
REViSiA MAirMAiICA dc la
Universidad Complulense de Madrid
Volumen 4. número 1: 1991

Contact Normal SubmanWolds and Contact
Generie Normal Subman~olds in

Kenmotsu ManWolds

MINoRu KOBAYASHI
I)cdicated to Dr. Shisaoji lIokari on his SOth birthd’ay

ABSTRACT. We study contact normal submanifolds and contact generle normal
subrnanifolds in Kenmotsu manifolds ané in Kcnrnotsu space forms. Submanifoíds
mentioned aboye with certain conditions in Kenmotsu space forms are shown that
they are CR-manifoíds, spaces of constant curvature, Iocaííy symmetric and Einstein-
nian. Also, dic non-existence of totally umbilicial submanifoíds in a Kenrnotsu space
form— Y is proven under a certain condition.

O. INTRODUCTION

Ihe differentiaí geometry of CR or semí-ínvariant submanifol’ds in
Riemannian manifolés such as Kaehlerian (incíuding Hermitian), Sasakian,
product Riemannian and Iocaííy product Riemannian manifolés hax’e been
studied by many geometers (concerning ihe aboye, see [1] and [lO]) Also,
Quaternion CR sub-manifolds of quaternion manifoíds and QR-submanifolds
of quaternion Kaehlerian manifolés have been siudied (jji]). We studied
symmetric twofoíd CR-submanifolds in a Euclidean space R4’” which is a
special quaternion Kaehíerian manifoíd with global Kaehíerian quaternion
structure ([6]). Also we studied semi-ínvaríant sub-manifolds in K-manifolds,
5-manifolés ané T-manifolds ([5]), [7]).

On the other hané, Kenmotsu studied a class of aímost contact
Riemannian manifolés ([3]). The aímost contact Riemannian manifolés
which beíong to the cíass mentioned aboye are nowadays called Kcnmoísu
manjfalds ([2]), [4]), [8]).
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Examples of them were given in [3] ané [8]. which we sate. in ihe
l’dllowing: let N be a Kaehler inanifolé aod J: R — R béa function delineé bv
f(Q= ce’. wher~e ¿E R: c >0> Then’ dic warpeé product Al = R.x,N is a
Kenmotsu manifolé.

‘It’
We studied submaniíolés in Kenmotsu manifolds whose siructure vector

fielé ~ is tangent to the submanifolés ([4]). I’apaghiiuc studied submanifolés
in Kenmotsu manifolés whose struclure vector ficlé ~ Ls taneent lo the
submanifolés and normal to them ext’ensix’ely ([8]). Thus, it is natural to
study them furiher.

1’he purpose of the present paper Ls to study. what we cali, contact normal
submanifoids ami contad gcneric normal suhrnanifoids in Kenrnotsu
manifolés ané mainly ihose in Kenmotsu space fbrn,s (the notion of
Kenmotsu space forms is the one which is analogous to Sasakian spacc I’orrns
in Sasakian geometrx and the notion of coníact normal submanifolés
corresponés to thatoftL~submanifolds in [81). One of the typical examples of
Kenmotsu space I’orm c, M(’L is dic hyperbolic space of constant curva-
ture— 1 (When e= —Y).

In Section 1. we surx’ey the fundamentaL’ broperties of Kenrnotsu
manilolés, give dic fundamental formulas of súbmanifoíés when ihe ambient
manifolés are Kenniotsu space forrns ami definitions of contad normal ami
contact generic normal submanifolds in Kenmotsu manifolés and finally state
the result which was obtaineé in [8] for [ata use.

In Section 2, we treat totally umbilical contad normal submanifoíés and
point orn thatthey are extrinsic,spheres (totaliy umbilical.submanifolds with
parallel mean curyature vector) if dim. D-’-> 1 (for the definition of.D%see
Section 1). PUso we prove dic non-existence of totaíly umbilical contact
normal submanifolés with éim. DA>! immersed in’M.(c) with c#— 1 and
that the submanifolés with the same conéitions mentioneé aboye are CR-
man¡folds (lot CR-manifolds, seo [Y]).

In Section 3, we treat contact normal submanifolds of codimension 2
matnly jo 44(c). Wc prove that ¡1 44 is a contact normal .submanifolé of
codimension 2 in TM(c) ané if either the seconé fundamental form~is parallel
or Ihe mean curx’ature vector ficid Ls paraiJel, then c= —1 or 44 is aníi-
ínyariant and that 44 is locally symmetric. Ané we also prove that il Al is a
totally umbilical contact normal submanifoíd in M(c».then 44 is a spaceof
constant curvature if 44 is proper (the assumption that dim.D’> 1 is
excluded, cf. [8]).

In the final Section 4, we treat contact generie normal submanifolds and
contact generic normal proéucts rnaínly in Al(c). Severa! resuíts concerning
contact generic normal proéucts’such as the integrabiíity eonditions of the
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distributions induccé on the submanifold. properties of leaves of them and
properties of the canonically induced structures on 44 etc are obtaineé. At the
end of this section, we treat hypersurfaccs in Kenmotsu manifolés whose
structure yector ficíd Ls normal to the hypersurfaces. Main rcsuíts in this case
are thai (Y) u a hypersurfacc Al normal to t he st ructure vector ficíd ~ is in
44(c). then 44 Ls Ioca¡Iy symmetric. (2) 44 is flat ¡1 ¿md only if c = — 1 and (3)
if 44 Ls in 41(c) with c# — Y, then 44 is Eínsteínnían.

1. PRELIMINARES

Let Al = 44 2oí±I be a (2ní + ¡ )—éimensionaí aímost contact metríc
manifolé with structure (4), ~,ij, <,>). where 4) is a (1, ¡) type tensor fielés,
~ isa vector fielé. z¡ isa l-I’orm and <,> Ls thc associateé Riemannian metric
on 44. Then, by éel’inition ([9]), we have

(1.2) <4)At4)Y>=tr Y>—n(X)r¡(fl,n(X)=<X,t>,

where lis the iéenty tensor fielé and X, Yare vector fielés in M. Let 44 be an
n-éimensional isometricaílv immerscé submanifold in Al. Let T(Al) ané
T(Alfr be the tangent bundle ané normal bundíe of 44 respcctively.

Definition i. ~ Iv ca/lcd ja be a conmacm normal submanijóIt? iii M ii/he
s~ruc jure vector fÍe/rl t is normal to 44 uncí if mhere crisis u di//érenjiable
c?istribution 1) on 44 such ¡btu

(1.3) T(44)=D® Dt 4)D=D, 4)D-GT(44fr,

whc,’e J)1 is mhe con¡ple¡nentarv distrihumion oJ’ 0 ¡u T(44).

Definition 2. 44 is cal/ecl to be a contad generic normal submanif’o/d ¡u
44 1]’ the smruc’murc vector ¡¡oíd ~ is normal to 44 amíd

(?.4) 4) (T(M)’) G T(44),

ho?ds.

Definition 3. .4 con¡aci nornial subnwniJ’o/d Al is <‘a//cc? 4)— invarianí
(rcsp. anti-invarian/) ji 0’ = O (rcsp. D = O).
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We calI a contad normal submanifold 44 is proper if it neithcr 4)—inx’a-
riant (D’=O) nor anti-invariant (0=0).

Now, we recalí that M is calleé a Kcnmotsu manifolé if

wherc V Ls the covariant éifferentiation on 44.

Now, the formulas of Gauss ané Weingartcn are given rcspectiveíy by

(1.6) V~Y=9?vY+fi(X, Y),

(1.7) ¶YxN=—AxX±V#N,

wherc V is the Riemanrilan connection éetermined by the induced mctric
on the submanifold M, U’ is the metric connection on T(MP arié both

B ané A are calleé the second fundamental tensors (or jbrms) satisfying
<B(X, Y,>, N>=<A~X, Y>, 22 Y bein,g tangent vector ficlés to Al ané N
being a normal vector ficíd to 44.

Thc mean curvazure vector fie/d 1-1 is defincé by

(1.8) 11”’ trace B.n
Al is calleé minftna/ if 11=0, tota//y umbilical ji B<’X, Y)=<X, Y> H

ané una//y geodesic if B=O identicaííy. Ané, the mean curvature vector fielé
His calleé para/leí if V{ 110. Let k(resp. R) be thc curvature tensor ol
M(resp. 44). Then thc equations of Gauss, Weingarten ané Ricci are given
respcctively by

(1.9) <R(X, Y)Z, W>=<R(X, 197, W>-
<B(X, W), R(Y,Z)>+’CB(Y, W), B(X.Z)>,

(III) <J?(X, Y)N,N’>—<R’(X, Y)N.N’>—<[AN.AN’]X, Y>,

where (R(X, Y)Zfr in (1.10) is the normal component of Ñ<’X, Y)Z. ané where

VA-

(1.13) R’-(X. Y)=V’kV{—VtVt —

(1.14) [AN. AA4=ANAN.—AN.AN,



77Conmac¡ Nornial Suhn,anifold\ and Con,acl Generic Normal Sub,,íunifb/dv...

N ané N’ being normal ‘vector ficlés to Al. The seconé fundamental tensor fi
iscalledparalie/ifVxfiO iécnticalty. Ané, if R’-=0 iécntically, then wesay
that the normal connection of 44 isj’/a¡ (or ¡rl vía?).

Now, we recalí that if Al is a Kcnmorsu spacej’orrn c, then the cur’vature
tensor o!’ Al has the form

(1.15) 4R(X, Y)Ztc—3)VY,Z>X’--<X,Z>Y)+
+(c+ l){n(X)n(Z)Y—n(Y)n<’Z)X

—<y4)Z>4)X+2<X,4)Y>4)Z}.

Wc éenote a Kenmotsu space form e by Aleo. Then, II the ambient
manifold is a Kenmotsu spacc form 44(c) ané 44 is a contact normal
submanifold in M(c), from (1.9), (1.10), (1.11) ané (1.15) we haye

4
W>—<Y4)Z><4)X. W>+

4
+2<X.4)Y><4)Z. W>)

(1.17) (VA B)(’Y,Z)—(VyB)(X.Z)=—(c±Y){<X.4)Z>(4)fl”’4
—< Y,4)Z>QtM’d-2<X,4)Y>(4)Z)’},

(1.18) <R’(X, Y)N.N’>—i(c±I)(<X,4)N><4)Y.N’>--
4

—<Y, 4)N><4)X. 1W>)

where (4)fl’ in (1.17) denotes the normal component of 4)Y, etc.

Now, we recalí that M is calYed a CR-rnan oíd if there exist a
éifferentiable distribution O on Al ané an endomorphism J such that

on O, [J,J] (X. Y)=0 ami jjJX.JYj—jjX. fleO) <y, YcpJjJ,Jj
being the Nijenhuis tensor of J(sec [1]).

The foílowing result is useé later.
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Proposition A ([8]). Lc¡ Al be a conwcm nornial subn,ani/’oíd ¡mi a
Kenmotsu inanjuid. ‘Meo wc have

(a) A~X=—X. (b) V~=O. (c) <H.t>= —1, (d) Al is never mnt-
nial,

(e) 44 is mata/Ii’ umbilica? ¡¡‘ant? omíl>’ ¡/‘ 1? (X. Y) = — < X. Y> t providet/
thai dim. DL> 1.

2. TOTALLY UMBILICAL CONTACT NORMAL SURMANIFOLOS
AND EXTRINSIC SPHERES IN KENN’IOTSU MANIFOLDS

Let Al be a proper contact normal submaríifolé ~na Kenmotsu manifold
and let N1 = ~,N> ..., N~ (r = 2ín + Y — n) be the orthonormal vector fields
normal to 44. Then the seconé fundamental tensor fi Ls expressed by

(2.1) B(X. Y)=2 <A1A’, Y>N1=—<X, Y>t+Z <AJX, Y>JV>,
/=

where we put AÍrAN,.. Then the mean curyature ‘vector fielé 1-fis gixen by

r
(2.2) 11=—trace B=—t+Z (trace A1) N1.o j=2

Ané, the Iength II HII of U is given by

(2.3) ¡Hj¡
2= 1 + ~ (trace .4~)2

i= 2

Now. from Proposition A, (2.1) and (2.3) we immediately hax’c

Proposition 2.1 Lcr 44 be a praper contad normal submandold with
din>. DI>? in a Kenmatsu manifólc/ M. Titen M is jota//y umbilical mM it’
and ami/y iJ

(2.4) A
1 = (trace A~) í (¡ = 2 r).

Proposit¡on 2.2. .4 tora/Ii’ umbilical proper con jacm normal sub¡nanUb/d
ir, a Kenmaísu manifoid is nccessarilv an extrinsic sphere pro vided mlmam

Theorem 2.3. There exisí no proper tota/tv umbilical con/att normal
submanufb/ds iii a Kcnmotsu spacejbrm 44(c) wirh c#— 1 ifdim.D’> 1.
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ProaL lf Al is totally umbilical with éim. £3’> 1, we have B(X, >9=
=<X. Y> hI=—<X. Y>~ by Proposition A. Also sínce Vt~=0 by
Propositions A, we have (Vx 13) (Y. 7) = O ami hence from (1. 17) with 7 =

we hax’e
0=i(c±l)<X.4)Y>(4)ML.

4
from which we must have c= — Y because Al is neither 4)-invariant nor anti-
ínvariant. completing dic prool

Lemma 2.4. Let Al be a tan/att normal 4)-unvarianí submnanifoid of
codimension r>2 iii a Kenmorsu manifo/t/. Then

(a) Vv 4) Y 4)Vv Y(~Vv4) = O),
(2.5)

(b) fi(X,4)Y)—4)IKX, Y)=<4)X, Y>t

ho/ds.

Proof. Using the first equation of (1.4), we have

On the orher hané. we hax’e

(Vjy4)) Y=Vx4)Y4)VvYVv4)Y+ B(X. 4) Y)—4)V\’YilPfiÓXÑ Y)

Since 44 is 4)-inx’ariant, we see that 4)B(X. Y,)c T(Al)-’-. Thus, comparing te
aboye two equations and taking the tangent ané normal parts respectix’ely, we
have our asscrtion, completing the proof.

Theorem 2.5. Leí Al be a contad nor/nal tota//y umnbi/ical submanifó/d
with dliii. D’ > 3 in a Kenmatsu unanifoid. Timen Al is a CR—maniJ’old widi
CR-struc’ture (4), D

ProaL This folíows from Lemma 2.4 and the definition of CR-
manifolés.

Remark. The assumption that the codimension r>2 la Lemma 2.4 is
essential because there exist no contact normal 4)-in’varinat submanifolds of
coéimension 2 in Kenmotsu manifolés (see Theorem 3.5 in the next section).
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3. CONTACT NORMAL SUBMANIFOLDS
OF CODIMENSION 2 IN KENMOTSU MANIFOLDS

Let Al be a submanifold of coéimension 2 in a Kenmotsu manifold 44.
Since Al is of codimension 2, Wc may put

where A’ ané 1W are orthonormal ‘vector fields normal to 44.

Erom (I.16)—(I.I8) ané (3.1). dic cquations of Gauss, Coéazzi ané Ricc¡
are given respectively by

(3.2) <R(X, Y)Z. W>=<R(X, Y)Z, W>—<fi<X. WJB(Y.Z,»+
+<B(Y. Wjfi(X,Z)>

+<ANY, W>t4xX,Z>±<A~ Y. W></IMX,Z>,

z=t1~Y, Z>VtN~<ANX,Z>VtN+<-Av Y. 7> V{N’-

+(<(VvA)vY, Z><(VyA)NX, Z>±<A~~~»~Y 7>—

+<(VVA)KY, Z>—<(VYA)Á.X, Z>+<Av%vY. Z>—

(3.4) <R(X, Y) N,N’>=<It’-(X, Y)N,N’>—<[AUAN.]X. Y>.

where (Vx A)y Y VxA N~~’ Av~~Y~A ~Vx Y. It is seco that V~B= O ~

—

(VXA)N=O.

Now, if the ambicnt Kenmotsu manifold 44 is a Kenmotsu space form

c, then from (t.16)—(I.18) and (3.I)—(3.4) we hax’e
(3.5) <R(X, Y)Z? W>=—(c--3)(< Y,Z>cthXt W>’-

4
—<X.Z><Y.Z><Y, 1V>)
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++(c+I)(<X.4)Z><4)Y. W>—<Y,4)Z><qbX, W>+

+2<At4)Y><4)Z. W>)

+<ANX, W><ANY,7>+<AN.X, W><AN Y, 7’>—
<AN Y, W><ANX. 7>

—<AN Y, W><AN’X, 7>

(3.6) <A~ Y. Z>V-N—<A~X. 7>VtN+<Ax. Y. Z>VjN’—
—<A N’X, Z>VtN’
+(<(VX’/l)NY, Z>—<(VYA)NX, Z>+<Av~~ Y, 7>—

<A7t~X 7>) N

+(<(VYA)N’Y, Z>—<(I
7~A)~~ X. Z>+<Av~v Y. 7>—

<Avtvx, 7>) 1W

I)(<X, 4)7>(4)fl’—< Y, 4)Z>(4)X>’-+2<X. 4)Y>(4)7)t
(3.7) <W-(X, _

4

Hercaftcr wc take ~ ané ~as unit orthonormal normal ‘vector fields Lo 44.
Wc first note that

(3.8) (VxA)t YVxA~ Y—A
7.~~ Y—A~Vv Y=V~ Y+V> Y0

by ‘virtue of Proposition A. Now, éifferentiating <~%l>=0 co’variantíy, we
ha’ve <~, V{C>= O because of Vtt= 0. Sincc WC easily see that <V’¿, ~>=0,
we have

Lemma 3.1. ~is para//el iii (he normal bundie T(44)—.

Hcrcaftcr we assume that 44 is a contact normal submanifold of
coéimension 2 with dim.D’>l in a Kenmotsu manifoid ané put A=A~.
Then the seconé fundamental form fi is exprcssed by

ihen, taking account of V-
t~”’V’C0 ané using (3.9), wc ha’ve

(V
7 fi) (X. Y)=VfJi(X, Y)—fi<V7X, Y)—B(X,WY)
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.—(<91X. Y>+<X«V1Y>)t+(<(V7A)X. Y>+
<AV7AI Y>t+<AX.VzY>V4

—<AX,VyY>4=<(WA)X. Y>4

Therefore. by (3.8) ané the aboye identity, we ha’ve

Lenima 3.2.
V7A =0

Time second fundamental ¡‘orn> fi iv para//el it’ ant? onIí’ It’

Now, the mean cur’vature ‘vector fielé U is gi’ven hy

¡ 1 2ní— ¡(3.10) 11= trace B= ~ —<Q. e~>t+<Ae,e1>~
1 2w— 1

— t-b (trace A)~,

2¡ii—

where frtJ is an orihonormal base of 7’(M). Thcn from (3.10) we ha’ve

(3.11) ¡¡Jf¡¡2 =<H, I-I>= 1 + (trace A)>.

(2m—l)>

Thcrcforc, from (3.10) ané (3.11), Wc ha’vc

Lemnia 3.3. Time fo//owing t’onditions are mutua/tv equiva/ent:

(3.12) (a) trace A=0, (b) /1= —e,

Remark 1. II 44 is totally umbilical thcn wc have (3.12).

Now. differentiating (3.10) cox’ariantly, taking account of V{tV’~=0

ané Proposition A, we have

2w— (trace A) A X, (b) V” U — (traceVA) ~(3.13) (a) A11X=X± x 2m—I

Thereforc, from I..emma 3.2 ané (3.13), we have



Conmacm Noromal Subnwnif6i~1s ant] Con/acm 6~’neric Norn,ul S,¿/,n,ani/’okí.í... 83

Lemnia 3.4. Tlz¿> jolloiting condition» are mutual/y equivalemu:

(3.14) (a) fi is para//el, (b) H is para//el. (e) VSA = O.

Wc are now in a position to prove the non-existence of contact 4)-in-
variant normal submanifolds in Kcnmotsu manifolés. Wc ha’ve

Theorem 3.5. ‘Mere exisí no contact 4)-invarian! normal suhnmanifrIt?»
of cadunuension 2 in a Kenmotsu manifold.

Proof. It is clear that 4)CcT(M) because of <4)4~>=<4)44>=0.
Assume that 44 is a contact 4)-invariant normal submanifold. Thcn, for
XE T(Al), we have <4)C, X>=—<4 4)X>=0, wh¡ch implies 4)C=O. Hcncc
we have ~=0, which is a contradiction.

Hereafter we confine our submanifolé 44 to be a contact normal
submanifolé of codimension 2 jo a Kenmotsu space form 44(c). Then, putting
N=4~ané N’=? jo (3.5)—(3.7), we ha’vc
(3.15) <R<’X. Y)7. W>= (c±I)I<Y, Z>tXÑ W>—<X,Z><Y, W>)

4
+C(4)7»<4)Y, W>—<Y,4)7><4)X. 1V>±
+2<x.4)Y><4)L W>}

±t’IX.W><A Y, Z>—t4 Y. W><AX, 7>,

(3.16) (<(VvA) Y,Z>”<(VyA)X.Z>b

— 1 (c+l)(<X,4)Z>(4)Y)’—< Y. 4)Z>(4)X)’+
4
±2<X,4)Y>(4)7)”,

because of Vt~—Vt~0,A~X~ —X and [AnA¿J=0.

Remark. Wc see from (3.17) that the normal connection o!’ Al Ls fiat.

Also, we have

Theorem 3.6. Let Al be a canmacm normal suhmanabld al codimension 2.
in a Kenmorvu space j’ormii ¡&(c). 1]’ time secand flmndaníeníal tensor 13 1»
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para//el or time mean turvature vector Jicid H is para/leí or Vx A= O. timen
c’=— 1 or Al is an anti-invarianj submanifo/d?

Proof. By assumption and Lemma 3.4, the left hanéside of (3.16)
vaníshes. Since 4)~ is a tangcnt ‘vector fielé to Al, putting Z=4)t in the right
handsiée of (3.16) we ha’vc

4

4
—2<X,4)Y>/fl

I)<X.4)Y>4
from which we see that c=—I or Al is an anti-inx’ariant submanifolé,
completing the proof.

Theorem 3.7. La 44 be a conmat’m normal subman<fo/d oj’codimension 2
iii a Kenmotsu space Jbrm Al(c). If time second fundamenta/ tensor 13 1»
para//el or time mean curvature vector ficid 11 is para//el or 9.v A = O. then 44
is loca/Ii symmejr¡c.

Proof. Hy assumption ané Theorem 3.7, from (3.15) if c = —1, wc have

R(X. Y)Z=<AY,Z>AX~e(AX,7>AY.

Thus, taking account of V-~-~=0, we ha’ve

(VuR)(X, Y)ZVuR(X, Y)7 R(V
0 X. flZ R(X.V0 fiZ—

—R(X, fl~Zu
7

—¶7u(<A Y, Z>AX—<AX, Z>A fi—KA Y. Z>AVuX+
±<AVuX, Z>A Y

—<AVe Y, 7>AX+<AX, 7>AVu Y=A Y,¶.7~Z>AX+
+<AX,VuZ>A Y

—<(VyA) Y, Z>AX+<AVu Y, Z>AX+t4 Y,S7,iZ>AX+
+<A Y, Z>AV~X
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-K(VuA)X, Z>A Y—KA VuX, 7>A Y—<AX,967>A Y
<AX, Z>(VuA) Y

—<AX,Z>A¶.7~ Y—KA Y,Z>AVuX+<AV6X,7>AY

—<AVe Y. Z>AX+<A.’XÑ Z>AV~ Y—KA Y,V07>AX
—<AX,VuZ>A Y0,

which shows that Al Ls locally symmetric. In case when Al is an anti-in’variant
submanifold, then (3.15) becomes to

R(X, Y)7=-
3~(c+ I)R’(X, Y)Z+KA Y, Z>AX—<AX, 7>A Y,

wherc we put R’(X. Y)Z=(XAY)7=KY,7>X—KX,Z>Y. It is easily
seen that V

0R’=0. Therefore, wc see that in this case we have V0R=0,
completing the proof.

As a corollary o!’ Theorem 3.6, we hax’e

Theorem 3.8. Let M be a contact normal submanq¿ld of ‘od¡mens¡on 2
in a Kenmotsu space form M(c) wiíh c#—/. If ihe second fundamental
tensar fi is para/leí or time mean curvature vector fleld 11 is parallel or
W A = O, timen Al 1» an anti-in varian! subman¿fb?d and time Rial tensar Sund
time &‘a/ar curva/ure s are given respective/y hy

(3.18) S(X, Y)— (m—l)(c+ l)<X, Y>+(trace A)KAX, Y>—
2

KAX, A Y>,

(3.19) s=— (ni— I)(2m— I)<c+ I)+(tracc A)
2-’--trace A2.2

Finally, for totally umbilical submanifolés of coéimension 2 in M(c), wc
ha’ve

Tbeorem 3.9. Let Al be a proper total/y umbi/ica/ contact normal
submanq’o/d of codimension 2 in a Kenmotsu space/brm M(c). Timen Misa
space of consant curvature — (e ±1) It’ din>. D’>l ant! a space of constant
curvature—I fdim.D’1. ~

Proof. Wc first assume that dim. D-~->l. Then we have A =0 and hence
V~A =0. ihus we see that Mis anti-invariant by virtue of Theorem 3.6. Thus
from (3.15) wc see that Mis a space of constant cur’vature 4-(c+ 1). Next we
assume that dim. £3L= ~ Thcn we see that D’-={4)~}. Calculating Vv4)~ in
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two ways by using (1.5), (1.6) and (1.7) we ha’ve Vx4)4+ I5(X, 4)4)~ —4)AX.
whcre XcD. Since Mis totally umbilical. B(X. Y,)=KX. Y>f/KX. Y>

¡ (trace 4)4>. Putting Y=4)4 in thc aboye equation. wc have
2mn—I

fi(X,4)4)=O ané Whencc we haye 9~¶4)4= —4)AX. Then we ha’ve

(9? 8>9<, 4)4)=(V+B) LV? 4)4)>- fi(WX, 4)4)— B(K V-4)’9

=—KV-X, 4)4>—KXSL4)4>t+ KV? X, 4)4>(tracc 4)4
2w—’!

(trace A)4+ ¡ KX,4)4>(Ztrace A)4

2m—l 2n>—l

=0.

Thus. from (3.3), (3.6) with 7=4)4 and taking account of dic aboye
iéentity, we have —(c+ l)KX, 4) Y>=0, from which, since Mis proper, we

2
see that 44 is a spacc of constant cur’vature — 1, complcting the proof.

Remark. lf 44 with dim. D’> ¡ is in 44(—I), then Wc see from (3.15)
rectl~ that Al. is fIat. Also, Wc see that there exist no totally umbilical

contact normal súbmanifolés with dim. D’= 1 in M(c) with c#—l.

• 4. CONTACT GENERIC NORMAL SUBMANIFOLDS IN
KENMOTSU MANIFOLDS

Let Al be a contact generie normal submanifolé (not a hypersurface so
that dim. 0’> 1, where DI=4)T(44).L) in a Kenmotsu manifoid. Wc denote
by D the orthogonal complemcntary distribution of D’ in T(Al) so that wc
may put

(4. 1) T(M) = D® £3-’ (éirect surn).

For a ‘vector fielé Y tangent to 44, we put

(4.2) 4)Y=PY+FY,

where PY(resp. Ffl is the tangent (resp. normal) part of 4) Y. Then we ha’ve

(a) <PY,X> —<PX. Y>. (b) P2Y= — Y±45FY, (c) FPY=0,
(4.3)

(b) P4)T(M)’={O>, (e) P> Y+PY=0.
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(e) is obtaineé by applying Pto botli hanésides o!’ (b) and taking account of
(é). Conéition (e) shows that the 1> is anjtstructure oit Al (see, E!] or [lO]).

The following lemma is vahé (see [8]):

Lemnia 4.1. Lct 44 be a cotí/att gencric normal submanqóld oJ’ a
Kenmoísu ¡iianiJbfd M. Timen ¡ve ¡maye

(a) Ad,x Y 4~b ~X jor X, Y eD’, (b) O’ is aiways integrable,

(4.4) (e) D is integrable ‘Ja/Id unIr ~fB(X. 4)fl — fi (4)X. Y) = 2< 4)X, Y> t~

(é) 44 ix tota/Ir umbilical ‘J’and onli’ it’ fi (X, Y) = — <X, Y> ~ far

vec/arf¡e/ds X, Y tangent tu Al provided thai dinm. 1.>>?.
Non’ WC have

Theorem 4.2. 1/time distributiun D ix intt’g>’able. ilíen time lea ves of D are
tota/li’ geoc/esic iii 44 it’ ant! un/y 1/’

(4.5) B<X4)Y)=K/-tXt 1’>t forú22 YCD.

Proof). For 7=4)N(NC T(Al»’), we have

KV~Y, Z>tzCvY, 4)N=’ —<Y, V<y4)N>rzz —<Y. (V~4)) N+4)VA’N>

c—<Y.K4)X, N>t—n(N)4)X—4)ANX±4)Vt.N>

=KY,4)X>
17(N)+KY.PA~X>—KY.4)VtN>

=<Y, PX> 17(A9—<B(PY, XgN>

=K<Y. PX4N>—<fi(PY,A}N>

=K< Y, PX>t— fl(PY, X), N>.

from which we see that the [cavesof O are totally gcoéesic in Al if and only

íf (4.5) holés.

Theorem 4.3. Time /eaves of time distribut ion 1)’ are tota/Ii geodesie iii M
‘J and onlv mj

(4.6) K/3(D, O’), 4)D’>={O}.
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Proof. Let 7=4)N, W=4)N’ (N, N’c T(44J’-) ané XeD. Denote by fi’
the second funéamental form of a maximal integral submanifolé 44-’- of £31

in Al. Thcn we ha’vc

<13(7, Xy4) W>=<V,X, 4)W>= —<X,W4)W>=

—<X,(W4)) W±4)V,W>

—--<X. <4)L W>t—17(W)4)Z+4)V1W+4)fi(7. W)>

— <X,4)VyW>=<4)X.VzW>=<4)X.fi’(Z. 1V)>,

from which we see that the leax’es of £3’ are totally geodesic in 44 if and only
if (4.6) holds.

Wc now put (W 1’) Y=Vx PY— pV~ Y ané (Vx E) Y=Vt FY— 12W Y. Wc
calI P (resp. 12) isparal/e/, if (V,~P) Y0 (resp. (VxJ9 Y=0). Wc ha’ve

Lemnia 4.4. ‘Me fallowung re/ations imoid:

(4.7) (V~~) YA~~X+4)fi(X, Y),

Proof. Wc ha’ve

V»4)Y=V~ PY+ V~ FY=Vx PY+ 3(22 PY+Ap}X+VtFY

zz(V~.P) Y+ PV~Y+B(X, P>%A~~X±(V~fl Y+ FV~ Y.

On the other hané, using (1.5), we ha’vc

V~4)Y=(V.~4)) Y+4)V~ Y<4)X, Y>t—17(fl4)X+4)VxY+4)B(X, >9
= <EX, Y>t± PVv Y±FV,~ Y+ 4)B(X, Y).

Therefore, comparing the abo’ve two equations ané taking the tangcnt and

normal parts, we have (4.7) and (4.8) respecti’vely.

Propos¡tion 4.5. it’ Fis parallet timen time distributiun D ix integrable and
fis lea ves are toral/y geodesic in M.

Proof. Since Fis parallel, from (4.8), Wc have B(X, PY)=<EX, Y>t
forVX, YED and hence we ha’ve B(X, PY)—B(Y, PX)=<PX, Y>¿—
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<PY, X>(=2<PX, Y>t, which shows that D is integrable ané its leaves
are totally geodesic in Al by virtue o!’ (c) of (4.4) ané Theorem 4.2, which
completes the proof.

Lenima 4.6. Time f-structure 1’ ix para//e/~ and o¡¡/i’ ¿1’

(4.9) <fi(D. £3). 4)D”>={0} ané <B(£3. £34 4)D-’->={O}.

Proof. For a tangent vector ficid Uto Al, making an inner proéuct from
this with (4.7), we ha’vc

Thus, il we put U= WE £3’, then Wc haye

<(VvP) Y, W><Ar}’X, W><fi(X, >9,4)W>.

=<Ary W X>—<A~~’ Y. X>~r<ApyW—Ap~Y, X>tz0

by virtue of(a) of (4.4). Ané. i!’ we put U= VeD, then wc have

<(VvP) Y. V>=<AjyX, V><fi(X, Y),4)V>.

=<AryX. V><B(X. y), FY><B(X, V),4) Y>.

Since X is a tangcnt vector ficid to 44, wc see that 1’ is parallel if ané only if
(4.9) holés, which completes the proofk

Corollary 4.7. It’ time f.structure 1’ is para//el, timen time leaves qt’~’ are
totallv geodesic iii Al.

Corollary 4,8. /t’botim 1’ auíd Pare para//el, timen 2 is integrable a/id time
leaves of’ butim D and D’ are tota/Ii’ geudesic iii Al.

Definition. Al ix ca/lcd tu he a cun¡act generic normal product ¡f D ix
integrable and Al ix /ocalIy a Riemannian product uf an invarian! sub-
manifoid 44T andan anti-un varia,>! subman¿fu/d Alt ¡vimere MT aesp. Al’) ix
a leafofD(resp. D-).
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Theorem 4.9. Time 16//owing stajements are mutua/Iv equivalents.

(a) M Ls a contact generic normal proéuct.

(4.10) (b) fi(X. 4) Y)=<4)X, Y>~andA~1Y=0 jórVX. YEI)and7E£3’,

(c) fi(X. 4) >9 =<4,X, Y>~ and B(X, Z)= O jbrV X. Ye £3 ant? ZE 1)’

Proof. Assume that (a) holds. Then we have

from which we see that 1) is integrable ané its lea’vcs are totally geodesic in Al
by virtue of(c) of(4.4) ané Thcorem 4.2. Morcoyer, making an inner product
with WED— in ~ Y=0. we ha’ve

that is, < B(D,D’), 4)D’>= {O}, which shows that the leaves of 1)’ are
tota¡Iy geoéesic in 44 by virtue of Theorem 4.3. Thus 44 is a contact generic
normal product. Conversely, assumc that Al is a contact gcncric normal
product. Then we ha’ve V~XeD ané V~ZeD’ for X.eD, 7EIIV- and
Ue T<’M). Putting Y= Zc £3’ and X= U in (4.7), we have

<V~P) 7W1’7— P V~7A~1U±4)B(U, 7),

from which we ha’vc

(*) A~2U= —4) flUí 7).

because o!’ PZ=0 ané V,7E £3’ Thcn. making an inner proéuct from this
with 4) Y (YE £3), we have

—0.

Putting 7=4)N(NE T(44)’) in the aboye equation, wc have
0<ArxU, 4) Y><B(U, 4) Y), FZ>< B(U, 4)Y), 4)2 N>

<fi (U 4) Y). — N +
17(N) t>

=—<B(U.4) Y), N>+17(N)<fi(U, 4)Y),t>

=—<B(U,4) Y). N>—17QV)< U, 4)Y>
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— <B(U.4)Y).N>—<t,N><U4)Y>

— <l3(U.4)Y)+<U,4)Y>~ÑN>.

from which Wc liaye

(**) fi(Lt4)Y)= —<U, 4)Y>t=<4)U, Y>t.

Setting U=XE£3 in the abo’ve equation. we ha’ve fiQ4)Y,)=<4)X, Y>~.
Replacing Y by 4) Y in this equation, wc haye 3(5V, Y)=< X. Y>~,’. Thus wc
ha’ve.

(***) <A,.7X, Y>=<B91t Y). FZ>=<B¿<22 >‘J 4)7>=

Also, setting U= Ze £3 in (*9, we ha’ve 13(7.4) Y) = O. Then, replacing Y
by 4) Y in this equation. we have 3(7, Y)=0. Therefore, for WC £35, we ha’vc

together with (***), implies A~1Y=O. Finall’v, to show A,7X=0
~B(X. Z)=0. we look back at (‘9 and put U= XE £3. Then wc have
0=A~1X=---4)B(X, Z). Applying 4) to O=4)11(X, 7), Wc hax’e

Thus, (a) - (b) is establisheé. which completes thc proof.

Remark. A contact generic normal submanifolé with parallel P and E is
a contaet generíc normal product (Cor. 4.8).

Proposition 4.10. A tota//j’ unzbi/ic’a/ íroper contact genúrir’ nor/iia/
submanij’u/d iii a Kenn>ajxu manijóltí ix a conta’t gene¡lú nornia/ prot/uct ¿/.

Proof. Since Al is totally umbilical, we have fi(X. Y)=—<X, Y>~.
Then we hax’e B(X.4)Y)=—<X.4)Y>~=<4)X. Y>t. Moreover, for a
tangcnt ‘vector ¡‘icíd U to Al we have

—<X. V><ti4)Z>O.

Whencc, by Theorcm 4.9, w& see that Al is a contact generic normal proéuct.
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Theorem 4.1!. Le! 44 be a proper contad generic normal product iii a
Kenmotsu space form Al&’). Timen c = —1. and

(4.11) <R(X, Y)L W>=—(<Y,7><X, W>—<X.Z><Y, W>)+
+<R(X,W), R(Y,Z)>

—<fi(Y, W).fi(X,Z)>,

(4.12) S(X, Y)=—(n—l)<X, Y>+n<fi<’X, Y).H>—
II

1=

(4.13) s=—(n—l)n+n2KH, H>—> [1B(e;,e,) [¡2,
¡ ¡

¡vimere te,1 ix an ortimonormal tasis rif 7744).

Proof. Since Al is a contact generic normal proéuct wc ha’ve (9x3)
(Y, 7)=0 for X. Ye D ancA Ze D” by virtue of Theorem 4.9. Therefore, (2.21)
reéuces to —(c+ I)<X, PY>F7=0. Replacing Y by PX in the aboye

2
equation, we ha’ve (c+ 1) ¡¡X¡¡>F7=0, from which, since 44 is proper. Wc
have c= —1. Then (4.1 l)—(4.13) follow from (¡.16) with c=—l, completing
the proolk

As for the normal connection of 44. wc have

Proposition 4.12. Let Al be a con/art generic normal pruduct in a
Kenmo/su xpacefurm 44(c). Timen c = —I and time normal connect ion of Al ix
fíat it’ and uní>’ it’ Weingarten maps are cummuta¡ive, i.e., [A». A»] = O.

Proof. This follows from Theorem 4.9 and (1.18).

Theorem 4.13. Let Al be a tota/li’ umbilical proper contact generic’
normal produt’t u’itim din>. 1)’>? in a Kenmotsu sparc fbrm 44(c). Timen 44
ix fiat.

Proof. By assumption, we have 13(22 Y)=—<X, Y>t, so that substi-
tuting this into (4. II) of Theorem 4. II, we have 1? = 0, which means that 44
is fiat.
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Hereaftcr lct 44 be an orientable hypersurface in a Kenmotsu manifold 44
whose structure vector fielé ~Pis normal to Al. It is easily see that H=—t,
because 44 is a hypcrsurfacc. Eirst, we ha’ve

Theorem 4.14. Let Al be a imypersurfáce iii a Kenmotsu manijáld Al
whose structure vector ficíd ~es normal tu Al. Timen Al ix an extrunsic spimere,
that ix. 44 ix total/y umbilical and time nican curvature vector fielt/ H ix
paral/el.

Proof. £3ifferentiating H=—~cox’ariantIy with respect to a tangent
‘vector fielé X, we have

from which, comparing the tangent ancA normal parts ané taking account of
A~X=—X ané V~~’=0, we have A11X=X ami VtH=0. Thus, Al is an
extrínsie sphcre, completing thc proof.

Theorem 4.15. Let Al be a imi’persurjáce iii a Kenmotsu xpacefónnu 44(c)
whose s/ructure vector fleld ~ ix normal to 44, Timen ¡ve imave

(4.14) R<’X, Y)7=— (c+ l){< Y, Z>X—<X, 7>Y+<.Y, 4)Z>4)Y—4
—< Y. 4)Z>4)X+2<X.4)Y>4)Z~,

(4.15) S(X, Y) (c+ l)(m± l)<X. Y>,
2

(4.16) ss=(c+I)m(m+l).

Proof. Since Al is totally umbilical by Theorem 4.14, substituting
fi(X. Y)=<X. Y>H into (1.16) ané taking account of KH, I-I>= 1, wc
obtain (4.14) éirectly.

Theoreni 4.16. Let Albea imvpersur/áce iii a Kenn¡utxu spacefrrm M4’)
¡vimose xtructure vector ¡¡cid ~ ix norma/ jo Al. Timen Al ix locally symc¡ric.

Proof. Since (V~~R)(X, >9 Z=V~R(X. Y)7— R(911.X, Y)Z—
R(XN1~Y)Z— R(X, Y)V11~Z, by dircct calcu!ations, wc ha’ve
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4
+<X. PZ>(V~P) Y

<Y, P7>(V11~P) X+2< X, (V,~~P) Y> P7+2<X, PY>(Ú,1’P) Z 1

l){<X, 4)fi(W. Z)>PY—K Y, 4)fi(W, Z)>PX

d-<X, P7>4)3<’W. Y)—< Y; P7>4)3(w,X)

+2<X. 4)3(1V, Y)>PZ+2<K PY>4)l3(W. z)1

0 (since 4)fi(X, Y)=0. etc.),

which shows that 44 Ls locally symmetric, completing the prool’.

Theorem 4.17. Lot Al be a hvpersurjáce iii a Kenmotsu spaceforn¡ Mfr)
whose.s’trucm’ure vector ficid ~ ix normal tu Al. Flíen A’! isf/ót ¡fund un/y 1/’
c= —1 or, equiva/ent/i’, time sea/ar s of 44 ix O.

Proof. lf c=— 1, then we ha’ve R=O by (4.15). Converscly, weassume
that Al is fiat, R=O. ‘¡‘hen. putting 7=X ané Y=4)X in (4.15), we ha’ve

__ (c+1){<4)X,X>X—<X.X>4)X+tV?4)X>&X—
4
—<4)X.4)X>4)X+2<X,4)

2X>~X}

=—(c+ 1) ¡¡X¡j2 4)X,

!‘rom which WC ha’ve c= —1. AncA, =—I..~ s=O is trivial by (4.16),

completing thc proof’.

Corollary 4.18. .4 imvpersurface 44 iii a Kenn,ujsu spacefórm 44(c) with
— ¡ ivimoxe structure vector fleid ~ ix normal tu Al ix Pmnstemnian.

Proof. This folloxvs from (4.15).
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