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Positive solutions ofan elliptic equation
with stronglynon/mearlower order terms

FRÁNCOIS DE TI-IELIN

ABSTRACT. In this paper Wc sludy Ihe existence of positive solutions of Ihe cejualion:

A,et +sUr, u) = O

in tEse case when tEse growth of g(x,.) is allowed lo be of exponential type.

INTRODUCTION

Leí 1 ~zji c +oc andleí fi be aboundedregularopensel in DiN. We look

for posilivesolulions, u e W0~ (fi), of ihe equalion:

(E) A~u-+-g(x,u)=O in fi

whereF(Slu) = Vul”-
2 SZu andA~ u = div F(S7u).

We arespeciallyinierestedby Ihe casewhenIhe growth of g near
u = + 00 is not of polynomial iype, for example of exponenlial lype.

In the casewhen fi is a starshapeddomain andg(x,u) = luí’-’ u with
y(N—p) > Np, it is well known [7,9,10,12,13]thai (E) cannol havepositive
solulionsu e W¿’ (fi).

Qn Ihe oíherhand, in Ihe casewhenp=.2 and£2=A=(xeDiN:p < it
R} wiih O < p .c R < + ca, recenípapershaveshown Ihal (E) haspositive
solulions:

— eiiherfor g(u) = 0(u’), 1< —1, nearu = + ca[3];
— or for R — p sufficieníly small [2].

In Ibis paper,provingihal radially symmelricfunclionsin W~” (A) are in
Ir(A), we can oblain posilive soluiionsof (E) for any ji e ] 1, + oo[, any
R — p > 0, and anygrowtb of g nearu = +ca.
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In the limit caseN = ji, W¿’ (O) ~ L’”(fl) buí [1] W0’” (fi) c LM (fi), wherc
LM is Ihe Qrlicz spaceassociaíedwith ihe Youngfunction:

= exp (lQ”~ — 1ji p*

Trudinger[15] hasshown ihal for ji = 2, any q c ]0,2[ and an>’ c > 0,
thereare sorneA >- O and u e W0” (0) such thai:

¿tu + kw exp<luN) = O and f~ 1” exp(i’9eli dx = e

In this paper we extenel ihese results to p!=2and elirninale ihis A.

Tlie particular case N = ji, fi = B(0,R) is inlerestingbecausewe can
prove íhat, for any growth of g nearu = + oc, (E) can havepositive radially
syrnmetricsohuíionsifR is sufficienílylarge;we extenelto the caseji # 2 ihe
resulísof Hempel[4,5] and Nehari [6].

As a conclusion,considerIhe exarnphe:

= 1 ~ 1” exp (1 ~ 1”) wiih a > ji — 1 anel q >0

(E) hasposilivesoluiions:

- for ji> NorO =A
— forp = Nand q <

- or ji = N, fi = B(O,R), R >

o> rnax(p—l,l)andq> 1

<Theoremh)

(Theorem2)

(Theorem3)

1, BOUNDED SOLUTIONS

Let X be a chosedsubspaceof W¿” (fi). g is
funclion sauisfyingthe fohhowingcondiiions:

(Hh) Vx E Q,V~ e R,g(x,~~ O
andVx E fi, VC~> 0, g(x,!) >

asurnedlo be a Caraíheodory

0;

(112) VK >0, 3M> 0suchlhalforany~ E Di,l~l =1<, andforany
x e fi, g(x,Q ~ /0;

(113) Thereexisí sornea~ > ji — h andC~ ~ O suchihal:
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G(x,C) is anondecreasingfunclion

whereG(x,~) = g(x,s)a’s.

Remark: Ii is sufficienl to supposeihal g salisfies(1-II) and (H2) on Dix;

it can be easily extendedlo a funclion satisfring (Hh) and (H2) on Di.

Tbeorem1:

Leí g saíisfy Me contlitions (HI), (H2), (113) ana’ suppose thai:

(1) X c L”’(fl).

(ti) There exisí sorne ~,>-0,a, >p— 1 ana’ c>O such thai:

Vx e fi, V~ e [0,~,],G(x,~) ~ c

Then ihere is al least one posilive solutiun u e Xn C’”(fl) uf(E).

The condition (i) is satisfiedfor X = W¿” (fi) andanyboundedopensel
fi in Di~ in Ihe casewbenji > N; Ihe following proposiliongivesan olherin-
ierestingexample.

Proposition1:

Leí O <p .c R< ~ anelfl bean annulus in DiN:

fi = { x e Din: p < 1 x 1 c R >. Leí X be the set ofraa’ially symmeíricfunc-

Then. ihere exisi a jiusiiive constaní C<N,ji.p,R) such thai:

‘«u e X, Vx e 0, 1 u(x) 1 ~ C(N,gp,R)llS7u l~

Examples:

Leí h : —* R~ be a posilive non decreasingcontinuousfunclion and
= ~“ h(Cj) wherea > ji — h; for insíanceg(x,0 = ~o exp(~),a >-p—- 1,

q > O; Ihen g satisfies(H1), (112), (H3) and (it).

In thecasewhenfi is an annulusanda > í, we oblain posilivesolulions
of
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Au + u» h(u) = O in fi

without any limiting conditionas g(u) = 0(u”) when u -. +ca (GARAI-
ZAR [3]), nelíherR — p small (BANDLE - PELETIER[2]); besideswe oblain
analogousresultsfor ji !=2 anda > ji — 1. Qn Ihe oiher handourconditions
are moreresirictive ihan [2], [3] on ihe growih of g and on the lirnit of g(u)
when u -. O.

Proofof Proposition1

Let u(x) =~ (1 x 1); we have

—p(lxl)=9(R)—9(lxl)=
R

p’(í) di

By Hólder’s inequaliiy we gel:

u(x) ~ (iii
9’(t) l~ í~—’ a’i =

,“~

j(í) IPiN—a’t 1 (1
1 1Jlx~

ÑilxwyKR

whencethe resultwith:

C(N,p,p,R)=

The proofofTheorem h needsthe following lemmas.

Lemma 1:

For any u e X, leí us consider:

—1 ~

ji.

Suppose ihal g satisfies (HI), (H2), (H3). Then any sequence (u) c Xsuch
.1(u) 1 =Kanel]’ (u,)—. O jn ir, is bouna’ea’ iii X.

R

S

‘mp.

lVu(y)l”ely

E

G<x,u(x)) dx
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Proof:

For any y eX, we have:

.J’(u)(v)

fi being a boundedsel we sel:

= ¡¡Vu¡¡~ =

F(Vu). Vv —

<¡ fi
lVul~

Supposelhat a subsequencedenoled
we gel:

by u~ be suchthai hm bu1II~ = +ca;
i-. 4’”

G(. , u)
K <1~

IIu~II~ ji ¡jujIIx
K

IIujI~

8
IIu~IL>

¡
whencehm

u~ gtju~)Y. +=

______ j~ ¿{,g(.,u

)

IIu~II~>

__________________________________________________ ¡

ji

(113) gives for any ~ : ~ ~ (a0-i- 1) G(~), whence:

G(., u) ~ tú, +

¡ 0

11
a0+h ji

275

g~,u)v¡ fi

(Go+í)¡ fi
u~ g(., u1)

¡fi

hm
1~’

0(u)

u~ g.,u3)
o
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A coníradiction,whenceI¡ujI~ is bounded. E

Lemma 2:

Ifíhe hypoíhesis of Theurem 1 aresaíisfiei3 c tú’ (X) and saíisfles iheFa-
lais - Smale cunelhtion.

Proof:

An easy conseqenceof Lebesgue’s iheorern shows thai for u1 —. u,
him ¡¡g (.,u1) — (g(., u)¡¡~. = 0, whenee,1e C’(X).
1-” +~

Supposethai11(u1) 1 ~ Kand.I’(u1) 0; by lemmah, g(.,u1) is bounded,and
ihe injeclion X c L~ beingcompací,ihereexisis a subsequencedenotedby u1
which convergeslo u in strongL~.

So, hm 1,,~=0 where
0.00— +00

= (J’(uj —Y(u))(u~—u)*- ¡ [«.,u~)—g(.,u)](u~— u~).

Qn ihe other handwe have:

a

IJvu~—vuII;~c{í~~} 2 {HVu~I¡+JIVu~IIj 2
wherea= min(p,2) (for examplesee[h h]).

Whence u~ convergeslo u•in X; the Palais-Smalecondilion is salisfied. o

Proof of Theorem1:

Wc shall apply Pass-MountainLernma[8] to ihe funclion .1 definedin Lem-

ma 1. .1 salisfies Pahais-Smaleconditionand3(0) = 0.
Leí us sbowlhat, for IIuII~ = r sufficieníly smahl, we have1(u) = a > O. By
(i) Ihereis sorne6 > O such thai,

“lx e fi, u(x)l ~ 6 IIu¡IÉ for IIuII~ = we oblain wilh (u):
c
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For II u II0=r~min
we gel .1(u) ~—~---= a>0.e

Now, leí usconsideru, e X such ihal:

Wc e fi0. u,(x) = ; >0 an6meas(flj> O.

For X sufiiciently large,A; ~ C~ and by <113):

I
where I~ —

G(.,Xu,) = G(.,Au0) = j3 A”o

G(x,C) 1 u0 (x) “~> a’x > O¡ fl~

We ihenobíain

A”hm J’(Au0) =hm [— II u, ¡¡~— 3 2yr ‘] = —ca
X-.cc X-.+co ji

andIhereis sorne1% e X, y0 ~ 0, such thai .1(v0) = O.

By Ihe Pass-Mouniain¡emma,Ihereexisíssorneu0 e X, u0~0,suchlhal
.1’(u0) = 0:

Vv e X, ¡ ~F(7u0).Vv — 11 fi

By TQLKSDORFs regulariíy resuhís u0 e
QUEZ’s maximumprincipIe [16], u0 > O in fi.

C”(fl) [14], and by yAZ-
o

2. SOLIJTIONS IN AN ORLICZ SPACE

Leí us recahhlhat a Youngfunclion M is an evenconvexfunclion from Di
lo Di4, such thai:

him—M~)~~ — O and hm -~~— = +00.

The conjugateNP of Mis definedby:
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NP (~) = Sup [~s — /0(s)]
sEDi

The OrhiczspaceL¿fl) is ihe set of measurablefunclions u definedon Di
such Ihal thereis sorneX > O with

~ +00.

LÁQ) is a Banachspacefor the fohhowing norm:

IIUI¡M= 1nf~ ?z”O: j M( ~ 1 F
Leí E1/fi) be the closureof D<fl) in LÁQ).

Wc saythat Mis superhomogeneousof degree(o+ 1) if ihereexistssorne
K > O suchlhat [II]:

~ Di, Vh e [0,1], M(hQ = h”” M(KQ.

Let fi be a boundedregularopen set in DiN.

In thecasewhenN = ji, W¿~’(fl) ~ L”’(fl), buí W¿”(fl) c Eq(fl) [1] where

/0(C) = expl~/— h, + = 1
ji p*

So. we can gel Ihe following Theorem.

Theorem2:

Leí g saíisfv ihe cunditiotis (HI), (H2), (H3). Supjiose thai ihere exisis a

Yuungfuízciion ofexponen/ial íype M such íhaí:

(i) The imbea’ding w0~~ u EjQ) is compací;
(u) M is superhumugeneous ofdegree o, + 1 >- ji;
(iii) There are sorne c, > O and K > O suchthai:

VxEfl, V~e Di, ~~(x4D=c¡M(—k—)

(iy) VK >. O, hm = O, unufurmlyin x.~/09—)



Pusitive sohuiiunsofan £11 inlic equalion wiih sirongly 279

Titen ¡heme is al heasí une posilive solution u e Wk”(fl)n tú’” (fi) of(E).

Example:

Leí ji = N = 2; g(x,Q = ~‘ exp(~”) wilh ci > 1, 0 < q < 2, and

M(~) — íq”’-” (e1Q’ — h ) wiih q < r c 2.

r < 2 gives(i) [1]; ~ -. e~<~r — 1 is superhomogeneousof degreer, whence
(u); (iii) is easyandq c r gives (iv).

So, ihe equalion:

/áu +w’e”4 =0

hasal leastoneposilive solutionU E W~2(fl).

In asimilar caseTRUDINGER [15]provesihat for anym>-0, thereexisí

?~ >0 and u >0 suchthai G(.,u) = m and

¿tu + Xg(x,u) = 0.

Qur rnethodallows us to ehiminaleihis X.

We oblain ihe sameresulísfor the equalion:

A~u + u” e”4 = O

where ji = N = 2, a > ji— 1, 0< q
ji— 1

.1 beingdefinedin hemma 1, the proofof Theorem2 needsIhe fohhowing
hemma.

Lemma 3:

If tite hyjioíhesis of Theorem 2 are satisfiéel,.1 e C’ (W,,””(fl)) anel satisfies

tite Palajs Smale con¿¡i/ion.

Proof

Leí (u,) be a boundedsequencein W¿~(fl).
By (i) ihere is sorneK > 0 suchIhal:
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11
Let e > O be suchIhal

=1

1 )meas(fl) < 1 and:
c

VxEfi VtEDil (xr’ll< c +2

We obtain:

(1)¡ /0* [g(~u) 1
2NP( 1 )+¡fl

Jfi

Let u1 converges
meas(A) c 8, we have:

1 u
__M(~~J~)2 K

to u in WJ~(fl). For suffxcienily small 8 and for

/0* [g(j~) ]
1 Ih~

2

gtju)-gtju

)

hm
1-9+00 J ~

] is Ihen an equi-summablesequenceand

g(.,u.)-g(.,u

)

1=0
By (u) Al”” salisfiesIhe “t,—condition” [11], so hm IIg(u1) — g(.,u)I¡q. =

o whence3e C’(W¿Nfl)).

Supposenow Ihal 13(u,)! ~ K, andJ’(u) —. O. By lemma1, IIu,II ~ is boun-
ded anel, by (i), u, convergesin EM (fi) ; by relalion (1), g(.,u,) convergesfor

a(L~~, EM). So te sameproofihan for Iemma 2 showsIhal the Pahais-Smale
conditionis satisfied. u

Proof of Theorem2:

IM’et)

:~ 1.

¡ A

meas(A)± + ~ ¡A

Leí us show thai for IuII~¿.v=r sufficiently smallwe have .1(u) =~a > 0.
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By (iii) and (ji), we have

Vxe fi, V~eR, ‘«he [0,1], 0(x);) ~ e, M<-.j~-—) c

Hy (i)

‘«u e WtP(fl), ¡lulí,,, ~ e IIu¡I40

Whence for IIuII

G(.,u) ¡
.0o

K cKr
=r~—’—andh=

cK

c, ___ e, it”+’ c’ IuII “~‘
1~/

The sameproofthan for Theorem 1 gives u e Wt’ <fi), u $ O, solutionof

<E). Ihe end of the proof is a consequenceof the following lemma. n.

Lemma4:

Ifalí tite hypo/hesis of Theorem 2 are satisfiea’, u e tú’” (fi).

Proof:
Thisproofis verysimilar to OTANI’s one[9] (seealso [13]). By (iii) Ihere

is sornes > 1 suchlhat ug(x,u) e L” (fi).

Considerthe folhowing sequences:

=

2ps~ = 2jis/(s—I)
= 2(p+q~)

e = s~ q,<.

Mulliplying (E) by luí’ u, WC oblain:

+
V(u ji) rjflIP’

ji + ‘1&)
u g(.,u) luí’

¡fi

¡¡u g(., u)II, II II ~ e II uII~.

Mbeingof exponenlialtype, W’~ (fi) i. L””” (fi) andIhereis sorneK such

281

h”u’ )

5

lhat:
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S7(u ti

We [ben obíain:

K(p-i-q,j

This formal proofcan be maderigorous by using sorneregularizedequa-
tion [¡3].

Qbservingthai ji + < 4k~I 4ji5* we get:

•k+L
II u II = c2” (4Ks*)2 PS” 42(k—L>~s.¡¡ u

ak+’

Let:

= Q Log II u IIek

a — 42vs

b = Log [é” (2Ks*yv$~]

= b + <k— 1) Log a.

We then oblain:

= r, + 212,

Whence,following OTANI [9], we deduce:

IIuIL
0 ~ hm exp

6—

( £6

8, j
+00

So u e LMfl) andby TOLKSDORF’sresultsu e CNfl). E

3. A PARTICULAR CASE fi 15 A BALL

hn the panicularcasewhen fi is a bali and N = ji, we can obtainradially
symmetricsolutionsof(E), for any growth ofg nearinfinity.

For simphiciiy we supposethatg doesnot dependon x ; we assumethe
following conditions:
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(H4) g ~ C’(Di),g ~ Oandg(O)= 0;

(H5) g andg’ are non decreasingon Di ~;

(116) Em —

i—*O tv-’
o

Theorem 3:

Leí N = ji =.2 ana’ leí g satisfy tite condhtions (114), (115), (116). Titen,
itere exisís R0 such thai, for R = R0, tite equation

(E) t,u + g(u) = O iii O = R(0,R)

adrniís al leasí one positive ra¿¡ial/y symme/ric so/u/ion u e W0’.~(fl).

Example:

For any a > max(h,p—1) and
(114), (115), (116).

Theorern3 is a consequenceof
Ihe following syslem:

any q > 1, g(~) = 1 1” exp 1 1” salisfies

the following proposilion.Leí us consider

v’(x) = 1 w(x) V-’w(x)
(5)! - ex

= gfv(x)]

where ji* ..L.
ji— 1

Submiiledlo the condiiions:

Hm v(x) = m

(L.tú.) im w(x) =0.
— 4=

Proposition2:

Leí ji =2 ana’ leí g saíisfy tite con¿¡iíions (114), (115), (116). Titen, fur any
m > O, (5) + (L.tú.) a¿¡miís une and un/y une so/ution (v,w) ; itere exisis sume
a = e(m) e Di such thai:

«a) =0 anel y> O un la, +oc].
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Moreover 8 is cuntinuous un Di4 ano’ hm e(m) =

m-.O

Proof:

Let us considerthe following iteralions;
y» = O andfor ti c

w~ (x) =¡ ~

i~> (x) = m —

+00 e> g[v~t)]¿¡t

¡r

S +00

x

We have:

w, (x) =ÉflÉ ex > w_—O
Ir

V,(x) = m — exp[
Mp*l)

(p*h)x] < m = v,(x)

There is someM(m,ji) suchlhat:

Wc ~ M(m,p), v2(x) ~ >- v,/x) and
2

W2 (x) ¡ tu

— 2g[v2(i)] di ~ r’.
Ir

By inducuion we can prove that for any q e N. l3~ is a nondecrcasingse-
quence,V24~’ is a noninncreasingsequenceand y2, ~ y,,41 ; whencefor any ti

we haveeiiher y, ~ va,,, or y,41 ~

Supposethat n~2 and y,~v~4 ; we have ~ and v~> ~

p~ ~ 2 and w, = w,, whence:
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We thenoblain:

p*.h ¡ g 7

)

0=v94(x)—v~42(x) ~ ¡ 1 exp[~&*~~2)x] Sup w~4(t)Ir ¡ tc [x,+oo]

—w,4t)l.

Qn ihe oiher hand, by (115), wegel:

o ~ w~~(x) — w,,(x) g’(m)e’ Sup
Ir tc[x,+co]

Therefore:

Sup lv0~2(x) — v~~(x)! ~ c(x) Sup
ie[x,+co] tE[x,+co]

lv~4~(x) — v~(x)l.

And, for x > Al, (m,p) =M(m,p), we have:

* .1
ji—’ ¡_____ ) ____*2 ~g ____ exp[~(p*~~l)x] < 1

By Picard’s theoremwe oblain a uniquesohution(v,w) of(S) + (L.C) for
x = Al, (mp). By classicaldiffereníial equaíionsíheory ihis solulion can be
conlinuedbr x c Al, (m,ji). Sincey hasincreasinggradiení,u hasa lasí zero
atapoiníx = a = e(rn).

Leí us set:
+00

11 (x,rn)= lw(t,rn)I””-~w(t,m)di— tu.

x
OH (a m) !=O andby implicií funciionsíheoreme is continuous.
Ox

For x c ]u, +oc], we haveO < «x) ~ m, whence:

+00 e

>

1 g(m)= g(m)
Ir Irx

l y0>(t) — vjt)I.
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v’(x)a’x a”-’ e—”-6

’

p*~l

hm (p*h)jiP¿P”-UO(m>< hm 1 ~ =0
m~OI m~>

whencehm. A (tu) =

tu —0

Proofof Theorem3:

By proposition2, thereis somea
0 suchihat for any a = —ji Log R = ;,

(S)-¡- (L.C.) hasoneandonly onesolution such that «am) = O.
The changeof variablex = —ji Log r, v(x) = p(r) transforms(5) into the
equalion:

a’ [ rq9(r) l”—~ np’ (r) 1+ r-’ gj9(r)] = O

which is the radial forrn of the equalion (E>, wiih boundary condilion
9(R) = O. E

Remark: Ihe deepsiudy of the caseji = 2 madeby HEMPEL [5] andNF-
HARI [6] shows thai thereis no hope to find a solulion of (E) for any R, it
the growth of g hasno boundwhen u —* +oc.
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