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Projective Limits of Vector Measures

FIDEL J. FERNÁNDEZ and P. JIMÉNEZ GUERRA

ABSTRACT. A necessary aud sufficient condition for the existence of tite projective
limit of measures with values in a locally convex space is given. A similar theorem for
measures with values in different locally convex spaces (under certain conditions) is
given tao (in this case, the projective limit is valued in the projective limit of titese
spaces). Finally, a result about the projective limit of vector measures is stated.

1. INTRODUCTION AND NOTATION

In [26] L. Schwartz has proved the Prokitorov’s theorem about the
existence of the projective limit of a projective system of ftnite (sealar) Radon
measures (of type (Áfl) on Hausdorff topological spaces. Tbk result itas been
extended in [16] for arbitrary (scalar) Radon measures of type C~<) on
topological spaces.

As it is well known tite Prokhorov’s theorem has a very important role in
the study of cylindrical measures and in general in probability titeory.

The main object of titis paper is to prove a Prokhorov’s type theorem for
vector Radon measures. Ibis has been made itere for Radon measures of type
(W) on an arbitrary topological space E witit values in a complete locally
convex Hausdorff space X. Of special interest are tite following particular
cases: (1) Fis a Hausdorff topological space and ~Vis tbe class of alí compact
subsets of E, and (2) Xis a Banacit space.

In tite last section we give the relation between the projective limit of a
system of product measures (ji, ®v,),<~ and tite tensor product of the limits of
tite systems (~~)j

5¡ and ~ This result remains valid in general without any
assumption about the regularity of tite measures. A theorem of titis type for
scalar Radon measures has been proved in [12].
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Let X be a complete Iocally convex Hausdorff space witose topology is
defined by a saturated family 9 of seminorms, and denote by E, S~, Y aud
.9 a topological space and the classes of its open, closed and Borel subsets
respectively.

íf j.z:26 —-X is a (a-additive) vector measure, and pE9, tite p-
semívariation of ji will be as usual the mapping ¡¡guja: 9~~U[+oo}
defined by

vi

¡Igl j~(B)=supp(Z {g(A)) (Be 26)

witere tite supremum is taken over alí partitions of fi into a finite number of
disjoint sets [AJI .~ 1 G .9 and aH ftnite collections of etements G 1< witit
ii <1 for every j=I n. It is easily proved that

vi

where tite supremum is taken over alí finite partitions [-4~1I~4 C 26 of fi and
aH x’ EX’ such titat x’ <y) ¡ =p(y) for every ye X, where X’ denotes the dual
space of X; and

J¡p¡¡~(fi)=2sup [p(g(A)):Aeá6,ACB}

for every borel subset Be 26.

2. EXISTENCE THEOREMS FOR PROJECTIVE
LIMITS OF VECTOR MEASURES

Definition 1. A horel subseí Be 26 Iv said ¡o be g-compact ffor every
open cover jG1)1~1 of B, every seminorrnpc9 and e>O, ihere exisís afinile
subsez JG ¡ such thai

1 Iwy(B—y~ G)<e [1.1]

Definition 2. Leí 5’Zbe afamily of closedsubseís of E. We say thai ji is

a Radon measure of íype (=~) f ¡he follow¡ng siatemenís hoid:
2.1. Every HeYf Iv g-compací.

2.2. For every Bc26, pe9 and e>O. ihere exIvis HE~’such thai
HCBand ¡¡ji j¡~¿’B—H)=e.

If ji is a Radon measure of type (u’) titen it is easily proved titat every
Borel subset of E is g-compact.
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Definition 3. Leí E be a projective ¡¡mii of ¡he projective sysíem
(Es, 11q)i,je¡ of topological spaces and denote by fl~ the corresponding
projecí ion frotn E ¿tito E, (iEj). Iffor every 16 L g~ :26k — X is a Radon
measure of iype (s’Y4) (26k denotes tite flore!fam ¡¡y of E

1; and ¿4< afamily of
closedsubsets of E1, which Iv dosed underfinize unions2 we say thai (gJ1~¡ is
a projective sysiem of Radon measures of type <i¿4’), ¿1 [J~~%)= ji1 (¡e.
p,(B,)= ji1 (fiy] (BJ)for al! B,e=-*B~)forevery i,jc 1 with 1=];anda Radon
measure of type (¿0) ji :26— X Iv said to be tite projective ¡¡mU of ¡he
measures (gJ~1 (U Iv immediaíelyproved thai if ¡heprojecúve ¡¡mii measure
exisis titen it Iv unique) witen H~4Q= ji, holds for every ¡6! (¿e. gJBj=
=g(flJ(BJ)for every B1C26~ atid ¡el).

Let us introduce the following conditions:

3.1. ~‘is closed under imite unions, HÑF ¿0 for every He &‘and
Fe~ IIJH)e ¿4’; for every Hett/ and ¡el, and for every He st’> there
exists ¡11clsucit titat fl,(1fle26~ for every ¡=¡~.

3.2. For every ¡el and pe 9, titere exists a non negative and imite
measure vt’: (j ~ such that

3.2.1. Hq(v~’9vf for everype <Y’ and i,jclwitit ¡=j

3.2.2. z<(B1)=inf{v~?(Gj:B~GG1 94, for every ¡eL pe
9 and

fi, e fi
1.

3.2.3. For every e>0 and pe (~» titere exists ¡~eI and 11>0 such titat
¡ji.¡¡_ {‘B)<e for alt ¡=i~and B1e 26~ with ~W~)<n

Lemma 4. lfthe Radon measure oftype (tV) ji :26—x Iv ¡he projective
¡¡mii of a projecílve system (jij,5¡ of Radon measures of type ~~t4) and
condiiions 3.1 and 3.2 are ver~fled, titen

g(H)=¡im p><T11(H)) [4.1]
1=‘it

for every He ¿4< Moreo ver, ji is of bounded semivariation ~fand only f ¡he
semivariaíions of (he measures ji, (¡e 1) are unfformly bounded.

Proaf. It iollows from conditions 3.1 and 3.2 that for every He ¿4’;

Let us set
X(H)= hm ji,(HJH)). [4.2]
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(Ii tite semivariations (¡ ¡~¡¡ ¡4~¡ are uniformly bounded (for every pe 9),
then (w(~(h)),>,11 is a bounded Cauchy net in X and so tite limit [4.2]
exists also assurning only that tite space X is quasi-complete.)

Let He=tpe9and e>O. Titen

H=fl flTH,(H)=fl flt (fi (fi))
lvi leí
i=iH i=iIi

and titere exists Ij ,..., 4 e 1 sucit that

h—i

Titereiore, if i0 e 1 is sucit that ¡~=i0 and ih < _ br it= 1 r, titen

ior every it ¡ witit i>i_ and

=p(ji(H7
1 H.(H)— H))= ¡~¡ ¡(flM 11(H)— Hj)=e

foreveryielwithi
0=i. So,p(X(H)—p(1~)=e;

irorn witere it follows imrnediately that ji(H)=X(H).

Moreover, if ji is oibounded semivariarion titen tite measures p~(ie 1) are
oi uniformly bounded sernivariation since

¡¡ji4¡ _ (B)< ¡¡g¡ (fl
1 (fi))

ior alí p e 9 and R~e =6~.Conversely, if for every p E 9 titere exists K> O sucit
titat ¡ ¡g.¡ _ (E.)< Kfor every it 1, then ior every e>O and Be26, titere exists
Hest’such titat HG Band ¡¡g¡I~(B—H)=t;therefore

p(g(B))=p(p(B— H))+p(ji(1~)= ¡ ¡ji¡ ¡»~—j~)~

+p(X(H))=e±sup¡¡ji
1¡¡~(EJ=e±K

lvi
i=l~

aud ¡¡ji¡¡~(E)=2•sup{p(ji(B)):Be26 }=2K<±co

Theorem 5. Leí (gj,~ ¡ be a projecílve system of Radon measures of íype
(t2j), and assume thai condiíions3.1 and3.2 are saíIvfied. Titen tite projecílve
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¡¿mii ji of tite sysieni (gj~ ¡ exisís and ji :26—-- X Iva Radon measure of íype
(¿0), ¿1’ and on¡y ~f tite following síatemenis ho¡d:

5.1. For every pe ~ <>0, Ht.ét( atid open cover 10j1p1 of H, itere
exisis afinhte subset J’CJand i

0elsucit thai i~=¿~,wiih 111=H—U G~,
and

for every i>i_

Foreverype 9’~ <>0, it latid H1est, ihereexisis Het/Isuch thai5.2.
HG H?’ (14) atid

U. (f-f))’Ce,

for every ¡‘el witit i’=¿ atid i’=¿¡y.

Proof. Tite condition is necessary. Considerpe9, <>0 and Hest? Ii

GuiE3 is an open cover oi H, titere exists a imite subset J’CJ such titat
pi

Ge.¿4’; titen as we itave seen in tite proof of Lemma 4,Set l11=H—U
1’J>

there exists ~0el such titat ¿ > and

1 ¡g¡ IÁHT~ fl1(H1)— H1)=e/2

for alí ¿e 1 with 1> ¿ Thereiore, we get

¡I~1¡I~(H1(H—~y3. G~))=¡¡ ¡4¡~(fl7
1fl~(H,))=

for alí i=i
0(¿el), and S.l itolds.

Moreover, for ¡eL H1e.&’;,pe~and e>0,titereexists He=Sísuchthat
HCII»(H1) and

¡ ¡g¡ ¡,,(fI7~ (H1) —11) =e.

Titereiore we get, iij=¡ and ~= i~ (leí),
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Tite condition is sufiicient. Let X be deiined as in [4.2]; titen we nave:

i) Ji H1,H2té’satisfy H~ flH2=0, titen

X (H1 U 112) A (H1) + A (HO.

titat j=i0,

In iact, H1 GE— ~ =Y (E— fly’ (fl1(H2)) ), and it iollows frorn 5.1 titat
u ¡

for every seminorm p e 26 and e >0 there exists 4, e 1 sucit titat
¡¡g1¡¡ (fl.(B))<e ior every ficÉ? and jel sucit

5CM1 flHJ
1 (11

1(H2)) and H1(B~ e 26v. Titerefore,

p(X (H1) + A (~~2) — A (H~ UN2)) =

(g¡(fl1(Hí)) + ji1(fl,(H2) ) — ji1~ifl,(H u 112)))=

p (ji, (fl}H1) flfl1(HJ) )=sup
Í=io,ln.l~

= sup
1=1o,i~i .iu2

and tite equality [5.1] holds.

ji) Forevery He=t’pe9and e>O, titereexists Cc Sisuchthat MCC
and

p (A (H’) — A (11”)— A (11)) =e

iiH’,H”et4HCH’andll’—GCH”CH’—ll.

To prove titis, let us remark first titat br every He s±6,pe 26 and e>O,

there exists ¡ >‘H (i0el) sucit titat ib k=j=i,,,(k,je 1), titen
¡jik¡ ¡P(flA(HJ(H))—flk(1J))=c/2.

Moreover, diere exists 17>0 and ~t el sucit titat g1¡ ¡,, (5.) <</2 for every
i=i1(iel) and BeÉ?¡ witit vf(’BJ=i7.

Let us considerj=4,,i1 Since >i~,, ft(H)e.
9¡ and titen

<(Hu(1l))=ini{ m’fc’G):fl
1(FÚCGe$<51,

So we itave

[5.1]

=p(Iim
‘El
i=1/li .

=lim
‘El 1H

2’
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and

=t/2+e/2=e

ifi=j (it)).

Set G=fl71(G
1); titen MCC and

fl~(H»—H(H’DGI1Z
1(G

1) if 11’, H”t& HG 11’,

H’—GCH”CH’—Hand ¡=1.Titerefore,

p(X(H’)—X(H”)--X(H))=p(X(H»—X(H”UIJ))=

=p(lim (gJTIJH’))—g,(U1(H”UH)) ) )=

=tim p(g1(H1(H»—fl,(H”UH)))=
i=j,ln’,HU,¡.

i=j,i¡~

as stated.

iii) If (It)u~jC .&‘ is a decreasing filtering net titen

X(flH)=lirnX(H1)
pi j

Let us suppose first titat fl H~=0. In titis case ¡ErG U (E—II1) for every
pi

reJ; and it follows irom S.l titat for everype 26 and ¿‘O titere exists k< J
and ~0<’ sucit that

for every r=k(rei) and ¿=4,,¡~ (i<í). Titerefore,
p(X(Hr»=lim p(g,(fl1(H,j))=sup ¡~¡ ~(fl.(H))<e

i=i~.iu

for every r=k (ni); hence

hm
j
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Let us consider tite general case. Let pe 26 and e >0. As we have proved
beiore, since fl H.e./< titere exists Gel? such that fl H~GG and, ji 11’,

jii ~ jti
H”et/verify fl 11CM’ and 11’— GGH”CH’—2 II then we get

pi ~ pi ~

p(X (U’) — A (11”)— A (11)) =e/2.

ior everyjeJwe introduce H>~Hj G ,titenweget

p(X(H)—X(H»—X(fl Hfl)=e/2.
reí

Moreover, since fl H.=0, titere exists j0<Jsucit titatp(X (HU)<e12 for
pi

every j=j0(jef); and titerefore,
p(X(H9—X(fl Hr))=PQ4Hj)~X(fl Mr)~X (U») +p(X~~)<e

rEí ni

for everyj=j,;and

¡EJ j

iv) For every ficÉ?, tite net (X(H))HEP(B)n~« Is convergent.

In iact, ior every pt 26 and e>O, titere exists ,j>O and i0e1 sucit titat
¡¡ji¡I¡_ (BJ<e/2 for every ¿=4,(¡el) and B,e9, witit vf(fij=tj.

Set

ior every He±t~titen

rn=sup[Xp(H):BDHektiI)<+oc

for everv Be .9, and titere exists 11,, e ~ (with &‘4= P(B)fl ff7) such that
ra—~I2=Xp(IIj=rp; and so,

0=kJH)—k~aíjs17¡2

itolds ior every HasVwitit I¡0C HG fi.

Moreover, titere exists TE! sucit titat r> ¿ ~H, ~ and

for allj=r (jei). Titerefore,
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=k~av+~/2— X~(Hj=n

for allj=r. Titen,

pfr<’H)—X(MJ)=lim

=sup ¡¡g~I¡~(H~(H)—fl~(HJ)=e/2,
j=r,lH.EH

and

p (A (H) — A (H’) )=e

u H, II’ e ¿4’~, H
0 C HG fi and k C II’ G fi. Tite result now iollows immediately

since tite space X is complete.

y) Tite mapping

ji: =s9— X
fi—.---p(B)=lim >‘JH)

He~

is well deftned, and clearly g(H)=X(H) ior every Mt ¿4’?

9i) For every Bt .2, tite equality

g(fi)=g(BflF)+ g(fi—F) [5.2]

itolds for every closed subset FC E.

In iact, let ficÉ?, Fbe a closed subset oi E, pc ~ and e>O; titen titere
exist U, ~ H2eé’sucit titat HG ¡3,

M1G RI2F, H2GB—F. p(A(K)—g(fi))<e/4,

p(X(K’)—g(fiflF))=e/4andpfr(K”)—g(B—F))=e¡4ior every K, K’,

sucit titat HG KG fi, U1 C K’G fiflF and H2G ¡CG fi—E.

Moreover, as we itave proved in u), titere exists an open subset CG E sucit
that H1U(HflF)GG and

p(X(M’)—X(H’U—A(MíU(HflF)) )=e/4

ib U’, M”e¿4’ are sucit titat M1U(HflF)CH’ and
H’—GGH”GM’— (H1U(HÑ E)).
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Let be H’=HUH1UM2 and fI”=H2U (11—O). Titen U’, H”et0,
HIU(HflF)CW U’— GCH”CM’—(M1U(MflE)), HCM’C ¡3,
H1GH1U (HflF)CBflEand H2GH”Cfi~-E; and titerefore,

p(ji(B,)—g(RÑF)—g (fi—E))=

=p(g(B)—X(If9)+p(X(H’)--X(H”)—X(H1U(Hfl E)) )+

+p(X(H”)—g(B—E))+pqt(H1U(HflE))—g(BflF))=e, and[5.2]itolds

trivially.

vii) Ii (A4nENCÉ? is a decreasing sequence titen

ncN li-.+oc

Letpe26 and <>0; titen diere exists H1esSísucit that H1CA1 and

u Hestand HIGHCAI. Titus, if H<s&0veriiies HCA1—H1. we get

p(X (H))=p (A (HUM1)— A (Hí))=e/8;

and titerefore,p(g(B))=e/8 for every ficÉ? with .BGA1—H1

Moreover, titere exists H2est’such titat H2GA2flH1 and
pQ’4H)— X(MJ)=e/16 if HeX’ and H2GMCA2flH1. Consequently, ji
Mest’>and H2GHCA2 we itave

p(Á(M)—X(MO)=p(X(M)—X(HÑHí))+pQ«HÑHí)—X(HU)=

=pfr(H)— A (Mfl Hí))±e/ l6p (ji (M— H1))+e/ 16=

=t/S(l+ ¡/2).

So, u He=VandHGA2—H2 titen

pQ~(U))=p(X(11UH2)—A(H))=e/8 (1 + 1/2);

andp(g(B))=e/8 (1+ 1/2) forevery ¡3<26 witit BCA,—M2. In particular,

p(g(A~—A(H~)=p(g(A2— H01<Ze/4.

I’roceeding in this way, we construct a sequence (H,,J0~~G st’ sucit that
H~GA~ÑHOI for n=2and
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n—l
p<’g<iBfl=t/8(~ 1/21) (<e/4)

j~O

for every fieL? such titat BGA,,~IIn (and in particular,

p(g(A,.J—X(HJ)=p4¿(A0—H,J)<e/4) (neN*).

Since (H,.J,,,N is a decreasing sequence, we get

X(ÑMJ=lim X(N,.),
vuN fl+EO

and titere exists ti0 e N such that
p(X(H~3—X(fl HJ)=e/6

ior every m>n_

Moreover, titere exists Hestsucit titat fl II,,G HGfl A,, and
yEN vaN

p(X(H)—g«fl A,.3)=e/6;
yEN

(HÑ
11,.JnaN G .&‘is decreasing, and titere exists ti

1 eN sucit titat

p(X(HflH~J—X(fl MJ)=e/6
fl E Y

ior aU n=ir1.

So, u m=max(n0,ti1), titen

p(g(A,,J—ji(fl A,.J)=ya N

=p(g(A,,.J—X(H,,,J)+p(Á(HJ—X(QH,,J)+

+p(A(fl H,,3—X(HAH,J)±pQv(HflH,J—X(M))+
veN

+p(X(H)—g(fl A,.J)<t;
veN

and [5.3] holds.

Viii) As it is easily proved, tite set

L/’={Ae26 :g(B)=g(fiflA)+g(B—A) ior ah BeÉ?J

is an algebra.

tite sequence
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LiÉ) Ii (A4,,ENC .S¿ is an increasing sequence, titen U A,,e Yand
yEN

g(Bfl(UA4)=tirn g(BflA,.)

itolds for every ficÉ?.

In fact, u (A,,»EN C Y is an increasing sequence and ficÉ?,

titen fl ((BÑ(U AJ)—A,>.9=Q and
rilEN nr?’]

0=lirnji(BflflJ AJ)—A2=
nl yEN

orN vn

and titerciore,

g(fifl(U AJ)+g(B—U AJ=
nyN oíA’

=limg(fiflA,4±lirn g(B—AJ=ji(fi),
ni ni

andU A,,<Sf
nrA’

,É) Evidentty, ji is a finitely additive vector measure and
bra.

Y is a u-alge-

Ri) ji is a Radon measure of type (1729.

Let A <9, Pc 9 and <>0; titen titere exists Hcé’sucit

p(X(E)—X(H))=c/2

u FeX’is such titat HGFCA. Titus, if Ft =5Vissucit titat

p(X(E))=p(X<’EUH)—X<’H))=t/2,

and p4q’B))=t/2 for every ficÉ? witit liC A —Ii. Titerefore,

¡¡g¡~(A—H)=2 sup~p(g(B)):BcÉ?. BGA—M}=c.

Moreover, every Hc.¿0is g-compact, since for every open cover [QL,joi
U, pc 26 and <>0, we get from condition 5.1 tite existence of a ftnite subset
J’Giand i

0tlWitit ¿0=¿~, Witit U1 =11—U O sucit titat
pi> ~‘

¡¡g1¡[~ (H,<’H—U O~))=e/2 forevery ¿=4,.
pi>

So, ib H’cst’>and H’CH—U O., titen
1~~> ‘

titat IICA and

FCA —11 titen
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p(g(M’))=Iirn p(g,(f11(M3))=sup ¡pi ¡~(fl(H’))<e/2;

and

U O,)=2sup[p(g(M’)): M’e=Y/,H’CH—U G4=e.
pi

Xii) It follows irom tite tast results titat ji is a-additive.

Xiii)
[5.4]

for every ieland M1ct&.

In iact, it folloWs frorn tite condition 5.2 titat for every ¡eL H,c ¿4,;, pc Y

and c>0, titere exists Me ¿0sucit titat HG fl71 (FI,) and

¡,x.¡ ¡(ny
t (He)— H»’M))=e/2

for everyj=¿. ¿>¡. Moreover, there exists M’c ¿4’ such titat HG M’G 1171 (¡Ej
and

p (g(H71 (M,) ) — A (M’))S e/ 2.

Titereiore,

p(g (H71 (MD) — g,(H) )<

=p(ji (Uf! (U,))— X(H») +p(X(M»— g.(M))<

=e/2±!im p(ji>(H
1(H’fl—jijHj»=

0’ u, H>

~ ~H

=c/2+sup ¡ ¡PJ¡ I~(It
t (M,) —H/H’fl=

j=i, I¡¡,

]~j. 1H

and g,(MJ=g(H71(M¡)).

XiV) Let us prove titat ji is tite projective Iimit oi (g,),~,.

For titis, we consider tite family
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Titen, if F, is a closed subset of E,, then for every Pc 26 and <>0, titere
exists M¡tY4 and He~’sucit titat M,G E0 HGH

1 (E
1), jg1I¡~(E,— M.)<e/2

p(g¡(EJ—g(117
1(E)) )<

=p(ji
1(E,)— ji,(H¡U fl1(M))) + p(ji4H¡U fI¡(H))—g (fl7’ (E.))) <

and E¡c 5,;.

Moreover, ib Ab fi,c97 and A1C fi titen B1—A,c 9,; and U A~t R7for
every increasing sequence (At),,,N C 97. nt?>

1

NOW it iollows immediatley titat 97= 26,, and titat ,iJAj=g(fl71 (A))
ior every ¿el and A,c 26,, as we wanted to prove.

Titis ends tite proof of Titeorem 5.

Let us consider now a Hausdorfi and complete locally convex space X
which is tite projective limit of a projective system (X,,f,

1),1~1 of Hausdorfi
and complete locally convex spaces and denote by 261 a generating and
saturated family of seminorms on X, (we will assume that u i,je L p,e ~ and
iSj. then p, f~e ~), and by f: X—- 221 (¿ el) tite canonical projection.

As WC have made beiore, let ((E,, S~), ~~)í,jrí be a projective system of
topological spaces, witit ~l tite Borel a-algebra of E1, stí a family of closed
subsets of E,, Whicit is closed under finite unions, and ji,: 26— X1 a Radon
measure of type (=%).

Let E=Iim E, and denote byÉ? tite Borel u-algehra of E and by
fl1: E—E, (¿el) tite canonical projection.

Wc will assume that

ji4A)=fJji1(H; (A,))

ior every A,cÉ?,, tjelWith ¿=j.

Definition 6. 14/e say thai a measure ji: 26—.- Xis titeprojective ¡¡mii (it
is easi¡y proved thai if titeprojective ¡¿mii measure exIvís titen it Iv unique,) of
ihe ¡así sysíem of measures (ji9~ ¡

f,(g(117
1(A,)) )=g,(AJ

for every A,e 26, atid ¡cf



Projecí¿ve Liniits of Vector Measures 139

Let us assume titat di’ is a class of closed subsets of E witicit verifies tite
condition 3.1, and that ior every ¿cf and every p,tág ~i fe exists a non
negative and fsnite measure

vf: .9k— r such titat:

a) Tite equality

vf(A)—ini~ v~’(G):A,CO> O open subset of E1) itolds for every ¿el,
p1c§’~and A1e=Y6¡.

b) For every ¿ej p,c5~and e>O diere exists ¿_>¿and ~>O sucit titat
ifjc!and ~4~c5% are sucit titat ¿0=jand v/’

14(A)fli titen

c) H
1~.%Pit= vf’ itolds for every ¿,jel witit ¿=jand every seminorm

(9

Titen proceeding like in Iast proois, tite folloWing results are obtained:

Proposition 7. Eor every Metí atid ¡eL (fq(g1111(H)) ~J~’H Iv a

con vergent neí ¿ti X~; atid tite mapp¿ng A: s52’—~ X such thai

is Well defined.

Theorem 8. Tite projective ¡¿mii ji of tite (¡así) projective sysiem of
measures (ji j1~~ex¿ts atid ji: 26— 22 Iva Radon measure of íype (di’), <fatid
on¡y ((tite follow¿ng conditiotis are j’u¡fi¡¡ed:

8.1. For every Mcdi’, ¿el, p~c 26~, e>0 atid every open cover [
0~}FEL of

U, itere exisís a finite subseí VG L atid 1
0c 1 such thai 4,=1,1,,,, w¿th

Hi=H~U,Cr ,atid
FE L

ho¡dsfor everyj=4,.

8.2. Eoreveryicjp1c90 H¡cdi§ ande >0, itere exisis He di’ such
that HG Hg

t (¡Ej atid

foreveryj=t 1H
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Moreover, ji ji = hm ji, exists and is a Radon measure of type (di’)’ titen
it is unique and g(M)=X(M) for every Hcdi§ A being tite set function
defined in Proposition 7. Also, tite measure ji is of bounded sernivariation u
and on¡y u tite sernivariations 1 ,a~¡ p¡f,

1 : j=¿ } are uniformly bounded for
every ¿ciand everyp,eá{

3. ON THE PROJECTIVE LIMIT OF PRODUCT
MEASURES

Let us continue witit tite notations of last section and consider two
projective systems of Hausdorif and complete locally convex spaces
(Y1, gqhñ ¡ and (7,, ~ 1 Witit Q~ (resp., ~) a generating (and saturated)
family oiseminorms on Y,.(resp. on 7,) (¿el), and suppose titat q,g0c Q1 and
rite .Útiorevery pair of seminorms q,e Q,, r1e 26~ and every ¿,jelwitit ¿=1
We shall write Y=lim 1§> Z=lim 4 26={p,f,:pc26,. ¿el], Q=[q,g,:
q,cQ,. ¿cl] and 9=frh,:ne 4?,, ¿<1] (g,: Y— Y, and it1:Z— 7,, ¿el,

will be tite natural projections as usual).

Let us consider anotiter projective systern of Radon measures of type
(S&), ((E,, Yo, 11 ,‘~‘ II,’, ~Í),JE ~,,Witere .97 is a farnily of closed subsets of E,,
closed under finite unions, É?¡ is tite Borel u-algebra of E, and u, :26/ — Y,

is a Radon measure of type (3~», ¿el (see definition 3).

Let .9, be tite Borel u-algebra of E, witere E=lim E,; we sitalí use tite
iolloWing notation: Ha’: E— E, is tite natural projection (¿cl),
H,~= (I1,~. ~b)~¡u=<fuí gíu), fl,= (II,, Ufl and 4=í’f,g,) for alí tje 1 with

Suppose that, for every ¿el, titere exists a bilinear and continuous
mapping 81: X,x Y,— 7, sucit diat tite following diagram is comrnutative for
¿=j(tjel):

X)x Y>,—.- 4
jh11

X,x Y— 7,

a,

and let a:Xx Y—.- 7 be tite funetion (83,,,.

Theorem 9. lf tite projecílve ¡im¿ís ji and u of tite systems of measures
(g)í~ jatid (t’j,, ,,(ji = ¡¿m ji1. u = hm u) atid titeproducí measures ji,® u, (¿ el)
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exisí, titen tite producí measure ji 0v exIvis ~fand vn/y ([tite projective ¡¿mii
measure (Hm ji ®i-’,) of tite sysíem of measures (ji1®vj,~, ex¿sís, atid ¿ti ihis
case ihey co¿nc¿de.

Proof. Let us suppose titat tite measure y = hm g,®v1 exists; titen it is

easily proved titat bor every A,e 97 and ¿el tite equality

y(H
1 (A9xfi)=6(p<fl[1 (A

1)), v(B))

itolds br every Be.9’, irorn Witere it is deduced that

y(AxB)=6(g(A), v(B))

is veriiied for every A e;» and every Be ¿«.9’ and consequently y = ji O ir

Tite otiter implication is trivial.
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