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AHSTRACT. Wc síudy sorne aspects of ihe asvmptotie behavior of Ihe solulions to
a class of nonlincar parabolie cquations,

1. INTRODUCTION

Se R±={<cR¡

We are concerned here wi[h weak solutions lo nonlinear parabolie
equations of dic type

u, = a (u),5. +f(u» in RxI1~

u(x.0)=u0(v)
Th’0 in R.

(1)

(2)
Without loss of generality we can assurne a(O) = 0. j(0) = 0. (Indeed ene

can replace in (1) a by a—a(O) and jbyj—j(O)).

lb for sorne r>0 we have

j(r)zz() (3)

~vewould Iike [o show thaI. under adéitional assump[~ons en j. sorne aspects
of the asyrnpto[ic behavior of u (x. O when í — + are governed, roughly
speaking. by [he position of u

1> (x> with respect lo r.

lí is interesling lo Compare our resulís wñh the results for Fisher type
equations (see [A]. [K2]).
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The paper is divided as follows. In sect~on 2 we discuss [he exisence of
sorne s[a[íonary solutions lo (1). In sec[íon 3 we sta[e aud prove our main
theorems. ¡Xi 1-ast, in section 4 we give sorne examples of applications and
discuss briefly [he possible cxtensions of our results in higher dirnensions

2. EXISTENCE OF STATIONARY SOLUTIONS

Our rnethod relies strongly on [he existence of sta[ionary solutions [o the

equation (1). We will assurne here thaI.

a:[O,+oo)—[O,+oo) , a(O)=O , a(u) smooth, increasing br ¿¿>0. (4)

We will denote by a—~ Ihe inverse funetion of a. Moreover.
that:

we wíll suppose

f:[O,+oo)—R ,f(O)=O ,fofclass C~ (5)

Le[ r be a stric[ly positive constant. The case of in[eres[
holds and

f(u,k(O=f(r) Vue(O, i-)

—oo<f’(O)KZO.

here is when (3)

(6)

(7)

Since our da[a are smooth and

h4) = —f(wt (a (r) — s))

is such [hat Ii (O) = O one has for s>O close [o O:

h (s) = O(s)

and thus

ds
f(a—’ (s))

(8)

We will consider [he case where [he problern (1) is degenera[e and [he case
where it is not — le. the two cases (see [K 1], [1’]):

dv<+oca—’ (r) (9)
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and

11+
1

dv = + oc
a’(v)

(lO)

Under [he aboye assump[¡ons we can prove:

Proposition 1: Assume (3),-,(7j ¡hen

(1) jf(9) he/cA, ihere exisís ene and en/u ene s¡aíionarv se/utien s(x,> te
(1) such thai

(fi) If(IO) ho/cts. (1)
x=O,s(x)>O for x>O.
sial ienary solutien s(x. <3

s(x)=O \lx<O

s increasing en (O, +oc),

¡fin s(v)r.

has no s¡ationarr señalen s such thai s(x)=
flr any ce (O, T). ihere exisis ene and en/y
te (1) such thai

s(O,c)=c,

s (x. e) ¡ncreasing cii (— oc, + oc).

fin, s(x. 0=’ , Ifni s(x. ~=O.

Proof: A sta[ionar9 solution [o (1) has to satisfy

a¿’u».~+f(u»=O in R ~ a(u»±jfu)= C7s1. in R.

lb one wan[s to have u(x)— rwhen 2< ~.+oc we must have, Csi. =0. So,
wc look br u solution [o

a(u»+jfu)=O in Ji.

Assume first that we are in case (1).

For sE[O,a(r)) define

F(s) — f(r’(s))

(17)

(II)

<12)

(13)

O for
ene

(14)

(15)

((6)

(18)
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Firsí remark thai by (7). one has

¡(a—’ (s)
crt Is)

(y)/( a—’(s)) 1’ (0) c,< (s)

when s—0 aid ihus by (9). (¡8) ínakes sense, Moreover. by (6). (8), E ¡s art
íncreasing funcílon from [0. 0(T)) onto [O.+ ~). Denote bv F’ its inverse
amI set

s(IQ=0 Vx=O -s (x)= a-1 (E—’ (2<))

Clearly s satisfies (II), (¡2), (¡3). Moreover one itas

a(’s(v))=O Vx=0 . a(s(x))— E—1 (x)

aná titis function has no jurnp un RSe, in (he distribu

a (y (y)» = F1 (4 = —/js (-y-))

and y is thestationary solution we are looking lar (see (17)).

Assume now lha[ we are ín case (ji).

Jf s Ls a stationary saludan lo (1> such that that

s(x)=O VxSO .s (x)>O Vx>O

then í’=a(s(x,>) is a soiulion to

= —/(a ¡ ( x’)

sueh íhat

v(x)=0 Vx-<O v(x)>O V~>O , y locally increasiug bou x>O.

This is nut possible. Indeed. for pusitive une would hayo

a—’ (v(x)) a’ (v(x))

and tus br s>O, x>O srnall enough

Ji ai(?s) ~ v%dx ~>u~/Úr< (v(xff)) tLvw’(v(x))

Vx>O.

Vx>0

¡¡anual sense une has
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amI a contradictiun (by (lO), (7)) when s—O.
Now. ib we select ¿-6(0. r) titen we can define

FQ)= cts
f(a—’ (s))

Clearlv, Fis a une-tu-une tncreasing rnap fruir (O, 0(r)) mb (—00.+ oc) so

thaí

s(x, e)=a< (F’ (y))

is tite sía[ionar~’ sulution we are looking br.

Remark 1: In the case where fis not differentiable the aboye analysis
could have been made in terms of tite Osgood condítton. t.e, ¡n considering
the cases

— f(a’ (‘O) c/v<+oo
— [(a—’( ~ dv =

Huwever. tite assurnptiun (7) is useful in what follows amI we ¿Id prefer state
Proposition 1 under [his form.

3. TI-lE MAIN RESULTS

Let us consider now u = u (x, Q the weak soluliun tu (1), (2). It is well
known (see [DK]. [G]) íhaí umIer suitable assumptiuns on a, 1 such an
equatiun has a uniqite weak solutiun.

Wc itave:

Tlteorem 1: A ssunte thai (3),—. (7) ho/c/. Moreover, assunw 1/tal

¡fu)
—jy— uureas,ng on (>-. ~+ 8) (¡9)

fbr 50/lIC 8>0.

Then:

(¡9 Jf(9) ho/cts ano’

¡¡¡u ¡nf ~ (x)> T (20)
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(Ii) 11(10) ho/cts ano’ ji

u0 (x) =a >0 Vx , Hm ¡nf 14> (x)> r,

for any xcR one has

/ñn ¡nf u (¿y, t)> y.

Proof: By (19)11 E IS srnall enougb Ihere exists a unique i-~> sucb íhat

1k) , f(u) <con(O.
u

II we set

[(u) =1(u) — tu

[benf satisfies (3), (5). (6), (7) wi[b i-= r,. If we apply Proposilion 1, we can
denote bÑ 5~ (x) ami s~ (x. e) [he so1u[~ons lo

a(u)5.~+(f(u)—tu)~=O in Ji (23)

corresponding tocases (9) ané (lO) and
(16) with ~= >-~. Citoosing t small enough one can clearly bave:

satisfying respecíively (1 l)-(I3), (¡4)-

and [bus, br x large enough, i.e. x=Al. we itave

Ihen, in case (1) one has

u0 (4 =s (x — Al)

and in case (II)

uo(x)=s,(x—M,a)

(see (21)). Now, by (23), remark [bat

(21)

;-j. (22)

(24)

(25)

s<(Et±x—Al) ami s~(et+x— Al. a)
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are solutions [o (1). Since by (24), (25), u0 is larger tban tbese solu[ions a[ time

t=O, we deduce from tite maximum principie [hat

s<(et+x— Al)

or

Leíting (—+00 Wc ge[ by (¡3). (16)

This enás the proofk

Remark 2: I[ is clear from [be proof [hat in titis titeorem une can allow
fi [o vanjsit at O i.e —co<j’(O)=O.

We can also prove:

Theorem 2: Assurne thai (3).-. (7) ho/o’. Aloreover. assurne thai

1 ix fncreasfng en (r —8, r) (26)

fer sorne 8>0.

O=u0(x)=r’<rNL , u0(x)~O Vx=Z

where Z ix sorne consíanu. Then

(¡) f(9) ho/cis ene has jór everv 2<:

u(x, i)~O jor t /arge enough.

(u) 1] (10) he/cts ene has for <‘ver>’ 2<

/frn u(x, í)0.

Proof: By (26) if e is small enougb, [itere exists ; such that

T’<T«T

f(u)+eu<O on (O,>) ,
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Ifwe set

[(ti) =f(u) + u,

[her> f¿ sa[isf¡es (3). (5). (6), (7) with w = ;. II we appls Propusition 1. we can
denote bv y__ (x) and s, (x. e) ihe solut¡ons tu

a (u». + (¡(u) + E uh = O in Ji (27)
curresponding tu cases (9) and (lO) and saíisfying respectively (1 l)-(13). (14)-

¡6) with >-=r<. II we chuose Al large cnough titen we have in case (i) or (mm):

u, (x+ Al)

ci> = u¡, (½)

-u, (x+ M, c).

¡-¡ence, by tite maxtmurn principie (see tite preced¡ng proposition. nole thai,
by (27). t,(—e, +x± Al) and s, (—er+x+ Al, e) satisfy (1)):

t,(—u--I-x+ Al)

ar = u(x.I)

In case (1) írorn tite aboye inequality we gel

ti O

as suon as —eí+x+ M=O.In case (u) tite resuil follows b~ letting í—+oo.

Remark 3: In tite case (1). wc have proved in fact that II u11 itas is supporí
bounded below [hen, so dues ¡í(., í) for any A Moreover, tite lefí froní of [he
suppor[ is rnoving tu dic right with a velocity greater or equal tu ~.

lite s¡tua[ion can be curnpletely different if in (7) wc aI¡ow [he value
j’(O)=O. Indeed. Iet us assurne tbat we have br u small. non negative

¡¡‘(u) ¡ = (28)

a’(O)=0 , (29)
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witere C, ~ are posmtmve cunstants and 8>—!.

Then. we can pruve

Theorem 3: Assunte 1/ial (4), (5), (28), (29) ho/o’? Then it

(30)

xve have

u(xo,Q>O Vr>0.

Proof: Cbanging 2< in x+ 2<,> Li what fullows we can assume wmtituut loss
of generally titat x,,=O. Cuns~der

= y (1, U= e~ri ( [c x-’ <‘<1±)It

witere , ti’ are pusitive cunstants titat wmll be citosen !a[er on and 1
denotes the positmve part of a fttnction.

Set A =e—x2 e’. In ihe domain

we bave:

y, = —u’ A’ e—~ ~x2 u’ Aw ¡ e~¿(~

x’v

Se[

Lv = y, — a (“¡tv —f(~»
— y, — a” (y) (t;)2 — a’ (y) y

55. —1’ (y) y5..

Wc obtamn

Lv = —ivA ‘e<’’ —2<~ u’ A”—’ <‘—5(1—> — a” (y) 4x
2w2 A 210—II ~ (‘~— +

d (y)2w A ¡ ¿—e (itI) — a’ (v)4x2 u’ (vi’— 1) ~‘ 2 «o (o 2) ~p (y) 2xw A— <rl (o—
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Uy (29) we itave for v>O, y small

Ia’(v)I=IJa”(s)c/sísfí a” (s)¡a’s

1’ c=jx5dsnzz—r’~~——C’v> (31)
1 + <3

wbere we have set

c -y=l+&>O.

I±8’

Comb~ning [bis, (28) ané the mnequali[y

122<1=2<2+1

we obtain br e small enougb (note tita[ O=v=e”)

Lv=—wA “ e”’ — x2w A “‘ e’ (It—> + 4Cx2 w2 A ~5-$2(c.— >e’ I.6+2,,—2)

+ 2C’ w A~Y+l e—t(wY±t — í)+4C’x2 w(w— 1) AoY+~2rÍÓY+v2>.

+ Cx2wA “/3+..— ¡ e’ ~ufl+«—-1> + CwA c./3±w— «-í (c.fi+n~ 1>

Hence:

Lv= u-A”e—”fl Y — 2C’A”~—’ e—’(«Y—í>~~ CAW/3í eíóv/t<>}

Select now u sucb thai

rey> 1 wf3> ¡ , u>> 1. (32)

We have:

1 ~~2C’A~Y< r’ÓY<>~~~ CAWfi1 ¿r~ÓvflI>= 1—2 C’AwYí — CAVflí >0

1 ~~4CwA«<>+aíe<óéóí) 4C’(u— l)AYte<ÚY1)-~~ CA«~e’~’=



Qn a Crética,’ Thresholdfor Nonlinear DiJfhsian Fqua¡ions 33

provided thai e ms small enougb (see (32), recall tha[ A =e).Now, if we take
~nto account [he fact [bat a’, f, vanmsbe at O we obtamn in [be dmstrmbutional
sense in Ji x Ji±:

Lv=0

for esmall enuugh. Now from (30), le. u(O)>0, we have for e small enougb

v(x,0)=uo(x) Vx C Ji -

Hence, by [be maximum principie

v(x,Q=u(x,t) inRxR~

and in particular

0< y (0, í) =u (O, t) VtER~.

This concludes.

Remark 4: Note [bat in tbms tbeorem we dmd not use [he assump[ion (6).

Remark 5: A consequence of Tbeorem 3 m~, under the same assurnp[ions.
[bat wben u(x~,k)>O [hen u(x0,t)>OVí>í0. Tbus, [bis allows tite definhtion
of tite bree boundary as a Iunc[ion x=sQ). (By (29), (31) i[ is easy to sbow
that we are in tbe degenerate case). Moreover, í = r (x) is a monotome graph
(see [G]).

4. EXAMPLES

Let us consider for instance tite equation

u, = (u~í),,. + (u”),- — (33)

wbere [be real numbers ni, n, p satisby rn =1, n=1,p =
[he [ype of equation (1) ¡1 we set

1. The equation is of

1(u) = un u~.

lf n>p titen (6) holds wi[b ->-= 1 (see (3)). Moreover, (19) and (26) bold.
indeed, f(u) = u«—u” is increasing on [he lebt of 1 since

./‘ (1) = n p >0
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and si milarlv for ~ u”— ¡ — u” ¡ - Titus. n titm~ case Theorcm 1 holds (see
u

Remark 1).

Ib [10W WC 5t1> [JOSC /7 = ¡ - It > ¡ titen

¡(ti) = u” — u

aud Theorem 2 holds 1 n a ny otiter cases we a re ín sítual ion tu apply liteorem
3 provided thai (28) holds (see Rernark 3).

Leí us examine sume particular cases.

4.1 -Case nt= ¡ /)= 1. n=2.

Tite problem is not degenerate and, as we just saw. tite titeurems ¡ and 2
apply. Nuw tite sta[ionary solutions can be compuied explicitely. Indeed, it is
easv lo see that bar ee(O. 1) tite equatmon

u, = u
5> + (ti

2 — u e

ad mUs as statmonztrv solul ions (see tite no[a[ion iii lheorem 1 or 2)

s±jx.c’)=(l±é)

Clearly witen x — + oc

s~ (y, ti — ¡ + E

and

when ,~— —~. ritm~ makes explieit tite asymptaiie beitavmar descrmbed mn
iheorern 1 amI Titeorem 2. tite sulution of dic time dependení problem being
given by

x¡<(±et+x±Al).

4.2 -Case ní = it> Y, /7 =

The equation (33) is now degenerate buí Theorems Y and 2 botit apply. It
ís e-asy lo see thai. when e e(O, 1). tite stationarv so¡utions jo

u, = (ti”’),> + (ti’’ — u + e
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are gix’en bx’ (see proposition 1)
o’

s~, (x) = (1 ±e>”’—> liii — e “‘ X]±}nc..

witere [ ~ denotes ihe posmtive part of tite funetion mnto brackeís. Clearly
when x-~+oc

witicit gíves tite explica asyrnpíotic bebavior of s,. Cunsidering

s~(—et+x+ M)

alluws us tu see itow tbe baek front is muving.

4.3 - Case rn> 1, n = 2w — Y, p =

The equation (33) is agairt degenerate. Theurems 1 and 2 botit apply. It is
easy tu see thai, witen eE(O, Y). [he stationary solutions tu

u, = (u”’),.~ -+- (it” — u e

are given by

s±<(x)=( l+e~”’í ~ 21”’— ¡¡ __ ob
— 2Ioi—I¡<‘1~1~It ,o

The same analysis titan in case 4.2 holds in ibis case.

In higiter dimens¡ons it is elear thai uur techniques allow tu gel sume
informatiun un tite asyrnpíotic behavmor uf tite solution tu parabolie
equa[ions of tite type

u, = Aa (u) +j(uh in Ji” x

u (x. O) = u0( y)>O mn II”.

Here A is [be usual Laplace uperator and [(u» denotes [be

[(u) in the direction of [he unit vector ~.

Indeed, it k enougit [o remark that jis is a s[a[ionary sulution in It tu

u, = a (u)« + [(u»

(34)

(35)

derivative uf
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titen s is also a statiunary sulutiun [u (34) in R~ ami [bus cumparison can be
made and results similar tu tite unes jn une dmmensjón ub[ained.
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