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Qn knowledgegames

J. M. LASRY, J.M. MÓREL AND 5. SOLIMIN!

ABSTRACT. Wc give a formalization of dic “knowledge games” which allows so study their de-
cidability and convergence as a probleni of mathematics. Our approach is based oua metalemma
analogous to those of Von Neumaun and Morgenstern at the beginning of Ganie Theory. We are
lcd 50 definitions which characterize the knowledge games as objects in standard set theory. We
then study rigorously dic most classical knowledge games and, although we also prove that the
co,nníon knowledge in diese games may beuncomputable,showtheirdecidability in asimpleway.

RESUMEN. Proponemos una formalización de los “juegos de saber” que permite el esludio ma-
temático de su decidabilidad y convergencia. Nuestra construcción se basa en un metalema aná-
logo a los que Von Neumaun y Morgenstern desarrollaron para fundar la teoría de los juegos.
Los juegos de sabér quedan definidos como objetos sencillos en el marco de la teoría de conjun-
tos. Estudiamos luego rigurosamente los juegos de saber más clásicos y, aunque el “saber común”
puede ser no calculable, demostramos la decidabilidad de estos juegos con técnicas elementales.

Aknowledgement:This work hasbeensupporledby Ihe US Army underCon-
trací DAJA45-88-C-0009andachievedwhile the secondauthorwas visiting
the Applied Mathematiesdepanmeníof the UniversidadComplutensede
Madrid.

The authorsíhankIhe Refereefor valuableremarksandfor recallingthem
Ihe following passageof Ihe Lazarillo de Tormes: “—Lázaro, tu hasestadolo-
mandolas uvasde tresen tres. —¿Porquélo decís,señor?—Porqueyo las co-
gía de dos en dos y tu callabas.”

1., INTRODUCTION

Our aim in Ihesenotes is lo proposevery simpledecisionproceduresfor
treatingprocesseswhereseveralsubjectsexehangeinformationin sucha way
thaI reasoningabout Ihe knowledgeof the other subjectsis necessaryfor ar-
riving at a solution.Classicalexamplesof suchprocessesaregiven below.The
characteristicsof theseproblems,(or “puzzles”, or “games”) is to require a
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very formal andsíricí reasoning,buí which cannoleasilybe endowedin cías-
sical set lheory becauseof Ihe very specific hypothesisaboul the subiecís:As
in gametheory,onehaslo supposethat Ihe subjectsinvolvedin Ihe processes
areperfeclly rational, thaI theyalí knowIhe lheoryof Ihe processor gameif
sucha lheory exisís.More precisely,Ihe lheory musíbe commonknowledge
amongIhe players.(One says thaI somethingis commonknowledgeamong
Ihe playetsif everyoneknows it andif everyoneknowsthaI everyoneknows
it, andso on).

AII Ihesefealuresrequirea formalizalion,andin Ihe lilteratureaboutthe
subiecí,onecanfind al leasíIbreedirections.A firsí one(seefor instance(ST),
(MDH), (OS)) is lo reasoninformally buí rigourouslyaboutihoseprocesses,
which we shall calI “knowledgegames”.However,as Ihesegamesbecomeless
intuitive, as in Ihe caseof ihe “surn game”describedbelow, onefeels Ihe need
for a generalformulation. Ihis may lead lo Ihe logical approach,which has
beenextensivelyandwidely sludiedin receníyears.The basicidea, oftenal-
tributedlo Lewis, is lo definemodaloperatorsof knowledgeandto fix their
meaningby appropriaíedaxiomatics.Oneobtainslogical knowledgeIheories
for which consistencyandcompleíenessproofs can be given, as in classical
modal logie, by Kripke semanties.Ihis has led lo developrnentsin temporal
logic for Ihe descriptionof discretetime temporalprocesses(MP, BKP), and
in epislemic logic for Ihe analysisof gamesanddistribuled reasoning(H, P,
HM, FHV, L, FH, CM,...) Ihesemodal systemsare simple enoughlo allow
compleíelyformal proofs in sornepaniculargames,as Ihe “three wise men
puzzle” (AS). Now, as is well-known, lo generaleformal proofs in modal
systemsis a NP-completeproblem.Thai means(up lo now) thaI logical for-
malization can helpfor verifying the correctnessof someinluitive reasonings,
buí gives no efficient way of consíructingdecisionproceduresin panicular
problems.In fací, as sornepanicularproblemis Irealed,like byzántineagree-
mení, one needssomead itoc modelscoming ftom graph theory for finding
maihematicalimpossibility proofs (FLM).

A new difficulty ariseswhenIhe knowledgeof Ihe “players” haslo conlbin
a significanípanof maíhematics,as in Ihe caseof Ihe “sum games”described
below:oneswishes lo havesimple methodsfor dealing with iheseproblems
as set theory problems.In otherterms,oneseeksfor modelsfor iheseprob-
lemswhich endow them into classicalmathematics.This can be donein Ihe
spirií of classicalgarneíheory: gameIheoriesalwaysbegin by metalemmas
aboul ihe theory,which allow a reduclionlo set theory.The firsí exampleof
sucha meíalemmais dueto Von NeumannandMorgensternin Ihe studyof
Ihe two playersgamewith zero sum: it assensthaI if Ihereexisís a rational
íheoryfor Ihis game,andifthis theory is commonknowledgelo bolh players,
IhenIhe gamemalrix musíverify Ihe relation:

mm, max> a(iJ) = rnax, mm, a(i,fl.
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Afler giving a formal definition of knowledgegames,we shall obíain in pan
2 suchametalemmain the panicularcaseof thesegames.This lemmaassens
thaI ateachstepof a knowledgegame,Ihe “solutions thaI player i cannol ex-
eludea priori” is a set which can easilybe computedrecursivelyfrom Ihe in-
itial dala. We deducethaI every finite knowledgegameis decidableand ob-
1am a necessaryand suificiení condition in order thaI a game converges
thaI is, finishesafter a finile numberof steps.Note thaI our formalizationin
Ihe concretecaseof knowledgegamesis very close to thoseof Aumann(A)
andTan andWerlang(TW). (Theselasí authorshaveproposedabayesianap-
proach lo Aumann’scommonknowledgenotion). We do not need lo know
the commonknowledgeal eachstepin orderlo computeeach player’sknowl-
edge.This is fortunate,sincecompu/ingtitesolutions“not esucludedin tite com-
mon lenowledge” requires an infinite recursion al eacit step. Whatcan be fi-
nilely computedis agreaterset,which is interpretedby SéréandTorlai (ST) as
follows: it is ihe setof ah solutionsnol excludedby an extra player, an “ob-
server”,whoseonly informationwould be the negativeanswersof Ihe players.
We shall seein a simpleexamplethaI the setof soluíionsnol exeludedby Ihe
observercan be muchgreaterIhan thecommonknowledge.However,weprove
in our metalemma1 thaI this set 5k’ exíremelysimple to computeal each
step le, is enoughlo determineIhe zerolevel knowledgeof each player,thaI is
Ihe setof Ihe solutionswhich he cannol exclude.

In pan 3, we apply Ihe theory lo Ihe gamesdescribedin the introduction.
We prove that Ihe sum gamesare convergeníif Ihe numberof players is
greaterIban or equallo Ihe numberof sums.We prove Ihe generaldecidabi-
lity of Ihesegamesandgive a completestudy of Ihe caseof two playersand
threesums. We now give a briefdescriptionof Ihe gameswhich will be dis-
cussedhere.

The disk game:n players l,2,..,n are giveíi a coloureddisk which can be
whiíe or black. SinceIhe disk of eachplayer it placedbehindhim, he cannot
see it, buí he canobserveIhe otheronesdisks. It hasbeenannouncedlo Ihe
playersíhat Ihe numberof black diskscannot exceedn-l. Then Ihe players
are asked(oneby one, circularly or alí togetherrepeatedly)wetherthey are
able to deducethe colour of Iheir disk. Ihe gamefinishes as some of Ihe
playersanswerspositively. (SeeLasry (La)).

D¡rty childrenpuzzle. An equivaleníversion of Ihe previousgameis Ihe
so called din>’ citildren puzzle,whose descriplionwe lake from Parikh [P]:
“SupposeIhere are n children, sorneof whom havea divty forehead.Each
child can seeeveryoneelse’s forehead,buí not bis own. A teachermakesIhe
announcement“one of you hasa diny forehead”. Then, as in the preceding
game,Ihe children are askedrepeatedly:“is your foreheaddiny?” The ques-
tion is lo knowwhich onesof Ihe childrenswill be able lo answerIhe question
andal which time.
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Cheatingwifes puzzle. A varianíof the preceding“games”is the cheating
wivespuzzle(GamowandSlern (OS)).SupposeIhere is a village, in which Ihe
populalionis composedof n men andIheir respectivewives. A very strict law
obliesevery husbandwhich can deducehis wife’s infidelity lo kill her in Ihe
subsequenínighí. Now, Ihe fact thaI anypanicularhusbandis cheatedby his
wife is perfecíly known to alí Ihe otherhusbands.However, no wife is mur-
dereduntil amissionaryarriveslo Ihe village. Sincehe knows Ihe many infi-
delitiesin Ihe village, he thinks he haslo speakagainsíthaI. Buí wishing lo
avoid any murder, he only says publicly thaI Ihere are some unfaithful wife
in íhe village, fact which is perfeclly known lo alí Ihe assistants.However,
afler somedays,alí the cheatingwives are murdered.

Sum game:This gameseemslo bedue lo David OaleandJohn (2. Con-
way (O). We found their descriptionin Lasry (La). The n players 1,2 n are
given n positivereal numbersa~, a>,..., a,,. Eachof Ihe playersknowsIhe num-
bersof the other ones,buí ignoreshis own. Moreover, it is commonknowl-
edgeamongIhe playersthaI Ihe suma, + a, + ... + a, is equallo one of k
given numberss,, s,,...,s~.As in Ihe precedinggames,ihe playersareaskedin
a fixed circular orderweíherthey are able to deducetheir own number.The
gamefinishesas sorneof Ihe playersis able lo answer“yes~~.

2. GENERAL THEORY OF KNOWLEDGE GAMES

In the following, we shalldistinguishtwo kindsof definiíionsand resulís:
thosewhich correspondlo intuitive viewson Ihe knowledgesgamesandIhose
which belonglo Ihe formal theory of thesegames.The firsí oneswe shall calI
metadefiniiionsandmetalemmas.They are esseníialin order lo prove that
Ihe formal theory is well adaptedto its intuitive aims.

Metadefinition 1. A “knowledgegame” (7 is given ¿‘y O = (ti, (~» E, 5)
wheren is an enlire number, 1,, isa sequenceofsubsetsof1 ={1,2 nl sucit
íitatfor an>’ i in L itere esuisísinfiniíely man>’ le sucit thai i is inI,,,. E is a given
set and 5 a subsetofE”.

Of course,n represenísIhe numberof “players”, each i in 1 represenísa
player, and 1, is the set of Ihe playerswho are askedat lime le. E is Ihe set of
Ihe values which can be a priori alíributedto eachplayer (colours,numbers,
dirty foreheador fol, etc...).5 c E’ is Ihe set of alí the attributionsof values
lo Ihe playerswhich areeffecíively allowedby the rules of the game.So the
genericknowledgegameproceedsas follows.

At time í=0, a valuea, belonginglo E is given lo eachplayer4 with Ihe
condition that a=(a,a,,...,a,) musí belong lo 5. Every player knows alí Ihe
other player’s values,buí ignores his own. At time í=k(le=1,2, ...), alí ihe



On knowledgegani es 191

players in 1, are simultaneouslyaskedwether they are able to deducetheir
own value. The gameslopsas sorneplayeranswerspositively. Of course,the
rulesof the game,thai is essentiallythe descriptionof (7, are assumedlo be
common knowledge among the players. Since each player is assumedlo
answerbefore Ihe oíher ¿mes,his answer becomesalso immediately com-
mon knowledge.

Metadefinition2. A knowledgegameG = (n, (‘~),, E, 5) is convergení¡f
for ever>’ initial atiributián ofvaluesa E 5, Mereesuisisa timele sucit thai some
player of1, is ab/eto deduceitis own value.

Notations

In whal follows, we denoteby a = (a,,a>,,..,a,,) Ihe valueseftectivelygiven
lo the playersat time t=l, and surepresenísIhe (for Ihe players)unknownsol-
ulion. This isjusí a commodity of notation: for instance,a player is able lo
answerIhe questionof whetherhe knowsihe solutionifand only if”he knows
íhat su=a”. Similary, by “player i knows that su!=b”,we meanlhat player
knows thaI Ihe solutionis nol b. To say thaI sornepropositionP is common
knowledgeamongIhe playersal time i= le, we shall wriíe: CK~ (P). Denote
E’(y)=(zEE’IVj!=i,y,=z,}. For insíanceplayer i can observeE(a), which
meansthat he knows thaI su1=a1 for eachj#i. 1fF c E, we denotesimilarly
by E(F) Ihe set

17(E) =1412(v).

Wedefineinductively the followingseIs,whichwill becrucial in theproofs
of decidability andconvergenceof Ihe knowledgegames.

5 —s
T¿=(y in SA., Card SkOEQO—¡ ~—jyin 5,,, SknEt)={y}}
T,,t

SA.+ 1 = SA
We now síateihe main lemmaof Ihis work. lts proofis basedon intuitive

evidenceandit haslo beconsideredasa“rnetalemma”:we meanthai it might
be true in any rational theory of decision for the “knowledgegames”defined
aboye.Moreover,sincewe usein it Ihe informal notion of”possibilitieswhich
cannot be excludedby a player”, its role in a formal theory would be of
coursethat of a simple namegiven lo Ihe set SknE’(a).

Metalemma1. Assumethai tite game(7 wiíh initial condition “a” itas not
finisitedbeforei=le. Titenfor an>’ i in L S,,nE’(a)is esuacil>’ tite setof/hesu in
E”for witicit i doesnoí knowiitat su # a. In o/ter words.S,,nE(a)is lite setof
possibiliiiesfor tite initial valuethai pla.ver i cannolesucludeat timek (It a/so
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can be consideredas tite ininimal set W,, for witich player i lenowsal time le
thai a is in W,j. Moreover, T,, is tite set of ah initial valuesafor witicit tite
gamefinisitesa/time k.

Proof. Obvious for le= 1, becauseeverythingthat player i knows is that
the solution su is in 5=5, and that su belongs to E(a). Thus no elemeníof
SnE’(a) can be excludedal Ihis time by player i. Assumethe lemmaproved
al time i=k for every initial condition a, andIhereforecommonknowledge
amongthe players.It is clear thai a player i candeduceal timet = le ivitat is
a ¡fandoní>’ ¿ftite setofnonesucludedvaluesfor itim is ofcardinahiíy1. Now,
by the inductionhypothesis,this is equivalentto:

CardSA.SE’(a) = 1,

which is equivalenílo aE fl. Therefore,Ihe fact that the gameO doesnot
stopat time le is equivaleníto:

a~T,,=U7%.

Now the pointssu not excludedby player i attime le+ 1 arethe poinísnot
exciudedat timele, minusthosewhich arenewly excluded,thai is thosecon-
tainedin Tk. Thus the pointsnon excludedby player i attime le+ 1 in Ihe play
with initial condition “a” areexactly:

SA.nE’(a)\Tk=(SA.\TJnE’(a)=5k+ nP(a).

Remark:Why SA. is not the “common knowledge”. Since the preceding
lemmais commonknowledgeamongthe players, the fact thai su is in 5, al
time le (if the gamedid not endbefore)mustbe commonknowledgeamong
ihe playes.Denoteby 5 the minimal set suchthat (2K~(suc59. Then we can
assertthaI SkCS’k. Are both seIsequal?The answeris generallynegativeand
onecan give exampleswith finite games.Let usgive one in the caseof the
sumgamewith two playersandtwo sums:assumethatbothsumsarerational
numbersand that the numbersa, givento Ihe playersareirrational. Then al
the firsí stepof íhe gameeachplayerdeducesimmediatelythat his ownnum-
ber is irrational, andIhereforelhat Ihe olher player is in thesamesituationof
seeingan irratioflal number. Thus Ihe fact lhat a is madeof irrationals is
clearly common knowledge amongthe players and thereforethe common
knowledgeattimek= lis madeof rational numbers.Now, Ihis is nol Ihe case
for S~, which clearly containsintervals.

A consequenceof Metalemma1 is thatwecan now give a precisesenselo
tbe notionsof decidabilityandconvergenceof a knowledgegame.(In thefol-
lowing definilion we useIhe notion of algorithmin aformal way andaccord-
ing (e.g.) lo the lheory of Alan Turing).
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Definition 3. A gameG = (n, (Jk),,, E, 5) is decidableWiitere is an esuplicil
algoriiitm deíerminingforever>’ a in 5, ever>’ i in 1 andfor ever>’ k suchthai
‘k cotilamsi, whetherS,,nE’(a)is ofcardinaliiy 1 and, ffiitat occurs,giving titis
uniqueelemení.G is convergeníif it verífies oneoftite followingequiva!ent
properties:

(b) fl,S,,=0

By metalemma1, 7% is the set of alt initial values“a” for which the game
finishesat time le. Thus,intuitively, the gamefinishes for every initial datum
ifand only if 5= UA.TA.. Theformal definition 3 correspondsto a formal trans-
lation of the metadefinition2. In the following we shall always use the term
“convergent” in the formal way.

Note that if the set E is finite and5 can be given by the enumerationof
its elements,one can obviously makean algorithm for giving explicitely the
sets T, and5A.~ So we obtaina first genericresult of decidability.

Theorem1. Ever>’ finite knowledgegameis decidable.

We now wish to obtain someclearandusefulcriteria of convergencefor
the knowledge games. We begin with two simple necessaryconditions:

Wc shall say that the game(7’ isa subgameof ihe game(7 if S’cSand
bothgamesdiffer at mostby the fact that5!=5’.It is intuitively evidenttbat
if O is convergent,somust everystrongergame,and we shall prove it now:

Proposition1. If O’ isasubgameofO, and~G is convergení,titenso isO’.

Proof. We showby induction that S~cS~: it is tme ifk= 1. Assumeit is
true at time le and let suE TkflS. Thus Card (SA. nE(su))= 1 for sornei in 1,
andCard(SknE’(su))~1. SinceSCSk,thisimplies Card(S’knE’(su))=1. Thus
we obtain (TknSDcT~and thereforeS?+=S~\TcS\(T~nSQ=S~\Tk a
Sk\ 7’, = 5k+

Assumethata knowledgegameverifiesthe following property:thereis no
initial condition a for which some player i is able to find his own value a
afier havingseenthe othera~. Thai meansthat T,= 0, andsinceihe structure
of 5 is commonknowledgeamongthe players,it is alsocommonknowledge
thai every player will answer“1 don’t ícnow” at the firsí time whefe he is
asked.Ihusno progress(in knowledge,knowledgeaboutknowledgeandsoon)
is madeaftereachplayerhasbeenasked,andit is intuitive that ibe gamewill
remainstable andnetherend.In ourformalism,tite proofoftitis properí>’ is
trivial: if T,=0, onegetsS>= 5, andby inductions —s Thusthe preceding
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remark reducesto the fact that ifa gameis convergent,one hasT !=0.Ap-
plying this property and proposition 1 to every subgame G’ of O, we gel the
necessarycondition:

Proposition2. A gameisconvergentonly¡f it veriJ¡esiitefollowingproperty:
(c) For ever>’ 0#S’cS tite/e esuists iEI and suES’ sucit tha/

Card (S’nE’(su))=1.

Thecondition(e) is in fact “almost sufficient” in order thai a gameis con-
vergent.As an example,let usconsiderthe casewhere ihe gamehassomefi-
nitenessproperty.

Theorem2. Assumethai 5 isJ¡niíe (or moregenerail>’ ihál for ever>’ i in ¡
andy in 5, Card(E’(y)n5) <oc). Titentite gameG is convergení¿fandonly íf
properí>’ (c) is ver~fied

Proof. The necessaryconditionis proved in proposition2. Conversely,as-
sume that the game verifies property (c). Assumeby contradictionthatthe
gameis not convergent.ThenS’= fl5~ is nonempty.Thenby (c) thereexists
i in 1 andy in 5 such that Card (S’nE(y))= 1. The finite setsS~nE’(y) for-
ming a nonincreasingsequence,one still hasCard (S~nE’(y))= 1 for somek.
Thus y is in the first successiveTA.. such that i belongs to 4. which is a
contradiction.

Remark. The last pan of the proof showsthat onecancheck (c) by con-
sideringonly the case5= flA.Sk. This will be convenient in the applications.

3. APPLICATIONS TO PARTICULAR KNOWLEDGE GAMES

3d. Decidab¡Iity. We begin with someconsiderationsabout the decid-
ability of the knowledgegamesdescribedin the introduction.By usingThe-
orem 1, oneseesimmediatelythatthesegames,includingthe sumgameifthe
data are entire numbers,are decidable.Let us now briefly explain why the
generalsum gameis also decidable;beingassumedof coursethai the initial
data,andthe sumsare computablenumbers(to simplify, assumetheyarera-
tional numbers).Wc prove by induction on k tbat if Sk is computable,so is
5k+í• More precisely,assumethat5k is a finite union of simplexes,eachbeing
definede.g.by a finite set of explicit inequalities.Then5~, is finite union of
simplexesobtainedby:

1) Projecíingalí the simplexes of ~A.on the hyperplanes(x=0} which is
achievedby removingthe íermsin su in theinequalitiesdefiningthesimplexes.

2) Making alí possibleintersectionsbetweentheprojectedsimplexes.Each
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one of theseprojectionsis also a simplexand in order to intersecttwo sIm-
plexes,it is enoughto realisethe union of their setsof inequalities.

3) SA.\TA.’ is ihen the union of alí possibleintersectionsbetweenihe sim-
plexes of S~ and the cylindric simplexeswhose basis are the simplexesof
{su,=O} obtainedin 2).

4) One obtainsSA.\T.as the intersectionof the Sk\TA.’ for i in 4. Deciding
which simplexesare empty can be achievedby sorneentire linear program-
ming algorithm.

3.2. Gameconvergence

We begin with a useful criterion for decidingwethera given gameO is
convergent.

Proposition3. Leí G=(n~ (4),,, ES) be a knowledgeganie. Assumethai
E is coníainedin ~ and íita 5 is a compacísubseiofW, titen a suificienícon-
dition in order lo ob/am properí>’ (c) for closed5’ is thai Meredo nol esuisísu,
y in 5 witit:

1) su=(su,,su>,...,suj,y=(y,,y»., y,,), and su> y,for every i=J,2 n.

2) for i= I,2,;.,n—1 oneitas su’=(su,,...,su,g+ ~...,y,,)~5.

Proof. La 0!=5%5 andassume5’ be closed:we shallconstructsu in 5’
suchthat Card (S’nE’(su))= 1 for some i in 1. Definerecursivelyan element
y=(y,y,,...,y,,) by:

y~=min (jA (su,su,~.. ,y)ES’ for sorne (su,su,,...,x,

y,,<=min (yI (su,,su>,...,y,y)E S’for some

y =min (y 1 (y,y,,... ,yJGS’}

Set r=(y,y,,...,y9. If E’(sut) nS’ containsno other elementthan ~‘ we
have finished. If not, choose su,»’, such that su’=(su,y>,...,yjc SI If now
E>(sujnS’containsno otherelementthansu’, we haveagainfinished. If not
we can fand su> = (su,,su,,y y,) E 5’ with su

2>y,. We iterate this process.Now,
by assumption,it must end before arriving to define su”, and thereforepro-
vides somer such thatCard (E’~(x<) n S’)= 1.

Remark. Ofcoursethe previousstatementholdsfor an arbitraryspaceE
endowedwhith an order relation which makes every closed set have a
minimum.
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Corollary 1. Ever>’ sum gamefor witicit tite number m of given sums does
noí exceedstite numbern ofplayersis convergení.

Remark.We havestatedthis resultwith informal termscorrespondingto
the metadefinition2, but weshall give it a rigoroussenseby defining5 for the
sum gamesandproving the convergencein the formal senseof definition 3.

Proof. Define5 by: x= (su ,x>,...,x0)E 5 if andonly if it verifies

n
su~O, i= 1,2 n; su=s1 for somejin l,2,..,m

‘=1

5 is obviouslycompactandwe can prove by induction that so arethe
5k

Indeed,assumeby induction that SA. is compact.Then the functionsdefined
on 5 by x—*Card (E’ (x)nSA.) are clearlyuppersemi-continuoussincetwo dis-
tinct elementsin E(su)nS~haveadistancebigger or equalthanMin~ Is—s).
Thus the set of alí su in 5, suchthatCard (12(x)nAA.) = 1 is open in 5. We ob-
tain that 7% is open in 5 andtherefore5k+ is also compact.We now observe
that the finiíenessassumptionof Theorem2 is easily checkedandwe prove
that the criterion (c) for the c9nvergenceof the gameis verified. The remark
underTheorem2 allows usto restrictourselvesto thecasethat S’= ÑA.SA.and
thereforein particularthat 5’ is closed.Hencewe arein a positionto apply
proposition 3 and we can assumeby contradiction that ihere exists a se-
quencesu0 r su~ in 5’ with

su’=(su,,..,su,y,~,...,y,)andsu<y, for i= 1,2 n

Denoteby s(su) thesum of the coordinatesofsu. Thens~xj-cs(su’) ... -cs(xj,
but thesenumbersmust belongto ~ which is impossibleif m~n.

Remark.The precedingresultcan be generalizedin the following way: In
the situationof Proposition3, thegameis convergentprovided5 hasno sub-
set with more than n elementswhich is totally orderedby the productor-
dering in Ji’.

Analysisof the dirty children gameandof the disk game. First noticethat
thesepuzzlesareequivalentto a knowledgegame,whereE={0, 1> andthe set
5 is definedby the fact.thatits elements(su,,su>,...,su

5)E E~ verify the relation:

n
~su,E{O,l n—l}

To see that, it is enough,for the disk game,teset su,= 1 if the disk of i is
black andsu=0otherwise.For the dirty children game,we set su,= O if dic
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child is dirty andsu, = 1 otherwise.So both gamesare identicalandequix-alent
to a sumgamewith the special restrictionon initial datathat suc(0, 1}. As a
consequenceof proposition 1 we obtain immediately the convergenceof the
disk anddirty childrengames:Now, the intuitive theory of thesegamesex-
plained in (La) provides not only this convergence,but also predictswhich
playersfind out tbeir colour, and at which time. If our approachis valid, it
mustgive the sameresult.

Let uscomputethe sets TA., SA.: we haveseenthat S=5, can be definedas:

S={(su,su>,...,sujE(0,lhsu±su>+.±su¿~n—lI.

To simplify the notationsweshall assumethat 4=’, but what follows can
be easilyadaptedto other cases.lo evaluateT,, it is enoughto remarkthat
if su,+ su>+ ... + su,< n— 1, one obtainsa new elemeníof 5, if onechangesthe
value ofan arbitrarysu,. Conversely,ifsu,+su,+...±su~=n—1, thereis some
sueh that su,=0 and this coordinatecannot be changed in 5,. Ihus
su=(su,,su,,..,x~)is in T;. We obtain that:

T,={suc (0,1 I’tsu,±su>+...±x~=n— 1) and therefore:

S—(xc{0,l}¶su,±su,±...+xAn—21.

Similary, one seesthai 7%’ is ihe set of alí su in 5, whose i—th coordinate
is zeroandwhich verify x~+x>+su~=n—2.Hence:

T,={suEj0,l>’tsu-f-su>±..+su~=n—2},

andby an obviousiteration:

S—$suc(0,lhsu+x>+..+su,~n—k},

T—{suE{O,l}”,x+x=±..+su0=n—k}.

Recalí that the strategy of the player i is to computeits set of nonexcluded
values

5k~=5k~ E(a), the game finishing as some of the players has a set of
nonexéluded values of cardinality 1. Assume player i sees n—r— 1 black disks.
Ihen E1(a) contains exactly two elements, whose sums are n — r and n — r— 1.
Since Sk+¡=S,\T,,one sees that S—Sfor every k ~r, and S~4Q is of cardi-
nality 1. One cóncludes easily that if n— r— 1 black disks have been given, the
play finished at time r+ 1, as alí white playersconcludetogetherthat theyare
white.

Analysis of the cheating wives puzzle. Set .x= 1 if the husband i is not
cheated, su=0 otherwise. Ihen the declaration of the missionaryis equivalent
to the fact that:
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n
2 su~E(0,l n—l}

Thus iheonly differencewhith the diskor dirty children gameis that each
morning, as some husbandhasnot killed the wife, this fact does not mean
thathecannotdecidehow is his wive’s behaviour,but only thatheis not sure
that sheis unfaithful. Thus the cheatingwifespuzzledoesnot a priori belongs
to the classof knowledgegamesdefinedin section 2. However, the analysis
of the previousgameshowsthat only a cheatedhusbandcan end the game.
Therefore the fact that a wife is not killed is a posteriori equivalent to the in-
formation that her husband cannot decide whether she is unfaithful or not.

The fact that the disk game is always ended by some white player can be
expressed by the following fixed point property:

Proposition 4. Leí]?E—Ji and definefor eacit i in 1 titefunctionf:E’—.E’
¿‘y (f(x)),=x~ ¿fit i and (f(su»,~ftsu,) if 1= ~ Assumefi sends5 mio 5. Titen
player i can end tite game only ¡ffta~) = a~.

Indeed,one proveseasily by inductionthatJtSjcSk.To apply the prop-
osition to the disk game,it is enoughto set](black)=white andflwhite)=
white.

3.3. Furtheranalysisof the sum games

We haveseen in 3.1 that the sumgames(with computabledata)are al-
waysdecidable.In the well posedcases,namelywhenthe numberm of sums
is not greaterthat thenumbern of players,we know that the sumgameis con-
vergent.If m> n, the situationis muchmorecomplex,the computationof the
Ef’, being related in manyaspectsto ergodictheory.We shall begin with some
general convergence and divergence results:

Proposition 4. Leí n~2, m~n and assumes,~1>(n/n—I)s. Leí,for sim-
plicitg Ik=Ifor ever>’ k. Titen tite sumgameis convergent.

Proof. Oneshowsby inductionthat (a,Ia=sk}cTmk+í. Indeed, ifk=m,
oneclearlyhasa E 7% ifI~1 a>sm.,.Hencea~ 7% implies~ ~, a,~ns__that
is 2a~(n/n—~)s,, <Sm. Thus ja, 2a¡=smicT. The other stepsare similar,
and we obtain that Sm+i =0.

Proposition5. Ifm=n+1, onecanflnd, s,,., s,+, sucit thai tite associaíed
gameLs convergení.

Proof. Takes>—s = ... =s,—s,,,= d>0. ThenthehypercubeS’= {s,, s +
¡O, di’-’ is enclosedin 5 andthereforethe necessarycondition of conver-

gence(c) in proposition2 is not fulfilled.
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A completeanalysisof ihe sum gamein ihe casem =3, n= 2

Proposition6. Assumetite numbern ofp/ayersis 2 andtite numberm of
sums is 3. Titentite sumgameassociatedwi¡it tite sumss,-cs><s,converges¿fi
andon/y~íitefiollowing conditionis verified:

(d) There e.xist p and ¿y in 7 such ¡itat p(s>—s,)+q(s>--s,)E ]s,, s>—s>[

Proof. We proceedin severalsteps.

Step 1: Preliminaryremarks.One seeseasily that T,= ((a,, a,) in (Rs)>,
a>s, or a,>s,I, that consequentlyS,=Sn[O,sj>, T,={(a,, a,), a+a,=s, and
s.ca-cs,—s,}.Thus ifs > s —s,, T>=0 and thereforeS, =S, andthe game
is not convergent.In this case,since property(d) is nol verified, the proposí-
tion 6 is true. So we mayassumethat s<s,—s,. A peculiarity of thegameIs
thai for any a’=(a9, a’?,) in 5, \ 7% there is exactlyone elementof 5,, a- such
that a-’ —a9andone elementa’ suchthat a —a’ Henceto anyelemenía’ of
.s, onecanassociateauniquesequence(ak)k~ suchthai K= 7 ifa E flkSkand
K=[p,q]c71 ifmin (IpI4gl)=k is in T Moreover, oneclearly hasfor any /<,

ak*=aX or a½~’=a½and¡ a~~’—a~l+ Ia½~’—a~¡ E (s,—5,,5,—5,} and ak+ak,=s,
if andonly if ak+~¡~a~+¡=s or 5,. We shall calI the sequence(ak) “d-sequence
associatedwhith ¿“. A d-sequenceis infinite on bothsidesif andonly if its
elementsarein S’= flkSk-

Step2: Tf thegameconverges,property(d) is true. Indeed,if the gameis
convergent, a’=(0,s,) is in some T,, andihereexistsa sequenceak of Ihe pre-
ceding type with ¿=(0,s,) and a’-’ c T,. Thereforeoneobtains

I—2

~ (ak~akr)=at
2E ]s,, s>s4

andsince aX~.~ak¿íI E (0,s,—s,s,.—s,}for anyk, we obtain:

p(s,—s~)+q(s,—s,)E ]s, s,—s,[ for somep and¿y in 7.

Step 3: If the gamedoesnot converge, <thai is S’= flkSk=0), then (O, s,) is
in S’. Indeed,weknowthatS’isclosed.Leta’verifyinga’,=Min (a, acS’}
andconsiderits associatedsequence~ Sincethe sequence(ak) is infinite,
thereareelement&in(ak) suchthataS+a~=s,. Titena’ <s andsinces~<s,—s,
we maychoosea’ (seethe remarksof Step 1) suchthat a~?,+ a’, =s,, a’, =a’~ and
ak <a’ for any k in 7. Setting bk=(a~~a%a~+a½),we obtain a new infinite
d-sequencein 5,, associated with b’=(0,s,).

Step 4: b’= (0,s,) is in S’=flkSk on/y ¿fi thereis no (p,q) in 7/> such that
p(s, —sj+q(s,—s,) E ]S,, s,—s4.Indeed,assumethai the leastrelation is true
for some(.pq) in 7’. We shall use the following lemma:
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Lemma. Let r, 5,/ in R with r+ /=sand assumetitatpr+ ql E [Os]for sorne
(p,q) in 7>. Titen Mere esuisísa sequence(& ~ in 72 sucit thai (JJ~» q0 )=

The proofis straightforwardby inductionon ¡pl + Igl. Apply Uds lemmato
r=s>—s, t=s,—s>,s=s,and set

The d-sequence (¿‘90=,=,verifies b
0= (0, s>) and b>’E T>. Thus b0 is not in

5’ =I\Sr
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