
REVISTA MAÍEMATICA de la
Universidad Complutense de Madrid
volumen 4. número 1: 1991

Qn the Existence of Weak Solutions for

a Semilinear Singular Hyperbolic Syswm
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ABSTRACT. In this paper we prove [he
semilinear singular real hyperbolic systern

I du dii u-y
+ — + k (u2 + y2) u =0dr r

dv dv u-y

existence uf a weak solution for tite

rE ~, tC ~,

witcre A (r) is a smooth, buonded and positive function of tite type r” n>3 in a
neighbourhood of zero. Tite initial data (u>,, y

0) belong to (H%~>.))
2 and verify

dv,,

1. INTRODUCTION

Let us consider [be sernmlinear singular hyperbulic sys[em

dii dii u-y
di dr +k(u2+v2)u=O

dv dv u-y
———----+ +k(u2+v2)y=0di dr r
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in [be dornamn D={ (r. í)Ire~±. rc3~I, where (u, y): D2—3V, k:Rr—3%,
keW’-’~ (3R~) ami kÓj=Alr<k’(r)< MR rG[0.r

1] br a certamn M>O and
r¡ >0.

The Ijnear part of svsteni (1.1) ts assocíaíed (for complex u aná i’> tu a
símplified mudel for tite linear Dirac system (cl. [2] and [3]).

In urder tu síudy [he Cauchy problem br tite svstem (1 .1) we regularise
[bis system as bullows:

+—+ (u-y)+k(u
2+ V)u=0dr r+8

dt¿ (1.2)
(di dy 1

— dr ~ (té-y) + k(u2+vOvO

wbere 0<8<1. Given tite ¡nidal data (iiíí), with a sumtable smouthness. weyo
firsí study the Cauchy prublem fue (1.2) under tite boundary conditiun

u(O,í)—v(0,í)=0, íc3’i. (¡.3)

Titen we obtajn sume estjmates un tbe sulution. ¡mIependent uf 8. amI we
pass tu the lmniit, when 8—O, in urder tu ubtain a weak solut¡on fue tite
Cauchy prublem fur (1.1). Mure precisely, we prove the bulluwing titeurem
(witerd H¿, (]O.R[) $uG Ht (jO, R[)Iu (0) =01):

Thcorem 1.1: Let tío, y
06 H

2(~+) be sucit that

du<> di’<,
u

0 (O) = ½(0) dr (O) = — —y— (0) and nu1. rv0 c II (~Rr).

Titen, titere exists (u. y) such titat ni, rv E L~ (?R. [2 (~~±)). Ru, r
2 ve

C([—T. ‘/I L’(]0, R[) 4) L2(—T. H¿, (]O.R[)), dii du
6 L

2(—7; T;
L2(]O, R[)). fur each R>O aud Th0. u(r, O)=u<í(r). v(r, O)= v

0(r), r5R~.
and (u. y) verifies (1.1) in ~Q’(3R±Y~))2.

Our previuus papees [2] and [3] are cuncerned with nonlocal nonljnear
eomplex pérturbaliuns (nunlinear Dirac systern) uf tite principal par uf tite
sys[em (1.1). In titis paper we deal witit a local nunímnear perturbatiun whjch
Is. as far as we knuw, tite dnly une titat can be analysed by titis me[hud.
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2. ESTIMATES FOR TI-lE REGULARISEI) PROBLEM

As in [2] and [3], we cunsider [he skew-adjuint operatur ji> (L2(R>) )2
defjned by

D(A)= { ({Qc(H (IR>-) )21u vE H¿>CR±)}-

We put Sft)= <‘A>!, IEIR, ami Sft) is defined bv

y (—r) = u (í)

We itave, in DM) (wmth LP=(LPCR+))2, H’”—(H’”(R~))2),

lISO) (V)H~=ii (U)l¡í~. ¡¡Set) %iití=¡¡ (flMíí ,ícIR.

Now. leí be E: /3(A) — D(A), O(A) wi[h tite Ht nurm, defined by

E(~) =— A [ ] CD

Tbjs rnap js lueally Lipschitz con[inuuus. Henee, fur (70) O(A) ihere
exists T>0 and art unique(96C([—T. 71; D(A))AC’ ([—Li]; L2) sucit
that

(~) — 5(Q (iio) +fs (t r) ¡4(V) (ñ]éT (2.1)

Wc have E(V)tI tí =ú(8)(l+ lI~)IIj)II (~‘) ti tí, and, fur t¿[—T 11,

d d 2
di u2+ dr —j-~-- (u-y) t¡+2k(u2+v2)u2zzo

8 8 2
___ y2— v2+ — (u-y) v+2k(u2+ v0v20di dr
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Hence, since (t0)EC([—T. 7]; D<~A))flCI(L~~L fl:L2) and k=O,

IE¡jO, 7],
It

Ji (~) (fu ~= ce{’/~>’, te[O, 7] (2.2)

Frum (2.1) ami (2.2) we easily ubtain art estimate fue (V)WI¡ní fue
tE[O, 7] (and also for IE[—T. O]) and we cunclude [hat is a g)ubal
sulution, that is

(~) eC(IR; D(A))ÑC1 (IR; L2) and vermfmes (2.1) loe teR.

Fuetheemure, since E: D<’A)—.D(A) is lucafly Lipschitz continuuus and
D(A) msa Hilbert space (fur tbe Hl nurm), we ge[ (cf. Ll])GDEC’ (IR; D(A))
II

du dv
(VjcDM2fr{(fleH2Iu~vcH¿(IR±), dr +—;—C H¿dIR÷)}.

Hence, by (1.2), we ubtain, in [bmscase (!3cC(IRz D(A2)).

Wc need suplementary estjmates fue (V) Fue this puepuse we assume [bat
(TU&) E Li, thai is

(~o) e (L? (IR>-) fa wbeee L? (IR>-) L (IR±,5 ¿Ir).

We easily deduce frum (1.2), smnce k>O

~ d d 2
(u2— y2)<O

di dr

d d((r+8)2 (u2+ y2))+~. ((r+8)2 (u2— y2))<O
di dr

By [be integeal uf energy nietbud we get, fue R>O , 0<t <R,

=f(r+b)í (u~+ v~)dr.(r+3~<u~± y2) (r, ~)o’~=ji~r±5y (t4+ y3)dr

Hence (r+ 8) (u, y) eLY (IR, E2) and



Qn the Exíscenee ej Weak Sehniensfar a Senil,’inca> Singular... 141

witere ~í dues not depend un 6.

Now, let us consmder [be linear system in D:

dii dii 1
___ + +—(u-v)=Odi dr r

dv dv Y
dtdr +— (u-v)=0r

L. Tartar has pumnted orn tu us titat if we put

3w= nur± —u——y
2 2

dii
wbeee ur= dr

3 1wí=rvr+ —v---—u
2 2

6w 8w
__+ =0

dt dr
we ubtain (fuemally):

6w> 8w,
dt dr

Leí us assume (u,, v0)ED(A
2)flL~ and le[ (u, OEC(3R; D(A2))ÑC> (3ft;

D(A))flL~ (IR; Lfl be tbe sulutiun uf (1.2) fue a fixed bc]O,l[ and witb
initial dala (uo, “o) (and boundaey cunditiun (1.3)). Let

3
+ —u——y

2 2

3 (2.4)
re> =(r+8) ~

1. 2 2
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We deduce. frum (¡.2). ~-mthO = 4- (u2 + y).

dtv d¡í
___ ~ —Ow—(r+6)0~udr

ahí a> = — O ti> —(¡+8)0 ~“

di dr

and (ti’, veí)=
Re] 0.+oc[.

C(3&: (H> (]0. R[))2).q C’ (3X: (L2(]0. R[))). lar eaeh

Furthermure. we itave

O
dr [(r+¿)(t¿+ v))= sc—1— ¼>

O
(it — dr lj(r—l—c5)Oí— v-)]= u— it>

a
dr

a
dr

[(r -1- 8)2 u]= (r + 8)

[(r + 8) y] = (r -1- 8)

By appI~mng tite Gagliardu-Nmrenberg
theorern tu (r+8)(u+ v)c H> (]0, R[) ami
respect¡vely. we can deduce [ram (2.6). (13)

¡si— ——(¡—1—5) (u+ y)
2

si>+—(r+8) (¿¡±u)
2

(27)

ínequalmtmes and tite Subulev

amI (23) 443]. §3):

(r—1—8)(Iu¡ + vi) II >= ,~ Scr’R)¡jI + ¡
II

+ ¡tu ¡¡2 ] <2.8)

wheee e (U) does nut depend un 8.

Froni (25) WC deduce

O Odi (¡uíj4— ~ Iu-
11

2)=

(2.5)

and

(26)

—20 (II» + ítj) —2 (rl- <5) O~ (¿¿ti + Itul) (2.9)
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4-and O~ = k’(tí2 + y2) + 24 (it t¡~+ y it) = k’(u2 + y2) +2 [un’ + vii’> —
+8

3 <¡~2 + y2) + ti>’].
2

Hence,

4-’
—2(r+ 8)Or(uív+ ycí’>) =—2(r—Ft5)(——

7)R(u
2+ y2) (un’+ vn’>)—

1~

A- 3—44 (tr¡-—1- i’ív>)2 4 .,.3[ 2(t¡? —1— í=)+ ti>’] (uu-+ vIII).
r 2

Titen we deduce. froni (29) and frorn tite pruperties uf 4,

o d
a, (ft~¡2—I— ¡u->J2)—l— dr ~ Iíí’ifl)=c’(r+8)3(!tí!3—h ¡“!~) (lul + ¡“-í¡)

(2.10)

w’itere c’ dues nut depeud un 8.

Furihermure. WC itave, by (2.3) and (2.8).

Uf (r+cS)3 (¡¡~Vi— yJ3) (1”’] —{— ¡t,’>¡) (y, t)c/r=c(R)[I —h

witere c-(R) does not depend un <5.

No’ti’, mI>we take T>0 ‘tve easily uittain, by apptying tite integral uf energy
metitod tu (2.10), and since ¡tví¡2(0. 7)— ¡re~2(O. 8r>=28(—-- ¡u¡2)(O. r)
(cÑ[2]. §3). di

J (Ju’7+ vt’>[2)(’r, t)c/r=c’(T) .fur ah íE[O, 7’]

Hence, if 11 ~= fOx i)¡rE[0. — ¡+2 I[, te]0, ~TI,
‘tve deduce

¡tí’íH) (r, Ó <Ir c/I=c(’Ii) (212)
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Wheee c(7) dues nu[ depend un 8. A sjmilar estimate holds fue T<O. Now,
fur every T>O and R>0, we deduce feum (2.12), (2.7) and (2.3),

(2.13)
¡¡ (r+¿)

2v~¡L2> T/Ití<1t>RL>)=<(R T)

Hence. by (22), (2. 13) and (1.2). WC ubtain

(r+ 8)2 dii
di

(r+ 5)~ di ¡II2>~i:

(2.14)

j: >2>1» RL>) =e (R, 7’)

where e (R, 7) dues nut depend un 8.

Nuw, let

With mts natural nuem, where H<»> (JO, R[) = uF H> (10, R[)
bave (cf. [4]).

W(R, T)q.C([—T, 77j;L2(]O,R[))

L2(]0, R[)) 1

u(0)=O}. We

(215)

and, by Aubin’s compactness theurem (cf. [4])

W(R, 7) 4. L2(— 7; T; L2(]O, R[)), wi[h compac[ injection (2.16)

Furtherrnure tbe map u—ti(O) frum W(R, T) into L2(]O. R[) is cuntinuous
by (2.15).

LeL, fue eaeh óc]O, 4, be (u
8, “a) the cuerespundmng sulutiun of (1.2) fue

the mnitmal data (u0, yo) (and buundaey cundj[iun (1.3))- We have, by (2.3).
(2.13) and (2.14),

(2.17)
¡¡5 x~¡j W<~ I)~ c- (R. T)

witere e (R. T) dues nut depend un
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3. EXISTENCE OF A WEAK SOLUTION

Le[ us assuíne (u0, v~) E D (A
2) 1)14 With ibe same nuta[ion uf [be las pan

of §2 fur [be cuuple (u
8, ya), sulu[jun of [be regularised peublem, [bere ex~s[s,

by (2.3), a sequerice ¿—O and (u, v)EL~(IR, L3) such ihai

(u6, y8) (u. y) in L’~ (IR, L~) weak *

8—O

and

By (2.17), (2.16) and (2.15) [bere exis[s, fue eacb (R. T), a sub-sequence
(u8, “a)~ 8—O, such tha[

(r
2 u

6, r
2 “a)— (r2 u, r2 y) weakly in (W(R, 7) )2, s[eongly mn

(L2(—T, T;L2(]O. R[)))2 and a.e. mn ]O, R[x] — T, T[, and (u, v)(O)=(u
0,v0)

a.e. in IR+. Fuetiteemure, fue eacb T>O, and by a diagunalisation meibod, we
can assume (by (2.16) amI (2.17)) tbat

(u5, v6)—(u, ‘4 a.e. jn IR~x]— T, T[.

¿—O

In par[ículae, fur fjxed T>O, we itave, fue eacb R>0,

k(u~+v~) u8—k(u
2+y2)u, a.e. in ]O, R[x]— T. T[.

8—O

O[beewise, by (2.12) and (2.8), we bave

¡¡4- ( (uS + v~) u
8¡J Li-lo. ~ví—~; ~< c¡¡r

3 ( (u2+ u~) ii

8¡¡ L

2UO. RLXfr E iT>~ e (1?. T),

witere c(R, T) does nut depend un 8.

Hence, by lemma 1.3 mn cbap. 1 uf [4],

k(u~+v~) u
8—k(u

2+v2)u. Weakly in L2(]O,R[x]—T, T[),
a—o

and similar cunclusmun fue 4- (u~ + ~S)y
8

Now, take @E &~ (D(R, fl), D(R, T)=¶(r, Ó¡rG]O, R[,te]— Y. TI]. we
bave, by (1 .2),
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jj ~±k(u~ +~‘¾ud ]¡4 di;~ ,t+ ¿Ir
— A ti

Ev tite previuus eonsideratmons we can pass tu tite limil. witen <5— 0
(st> bseq iteUce) and ‘tve obía ii. sí nce It and T are arbiírar’t’,

dii u — y+ + ±k(u2+VOu=O mo ¿/‘(D).
dr dr

¡he sanie lech n iq Líe applmes tu lite seco nd eq uati un. and SO 1 iteurem 1 - Y js
p roved
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