to
{4.6) 0 (A, u)m -V, udx

AL ety e by ) ym Y, (ys ) dx

=(1— %)fﬂw,,updx

—1 1 d
(= AV (a2t - — [ vy SR do

d
oo a e v Vs - L2y 9, (e )do”

9
+frh{%m-utvnulz——a—:—m-vnu}da.

We now pass to the limit as e goes to 0. Since w € Dy, it is clear that the
lef-thand side of (4.6} tends to the left-hand side of (4.5). Maoreover since
ue H'(Q)), vy ue H'(I") and u is regular far from the bottom of the crack, the
three first terms of the right-hand side of (4.6) tend to the respective terms of
the right-hand side of (4.5). So, we are reduced to study the behaviour of the

integrals over 0T", and I'y,. Let us denote them respectively by 7,, and f,.. We
shall show that

1 Ay u}

(4.7) he—l:=—— [ yem-v"(y" =) da",
TXg

(4.8) he==p" frucz(c”) do’, as e—0,

which will prove (4.5).

a) Proof of (4.7): If n=2, we have
_1 Ayver) v+ )
he=7 {m{(e,0)} ax, (&)—m((1,0)) ax, (N}

Moreover, the decomposition (3.4) of v, u implies that y, w€ C'(T') and
(4.7) holds.

If n=3, we shall decompose the boundaries of I', and I" as follows

dle=Tp U Lyge, a0 =T U T,
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where we set
ch:aPCO 8F, FOZSI{(C,X3)S—I<X3<I},
_Fm={x€6F:xl>0}.

We therefore decompose /i, (resp. [)) into two integrals [, and Iy, (resp. Iy,
and /) corresponding to Iy, and Ty, (resp. Iy, and 1),

Since vy u=0 on 'y, and using Theorem 3.10, we deduce that
(49) Iyie— Iy, as e— 0.

For the second part, using the boundary condition y. 4 =0 on [y, we see
that

+1 a u
Tao— Ton= f ((o—xo0) (2 o vy
-1 axl
a(.y u) LD ALY l rd AW a(‘y u)
+ g1 ( a;l CrEayym ) Gor— ot 6‘;3 (e, x3))?

+(x3— m)g;i) (e, x 3)6(y+u) (&, x3)} dxy.

Using the next lemma, Theorem 3.10 and Lebesgue’s bounded convergence
theorem, we deduce that

(4.10) 1028_’102: as e—10.

So the sum of (4.9) and (4.10) gives (4.7).

Lemma 4.6. Assume that n=3. If ues W'.r(ID), for some p=4/3, then
Jor every e€]0, I, we have

+1
(4.11) j [ (e, x3) — t2(0, x3) | dxy = C||ul} We(10,e[X]-1, 1[)”“” Wha(T) »

where u(0, x3) (resp. u(g, x3)) stands for the trace of u on Uy (resp. Iyy). In
particular,

+1
J jul (e, x3) — 12 (0, x3) [dx;3— 0 as e—0.
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Proof: For ve % ('), we can write

.
Uz(S,)Q)i Uz(O,X:;)zzfa—v(xl,X3)U(X|,X3)dX| .

0 9X)
Integrating the absolute value of this identity and using Holder’s
inequality, we get

I
@.12) f 1976, x9) — v (0, x| dxs

dv
=2 —a; I L0, e[ X1, 10} el L0, e[ X]—1, 1]}

1 1
when - + 7= 1. But the Sobolev imbedding theorem implies that W12 (')

is continuously imbedded into L7(I") if 1 —2/p=-2/q. This last condition is
precisely equivalent to p=4/3. Therefore, the inequality (4.12) can be
extended to v in W'#(T'), which implies (4.11). .

b) Proof of (4.8): it is based on the following lemma:

Lemma 4.7, Let n=3 and uc H'(Q). Then for all SE]O,% [, we have

+1 2
@.13) [ [ et doaes = clonet o

0

where u (€, 8, x3) stands for the trace of u over I'y.

Proof: Let us set
Ot={xe: x>0} O ={xe); x,<0}.

To prove (4.13), it is sufficient to establish (4.14) and (4.15) below:

+1 m
(4.14) J' J‘ |t (e, 0, x3)|? dfdxy = C|ine| |u]|

-1

2 k
i

+1 27
(4.15) J f lu(e, 8, x3) |2 dbdx;= C|Ine| ||ul|

2 .
HI((0)
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The reason of this splitting is that & (€}) is not dense in H' ((}), while Z (1)
(resp. Z (£17)) is dense in H'(QF) (resp. H' ().

By symmetry, it suffices to prove (4.14) and only for u€ & (OF). For such
a function, we may write

' d(nu)
ar

n(e) (e, 0, %)) = J

T

{r, 0, x3)dr.

Using Schwarz’s inequality, we obtain

lu(e, 8, x3)2 = [Ine] JI} a(:ru) \2rdr.

Integrating this last inequality over (8, x3) in 0, w[x] — 1, [, we arrive to
(4.14). .

We firstly suppose that = 3. Using the expansion (3.3) of u, I, splits into
a lot of terms. One of them is

1 -+ 1 2
—z—f f m-v|Vsug|?edfdx; .
0

du
Applying Lemma 4.7 to 3%, for ie {1,2, 3}, which belongs to A'({}), this

term tends to zero.
Another term is

+1 2
;f f - |V |21 S, {2 edbdx; .
-1 Q

Using Lemma 3.9 and the definition of &, we sec that this term is bounded
by Cg, which tends to zero.

In the same way, using Lemmas 3.9 and 4.7, we show that all the terms
tend to zero, except the following one

Xp1

+1 2ar 9
[ f c2(g, xq) sin? (=) dBdx;.
4 A 2

Using Lemma 4.6, we arrive to (4.8). The proof of (4.8) is identical in
dimension 2, except that no integration over x;&]—1, 1] appears. Actually, it
is easier since ¢ is a constant.
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The proof of Theorem 4.5 is complete. .

We are now able to establish the estimate of the energy, which is the delS
of the application of HUM,

Proposition 4. 8 Letoc C([0, T}, DONC'([0,T], NN C2([0, T], H) be
a solution of :

")+ Ae (1)=0, 1€[0, T},
(4.16) ¢ (0) =,
& (0)=¢ .

If xp1 =0, there exists a minimal time Ty >0 such that

4.17), (T— Ty E | :
g ¥’ v+ )
= C{fET(.ru) ("}’ EW ) dodlt +f2;—(_r0) ('y# i do’ dt}.

Proof: For a fixed 7, let us set
0,=0x10, TL, @,=Tx]0, 71,
Zl = FIX]O, T[, 22 :an]O, TI .
We denote
=)o, Do m-V, ¢dxd:.
Integrating by parts over 10, 7T, we obtain
I:—f& D, om -V, (Die)dxd + [ D,om-Vyedx\].
As usuatl (see [12] or [7]),we show that
. =_n 2
(4.18) f o, Diom - (Dyo)dxdi =1 le (D,«)? dxdr .
This is proven by using:the Green identity in {) in the left-hand side of

(4 18) (it is allowed since D, v H'())) and by takmg into account the fact
that m-vt=0o0n T and D,o=0o0n T,
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The two previous identities lead to
n
(4.19) 1= le (D@ dxdi+ [ D, om Vypdx|].
Since D,(y,¢)€ HY (), we prove in the same way that
(4.20) sz D2(ys0) v+ m -V, (y+0)dx" di

n—1
2

Jo, (D (ra@)P dxt di+ [ Di(reeyyam Vo (yao)d’|{.

Applying (4.5) to ¢ (1), integrating the obtained identity over ]0, 7T and
adding it with (4.19) and (4.20), we obtain:

1 I
4.21 — — . ik Y
(4.21) 0=1{) > fx'm v(y b Y2 dodr

1 d
—-2—1;.2 Yem v (y? _.(_;’;'t:’;))z do*dr + mxy, f

2 H H
. € (4 9")da¥di[4

+ [, D, om T, edx+ [ D (ys@)v4m- Ty (v40)dx N,

where c(s, -) is the coefficient of the singularity S, appearing in the expansion
(3.3) of (1) and where we set

16)= [, {5 (Dol + (1 = DI V0l dxds

n—1
—3—

+ o o (D e+ (=21, (ra) 2 et

Let us now prove the following inegquality

2n—3

2 K=+ 2 edn [ (i) viode ],

Using the definitions of the norm in  and of the bilinear form a, we easily
check that

(4.23) @)=

2n-3
(

T e @l —ate ), o @)} d

+ e W+ ate ), o)y ar.
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Moreover, since ¢ is a solution of (4.16), it fulfils

W), o Wyt ate ), ¢ (1)=0,ae 1[0, T].

Integrating this identity over r€]0, 7{ and integrating by parts in ¢, we
arrive to

(4.24) [tk 13— ate (), o} di = (O, 0 )l

The inequality (4.22) follows from (4.23), (4.24} and the identities (4.3)
and (4.4).

Using (4.21), (4.22), the hypothesis x5 =0, Schwarz’s inequality and
finally the coerciveness of the form a, we arrive to (4.17). "

Corollary 4.9.  Under the hypotheses of Proposition 4.8. If x4, 20, there
exists Ty>0 such that for all T> Ty, the application

(4.25) o, @13 — lligo, @1}l :=[ frr G dod

f?(wqo) 1z
+fzw] CAYHO) N gt dly

is a norm on Dy} V stronger than the norm induced by VX H .
From now on, we make the following assumption

(H) We suppose that x4, =0 and T is the minimal time such that (4.17)
holds for all T=T,. We also fix T=T,.

We now define F as the closure of £, x ¥ for this new norm. So we have
the algebraic and topological inclusions:

DyxVCFCVxH.

Proposition 4.10. Under the assumpiion (H), let vy, ¢\ }EF and
SELVO, T, V). Then there exists a wunique solution @€ C([0,T], V) N
C' ([0, TN. H) of the wave equation (4.1) fulfilling

C e d )
(4.26) 1Y 2 s+ 17 2L sy

= C{lleo, @1}l + ”f”l_'((). T V)} .
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Proof: We argue as in Theorem 5.6 of [7]. Using the linearity of problem
{4.1) and the uniqueness of its solution, we split ¢=«¢,+¢,;, where o,
corresponds to the Cauchy data (with f=0) and ¢, corresponds to the right-
hand side f (with zero Cauchy data).

The definition of F insures that ¢, fulfils (4.26).
Theorem 4.1 shows that ¢, C([0, T], I,) and fulfils (4.2) with s=1 and

¢g =, =0. The expansion (3.3) of ¢, (z) implies that ¢; (2} belongs to H? far
from the bottom of the crack. Therefore, using the trace theorem of [4], we

9
deduce that yaif(z)ey(r,) and fulfils

o
“'Yé(r)”l.z(ﬂ)s C“‘Pz(t)” D,
dv

where C is independent of 1.
On the other hand, Theorem 3.10 proves that v# _90vied) (e lz2@m
ﬁvﬁ—

and fulfils

g
H‘Yﬁ—(g%ﬂ_(ﬂ” 1200 =Cllea Dl p, »

C being also independent of .

Integrating the square of these two last inequalities over ]0, 7T, we
conclude that ¢, also fulfils (4.26). "

5. WEAK SOLUTIONS OF THE WAVE EQUATION

We transpose Proposition 4.10, we get

Theorem 5.1. Under the assumption (H). Then for all € H, u €V’
v, € L2(ZF(xq)), v2€ L2(Z(xy)), there exist unigue uc L=(0, T, V), {{n, ¥}
€ F', which are solutions of

6D [<u f)> A<y, 00> —<un 0>

, de
=<1y, @ (0)> — < ug, (0)>—f2,;uo)u‘y—£-dod:

3(y+0)
— [T i w7 2 #
fz;(xo) VYT gy dotd,
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for.all fe L'(0, T; V), ke, —e1} € F, where ¢ is the unique solution of

| e€ C([0, 71, NN (0, T), H)
(52) @" () + Ao ()=1(0), (€10, TY;

‘ ) NAe(D=ep.¢'(T=¢;.

7 Fp;mally, the sqlutiqn'lu of (5.1} fulfils.
o { W (H+ Au(t)=0, t€[0, T},
u(0)=wuy, ' (0=,

[Ul on  i(xo),
u=
0 on X\ 2F(xp),

v, on - E(x),
Y+u =’

\ 0 on ¥;\3f(xp),

and the final conditions

(3.3) u(D=do, W(NH=y.

. This is actually the case if the data are more regular. Nevertheless, we shalt
give a meaning to (5.3) and we shall prove more regularity for u.

For these reasons, we shall say that the solution u of (5.1) is a weak
solution of the wave equation with Cauchy data wy, 1 and boundary data v,
V2.

We shall need the following density result, which is proven using the
particular geometry of () and the density of & (@) in 12(0), when 6 is any
open set of R”.

Theorem 5.2. Let v, € L2(Z](xq)), v2€ L2(Z5(x0)). Then there exists a
sequence v, € Z (0, T; C*([—1, 11") fulfilling

v, =0 on % \Zf(xp),
(5.4)
Y+um=0 on E\Xf(xp),
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Upp— V) in L? (ET(XD))s
(5.5)
Yivm—vy in L(33(xq)), as m—+ee.

Theorem 5.3. Under the assumption (H). Let wyeV, u € H and ve

Z 0, T, C=([—1, 11M) fulfilling (5.4). If us L=(0, T, V") and {y,, ¥y} € F’ are

the unique solutions of (5.1) with data vy, uy, vy =v| St V1= Y+v| 5oy then
Iy 20

(5.6) ue C([0, 71, NN C' (O, T, H)
and fulfils (5.3), where we set

V={ue H' () :yyu=~vy_uc H'(I}.

Proof: We denote
NH=v"—Au, fH=(y+v)"—8,_ (y+v).

Since (f}, f2)€ L2(0, T, H), by Lemma 1.3.4 of [12], there exists a unique
solution ¥ € C([0, T], NN C'([0, T], HYM H?*(0, T; V") of

<Y (),w>+a(y ), w)
(5.7) = [, fiwdx—[_ () yywdx¥, ae. (€[0,T), YweV,
() =up, ¥ (0)=1.
This means that ¢ is the unique solution of (4.1) with data
J==(, o) eo=uo. 01 =1y
We shall show that u= v+ is the unique solution of (5.1) when
Yo=u(T), b, =/(T).
This will imply the desired results.
By Lemma 4.2, we are reduced to check (5.1) for o C([0,T], D))
NC ([0, T], VYN C([0, T], H). Since uc H2(0, 7, V"), integrating by parts

over |0, 7T and taking into account the initial conditions fulfiiled by ¢ and i,
we get

58 [ <u(), ¢+ Ap> dim <u(T), ¢, >+<u/ (1), 00>
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:<H“|, (P(O)>—<U0,(p’(0)>
T
H(<w W o >+ a@ @), o)

+<v (0,0 (D> + @), Ae@))uldr.

. Applying the Green identity in £, and T, for £€]0,1[, using the
expansions (3.3) and (3.4) of ¢ (1) and vy ¢ (¢) and letting £ go to zero, we
obtain:

(59) (v, Ag) = [ =, vedx+ [ =8,y (v+ V)4 dx*

_di 4 d(y.) #

—fr‘. VYT, da—fr Uyy —W—do .
Inserting (5.9) into (5.8) and using (5.7), we see that the right-hand side of
(5.8) is equal to the right-hand side of (5.1). This is the desired identity. w
Combining Theorems 5.2 and 5.3, we remark that the unique solution u
of (5.1) belongs to C ({0, T], V") and fulfils u(T) = ¢;. Unfortunately, we know

nothing about the regularity of its derivative. We shall obtain it by studying
the first order equation associated with the wave equation (4.1).

Let us consider the real Hilbert space

&'=VxH,

equipped with the inner prodﬁct
(D1, Pr=atp, 0T, &),

When q)i=(¢i1 gi): l‘= 192-
We introduce the linear operator B defined by
DB= DA X V,

VO =(o,£)€ Dy: BO=(—£ Ap).

It is wellknown that B is maximal monotone, then — B is the infinitesimal
generator of a C semigroup of contractions.
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Lemma 54. [Let d &, FEL' (0, T;&). Then there exists a unique
solution ®= C([0, T}, &) of

&' () + BE(y=F(n, re(0, T,

(5.10)
P (0)= by,
which fulfils
(5.11) @l cgo, e = H Poller+ 1| Fll Ligo, 7.0 -

Moreover, if € Dy and Fe L' (0, T: Dy), then € C({0,T], Dy) and
Sulfils

(5.12) 12l eqo, 7. 00 =1 Poll o, T 1 Fll 210, 72 0, -

Proof: Let S(¢) denote the semigroup generated by —B. ¢ is given by
(5.13) S ()= SO+ [S(-5) Fls)ds.

It is usually called the mild solution of (5.10) (see, for instance [15]). The
estimates (5.11) and (5.12) are a direct consequence of the properties of the
semigroup S(1). .

Actually, this lemma may be proven using Theorem 4.1 and the following
matrix representation of S(¢):

sin t\/I
(5.14) S()= cos /A N7}

—/Asinty/ A4 costi/A
In the same way, using this representation (5.14) and Proposition 4,10, we

prove the

Proposition 5.5. Under the assumption (H). lLet $,€F and Fe
L' (0, T, Dp), then the unique solution ®={p, &) C({0, T\, &) of (5.10)
Sulfils

d
.15 1l T%‘i—” vt Tl ’Y”Aﬁ:ﬂ- ez = CUNPoll s+ 1L Fll g0, 7 0}

2

If we transpose this Proposition 5.5, we arrive to



130 NIRRT Serge Nicaise

.- Theorem-5.6. Under the assumption (H). Let Uye &7, v € L*(Xf(xo)),
v, € L2(33(xy)). Then there exist unique V€ L*(0, T; D'y) and € F', which
are solutions of

5.16) ['<um, F()> dit< i, B>

d
=< Uy, B (0)> fl, uly%‘f dodt—fz;”ﬂ)vz 4 30+0), ;*f“")a'o#d:,

(xg)

Jor all FELY(0,T; D'p), o F, when ®-=(p, & € C([0, T, is the unique
solution of ‘

_ q)" (;)Jr B®(1)= F(t), t<[0, T1.

& (T)=P,.

Moreover, we have the following estimate
Lo - ’

(5.16 bis)

(5.17) U 20,7, oy 14| -
- < Cetll Upllea vl 2o + N2l szt

It 1s classical that the wave equation (4.1) and the equation (5.10) are
equivalent when we set F=(0, /), ‘I’g—(tpg,(,m) and & =(p, ¢"). Actuaily, we
consider (5.10) since by transposmon we obtain a vectorial soluuon U of
(5.16) (sincé F has, in general, a nionzero first component). Moreover, Uis a
formal solution of the homogeneous equation adjoint to {5.16 bis) i.e.

U+ B*U=0.
Writting U={(u, v), thisl identity is equivalent fo
u.: v | |
v+ Av=0
Therefore, we may hope that v is the unique solution of (5.1). Since u=1’,

we would obtain a regulanty result for v'. We now clarify these considerations
in the

Theorem 5.7. Under the assumptions of Theorem 5.3. Let ue
(o, T, »HN ¢ ([0, T\, H) be the unique solution of (5.1). If we set

(5.18) U=, w),
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then U is the unique solution of (5.16) with
(5.19) Us = (uy, up) and =" (1), u(T)}.

Consequently, ue C([0, T], VYN C'([0, T], D) and fulfils
(5.20) lulleqo. n. vy + Nullergo. 11, 0,

= Clllugll g+ Mzl + ||UII|L2():T(xD))+ ”'-’2||L2(2{(x0))}-

Proof: Since & (0, T, Dg) (resp. Dp) is dense in L' (0, T, <) (resp. in&7),
it suffices to check that U fulfils (5.16) with F'€ & (0, T: Dg) and ®y€ Dy, the
corresponding solution & of (5.16 bis) belonging to C([0, T, DyN

C'([0,T), £). For such a ®=(p.§), it is clear that ¢ C2([0, T), H).
Therefore, an integration by parts over [0, 77 yields

- .
j; <U(1), F(t)>dt=fur< u(t), " (1) + Ao(t)>di— <u(t), o’ ()+ E)>|).
‘ Since u fulfils (5.1) and (5.3), the previous identity proves that U fulfils

(5.16) with the convention (5.19). Finally, the estimate (5.20) follows from the
estimate (5.17) fulfilled by U. =

Corollary 5.8. Under the hypotheses of Theorem 5.1 the unique solution
ucs L0, T, V') of (5.1) satisfies
(5.21) ue C([0, T], V)N C'([0, T}, D'y}
and the final conditions (5.3).

Proof: We usc the density of ¥ in H, Theorems 5.2, 5.3 and 5.7 and the

fact that since F’ is continuously imbedded into D', the space C([0, T, V)
is continuously imbedded into C([0, T], D). ' .

6. THE HILBERT UNIQUENESS METHOD
We are now ready to give the main result of this paper.
Theorem 6.1. Under the assurmption (H). Then for all uyc H and u, € V7,

there exist vi€ L2(Zf(xp)) and v, € L2(Z5(xy)) such that the weak solution
ue C(0, T], VYNC' ([0, T], D'y) of the wave equation (in the sense of (5.1))
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r w (1)+ Au(1)=0,1[0, T],

w(0) = up, Q) =u,

[UI ‘on  X{(xp),
6.0 u=
0 on I\ TT(x),
v; on Z;-(xo),
Y+ U=
{0 on X\ Xj(xp),
Julfils |
6.2) u(TM)=u'(T)=0.

. .Proof: By Proposition 4.10, for {po,} € F, there exists a unique solution

¢ C(0, 7], NN C'([0, T], H) of

N
' " (1)t Ae (1)=0,1c[0, T],
(6.3)
¢ (0)=¢y, ¢’ () =¢,
which fulfils (4.26).

Let us consider Y€ L={0, T; V), {x1, ~ xo} € F’, the solutions of

T
(6.4) <o @, > di—<xi, 10>+ <x0,m>

do  dn
r ‘-“‘fz‘,*[_mﬂ’ dv Y dv dodi _

Hyre) , Hyrm ‘
— # # #
fE;(.rD)y EP AR I do dt,

for all ge L' (0, T, V), {mp, m} € F, where 7 is the unigie solution of
ne C([0, 7], NN (0, T], H),
(6.5) 7" () + An()=g (1), 1€[0, 7],

| n@=n, n@=m.
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Their existence follows from Theorem 5.1 inverting the order of time.
Moreover, owing to Corollary 5.8, ¢ fulfils (5.21) and the initial conditions :

H(0)=xo, ¥ (O)=x,.
We now define the operator

A F—F ep @il = {x1, — X0}

Lemma 6.2. For all {¢g, ¢} € F, we have

(6.6) < Adeo, 1}, oo, @11 > =lHeo, @1} l12.

Proof: Since identity (6.4) holds for all  solution of (6.5}, we may apply
it with 5=¢. This leads to

d [-IEVINTA
<—xne>t<xo @ >=—[gr (v Pdedi~[s. (= mENdotd.

I ) avf
This is (6.6) using the definition (4.25) of the norm in F. .

This leomma shows that A is an isomorphism from Finto F’. Given wy€ H,
u € V', we know that

fuy, —ugle V'x HC F’,
So there exists a unigque solution ko, ¢} € F of
Afpo, o1} =1, —1p) .

We build the solution ¢ of (6.3) and then the solution i of (6.4). Setting
u=uy, ny=-=y % and v, =v* %ﬁ)— we see that u is the weak solution of
the backward wave equation
[ w” )+ Au(t)=0,t€[0, T],
w(N)=w(1)=0,

v on  Z(xp),
6.7) u:{
0 on X\ Zf(xp),

v oOn 2"{():0),

VU=
\ [0 on 22\ E{(x0)$
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Mareover, it fulfils
(0= 1, i ()=

It remains to prove that u is a weak solution of (6.1) i.e. we have to check that
(since we already know that w(T)=u'(T)=10)

(6.8) fOT< w(t) f>di=<uy, @ (0)>—<uy, & (0)>
dJ 3
_fz'l*‘(w v ‘Y%dﬁdt —fzz,.“") Uy ‘y#.ial;%(ﬂ-dg# dt

for all fe L'(0, T V), {wy, —p1}€ F, where ¢ is the unique solution of (5.2).

The next lemma establishes that {¢ (0), ¢ (O)}GF Therefore,.the identity
(6 4) proves (6.8) (by setting g=/, 1y=¢ (0), 7,=¢"(0) and hence nN=¢). =

" Lemma 6.3. Let foo. ¢} F and fELVQ,T: V). If ¢ is the unique
solution of (4.1), then
v . '
(6.9) (D), —o(DleF.

ch

Proof: By Proposition 4.10 and the reversibility of the wave equation,
there exists a unique ¥ € C([0, 7T}, DN C{[0, T}, V) of

{ W)+ Ad ()= f(1), t€[0, T],
w(D)=4¢'(1)=0,
fulfilling -

ET . d
7Sl = 17 S35 8 s = U

Setting x =¢ — 3, we deduce that y € C([0, T, ¥y CH{[0, T], H) fulfils
I X"+ Ax(1)=0,1€[0, T],
X (T)=¢ (T}, x' (D =¢(T)

and
v+ x)
——II 2

-+
(27 (%

||‘Ya—||1_2(z oo T I p<tee.

Using again the reversibility of the wave equation, this proves (6.9). w
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In Theorem 6.1, we establish the exact controllability for controls with

support in X (xp) and 23 (xo). In the physical point of view, it would be
interesting to get controls having their supports only concentrated on the
external boundary of (}i.e. no control on the bottom of the crack I'y. To hit
this goal, it suffices (and it is allowed) to choose xp such that xy =0 in the

multiplier.
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