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Qn a definition of seminorm
in W~~p (1’)

FABIO GASTALDI and GIANN¡ GILAROI

ABSTRACT. A definition of seminormis given in the SobolevspaceWtP(F) ana
smooth compact manifoid F without boundary, using a localization procedure
without partition of unity.

O. INTRODUCTION

In the study of noncoerciVeboundaryValueproblemsfor elliptic partial
differential equationsor inequatities,one often can estimatederivatix’es (or,
more generally, difference quotients) of the solution, but not the solution
itself.

On theotherband,in le linearcase,estimatesof high ardernormsof the
solution (for instance, in SoboleV spaces)are well known, dependingon
suitable norms of data and on lower arder norms of tbe solution itsell.
Similar estimatescan be obtainedalso in severalnon linear problems;they
canhaveeithera localcharacteror a global one.Yet, local apriori estimates
of high ardernormsof thevariation of the solutionare often useful,in’volving
only lower order norms of the sameVariation. In such a case,partitions of
unity are not useful, sincethey generallycalI into play norms of zero order,
for instance the Ii> norm of the solution, which is not controlled in
noncoerciVeproblems,usually.

Thus, it could be useful to Introduce funetional seminormswhosedell-
nition is given in terms of local charis, without using partition of unity. In
this paperwe deVelopsuch an idea in the framework of the Sobolevspace
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230 Fabio Gasta/di- Gianni Gilardi

W’~~’ (F), with s>0, 1 <p<oc, F being a compactsmoothmanifold without
boundary.

An applicationof this techniqueis given in [GG].

1. SETTING OF THE PROBLEM

Throughoutthis paper1’ will denotea manifold in a cuclideanspacesuch
that

Fis N—dímensional,compact,without boundary,of classC”’ 1, [1.1]

where N=1 and n=0 are integers.

Underthis assumption.onecanfind in the literatureseveraldefinitions of
the SobolevspaceWP(F), for alt reals with 0<s=m±l.and of its norm
(see[A], [BL], [KJF], [LM], [M], [N]. [T]).

Weare interestedhere iii definitionsusinglocalizationandlocal changeof
variables (see, e.g. [LM] (iii) 2.5; in particular Prop. 2.9): the problem is
reducedlo a preliminary study of the spaceWtP(fl), where fi is an open
subsetof RN. In this paperwe introduceavaríantto such kind of definitions
(seealso [N] PP. 88 and94), which consísísin ax’oiding partitionsof unity, in
new of a similar definition of a seminormwhosekcrnel is made by locally
constanífunctions.

In section3 we will give Ihe definitions of W’.P(F), of its norm and of its
seminorm.Although the definition of the spaceis clearly independentof [he
system of local charts, [his is no longer true for thc norm and for the
semínorm; nevertheless,we will show that different systems lead [o
topologically equivalent norms and even sem,norms. This requires a
preliminarystudy of he casewhere E is replacedby an open set of R~: ihis
is donein section2. Finally, section4is devotedto a comparisonbetweenour
definitions and others,someof which aIread>’ gi~en in ihe literature.

Although mostof [he following could be extended[o coxer the casesp =

andp=~, yet we will confine our attent¡on[o Ihe case ¡ <p<~.

2. THE CASE OF AN OPEN SUBSET OF R~

We begin by recalling [he (usual) definition of WtP(fI) and of its norm
and semínorm.
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Definition 2.1 Le¿fl heanopensubseofRN. Les>Oandpe]l,+oo[
he given. The space W’P(íI), iís serninorm •¡spfl and lis norm ¡i.[L.~,n are
defined respective/y asfo/Iows:

(1) ¿fO<s<l,

¡ v¡’~j~ =ffix~vhNSP iv (x)— y (v)IPdxdy, [2.2]
fi fl

ji vj¡,,>11 = ¡j v¡I0,~,0+ Ivl,~o, [2.3]

where IIsII0.i,f) is (he norrn in LP<’fi);

(II) ifs a posii’ive hueger,

W””(fi)=¡ vELP(fl): Da veL~(fl), for a] =sj, [2.4]

¡¡ vj¡~1,0 = ¡¡Da v[¡o~0, [2.5]
la

N
1 v¡,,,11 = ~ ¡Idi VII,~ípji, [2.6]

1=1
a

where 6~= , Da 4 and ¡al = if a=(aí ay);
Za1
1

(iñ) fs> ¡ and s is no, an iníeger, denoí¡ng by ni ¡he targesí inheger=s,
we define

W’~f’(fl)= [ veW”’~ (fi): D~ veW’—”’”(fl), for ¡al =nz 1’ [2.7]

¡v¡¡~.,,n ¡IV¡¡mI,fl+ ~ ¡D~ VIs~m.pj1, [2.8]
¡al =pn

A’
v¡~.,,1>= ~ ¡f6~ v¡¡,í¡,¿. [2.9]

¡=1

E

A preliminarystepconsis[s in comparing~ with ~ ¡•¡SJJ fi, whereIfiII

is a fini[e, open coVeringof fi, at least whenO<s=1. To this end we need
somelemmas.
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Lemma 2.2 Leí fi and fi~ (i = 1 n.) be open,connecíedsubseisof RN
such thai fi = U 0. Thenal ¡casi one among the 0¿sis suchthai ihe uruon

of ihe remaining onesis connected.

Proof. Ey induction,we notice[ha[ he resultis trivial if n = 2. Let m=2
andassumetha[ he resul[ holdsfor u = ni: we are goingto show [hat it is stíll
Valid for n=rn±l. Let fi and 0(1 <i=rn~i~l) sa[isfy [he assumpt~on:[hen,
0ni-i-~ intersects[he union of [he precedingones,whenceit intersec[s one of
[hem. We may assume [hat this is 0,,,. Set fl’= fi, if 1 =i<m and

= fin, u ~ by the inductix’e assumption (which can be applied
becausefi’~, is connected),one among[he fl’¿~ is sueh[hat 11w union of ihe
remainingones is connected.Le[ 01k be ibis set. lf k = in, then 0o = U fi, is

¡<‘II

connectedand in[ersec[s fi’,,, whenceit intersectseither0m or 0n,V~ There-
fore, the set we wanted is either ~ or fi»,, respectivel>’. lf k<rn, ihe
wantedset is 0k

o
Lemma2.3 Leí (1 and fi saíisfvihe sameassumptionsas ¡ti iheprevíous

Lemma. Then ihere exisís a permutation rr of (1 ti) such thai br ah i,
1 <i=n, ihere exisísj. 1 =j<i, such thai ~1,j>fl0

4<p#~.

Proof. By induction, we noticethat the resul[ is trivial if ti = 2. Let tu =2
andassume ha[ he resul[ holdsfor u = m: weare going [o show that it is s[ill
valid for n=rn-i-l. Le[ fi and 0, (l=i=n±l) satisfy [he assumption:by
Lemma2.2, oneamong[he fl,’s is such tha[ the union of [he rema¡ningones
is connected.Up [o a permutationof 1,.;.,m±t,we may assumetha[ ihis is

fi~± . By [he inductive assumption,[here existsapermutationir of (1 tu)
such tha[ each~ apar[ from fi~<í>, interscc[s one of [he precedingones:
define H(i)=ir<’i)if 1 =i=mand fl(ní±l)=m±l: fi satisfies [he requested
properties.

o
In [he following we shall usethis wel! known result (see[N] Lemma5.5:

die assumptionon fi can be weakcned),which we s[a[e as a lemma.

[emma 2.4 Leí fi be a bounded upen subseí of Rt m=0an integer,
0~z(s=ín±l,pe] l,±oo[ atid weC~tl(ffl. Then, for ah veW’f’(fl) ¡1 p,
VWC W’P(fl) and

i¡vwFk9nSc ¡¡v}¡59,0, [2.10]

where c does fluí depetid un y.

o
The following lemma is well known: here we prove it under weak

assumptions.Ihe following no[a[ions will be used.
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B,(x)=lyERx:Ix—y¡<rjand Rr= Br(O). [2.11]

Lemma 2.5 Leí fi atid fi1 (¡=1 ti) be upen boundedsubseís of R~

such thai fl=U fi,, saíisfying ¡he following condition:
Vxef1~e>O,Bi, 1=i=n such thai flflB~(x)Gfl,. [2.12]

Leí s>O and pe]l,+oc[. Then, al! ve LP(O) such thai V~0.EW’4’(fl,),
1 =i=n,belungs tu W~P (fi); moreover, ¡here isa consíarzí c>O such thai,

fur ah veW~P(fl),

Proof. Sincefi is compact,[here existmEN, c~> O andx
1C 0(1 =j=¡ti)

such [bat, setting fl’
1=B~~ (xJ), it is Ufl? Dfl and for allj(1=j=m) there

is 1(1 =i=n)such that O~Mfl•C fi)

Let [íkfl be a partition of unity associated[o the compactset fi and
to [he covering {fl’4. lf VE LP(O) and v10eW~P(fl¡), 1 <¡<ti [hen
~ e ~ (fl,fl fi’) l <1< tu, and[hen (~ v)¡0.nnt e~ (fi1flfi’frSince
supp~ hasastrictly positivedistancefrom 0/fi;., thedirectevaluationof the

semínorm leads [o ve~ (fi), VJ Thus, v-~rZ @1veW’P(fl). This

evaluationleadsalso [o [he following inequality, wher’e we omit the symbol
of restriction (which will be done also in what follows):

II vIl5,, n< IIskv ¡Isp. 110 Ir,

where c1 does not dependon y. Iherefore

J j

<e EH íkjvI[~j, ~~nn~=c’ ~ ¡¡
1 1

Sinceevery term of [he last sumis less than oneof [he addendsof [2.13],
[he proof is complete.

o
Note that regularity assumptionssuch as [2.l2] cannot be completely

dropped.Actually, considerthe upensets

flí = [ (pcosO,psinO):O<p< i,—,r<e<-~-},
2



234 Fabio Gasta/di - Gianni Gilardi

¡.2L<O<w 1~fl2={(pcosO,psind):O<p< 2

fi= flíU fi2

and the funetion y definedby

v(pcos6, psinO)=6, for O<p< 1,

it is v~,ECOl(fl,) for ¡=1,2, while veW’”(fl) if and only ifs<—, because
¡ vI,,,11=IvI~9s foro<s<l.

The main step consistsin obtaining an inequality analogousto [2.13].
calling mio play only seminorms.To this end,westatea known result (basedon
[he compactnessof the embeddingof WtP(fl) in LP(O), obtained½a
combinationof known results,cg. [N] Iheor.6.3, [A] Theor.7.48, [LM] (iii)
Prop. 2.7 and[LP] ch. V) as a lemma.

Lemma 2.6 Leí fi be a buunded,cunneciedupen subsel of R
5, uf class

C0’ atid coCOa nunempívupenset; leí s>O,pe] l,+oo[. Then ihere exisís
a poshivecutis/antesuch thai, br ah ve WS.P(fi),

[2.14]

where we have set

= fv. [2.16]
¡«4w

o

Now we are in a position lo prove [he main result of this section.

Theorem 2.7 Leí O atid II (i= 1 ti) be buunded, cunnecíedupen
subseisuf R5 verfy¡ng cundition [2.12]. Assurnethai O, Ls uf c/assC0 atid
thai LI=YO,. Jfse]O,1] andpe] l,±~[íhen ¡here isa cutis/ant c>O such

íha¡ ¡br ah veWsP(O)

¡ vk,,í>ScZIvK,,n,. [2.17]

Proof. In [he following, e will denotedifferent constants,independentof
y. Let usconsider[2.13]: thanksto Lemma2.3 we may supposethat eachof
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the fl,’s, exceptthe first, intersectsoneof the precedingones,which we will
denoteby fi’,. Then, for 1 <i=n it is

where[2.14] has beenused. Iteratingthis inequality, adding up and applying
[2.15] we find

whence

Ivk,,n=c(Z¡v¡,,01±¡v0¡). [2.18]

Applying [2.18] [o y—y111 we get [2.17].
E

We end this sectionwith a result which wiIl be used in the next one.

Lemma 2.8 Leí fi atid fi’ be upen subseís uf R¼Leí a: fi — fi’ be a
djffeumurphism uf class CPPIl. Ifse]O,m-f-l], pe] l,+oo[ and vcW’”(fl’)
ihen voaeW~”(fl) atid

¡ voaI~1,í1=cIvI51,n.and IIvoaIIs¡,íí=cIIvII,.¡,ír, [2.19]

where c dues nul depetid un y.

Proof. The second inequality is well known (see [LMI] 12.9, which
extends[o our case). Yet, its “natural” proof showsalso [he first one: indeed,
ifs> 1, lowerorderderivativesof y do appearin evaluatinghigherderivatives
of y o a, but y itse!f doesnot; now, [his is exactlywhat is needed[o express

-the seminormaccordingto [he definitions [2.6] and [2.9]. lf s=l, [2.19] is
immediate.

o
3. THE CASE OF A MANIFOLD

Now we are able to deal with a manifold E of a euclideanspace.The
definition of W’I’ (F) is clearlyequivalentto [he usual one,giVen by meansof
local chartsand partition of unity.

Deinition 3.1 Assume [¡.1] atid leí O<s=ni-i- 1 atid 1 <p<oo. We sa>’
thai afutictiun y uf 11(F) behungstu W~P(F)whenfur ahh xc 1’ Mere exisís
a c4ffeumurphisma:B~ —a(Bí)CF uf class Caí such thai xea<’Bí) atid
yo aeW”” (83.

.0
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In deflning [he norm in W~” (E) we will not emplo>’ partition of unity,
asusually done;[he method allows us [o define a seminormas well.

Def¡nition 3.2 (Inder ihe assumpíiunsuf Definutiun 3.1, heí {a¡} be a
finite fam¡/y uf d<ffeumurphisms a,: B~ —. a,(B1) C F uf c/ass C” such thai
ja, (fi112) 1 is an upen covering uf E. Fur ve WS.P (E) we set:

II “Ikp.r = E II yo a,¡¡,9 B112- [3.1]

IvIs,p,r = E ¡va a¡I5~B112. [3.2]

o
Obviously [3.1] and [3.2] dependon the choice of [he system{a,j; yet,

different systemslead to topologicail>’ equivalent resul[s, thanks to [he
following Theorem.

Thcorem 3.3 Assume [¡.1] atid /et O<s=m±latid 1 <p<oo. Leí {a,¡
atid [$4 be iwu families saíisfying the assumpiiuns uf Definitiun 3.2. Then
ihere exisís c>O such thai ¡br al! ve W’”(E) itls:

E ¡ va a,¡,,, B2 =c E va f%¡ ~ ~ [3.3]
~1

E ¡¡ y oa¡¡¡2,, ~ =c E ¡¡va ~ B¡12- [3.4]
1

Proof. It is enough[o evaluateeachof the termson [he Ieft handside of
[3.3] or [3.4] by meansof [he correspondingright handside. Forthis, fix ¡ and
set a = a,andB= ~l(2 Wc would like [o useLemma2.5 andTheorem2.7 with
fl=R and fl1= ccí(/31(B)). However, [hese flfs rnay be irregular, hencewe
introducesorneauxil¡ary open sets as follows.

For ah xc B fix j=j(x) and e = e(< such tha[ B,%C 8 and

a(B~(x3)C$~(B»using the compactnessof fi, we may find a Imite number
of points xke B such tha[, set[ing

0k = B~~Áxk), it is: »GU~kC Rl,

a(f1k)Cf3]~ (fi), for suitableik Set 0k= Bflflk and fl’kzr(/371 o a) and
denoteby c different constan[s independentof y. We shall slrnw that [he
inequali[y

iva akPB=cXIvop,kISPn., [3.5]
As

and[he analogousfor [he normshold, distinguishing[he casesO<s=1 and
s>1.
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II O<s< 1 Theorem2.7 and Lemrna2.8 give:

¡Vaa¡~
9jj=C EIvoaI.tp.n~=c ~¡ (va I

3J~)a(Ig o a) ¡,,p,fi,<
As As

c ~¡ va
As

and[3.3] follows.

Let s>l. Denoting by y’ the /-th componentof the generiefunction y
with valuesin RN, we have:

VaaI
5,,,8= E I

16h (voa)¡¡
5... 196=c~~ji6h(Vo a)Ir,...,,~,n, =

h hAs

=c~~¡¡64(v»$~)oq34l» a) ~
ItAs

=cEE II El [dí(vof3~ )] o(/3j7 » a)}dh(Wl o a)’ IIs—í.pLh=
It As 1

=cXEII[8,(v»$~ )]o(/32lo a) II>..l,¡,flk<
Así

=cEEIIaí(va/31)IIsn.P,nk=cE~va$í L9.fi’.
Así

and[3.3] still follows.

The analognusinequalitiesfor the norms are proved in the sameway.

o

4. FURTHER REMARKS

Our aim is flrstly comparingthe norm [3.!] with the usual one,whose
definition exploits a partition of unity.

Let {aJ be tike in Definition 3.2 andlet [I/JJ be a partition of unity of class
Cml associated[o the compact1” and to the covering [a,(Rí¡2) 1. Define (see
[LiMI] (iii) 2.5)

Proposition4.1 Assume[¡.1] atid heí O<s=m+larid t’Cp<oo. The
nurms[3.1] atid [4.1] are equivalení.
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Proof. Using Lemma 2.4, we have immediately:

where c does not dependun y.

Since W’~ (F) is completewith respecttu [4.!], [he assertionwill folluw
frum Banachtheoremas soor¡ as we shuw thai Ws.P(1’) is completewith
respecttu [3.1]. Let {v»} be a Cauchysequencewith respectto [3.1]: then,
for aH ¿ [v~oa,1 convergesin W~P(Bí

12) to a funetion it’,. We only haVe tu
prove[he existenceof a function veLP(l’) suchthat vaa,=w,for allí. Since
the set of indices is finite, thereis a subsequence{v,,~j such [bat v»~aa¡— u’,
a.e. ín B,,2; it follows that y,,, — ii~, a ar’ a.e. in a,(B,12). whence
W¡a arl = waa~ in a(B,Mfla<B,Q~ andvis definedin anubx’iuus rnanner.

1 JI ~J

o

Let us introduceotherpossiblenurmsin ~ (1’), relatedto [he seminorm
[3.2], equivalenttu [3.1].

Proposition 4.2 Assume [1.1] and leí O<s=m±land 1 <p<oc.

Suppuse E is cunnecied ant? leí oC F be a set wiíh pusitive N-dimensiunah
measure. Then the Jblluwing nurmtis are equivalení tu [3.1]:

where II~IIO¡’w is Me nurm in L”(’w) ant? y», is ihe average uf y un <o.

Proof. Obviously [4.2] and [4.3] are estimatedfrom abox’e by [3.1].
Converseinequalitiesare of Friedrichs-Poincarétype and can be obtained
accordingtu classicalarguments.provided une noticesthat:

(i) lvI~í’=O is equivalent tu v=cunstant,su that [4.2] and [4.3] are
norms;

(u) [he embeddingof W”P(1’) in L”(I’) is compactwith respecttu [he nurm
[4.1], hencewith respecttu [3.1], tou. o

Proposition 4.3 Assume [1.!] and leí OKZSSm±land l<p<oo.
Suppuse E is cunnecíed ant? set

1v19í’ =inf{IIv±kII~9p:kelt ]. [4.4]
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Then [4.4] and [3.2] are equivalení.

Proof. For alí keR one has

¡ v¡~¡,p= Iv+kIs¡,r =11 v+k¡ij,g

whence¡vj r< IvI•pr. Deno[ing by Vp ihe aVerageof von F,thanksto [he
previousPropositionone has

¡ VIs¡,r=IIV—VrIIs,,r=cIv~vpIs,tr=cIvIt¡tp.
o

If E is also the boundaryof an open set, then thereis a further possibility.

Proposition 4.4 Leí fi G RN+í be a buunded. cunnecíed upen set uf class
C»1 atid leí E be its buundary, which is assumed tu be cunnecíed; leí
O<s=m+Iand 1 <p<oc. Suppusee¡iherp=2 urs nul inleger.

Fur vEW~P(E), define C by meatis uf ¿Xi~=O ¡ti fi atid t=v un E. Iniru- O
duce

= VIs+i.p.lI. [4.5]
9

Then [4.5] atid [3.2] are equivalení.
Proal? We shall use weIl known results ([LM](xj, Theorem 4.2,

[LM](vi) Theorem4.1). For ah keR it is

= ¡ tU~+~.p.
0= i~±k¡~+9~=

II (v±kf¡1 ~ ~= c¡ ¡ v+k ¡1 ~,,
9

By the previousPropositionwe ihen find

*

IvI3~p =cIv~fl,í’ =cIvI5¡,r.
Moreover, choosingk to be the averageof £~ in fi and applying [2.15], we
obtain:

¡ ~K,,í’ = 1v—kl ___ <¡]v —k¡L,.9.í’< c ¡1 (v—kf II~+I,~,n =
9

/‘ 9 1’ o
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