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Self-reducibilitystructuresandsolutionsof
NPproblemst
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ABSTRACT: Using polynornial time self-reducibihiíy structures,we characterizecer-
tain “helping” notions,show 1mw thecharacterizationprovidesthe main tool for the
proofof known relationshipsbeíweendecisionaland funcilonal NP-completeprob-
lems,audextendthis relationshipsto ihe caseof optimizationNP-completeproblems.

1. INTRODUCTION

A centralaspectof ComputationalComplexityTheoryconsistsof attempt-
mg to reachabetterunderstandingofthemathematicalphenomenathatmight
causethe widely observedfact that sorneimportantproblemsarealgoriíhmi-
cally difflcult. Sincein manycasesdiereis no mathematicalproofofthishard-
ness,andevidencefor thatdifficulty is basedsimply in the failure to design
feasiblealgorithrnsto solvedieseproblems,oneof the unesof researchtríes
to makeapparentthe underlyingmathematicalstructurescharacterizingthe
re¡aíionshipseitherbetweenthe instancesof agiven problemor betweenthe
degreesof unfeasibility of ihe problemsthemselves.

Among the structuralnotions thai are definedamonginstancesof a par-
ticular problem,thusprovidingan internalstructureon thecorrespondingset,
a very importantone is the concept of “self-reducibleset”, which hasbeen
usedby severalauthorsso far. Jts naturalnessis quite easyto argue,since a
self-reducibleset is one for which a recursiveprogramcan be designedwith-
out resortingtó additionalparameters.Ofcourse,the correctnessof ihe recur-
sive programrehieson awell-foundedsetguaranteeingterminationandallow-
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ing an inductive verification argument. From the point of view of the
amountof resourcesrequiredto run the program,the depthof the recursion
playsacrucial role; thus,boundswill beimposedon thelengthof thedescend-
ing chainsin the well-foundedset (seethe deflnitionsbelow). It is natural to
study,the complexity-theoreticaspectsof a concepísoclearlyrelatedto basic
constructionsof ComputerScience.

To presentUds conceptin anadequateway, 1 useoracleTuring machines,
in which oraclecalís areidentified to ihe calís to therecursivesubroutine;this
is achievedby analyzingthe behaviorof Ihe oracleTuring machinewhenUse
oracleset is the acceptedset itself, and requiringthat the queriesbe smaller
than the input in the correspondingwefl-foundedset to ensuretermination.

Importantcontribumionsto ComplexityTheoryarebasedon the existence
of self-reduciblecompleteseIsfor the most importantcomplexityclasses;see
[1] andthe referencesthere.Othercontributionsthai arerelevantlo the pre-
sení paper appear in [8] and [9]. where Schnorr usestwo kinds of self-
reducibility lo study the relationshipbetweenthe decisionaland funclional
versionsof NP-completeproblems.More precisely, he determinesthe com-
plexity of the polynomial time Turing degreeof the functionalversionof cer-
1am NP-completeproblems,by showingthat it coincideswith the degreeof
the decisionalproblem:both are interrelatedby polynomial time Turing re-
ductions.A generalizationof this resultto aH NP-completeseIsappearsin [3],
which1 exíendto the caseof optimizationproblems.1 relatethe síructuralas-
pectsof ihe proofto anotherconceptrecently appearedin the literature,by
showinghow a technicalnotion presentin ihe proofcharacterizéspreciselya
classof seIsintroducedby Ko [5]: the “self-l-helpers”. Let usexplain briefly
Ihis notion.

Intuitively, a set A “1 -helps” anothersetB if 5 is Turing reduciblelo A in
polynomial time, andmoreoverthe machinedoesnot “rely too much” on A.
If anotheroracle is usedwhich triesto lead to incorrectly acceptingan input,
the reduction proceduredetecísthis fact and recoversfrom the error, ob-
tainingalwaysacorred answer;the pricelo be paid is a longer(e.g. exponení-
ial) running time. A set A “helps” a set5 if suchasituationholds, in which
no errorsaremadeatah: neitheracceptingnorrejecíingan input; in fact, this
“two sided” notion wasstudiedflrst in [10], wherehelping wasintroduced.A
“self-l-helper” isa set that l-helpsitself. A recentwork of Ko [5] relatesIhese
forms of “helping’ lo self-reduciblesets. He asks for structural character-
izations of the classesstudied.Here 1 show that the techniquesused to
sírengthenthe resultsof Schnorrrely on a clear propertywhich characterizes
exactlyIhe “self-l-helpers”of[5]. In [3], thispropertyis called“functional self-
reducibility”; for reasonsthat will becomeapparentin the text, 1 prefer to
namethis property“havingself-computablewitnesses”.



Self-reducibility s¡ruclures and soluboñs of NP problems 177

1 presentin the nextsectionsornedefinitonsandpreliminaries.Section 3
presentsthe definition of self-computablewitnesses,the characterization,and
the useof the notion in the proofof [3]. Finally, in section4 theseresultsare
extendedto the caseof optimization problerns,using againthe sametech-
niques.

2. DEFINITIONS AND BASIC PROPERTIES

AII the setshereconsistof words over the alphabetr={o,íj. 1 denoteby
A the empty word. Cornplexity classesare definedin the usual way: among
them,1’, NP, PSPACE, andthe classesof the polynomialtime hierarchy.For
definitionssee[2] and[II]. PFisthe classofalí functionscomputablein poly-
nornial time. FF(A) is the relativization of PF to the oracleA. SAT denotes
the well-known NP-completepr¿blemof decidingUse satisfsabilityof boolean
formulas,andQBF Use PSPACE-completeproblem of decidingthe truth of
quantifiedbooleanformulas.Departiuigfrom the usual convention,the NP-
completesets hereare rneantto be completeunder polynomial time Turing
reductions. -

Among the severaldeftnitions of polynomial time self-reducibility pro-
posedin the literature, the most generalone is proposedin [7]. The results
heredo require such a generalnotion, wbich is invariant under polynomial
time isomorphisrn,andallows arbitrarypardalordersfor guaranteeingtermi-
nation of self-reduction processesif decreasingchains are short enough.
Formally:

1. Definition. A setA is polynomial timeself-reducibleufandonly uf Itere is
a polynomialtimedeterministieoracle Turingmachinesuchthai A = L(M,A),
andon eacit inputxeverywordqueriedlo tite oracle is smallertitan x in a par-
tial order (dependingon M, but nol on x) satisfying:

— ¡fi x is smaller titan y titen ¡ x I=p<1.v [)flor sorne polynomialp.
- — It Ls decidablein polynomial time whetiter x is snialler titan y.

— Every decreasing citain is boundedin lengíit ¿‘y a polynomialoftite
lengtit of lis maximum element.

1 will omit thewords“polynomial time”, whichareto beasgumedin every
usemadeof any of thesedefinitions. It can be seenthat this definition cap-
tures the essentialpropertiesof the self-reduciblesets (mainly, ibe NP-com-
plete, co-NP-complete,and PSPACE-completesets). See [1] and the refer-
encesthere.

Somevariantsof the notion of self-reducibilityare obtainedby imposing
certainrestrictionson the self-reducingmachine.1 defineherethe only one1
will use,the disjunctiveself-reduciblity:
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2. Defrnition. Tite set A is disjuncíivelyself.reducible,or d-self-reduéible,~f
i¡ is self-reducibleandtite oracle ,nacitineM wiinessingtitisfací accep¡sits in-
pul witenevertite oracleanswersposiíively¡o anyofrite queries.

In [4], other formsof self-reducibility arepresented(conjuntive,positive
truthtable...)andsorneof their propertiesarestudied.Ihe following property
is arguedin this referenceand alsoin [12], whered-sclf-reducibility is studied
in depth.

3. Proposition. JfA is d-selfreducibletiten A e NP.

3. FUNCTIONAL NP-COMPLETE PROBLEMS

Sets in NP are usuallyinterpretedas decision problems.Functionalver-
sionsof theseproblemsare interestingtoo, and can be definedfor every set
in NPas follows. ConsideranyNPsetA. By thequantifiercharacterizationof
NP, it follows that there is a set R in P and a polynomial p such that

xeA~3y(¡yj =p(¡x¡))(<xy> eS) (*)

Theword y is calleda “witness” of the fact that xis in A. Intuitively, each
suchy is in a sensea “solution” of the problemA for input x, if the set5 in
P is chosenappropriately.Forexample,considerfor 5 setslike

su encodesa booleanformulaandy encodesa satisfyingassignment

for 14

or

su encodesa graph and y encodesa hamiltonian circuit for it}

In thisway the decisionalproblemsSAI andHamiltonian Circuil arede-
Isned;thenit is clearthatawitnessyencodespreeiselythesolutionto thefunc-
tional problemof finding a satisfyingassignmentfor a formula, if oneexists,
or finding a hamiltonian circuit for a graph if one exists, respectively.

Considerthe functional version of a genericNP set A definedas in (*),
whichconsistof, giveninput su, computinga solutiony ifsucha solutionexists;
í.e. computeay suchthat <x,y> 6 5. Observe,first, that thisis not necess-
arily a single valued partial function, and second,that this problemdepends
on the set 5 in P from which A is definedby existentialquantifocation,and
on thepolynomialp. 1 alsorefer to this problemas “computingwitnesses”.A
discussionon the particularcasesin which the function is definedalsoout of
ihe set, or is single-valued,appearsin [13].
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Fix a5 in P anda polynomialp. Let A be the NPset for which (*) holds.
1 definenext the functional solutionsfor the set A. This notion of functional
solution correspondsto anypartial functionfisuch that the domainoffis A,
¡J(x)¡=p( ¡ x¡), andforeveryxeA, <x,J?’x)> ES. Thus,bothA andthe set
of functional solutionsareuniquelydefinedby 5 andp.

4. Definition. Tite setfuncí-sols<’B,p) is tite set
ifIVxUf%’( y ¡ =p(¡xj))(<xy> cB) titen

1(x) is defined, ftx)¡ =p(¡su ¡), and <xftx)> E B]}

1 want to comparesetsin the following terms: given two decisionalprob-
lems,1 studyfue casein which oneof them containsenoughinformationnot
only to decidethe other,but evento constructa solution for it. The main re-
sult in this sectionis a characterizationof the self-l-helpingpropertystudied
by Ko [5].

5. Definition. Given a setA in NP, saytitat Cprovides wiínessesforA ifand
only uf itere is a set 5 in P anda polynomialp sucit thai (*) itolds, andfor
witich funct-sols(B,p)nPE ((2) ±0.ifA provideswitnessesflor i¡self titen 1 say
íitat it itas se/fi-computablewiinesses.

Thus, for a set having self-computablewitnesses,the functional problem
can beredueedto thedecisionproblem,in the sensethatsolutionscan becom-
putedwith an oracle for the set. To put it in anotherway, giventhe setA as
an “untrustworthy”oracle,andgivenan input su .which is answeredpositively
by A, the oracleallows us to producea polynomial time checkableproofthat
his answerwas correct. It should beobservedthat the notion of a set having
self-computablewitnesseswas alreadyproposed,under the nameof “func-
tional self-reducibility”, in an unpublishedwork by Borodin andDerners[3];
1 considermoreappropriatethe namingconventionusedhere. 1 prove below
one of the resultsof their article.

As part of his work in the studyof the notion of “helping”, Ko haspro-
po=edthe following definitions.

6. - Definition. A set (2 l-helps a set A ufand only uftitere Ls an oracle ma-
citineM sucit tita/for everyoracle X, L (M,X)=A, and such thai witit oracle
C,everyword su accepíed¿‘y M is accepíedin polynomialtime.A setA is a se/fi-
1-it elperufandonly IfA 1-te/psiiself

The defunition is from [5]; motivation andinsightsabout this notion can
be found there.Let usjustmentionthat the definition formalizesa situation
in which onehasa machinethat sooneror later will comeup with a correct
answer,but hasa certaindegreeof interactionwith an extemalagentwhich
may “help” the machineso that it finishesquickly. OraclemachinesAl such
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that,foreveryoracleX,L(M,X) is alwaysthe samearecalled “robustoraclema-
chines”.An equivalentformulationof l-helping is asfollows: Mworksalways
in polynomial time, L<’M,X)cA for everyoracleA’, andL(M,Q=A.

The announcedcharacterizationis as follows:

7. Tbeorem. A set C 1-he/psa set A ífiandon/y uf C provideswitnessesfor
A. In particular, tite self-1-ite/persareprecise/y¡hoseseishavingse/fi-computa-
ble witnesses.

Proof. Assumethat C l-helps the robustmachineM which alwaysaccepts
A. ThenA can be definedby existentialquantificationof the following poly-
nomial time relation:

R= {< su,y> ¡ y encodesap(¡ su ¡ ) long computationof Al acceptingsu 1

wherep is an appropriatelyselectedpolynomial.Each computationy corre-
spondsto away of answeringthe oraclequeries.La usshowthat5 fulfolís (*):
assumingthata polynomiallylong computationy of Al acceptssu, then,since
Al always acceptsA, su E A; conversely,if suE A then the computationcor-
respondingto ihe oracle Cfxnishesin time ¡(¡ su ¡) for the appropriatepolyno-
mial p and accepts.Moreover, C allows one to constructwitnessesfor this
way of definingA by simply simulatingthe computationof Al with oracle (2.

lo show the converse,let Sc P defining A such that (2 provideswit-
nessesfor it. Considera machineM that, on input su, f¡rst assumesthat its or-
acle is (2and usesit to constructa polynomially long witness,by simulating
the machinewhich computesa solution; then it checksin polynomial time
that the witnessobtainedis indeeda solution, i.e. to checkthat the oraclewas
correct. If no witnessis found, or if the witnessproducedfails to be really a
solution, thenAl decideswhethersu is in A by performingan exhaustivesearch
for solutions, thussimulatingan exponentialtime machinefor A. Sucha ma-
chinealwaysacceptsA, andis polynomial time boundedon inputsin A ifthe
right oracle, (2, is available. u

the remainingof this sectionis devotedto formulatinga knownresult in
termsof self-computablewitnesses,as a previousstepfor the resultsto be pre-
sentedin the nextsection.In [9] it is shownthatfor “self-transformable”prob-
lems(a weakerform of disjunctive self-reducibility)thereis a funetionalsol-
ution that is “equally hard” to computeas Use decisionalform of the prob-
lem: Le., “self-transformable”problemshaveself-computablewitnesses.This
encompassesmost of the knownNP sets. In [3], this result is generalizedso
that it includes alí NP-completesets, without the needof checkingwhether
theyareself-transformable.Note that it is not knownwhetheraH the NP-com-
pletesets(evenwith respectto the strongerm-reducibility) areself-reducible.
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The proofis basedon a prefix searchingtechniqueas in [13], usingas a tech-

nical conceptihe following notion.

8. Definition. Tite set prefisu-sols(B,p)is tite set

{<su,z>¡~y(¡y¡=p(¡suj))<x,y>EBsucittitatzisaprefixofy}

Theinterestofthisset lies in the following observation,wbich is statedin [12]:

9. Lemma. For everyScP and po/ynomialp, prefisu-so/s(B,p)is d-se/f-
reducible.

The proofis easy:y isa prefix of a solutionif andonly if eitherit isasol-
ution, orya isa prefix of asolutionfor somesymbola. In [12] it is alsoshown
that every d-self-reducibleset is (disjunctively) Turing equivalentto a set of
the form prefix-sols(B,p),anda deepstudyof the structuralpropertiesof sets
of the form prefix-sols(B,p)is conducted.

1 presentnext the following theorem,takenfrom [3]:

10. Theorem. Leí A beanyNP-completeset, and leí Rin P andpsucit thai
(*) itolds. Titenfunci-sols(B,P)n PE(A) !=0, and titereforeA itas self-compu-
table witnesses.

Theinterpretationof Ihis result is thatthereisafunetionalsolutionof the
NP-completesetA whichis “no muchharderto compute“ thanA itself, since’
this functional solutionis Turing reducibleto A in polynomial time. -

Proof. By proposition3 andlemma9, sinceA is NP-complete,prefix-sols(B,p)
is Turing reducibleto A, sayvia machineM. Thena funetionalsolutionffor
A can be computedby keeping a prefix of ftx) in a local variable, andex-
tendingit a bit at a time usingthemachineAl andthe oracleA to ensurethat
tbe extensionis alwaysa prefix of a solution. U

Ihis proofmethodwill be appliedagainin the nextsectionto optimization
versionsof the NP-completeproblems.

4. OPTIMIZATION NP-COMPLETEPROBLEMS

For optimizationproblems,insteadof computingoneamonga set of sol-
utions, an optimal solution hasto be selected.1 consideronly minimization
problems;it ½straightforwardto adaptalí Use resultsto maximizationprob-
lems.Tbe decisionalstatementof tbeseNP-completeproblemsis: given an in-
put su, and an integer k, is therea solution with cost smaller than k?
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Of course,the practicalinterestis not to computea solutionbelowa given
cost, but finding the ¡eastexpensiveone. It is knownthat for somepanicular
cases,apolynomialtimealgorithmfor thedecisionalproblemprovidesa poly-
nomial time algorithm for the minimization problem (see, cg., [6], Pp.
185-188). 1 prove that for alí such NP-completesets, finding this solution 15
again “no múch harder than” (i.e. polynomial time Turing reducibleto) de-
cidingwhethera solutionexists.

1 define ininimization NP problemsin the most intuitive way, as a set of
pairs

1< su,k > ¡ ~y (¡ y l=p(Isu)) <su.>’> ES with cost(y)=k1

where “cost” is a polynomial time computablefunction from E”’ to f*
measuringthe cost of the solutiony. The rangeof thisfunction is usuallyin-
terpretedas an integeror a real number.To this set onecan associatethe set
of functionscomputingoptimal solutions, which dependsof 5, the polyno-
mml p, andihe costfunction.

11. Definition. Tite set opt-so/s(B,p,cost)is ¡heset

iif¡ fGfuncu-sols(B,p),andVg efuncu-so/s(B,p),Vsu, cosi(¡(su))=cost(g(su))}.

In orderto showthatsomeoptimal solutionis computablein polynomial time

with the oracleset A, 1 define two “píefsx” sets:

12. Definition. Titeseisprefisu-so/s(B,p,cost)andprefisu-opt(B,p,cosi) arede-

Jinedasfollo ws:

preflx-so/s(B,p,cost)={<x.k,z>I 2>’ (~ y =p«su)) <su,>’> ES

sucit thai cosi(y)=kandz isa prefisu ofy 1
prefisu-opt(R,p,cost)=j<xz>¡2>’ (¡y¡=p(¡su¡))<suy>~S sucit thai z Ls a

prefisuofigandvw(¡w¡ =p(¡su¡))<su.w>ES, cosi (y)=cost(wfl.

Again, the following result holds. Its proofis analogousto that of lemma 9:

13. Lemma. Tite set prej2su-so/s(B,p,cost)Ls d-se/freducible.

The next theoremformalizesthe standardway to pro~esuch a result for

panicularproblems.See[6].

14. Theorem. Tite set prefix-sols(B,p,cosi)is Turingreduciblein po/ynomial
timelo tite set preflsu-sols<’B,p,cost).
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Proof. The reductionproceduregoesas follows. First, oneidentifiesthe op-
timal cost k in polynomial time by searchingfor the maximumk such that
<x,k,z> is in prefix-so¡s(R,p,cosí).This can bedonein polynomial time using

binary search,which requiresa time logarithmic in the rangeof k, which in
turn is exponentialin su ¡ since“cost” is computablein polynomial time. Once
the optimalvalueof k is known,usethe fact that <su, z> is in prefix-opt (B,
p, cosi) if andonly if <su, k, z> is in prefix-sols(5, p, cosi). U

Now 1 state the main resultaboutoptimizationproblems.

15. Tbeorem. IfA is a NP-completeminimizationproblem,definedby tite
set5 in P, po/ynomial p, andcosifuncíion “costt ihen
opt-so/s(B,p,cost)n FE (A) !=0.

Proof. A function in opt-solsgiving optimal solutionscan be obtainedfrom
prefix-optby extendingbitwisea prefix. By theorem14, oraclequeriesto pre-
fix-opt(B,p,cost)can be answeredin polynomial time with an oracle for pre-
fix-sols(B,p,cost),which by lemma 13 and proposition3 is in NP. SinceA is
NP-complete,the reductionto A can be used for solving queriesto prefix-
sols(B,p,cost4.By the transitivity of the polynomial time Turing reducibility,
this allows oneto constructan optimalsolution in polynomial time with or-
acleA. U
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