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Qn Exact Sequences of Quo¡echons

G. MIE¡’AFUNE and y. 13. MOSCATEI.L¡

ABSTRACT. Wc give sorne general exact sequenees br quojections frorn which
many interesting reprcsen<a<ion resul<s br standard twisted quojee<ions can be
deduced. i’hen <he rncthods are aÑo generalized to <he case of nuclear Fréchet spaces.

INTRODUCTION

A Fréchet space E is a quojecrion if it is <he projeetive limit of a sequence
(E,. R0) of Banach spaces E~ and surjective maps R,,: E,~< — E,,. In this case
We Write ¡1= quoj~ E,,. R,). A quojection is called ¡wís¡ed if it is not
isomorphic <o a countable product of Banach spaees.

ht is Wehh knoWn that a quotient of a quojection is again a quojection
(possibly Iianacb). Here we wan< <o investigate quotients oF produc<s with
respect to quojection subspaces wi<h regard to <he property of being twisted
or not. This has an intrinsie interes< as well as irnphieations to <he existenee or
not of uneonditional bases. It is elear tha< <he problern is equivalent <o <he
study of short exact sequences of quojeetions of <he form

0-- F-. O— E—O,

where. in our case, O is a product. Thus, in § 1 WC characterize the vanishing
of the first derives] functor Ext’ (E. fl, whicb is equivalent. for fixed E and E.
to <he sphitting oF any exact sequence as C). ‘lo introduce <be argument we
show that, for any given quojection E, <bere alWays exist a quojection E and
a cardinal U For which WC have art exact sequence as (*) with 0— (/1 )N Tbis
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could also be deduced hy earrying on furthec the proof of the result in [1],
but, for <he convenienee of the reader (and because <he effort is <he same), we
prefer to giVe bere <he Fulí proof. hn §2 we then give a genera¡ exact sequence
for standard quojections. Based on the fact, proved in [16], tbat if Eor Pare
standard tWisted quojeetions, tben no sequence (*) can split, in §3 xvc are able
Lo obtain from our general sequence many interesting representation results
involving standard twisted quojection and, consequcntly, unconditional
bases. Last. but not least. applications are made in §4 to dic case of nuclear
spaces.

Tbe notation Wc follow is standard, but. for brevity’s sake, we use <he terrn
«surjection» to mean a linear and continuous surjeetiVe rnap.

1. ON TIStE VANISHING OF TIff FUNCTOR Ext’
FOR QUOJECTIONS

Theorem l.¡. ti E is a quojec¡íon, ¡hen ¡¡¡ere iv a cardinal d and a
surjection T: <“l»)N — E .vuch ¡ha¡ ker T ¿y a quo¡ec¡íon.

Proof. By definition we hayo E=quoj0(E,. R0), where the E~ are
Banach spaces and the maps R0: E,±,— E, are surjective. Le< d=dens (E)
and lct T, : 4— E, be a surjection. Supposing <bat T,: (4)n — E~ has been
defined, let T, be a lifting of Tinto E0~, (ie., R,,.T,= T). let S~: 4— ker R,
be a surjection and define TÁ : (4¼>x /5 — 14+~ by T,,~ = 7’~ + 5,». ‘¡he
required map is then obtained by setting T<”x,,) = ( ‘¡, (x, y,,) ), for (yfl) c
(/11)N For the surjectivity, take any (y0) c Ji; since u, E E, there is x~ c /5 with

xx T, x~ = 1< Ti x~. But y¡ xx R,Y2 with y=cE2, bence 32— T1 x, xxS¡ x2 for
sorne x2c15. i.e. ~‘== 1) (xí,x2). lnductively we obtain <‘~= T0 (x¡ x,,) for
alt ti, henee (v,j= ‘¡‘(x,,) with (xjc(/5)N. It remains <o sliow that ker T is a
qt<ojection.

For eacb n jet P,: (4¼””’~—(4)” be <he canonical projection; <ben
ker T=proj,, (ka T,, P,>). Ir zxx(xr , ,,)Fker E,: <ben 0= T,5zxx R0 ‘¡‘,,z
implies fl,zcker i?~ and we may choosc x0±¡c/5 With flz+ S0x0+~ xxO. This
rneans (z, x,,±i)EkerT±hence each P< ker T,,±~— ker T,, is surjective and
kerT is a quojection, as claimed.

Theorern 1. ¡ is the analogue for quojections oF <he classieal resul< for
Batuach spaces. However, the analogy stops bere. In fact, while for a
separable Banacb space A’ not isornorphic <o l~ <here is a unique, up <o an
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automorphism of 1’, surjectien T:/’ — A’ (ci. [10,1. iheerern 2.118., p. 08]).
se thaI dic kernels of al! sueh niaps Tare semorphic, fer quejections Ihe
situatien is eornplctely dilferení, as [he fellewing example shews.

Example 1.2. Leí 7?(/¡)N~~(R)N be [he canonical surjectien induced by
dic quotient rnap q:/’ — /2• Clearly. ker 7’= (ker q)N and so ker T is a
quejectien. New leí N be a nuclear Eréchel space aol isomerphic te ca: by [1
Preposition 1.14] (/2)N/ N is isemerphic te (/2)N and we denote by J ene such
isomerphisrn. It fellows [bat, 1 Q: (/0N (/2)NIN is [he quetiení map, ihen
Ihe map S=JQT is a coníinuous surjection of (/)N ente (/2)N br which
ker 5’ (rz T—’ (N)) is nol a quojection, hence not isomorphic lo ker 71

Remark ¡.3. At this stagc une might think tha[ the kernels of two maps
from (/¡)N ente [he sanie separable quejectien (fluí isemorphic te a
complemented subspace of a product of ihe fon Xy(/¡)N wiih A’ Banaeh)
weuld have te be isomorphic II they were beth quojectinus. However, fol
even Ihis is true, as will be shewn in Example 3.13 below.

In [he resí of this section we shall discuss sorne consequenees of Theerern
.1 and related rcsults. Wc recalí that the vanishing of [he firsí derived funeter

Exí’ (E? fl fon Eréchel spaces E and F means [bat every exací sequence

0-. E- G— E—O

splits and, consequently, G~ £011 For a discussion of this tepic see [20].

Proposit¡on 1.4. Lcr E he a quojecrion. lizeIbIlowing are equivalent:

(1) Ext’ (E, E) = O ¡br everv quo¡cc/ion E:

(ji) E is isomorphic lo a complernented subspace cl (t,)N ¡br sQflic’

cardinal d (and hence cfi/ter E = i», w, 6 x ca (d’=d) or E mrna¡n~ a

Proní. (U — (u): By Thcorem 1. 1 there is an exací sequence

0—Lcr T~(4)NÁ.E-.0

and by assump[ion íbis sequence .sp!its. Then the asser[ion in brackets follews
essen[¡ally from Ihe proef of Theorcm 1.2 in [15].

(ji) — (U: This is a censequence of [20, Remark b), pag. 173].
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Remark 1.5. In [he separable case, assertion (ji) aboye may be replaced
by E~/’.w,l’ xwor (/I)N(cf [15, Theorem 1.2]).

Proposít¡on 1.6. Lcr E he a Eré cher sparc. The fbi/ouing are eqitivalení:

(i) [lxi ‘(IP, E) =0 ¡br evcrv qu¡o,eetion E:

(Ii) E ix isomorphic tu a con¡plemnenred subspa(’e <4 (/tN fer sorne
cardinal d (and hence ejíher E A’. <u, Xx ca(X ari injective I?anach sparc) nr
1 c’ontains ti coniplcnwn/&d topv 1 (P’) N).

Pruof. (i) (u): leí e/be such lhat Fis a subspace of (1)N. 13y assumption
the exací sequence

0—E— <f)N — (/7)N/E. O

spliís and (u) fellows frorn [15. Propesition 3.8 or Propisition 3.14],

(ii) — (i): This is immed iate, since E is i ujective.

Proposition 1.7. Leí E he a Eré cheí sparc. The fbi/o íving are equiva/ení:

(i) f~¡
1 ((/1) N E) — O ¡br evcrv cardinal cl:

(iii) I1xr’ (ca, E)= O:

(it’) E ir a quo¡ecricm.

Proof. (i) —. (u) — (iii): Clear.

(iii)— (iv): By [19. Thcorem 5.2].

(iv) — (1): By Propesil ion 1 .4.

Propositiwi 1.8. Lot E />e a separa/ile Erécher sport. T/w /Dh/OI4’fl4~’ are
cquivalei¡i:

(i ) E ix quasinorníable.
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Proof. First of ah, observe [bat Extt (1’. fl~0 is quickly seen te be
equivalent te [he follewing: br any exact sequence

wiih G separable and Eréchet and E= ker q. every rnap T: 1’— E can be lifíed
tea map T:/’— Gsuch thaI qT= 71 le mm, [bis happens if and enly ifq luis
the beunded subsets ob E te beunded subse[s of G. Thus u suffices te show
that E is quasinormable ib ami only ib Lot any sequenee (1) ihe rnap q hifts the
beunded subsets. New if Fis quasinermable, ihen q lifts [he beunded subsets
by [4. Proposilion 2]. Cenversely. if [his is Ihe case, represení E as a reduced
prejective lirnil E= proj,, Fef Hanach spaces FÁ. By [20, Lemnia 1.1] we have
an exací sequence

0— E— fl, IL —~

n ti

Since q lifts Ihe beunded subseis by assumpiion and II Et is quasinormable
n

by [3. Theorem. Pag. 159] (cfr. also [5], Pag. 33) E is quasinormable. Note
[ha[ in general E is quasinermable ib and only ib Ext’ (it. E)=O wimh
c/=dens (fl.

We conclude [Ls section by showing that Proposition 1.4 cannot be
improved by relaxing [he cendition [hat E be a quojectien. In o[her words,
from (/í)N bcing a quotiení it dees noí follow, in general, íhat it is alse a
complemeníed subspace. Atibe same time, Ibis wiii show thai Propesilien
3.3 and Corollary 3.4 of[15] de nol hoid fer quojections. Precisely, we new
exhibit examples ob separable quejections having (/í)N as a quotient but net
even as a subspace.

Example 1.9. Let X be a separable Banach space such thaI no power A”’
centains an ísemorphic copy of /1 (cg., X=c, er /e, 1 <p<oo) and pul

x XN. Nexí. choese a biorihogonal system ¡(v~.vD: í;,EX, <EX’I wimh
(.í) total over A’ and ¡v,I~ =

Then, define a map i: A’— 1’ by i<’x,)=(2—’< x, y,>); clcarly ¡

conminneus and has a dense tange. New write P in E as /1(/1) amI define
T: E— (/¡)N by l}(a~), (x,9) = (a, + i(xj) br (a,>) C ¡‘(1’) and (x,) e X~. T is
continneus ami surjective: in fact. given (h,)E(/¡)N, choese (x,,)E XN so ihal
(h~— i(xj) 6/’ (1’); ib a,, = h~ — i QQ, íhen 7’((aj, (x,,)) = (h

0). [bus E has a
quetient isornerphic te (/¡)N. Wc show [bat no subspace of Es isomerphic te
(/I)N

Arguing by centradiciion. suppese ihat diere exisis an isemerphism J of
(/I)N ¡cte Ji For (a, (x,))C E. wimh aQí’ and (.v,)E XN. pum

p (a, (x4) = IaL
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and
A

¡ (a (x,)) = IaL +Z !Ix0II~.
II ¡

Alse. fer (a,) 6(/¡)N pum
A

lien (/>~, > a ¡it> <«e > are fu ud a ¡non! al set> u¡c¡¡ccs ni sem ¡ uormns ¡br E a nci (/~> N

respecí veN ¿md ter a ny /~ mj(/I)N we musí have

le> suitable positivo constaiits 1. t~, e~ ant> nlegers A =¡<ní. JI.!, ami A are
11w reslrtciiens of .1 te (/r)t ¿md (/I)í rcspeciively, frem (2) Wc obíain 11w
lellew¡ ng d ¡agrarn

‘2

4 41~
(/I)A ->1’

.1,

where 1>. resp. Q, is [he prejectien ente Ihe b¡rst cemponent, resp. the firsí A
componenís. and PJ,b=J1 Qh bor alí be(/,y~. New consider [he (k±1)—st
copy of /‘ in (1’)’>’ and denote it by ib,. It bollows from (2) thaI i2 is an
isomorphism en 4±¡.But ib helb,, Ihen Qb=0, benee Pi2 h=O and,
[berebere,hAcA”. Hewcver. Ibis centradic[s cur assumptien en A’.

Neme IbM, wiíh reference mo Ihe aboye example. ¡1 follews from
Propesition 1.4 thai fer any surjeetion 5’:)?— (/í)~, kerS is no! a quejectien.
It is alse bellews brom Theerem LI ihal every separable quojeclíen is a
q uotient of E.

Finallv. we observe Ihal Theerern 1.1 has as a censequence alse Ihe
follo w ¡ ng:

Proposítion 1.10. Evere sine! (LI9.spaec G ix a subspaee of(l7)~ ¡br
son¡e cardinal eL

Proof. G is a quejeemien and hence a quoíien[ of (/»)N with respecí mo a
quejeclien subspace. by ii-,eorem 1.!. Since [he quoíient rnap lUís ihe
beunded suhsets, (Y is a subspace of (/,7)N, wbence se is G.
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2. AN EXACT SEQUENCE Fmi STANI)ARI) QUOJECTIONS
Ihecrern 1.1 cf the previcus sectien iclis us ihat cvery qilejeelien Lean he

reahized as ihe quelleul cl (I%)N by a quejeelien subspace /K New. in general.
even ¡f Eis given. 1 here is nei h i ng we can say a bou! ¡½ r a bou! ¡he pcssibi ¡ ¡y
el re p lac i ng (/!flN hy sorne olhe r pred ecl (de PCud i ng en /2. cf ecu rse). Lh IS 5
due ie cur Iaek of kncwledge abeul general clucjeciicns. There is. hewever.
an importaní class ci qucjeeíicns fer which WC can say a greal deal and which
we símil examine mn Ihis seelien.

Wc reca II ibal al p resenl 1 here a re en y 1 WO mci h cd s lcr ce nsi rucí ¡ ng
lwisled qucjeciions. plus an excepílonal case discussed iii [¡6. §2]. The f¡rsí
was or¡gina!ly devised in [17]: because cf jis sempliciiy and versalilily. 1 is
still [he majer seurce of examples and ceunterexamples. The seccnd, ireated
in [12]. is much Iess concrete and, so far, it has been cf very hule use.
Therefore, u is noi surpris¡ng [hat we shall appeal once again te ihe fermer
meihod. In deing so, we find u cenvenient te introduce a specific netatien,
for which we recalí íhe censíructien in [7] ¡n ihe following fon.

Let (A’,,) and (2,,) be two sequences ob Banach spaces fer wh¡ch Ihere are
surjectionss,,:A’,, — Z,,. lf L is a Banach sequence spaee. we form Ihe steps

E1 =(e Z,,)~= L(Z,,)

and. for ahí A,

= [Q~ A’,,) e (e 24] = L [(A’4,=&(Z~),>j.
n>k

Clearly [he maps s0 induce, Iege[hcf w¡ih Ihe idenlies of A’,, and 2,,,
surjections S~ : — EA. The projective Iim¡í ob the sequence (EL, SA) ¡s.
iherebore, a quojectien, wh¡ch xve shall deno[e by Q[(X,j, (2,,>, <s,); L]. Such
quojec[ions form a subclass of Ihe class of Fréchel spaces defined in [2] and
we shall refer [e quojectiens isomorphic te them as standard quojectiens.
Note [bat Q[(X,J, (101), (0); L]= ¡1 A’,, se íhat every ceuntable preduet cf

n.
Banach spaces is a s[andard quejee[ion.

The aboye cons[ruc[¡en has 11w addcd advaníage íhat it may be performed
also when Ihe A’,, 2, and L are Fréchet spaces (as impliciíly done ¡n [Ii]) and
we símil give an nlerest¿ng appl¡ca[¡on of this in [he last section.

lb [he spaees 2, aboye are quelienís of ihe A’,, with respect te closed
subspaees Y,, and ib [he s0 are [he que[¡enl niaps, Ihe corresponding standard
quejectien wiII de denoled by Q[(A’,,), (A’,] Y,,); L] ¡b no cenfus¡on is Iikely te
ar¡se. Ciearly. we always have

Q [(A’,), (2,,). (s,); L] Q [(A’,), (A’,,! ker sa); Li,
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Te end cur preparatiens. we biné it useful le state ihe follewing lenima,
which is essenííally Theoreni II of [16] (ihe «only if» pan of the lemma being
obviou s).

Lemma 2.1. Q[ (A’,,), (7,,). (5’,,): L] ix ítvisíed ifanel un/y ¡¡Aún s, ix /101
conípleni<>tiiet/- in A’,, fon inf,nucIí~ nuain’ u.

New ihe proef of cuy nia¡n resul[ of Ihis section begins with [he following
lemnia. wh ch is al the heart of the malter.

Lemma 2.2. Leí Q[ (A’,,), (A’,,/ Y,): L] he uní standard quojecrion aud lot
(2,) he a sequence of Banach spacos adínuuíing a sequence (f,) of toníinuous
linear nuaps f, : 7,— ~, iv¡th tiense rangos. Thcn iliore iv a surjeclion
M L (A’,) x 7,,— Q[ (A’,,). (A’,] Y,>): L] suciz 1/ial ken 5’ ix a Enécher spa¿e of

ti
Aloscaíelli tipo (cfr. [2. l)ef¡nition 1.3]).

Proof. First of alí, pul E= Q[(X,), (A’) Y,,,,): L] and observe dial. by¡j2.
Propesition .4]. algebraieally we have

(3) 111= { (s;) cli ~t,: (e¡,, (x,,) ) E L(A’,,/ }§,) ¡
ti

where c¡,,: A’,— A’,] Y,, is Ihe quotiení map for every ti. Moreover. ihe
topolegy of E may be defined by Pie syslern ~pp) of seminorrns given by

pi (x,) = ¡(¡~q,(x,,) lI.~;$;,VIL
(4) k

(x,,) = Pi (x,) —i— > ¡¡x, Ix,0
~1=

New ter ((y,), (z,))E L(X,) x 7,, Ihe eqLla[ien
II

(5) 5’ ([e,). (z,,)> = (y,, +¡;, (z,,))

defines a linear map 5’: L(X0) x II 2,— f X,~ lising (3) and (4) it is easy io
ti u.see thai 5’ lakes its values in E and is contínucus as a map mío E: henee. 1

remaíns te preve that 5’ is surjective and ker 5’ is of Ihe required type.

Leí (x,,) E E: bv (3) uhere is (í~,) E L (A’,,) w’ith q (y11) = q0 (y,,) bou alí ti. Puí
i’,=x,,—í’,:sínce r, E ¾,and 1, has a dense range. we can finé z,,c Z,,s uch

1 hal fi, —f; (z,,)) E L ( >‘j). Thus, i fu,, y,, + i,, —1<’:,) ber al1 u. 1 ben (u,,) E 1. ( A’,,)
ané 5’ ((u,). (z,,)) (x,9.
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Fina!Iy, by (5) wc- have

ti

from whieh Ihe assertien abou[ ker 5’ follows, again by [2, Propesilion 1.4].

Theorem 2.3. Uuzt¡en ihe assu¡npuionx of ¡emma 2.2 SU/)/)050 1/it;! Me
mnaps f, can he chosen ¡o he sur/eclions aud denoie ihon; bi’ s,. iheiz

ConscquenUy:

(a) Lcr 5’ ix Banach ¡f atid on/y it Len x,, = O ¡br alí huí finu¡elí’ ¡nani’ u:

(b) Len 5’ ca x Bant¡ch if ami on¡y it 0< clin; (Lcr x11) < co fbr aH huí
finitelí’ ¡nt¡ní’ u

(e) Lcr 5’ is íwisíed 1/ uncí on(v it Lcr x,, ix no; complemnenecl in 4 ftw
itif,nu¡oli’ tiutifli ¡1.

Moreoven, no hayo esiablixhed ¡he exísíence of un erar! soquence

(8) 0— Q[ (2,,), ( Y,,). (x,9; L] — L (A’,,) x ..L. Q[ (A’,,), (X0/ Y,) : L] — O.

¡¡

Proof. (7) fol!ows frem (6) ané Preposilion 1.4 of [2], while (8) follews
frem (7) ané Lemma 2.2. It is [hen an easy mauter te verify thaI (a), (b) and
(c) helé (for (c) use Lernma 2. 1).

[he aboye theorem has rnany iníeres[¡ng corollaries, whLch will be given
in Ihe nexí seetien. Here we conclude with Ihe fol!owiiíg ceíísequenee uf
[emma 2.2.

Proposítion 2.4. Leí libe ant’ s¡ant/ant/ quo¡ec¡ion of ¡he fbnn, Q[ (A’,).
(ti >); II], u’iíh Y, sepanahie fbr aH ti. Then ¡br oven’ sapiente (7,,) of
Iiau,ach xpacox ibero uS a sur/cc! ion 5’:l~ (A’,,) < 2,,— E smb 1/ial Aún 5’ ¡\ u¡oi

u
disíinguixhcd (hence uní quasiuornuable). lii panuicultmr, ibis ho/cts ¡br

ti

Proof. For each ¡¡lake a cempací mapf,:Z,,— Y,, with a dense range <1
may be censtrucíed mere or Iess as i was in Examp!e ! .9). Then Ihe surjeclion
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5’ censirucied in Ihe preef ob Lemnia 2.2 mects 11w requiremen[, by [2,
Corellary 2.5].

Rcmark 2.5. It is iníeresíing te note thai, ib in [he aboye preposilieíí we
lake A’,, = Y,, = 2,, = P ané f, =f for alí ti, wiíh fíat) = (k aA.) for (ak) E P,
then for ihe correspending surjection 5’: (/r)N — (/i)N we biné that ker 5’is the
nen-distinguished Fréchel space of Kóíhe-Grothendieck (cfr. [9, §31,7, pag.
435]).

3. CONSEQUENCES

This sectien is deveted te Ihe investigation of varicus consequences ob
Theerem 2.3. Here «preducí» means a ceuniable (and not binite) preducí of
l3anach spaces. Mereever, whenever ah the Banach spaces A’, (resp., 2,) amI
maps s,, are taken equal io ene bixed space A’ (resp., 2) and map s, we simply
write Q(A’. 7,s: L) lcr the correspending s[andard quejeetion.

The birst censequenee ob Theorem 2.3 is Ihe bollowing quite sírange

Corol!ary 3.1. Evení’ síaudard twisred quojecilon ix isounorphie ío iho
<juoticul of a producí 1w a Iiauaeh sparc.

Proof. Taking in Theorem 2.3 2,, = Y
11 ané x, = ihe identiiy rnap of Y,

for ah ti. we obíain brom (8) an exact sequence -

(9) 0— L( Y11) — L(A’,9x II Y,,— Q[(A’11), (A’11/ Y11); L]—. O.
u

It is clear that we can alse represent a standard twisted quojectien as Ihe
quetient ob a producí by a product. Consequení!y, since a standard [wisted
quojeetion is never complemented in a preduct [¡6, Fheorem 1.5 (b)], we
have

Corollary 3.2. Leí E he aro’ sratidard iit’is¡od quojoefion. Thet íbero ix
I3anach sparc A’ and a producí Esuch tizar

Ext
1 (E. X)#0 aud Ext1 (E, 19!=0.

Nexí, we observe íhat Corellary 3.1 has Ihe fellewing ceunterparí.

Corol!ary 3.3. Everi’ standard twisícd quo¡cellen tan be onuhcdded as
suhxpaee E of a producí G x¡,ch thai G/ E ix again a produel.
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Proof. Represení Ihe given quejec[ion as Q[(Z,), (Y,,), (~11); L]. pul
A’0= Y, fer ah u ané apply (8) lo obtain an exací sequenee

(!0) O—Q[(Z,,), (Y11), (x,); L]—L(Y11)x~ [Z,,—.¡¡ Y—O.u

Corollary 3.4. Leí E be an u síandard íít’Ñed quojeetion. Tizo,, iluene
exísís a producí E such thai Ex[

t (E. 19!=0.

Here we pause te note thaI it Is not possib!e te obtain an exaet
eounterpar[ of Corollary 3.!, name!y, [he cenclusien of Corellary 3.3 cannot
be impreved te «G/E is Banach» en aceeunt ob [he fellowing

Proposition 3.5. Leí Ebe a quojodion and leí Ebe a subspaec of Esueh
thai E/E is Banaeh. 7’hen E ix a quojechion. Moneo ven, ilE ix a producí, ¡ben
also E ix a produd.

Proof. Let E= quoj
11 (E,. R,,) ané Wri[e Fas [he redueed projective limil

E=proj,,(E11, R11), where eadi E,, isa c!osed subspace of E~. Then E/E=quej,,
([4,/E,,, R4. where [he maps 1?,,: E11.;rIF,±t— E11/I-1 are induced by_ihe maps
R,,: E,,+, — L11 lf E/E is Banach, we may asstíme íhat each R~ is an
ísomorphism. In particular, fer ah u.

which implies ihat in E~±,we must have R;
t (E,,)C fl,±,.Hence

E=quoj,,(E,,, R
11).

Suppose flOW lha[ E isa produet ¡ A’A of Banaeh spaces A’~ and, for eaeh
n-4-i 11 A

ti. le[ 1?,,: A’A — A’~ be [he canonical projectien. Wi[h E, CA’~, from Hp
1

A=i

(E
1)=E2 we obíain E2=E~ xX2 ané, in general, E,,= E~x ¡ 1 A’Á (u> 1), SO

lha[ Fis a producí. as claimed. k=2

Remark 3.6. Note [hat Emay be a product even if Eis [wis[ed, as shown
in [II, Corollary 2.3].

Going baek lo the consequenees ob Theorem 2.3, new we have

Corol!ary 3.7. Everv quojcc>’iou Q[ (XJ, (A’,] Y,): L]. ~iíIz Y0* l»fbr
inflniie/i’ ¡naln’ u aud alí cardinal nunuhcrx d, ix isomorphic ¡o ¡he quoliení of
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a prat/un’ hí’ ti sta¡zclaud ¡w¡síed qut)¡eetiou. Iii particular, Mc eauueh¡sioíz
luoldx fbr ei’ení’ producí of Bauach spacos Y,, as ahoye (cfi. (/0)).

Proof. Take l=deus ( Y11) for al u, Ihen eheuse su qecí ions s,,: — Y,,
and apply Theerem 2.3 (c) with 2,, = 1».

Coro!!ary 3.8. Leí
ihere aro twa it/mito
injeiivo antí, ¡fízEN,

(Y,,) be a seque¡zce of Ilanaelí spaces aud xup/)oxe thai
subseis N, . N, of N such ílzat. if uz c A’1 , Y,, ix ¡wí
Fis no! projective. Pu!

E= Q[ (A’,,). (A’,,! Y,,); 11.] aud E= Q[ (2,,). ( Y,,). (sa): L].

7’lzeu, given tiun’ ítisíed E (noxp. , 1) rlucre cdxi a íuix¡od
pu ‘<lucí G fbr tv/uit/u no have auí oxací sequenco

0—E— 6’— E—0

auud. consequeut/i’, [lxi
1 (E, 19!=0.

Wc note ihe fol!owing special case of Cerollarv
be cempared wiih Theorem ! .

Corol!ary 3.9. Leí Y he a suhxpa<e of
1r kvií/z

a sutnjeciiati. ‘¡‘ben íbero ix au exací sequence

E (¡osp., 1$) azul ti

3.8 (er 3.7). which should

Y# 1 ¡uncí leí 5: 1—. Y he

0— QQ
1, Y,x: 1’) — (/l)N — Q(11, lt¡Y: /1% 0,

tv/zote, of caurse, /,oilz «114)/ecl taus aro / ¡¶‘iYiOdl.

Remark 3.10. Wc do ne[ knew if Ihe aboye resulí helds with 1> replaced
by II ( ! <p<oo.p# 2). Ii is easy [osee [hal it holés fer r ané e,, ané also for
C( [0. 1]) and L1 (0, 1), wiíh appropriate choices of Y, buí again we know
noíhing about Ihe case of 11(0. !) (1 <p<~, p!=2).However. u «almosí»
holés bor L’ (0, 1) in ihe sense thai we have, putting L~ (0, ! )= 12 for alí
1 <i<oc¼

Corollary 3.1!. Leí p, q, r, x be posilive real ní¡nuherx xaiisfiing
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auud let L he rollexivo. Tbeuu dic u-eflexive inoducí

(7= L(L”eLr)z(L’í~V)N

coizíaitis a standard í íi’ixíed qítojecíion E smb tizar a/so (7/,; ix a standard
í it’íxied q¡ía/eeiiouz.

Proal. Ey [!0. II. Cerollary 2.b.5. p. 212] Iii is (isometrically) a subspace
of L’>, whence Lis a quetien[ of U Since Ir is a subspace of Li? we see frem
[8. Corollary 3, p. 168] íhat ¡r cannol be isornorph¡c te a subspace uf U. This
impLes also [bat L« eanne[ be isomorph¡c te a cemplemented suhspaee of LI.
New observe Iha[ L1 ~ Lr/L~® U— L0/I.’i and forrn ihe standard quojectien
111= Q(Ue U, L”/L”: L). Then, by Theorern 2.3 (or Corollary 3.8), E~ G/E.
where E—Q(iJiEs 12, L”® L’. 5: L) (here 5: L<te E’— L’i~ ¡Jis Ihe rnap which
is ihe identity en U’ aud ihe quotient rnap en E’).

Clearly he aboye residí helds alse wiíh L« and Li replaced by /‘i ané /r

respectively. M ereover, an application of (9) and (lO) esia blishes í he
follewing par[Lcula r case of CoroLlanes 3. 1 and 3.3 wh ch we ii nd woíi h
mentioning because alí Ihe spaees involved are reliexive.

Corollary 3.12. ibero are eva.! seqae¡z¿es

O—. Q( L’. Lr: /r) /1 x ( ¡..)N — ( ,ti)N —~O,

~/zoro 1 <p’s(q<2<r<s<oo.

Wc termínale cur ¡¡sí of direct consequences of Theerem 2.3
example promised in Remark 1.3.

Example 3.13.
2.3 (a) we ob[ain

en 1’ is ihe quoliení
E such [bat ker 5’
surjeclion which is
seconé copy. Thai

by giving ihe

Let A’= C( [0, 1]) and E= Q(A’, A’/I’; 1’). From Fheorern
a surjection S,:l’ (,<)xQi)N... E with ker 5’, ~l’. lf

x (li)N is [be surjeclion which en (li)N is ihe identi[y and
map onlo ji (A), Ihen 5’ = 5’ 5’~ is a surjeelion of (lí)N ente
— 5’’ (P) is Banaeh. New let T: (/

9N x (l7~ — E be the
5’ en ihe birst copy of (/I)N and is the zero map en Ihe
ker T=ker Sx(li)N~=ker5.

New we shall give sorne less direct censequences of Theorern 2.3.
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Corollary 3.14. Tlzene are reflexivo quojcchions E~, £2, E3 having
utícondirional hasos atid eoníaiuing suhspaees E1, E2, E3 respeetiveh’, sueh
1/za!:

(a) E>, huí ¡itt E, ¡ E,, bas an uneonditional hasis:

(b) £,¡ [3, huí no! E2, Izas an uncotzdiíional haxis:

(e) E3 auzd £,/ E3 Izave zzo uncoudiíjo,wl bases.

Proof. Fo!Iows from Core!!aries 3.! ¡ , 3.12 and the resu!I in [7]. Part (c)
of Ihe aboye corollary shows thaI [he properíy of no[ having an uncenditional
hasis is not a [hree-space preperty br [he elass ob separable Fréchel spaces,
ihus providing ihe conníerparí íe Cerollary 2.4 ¡n [1 !j.

At [his poinu we cannot drep [he word «uncenditional» in Ihe aboye
síalemení, sinee íwisíed quojecíions may indeed have (condilional) bases. as
shown in [!3]. This. however, will be done in §4.

New, as u [II], denote by S U M Ihe elass of ceunia b!e d irect sums of
ltanach spaees and cal! s—L 13 1 he class of si rict (1. B)—spaces. Fvidently,
s—l.B\SU M is ihe class of twisíed síricí (LH)-spaces (cf. [¡2, § 1]). Then,
dual izing Corellaries 3. II and 3. 12 we o btai n < for Ihe «mereover parí» use [6.
!‘ropositlon 3.1]>.

(:orol!ary 3.! 5. Por i = 1. 2, 3 1/zene are refíexive G~ E SU M eonzaiuing
respeeíiye/í xuhspa¿’es !I~ Es—! .13 sucíz tiutí! (7]14 E s—!.B alud

(¿a) IflCSIJM. (¡i/IIi« SUM:

(b) ¡¡4 SIJM. (i2/IIiESLJM:

(c) 113. (73/hl Q SU M.

Mouy’., vez. i/z<’ <tuzaloQule of ( oro//art 3. 14 Izolcls.

linally, it is perhaps superfiunus lo nole that, by dualiíy. <8), (9) and ( !0)

yield corrcspond ng ex:¡ci seq uences br reliex ive spaces n s— ¡ .13.

4. AP!’IJCA’!’l(>NSTO NLI(:LEAR SPACES

Firsí of al! we observe ihai, wilh reference le the consiruclion of standard
u ojeel ion s Q¡ (A’,,). (7,,), (x,,): L] ou il ¡ iíed al 1 he hegi u ni ng of § 2, ¡ fi lic spaces



Qn Exaez S.’qíw.í.e.v of QuQie. u ¡ci,,.’ 207

A’11, 2~ ané L are Eréchet spaces wi[h continuous nerms (each space having a
bundamenta! sys[em of nerms fixed once and for al!), then Ihe same
censtruction yields a Eréchet space wi[hou[ continuous norm which is twisted
if ané only ib ker s11 is not cornplenient in A’,, for nfinitely many u (cbr. Lemrna
2.1). The deíails of ah this are lefí te Ihe reader; but we point cuí íhat in ihe
nuclear case the aboye consíructien was imp!icit!y performed in [!7. §2].
where it was expliciily carneé ou[ in [he dual space. Here toe we shall confine
ourselves te ihe nuclear case and indicate how sorne ob the resulís of §§2 and
3 ge over io [his case. (Note ihat §! has no nuc!ear analogue, since there is no
quotient-universal nuc!ear spaee).

The firsí resu!t is Ihe following ana!ogue ob rheoreni 2.3.

Thcorem 4.1. Loí (A’,), (Y,,) he two soquencos of nuclear Erécho! spaces
n’irh continucus nortusfor whíiclz ihoro evisí xuuyections r,, : A’,, — Y,,. hin! ben,
leí (2,9 he a sequenee of nuclear Enéebeí xpacex u’h/ coníinuous nonnus
whieh Mere are surjeclivus x,, : 2,— ker r11. Thzeuz no haro tu ovar! sequcízce

0— Q[(Z,9, (ker n,,), (sa); L]— L(A’4x 1 4— Q[(A’J,
(~) u

(Y,,), fr,,); L]—O,

froní n’bicb ilze analogues of (9) azzd (/0) unaí’ a/so he den red.

Proof. It suffices te note íhat [he proofs of Lemnia 2.2 ané Theorem 2.3
go over te ihis case.

Of ceurse, Fheoreni 4.! is nol as far reaching as Theorem 2.3 so thai,
a!though Coro!!aries 3-1 and 3.3 have nuclear analogues. ihere is no hope of
geííing someíhing Iike Coro!!aries 3.7 ané 3.8. However. we wish te draw
atiention lo Ihe following analogue of Cerollaries 3.1! ¿md 3.! 2.

Leí a = (c.~,,) be an increasing sequenee of positive real nurnbers such thai

((2) !ogn and alim—=O sup ffifi.Cooa

and Iet A, = A, (a) be [he associated nuclear power series spaee of finite [ype.
ihen Wc have

Corol!ary 4.2. Viene ix a surjeetion u: A — A, suc/u 1/za! ¡he sparc
¡2= Q (A1. A1, r : A,) iv íuisíocL flloneoren, líe liare íhofbllon’i¡zi~ ¡lunee e.wu’i
xeqh¡euz ex. uuouue of wbicb xplits:
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(13)

(¡4) 0— A, — 4—E—o,

(15) O—E—4—4—O.

Proof. Since A1 OA, = A>. by [18, Satz 5.4] there is an exací sequence

O— A,—A1
1—A

1—O

wiíh ker r nel complemented in A1. Since ker r= A~, we have a surjeclíen s:
A1 — ker r wiíh ker s net cemplemented in A,. Also, A, (A>) A, 0 A, A> by
(12)2 ané (13) follews frorn (1!) by appropriately choosing everything.
Similarly fez (!4) and (¡5). 13y [16, Theorem 2.3] nene of the sequences splits.

Remark 4.3. Wc no[e ihe curicus fact thai ah Ihe steps in Q(A,. A,, n;
A>) are isornorphie te A,.

From Corollarv 4.2 (13) we immedia[ely derive, via [17, §2] er [6,
Prepesition 4.1], Ihe anneunced improvemení of Corollary 3.14(c).

Coro!!ary 4.4. Tbe /)roporty of no! hzaving a tasis ix no! a íhree—space
propon/y fon 1/ze claxs of separable (eyen nu<’/ear) Eréchoí spaces. TIzo saíne ix
trae also frr Me claxses of soparahie (LS)— or (DE)— xpacex.

Remark 4.5. The birst asserlion in ihe aboye corollary should be
compared wilh ihe resu!I in [¡4].

Final ¡y. wc observe 1 hai (¡4) also holés for nuclear power series spaces of
infinite iype. !n fael. suppose ihal a satisfies (12)2 ané sup leg ii/a0< and
pul A,. = A~ (a>. Ihen we have

Corollary 4.6. 7’lzere ix a unulean Erécbeí ‘pace Y <‘depeuu./iízg on a) viii/z
a «<ni! i¡zí¿ous uzorní ancí xíírje í ion r : A,. — Y sin/u tbaí Q ( A,., Y, r: A,.) kv
n’ixied a¡íd ne lía ve llie ib/lo ni¡ig exací xeqmn’n.e (u’bic/u <loes ¡lo! .vpl¡i):

O— A-,.— A~.— Q(A~. >Ñ u; A,.)—O.
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Proof. Let fi = (fi,,) be an increasing sequence of pesilive real nurnbers
satisfving (!2)> ané Hm a,,/fi,,=0. By [2!. Lemma 3.3] there is a subspaee £
of A,. and an exact ~quence

Since A1 (fi) is nol isemerphic te a cemplemeníed subspace of A,., ker n is nol
complemeníed in A,. and Ihe result fellows by taking Y= A> (fi)~D Él
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