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Singularitieswith exactPoincarécomplex
but not quasihomogeneous

GERHARD PEISTER andHANS SCHÓNEMANN

ÁBSTRACT. Wc give examples of complete intersections inC
3 with exaes Poincaré complex bus

nos quasihomogeneous using she classification of C.T.C. WalI and sIse algorishm of Mora.

O. INTRODUCTION

1971 K. Saitogayeanice numericalcharacterizationfor a hypersurfacesin-
guíarity to admit a C*~action ((X,O) admits a good C~ -action (also calíed
quasihomogeneous)if O~

0—*C [x xj]/I and I=(j p~) is an ideal gen-
eratedby quasibomogesleouspolynomialsof positivedegreed with respectto
theweightsw wm, (w,>0,wcZ), le. p~(Xwix XwrnXm) Xd¡p,) (cf. [8]):

Let (X,O) c (CtO) be the germ of an isolatedhypersurfacesingularityand
denoteby gX,O) Ihe Milnor numberof (X,O) - a topological invariant of ihe
singularity - andby t(X,0) the Tjurina numberof(X,O) - thedimensionof Ihe
mini-versaldeformationof(X, O), an analyticalinvariant - then thefollowing
coÉdiíionsare equivaíent:

(1) (X,O) admitsa good C*~action

(2) gX,O)=gX,O)

(3) dic Pointarécomplexof(X,O)

O-*C--*O~>, -*fl~, -*Q~ -* ... -*fr~, -*0

ís exact.
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162 Gerhard Pfisíer-Hans Schóneniann

The invaranisji and r can be computedas ihe dimensionof certainArti-
man r¡ngs:

If(X,O) is definedbyf=O,fG C [y <ml a convergentpower seriesthen

WX,0)=dimcC{xí,...,xm}/ aj
5x,

al

A similar numerical characterizationof quasihomogeneoussingularities
(not being hypersurfaces)canbe given for curvesingularities(cf [3],[lO]). Es-
peciaííyif (X,O) c (Cm. O) is a completeintersectioncurve with isolatedsin-
gularhy. ihen ihe folíowing condiuionsareequivaíent:

(1) (X,0) is quasihomogeneous,i.e. admits a good C*~action

(2) p(X,O)=t(X,O)

If(X,O) is quasihomogeneousthen the Poincarécomplex

0-*C-*o —*~t -*Dj -*x.o N.a x.o Ko—>
0

It is natural to askwheíherSaltosresultcan be generalizedi.e. (3) implies

It is the purposeof this note to show thai this is not the case.We give
examples of completeintersecíionsin C3 with exactPoincarécomplexbut not
quasihomogeneous.

The ideato consructtheseexamplesis as foííows:

C.T.C. Wall gaye a classiflcationof the unimodal completeintersection
singularities,esbeciallyhe computedthe Milnor number

ji(X,0)rdimQ%/d O~ (cf [11]).

1ff gc C{x,y,z} are power Series defaning an isolated curve singuíarity
(X,O), then

(3)

is exact.

(2).

T(X,0)=dilTl~C {X,Y,Z, } /(fgM
1 M2,MJ)
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(cf [4]), Al? the 2-minorsof the Jacobianmatrix offg.

Using Mora’s aígorithmto computeaGróbnerbase(cf [6]) onecancom-
pute t(X,0) anddecidewhether(X,0) is quasihomogeneousor not.

To proveihe exactnessof tbe Poincarécomplex

O”4 C—* 0x0 ~*Qi ~~.*f» —*0~ —*0x.n x.o x.o

we usea resultof Relifen (cf. [7]):

d d

4Qk 40%, -~O

is exactitT

(fgflT~.s
0cdfftg)0’~,o0).

Thiscondition is always satisfiediffand g are quasibomogeneouspoly-

nomials(not necessarilywith the sameweights).

It remainsto checkthat

kerd—d1O~,le.

,4X,0)=dim0Wd5O~0=dliii %Jkerd,= dim d 01
2 5,0

= dim ker d,
==dimfl%0 —dim0%0

Nowdim0¼=C{x,gz}/(-=1-IL~ It~ fi&- !&~ and
3x’8y’Oz’Ox’8y’¿z

dim 0~=C{x,gzfl/M,

M generatedby

(/0,0), (OjO), (0,0]), (g,0,0), (0,g, 0), (0,O,g),

(ALÁ ~ 0), (~?L O —II-) (0 ~ —ÉL-), (~?&~ ~ 0),
Dy’az’ dx’’ Of’ ‘bx’Dy Oy’8z’

O —~?L) (O .fi&.. fiL)
dx’’ Oz ‘ ‘Ox’Oy
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Using againMora’s algorithm we can computedimQ%0anddim D~, and
decidewhetherihe Poincarécomplexis exact or not. We were guidedby a
computergiving us the Gróbnerbasesand the correspondingdimensionsfor
many examples. Especially we wilI give tbe invariants «X,O), dim0%0,
dim D{~ for alí singularitiesin C.T.C. Wallsscíassification(§ 3).

Also as an applicationwe comparein § 4 Walls classifxcationof quasiho-
mogeneoussingularitieswith the correspondingclassificationof Aíeksandrov
(cf. [II).

In § 1 we will give the ideaof Mora’s algorithm lo be able lo follow our
computations.

In § 2 we give Ihe exampíesmentionedaboye.

1. MORA’S ALGORITHM

We wiII describethe algorithm to computea Gróbnerbaseof a submod-
ule of a free module. This algorithm is a modification of Buchberger’salgo-
rithm to ihe caseof modulesover local rings (cf [2], [6]). The actual imple-
meníation by the authorson Atari, IBM-compatible PC and Macintosh is
much more sophisticated(using sorneextra resulís and ideaslo shorten the
computations)as the ideadescribedhere.

Let R=C$x, ..., .v4 and .v-=x~’. rm ~± x~i...4m be monomialsin R.

IJefinition 1: r-~cx< u a!=band ejíher >Ja,<~b or >a=~b, and a

—

Definition 2: La 4=(O r-, O...), 4=(O xt O...) be vec¡ors of R’
(r- al tite ¡~ componente,x~ al tite fh componente). .x¶<txl ¿1 ej//ter 1< or
¡=1 and r-<.x~. Furíhermore we wiI/ use ¡he no/abon ~vf x1 uf i=J and

Using ihis orderwe can associaíeto (g g,) E Rs (#<O~..,O»Ihe leading
vectorandIeadingcoefftcient: Let ¡be minimal suchfluí g!=Oand
Let a be defanedby c2!=Oand4!=0implies xe<r~. Then L(g gj: =gand

= ca,. Similar we associateto any submoduleMci R’ the Ieading
moduleL(M) generatedby jL(x), XEM, x!=O}.TheIeadingmodulegivesus
the possibility to computethe dimensionof R~/M in a combinatorialway:
dime R’/M = dimJ?~/L(M),
je. dimeRí/M is the cardinaliíy of the set 14 x~ is notdibvisible by L(g) for
alí g in a Gróbnerbaseof M}.
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The algorithm of Moraconstructsfor a moduleMc Rsgeneratorsof L(M):

Definition 3: Le/ McnR~ be generated byf f~. ~f,,~. ..j, Ls ca/lcd a Grób-
ner base of M 1.1 L(M) is generated L(f) LO’J.

To describethe constructionof the Gróbnerbasewe needthe following
nOtations:

(1) Let (f,...,f)eR~, k(f,..., f):=min(i,f!=O},k(0

(2) Letf geR’, k:=k(1)=k (g)>O, L(fl=g, L(g)=4 and m=lcm (r, .xt-)
m dflni

ihen S(fg):= f— g. This procedureassociatingto 1andg ihe 5-

vector 5(1 g) cancelsIhe leadingtermsof f andg andcreatesa new Ieading
term 1?S<fg)!=0.

(3) Let fe R be a polynomial,f =~ x~3 and let d’> & be deftnedby
- Ca5il!=O,cf’ !=O
- 4!=0 implies x&) =r =x~2>

We define ibe maxmin-degreeof 1 by dmaxmin(f):=I(asp~al?>).
Let f=~f,..., J)eR’ and k:=k(f)>O then dmaxmin(f):=drnaxmincj4),
dmaxmin (O):=O.

The algorithm to constructtbe Gróbnerbaseusesthe following algorithm
to decidewhetbera given vector is in the submoduleor not:

Let S ci R~ be a finite set of vectorsof polynornials,0!=it e avectorof
polynomialsandM the submoduleof R~ generatedby S.

Isí step

LetT—Sandh:=lt

jth step

Suppose7~< andit_ are definedand it.. #O. SupposeL(h.<) is divisible by
L(g) for sornege T.. tben we cboosege T with the following propenies:

(1) L(g) ¡ L(h)

(noticethat this implies k(g) = ¡«it) by definition!)

(2) max (dmaxmin(g),dmaxmin(h)) is minimal betweenah possible

choicesof g with property (1).

We defineh:=S(h , g) andT:=T..U th- }.

If L(h~~) is not divisible by L(g) for ah ge Tkd then it ~M.
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Mora proved(cf [6]) ihat diere is an 1 such either it, =0 or L(h,) is not
divisible by L(g) for ah ge T,.
We define reduction}h):= it,.

The algorithm:

Lel A’Ic R~ be a submodulegeneratedbyf ,f,;f vectorsof polynomials.

Wc construCtthe Grébnerbaseinductively:

1” step
Wc definedS:={f ¿3,P:= {(1,Jj), i<j}

jíh step

Suppose5>, and P< are defined.
It 1’ = 0 then S,, isa Gróbnerbaseof M.
1fF> !=0we choose<fg) e P__
Let s=S(fg)andh=reduction5 (s).
Ifit—0 ihen 5—5 and~,:=frL\ {(fg)}.
If it!=0then S:=S< U {h~ and P,:=(P~.., \ {(fg)}) u {(i~h), VES<{.

Now L (Al) is finitly generated.This implies that for someN always re-
ductionsN(s)=O, i.e. the algorithm will stop and SN is a Gróbner base.

2. SINGULARITIES WITH EXACT POINCARECOMPLEX RUT
NOT QUASIHOMOGENEOUS

Lel (X.0) be Ihe germof thecurve singularityin (C%O) definedby the zero
set of the polynomials 1— yv+z’-’ and g=xz+yk>+yza, 4=1=kand
5=k.This singularity is denotedby FTk, in C.T.C. Walls classificationand
has Milnor number4X,O)=k±/+2(cf. [II]). Tuissingularity is not quasiho-
mogeneous. To prove this we haveto compute the Tjurina number t(X,O)
=dim~ C$x,v.z,II (fgM,M,,A43),M1 being Ihe 2-minors of the Jacobian
matríx

J (fg)= ( ~
— },~,2 — (k— ¡ )j#’

M2=xy+2y’z—(l—I)z>’
M,=x’±2xvz—(l--l)z’—(I— 1)

x
z
2+(k 1)j#-2

(1—~ l)z’-’
x + 2yz 7

(k— )i’5—2z’-—



Singular//les svi/h exací Poincaré Comp/ex ¡67

We use Mora’s algorithm lo computea Gróbnerbaseof (1g,M,M,,M3):
it,: =S(gM)=2yz

2+ /cyk-~
it
2:=S(M2f)=2y’ z~Izt¡

it3: =S(it,h2)=Iz’- ±kyk>
it4: = reductionJf5~~~1(S(fg))= ((4~(2~/)(2~k))/2~yk

Leí S:=$fgM3,it,h2,it3,h4}then one can check that reduction8(S(it,k))=O
for ah it,kE 5, i.e. 5 isa Gróbnerbaseofihe ideal (fg,M,M2.M3).This implies

t(X,O)=dim~C{x,y,z}¡ (fg,M5,M,,M,)
=dini~C{x,y,z} /(xy, xz, x,yz

2,~z,t%/)

<1±k÷2 =
i.e. (X,O) is not quasihomogeneous.

We will now prove that the Poincarécomplexof (X,O) is exact.We have
to prove (cf. introduction) that ji(X,O) = dim~fl~<, — di¡n4~%

0

(1W =C [y,~,} ~ Of Of t AL AL AL)
Ox Oy ‘ Oz ‘ Ox ‘ Oy Oz

= C {x,gz}/(x,y,z)
i.e. dim £il¾0=1.

We haveto provethat dimO
2 —1+k+3.

(12 — c {x,y,z,~~/MandMis generatedby
fi: =(1O,O)=(xy±z’-’,O,O)
fi: =(OfO)=40,xy±z’-’,O)
fi: =(O,O,f)=(O,O,xy+z’-’)

fi: = (O,g,O)= (0,xz+yz2+9~t,O)
fi: =(0,O,g)=(O,O,xz~yz~~/-)

Ox ‘ ‘ Oz = <>‘~0~~~1 l)z’-’)

~= <~?&- ~?&~,O) = (z’±(k—l)y’-’,x+2yz,O)
Oy ‘ Oz

Oz
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LetS:=(f fa).
it — reduction5(S(jL,fi 3) =(O,x+2yz,xz+ 2yz

2+ (1— 1 )(k— 1 )jt2z>2)

5
2:—SI U {b}

it .— reduction4S(f,fi)) = (0,04+ 2xyz+(/—1< + (/—1 )t
2t’)

S~:=S,U {h
2}

it —reduction53(S<J%f))= (0,O,(1/2—1)z’+ y#)
S4:=S3U <it3}
it. reduction54(S(f,fi2)) = (0,0,2>9z— lz’ 9
5 S4i~.i{h4}
it reduction55(S(f,JL))=(O,O,—2yz

2—k/-2)
5 s,u{it,}
it reduction

56(S(it4,h~))= (O,O,((20/(/—2)— k)y”)
5 s6u{it6}

Now one can check that reduction5(S(git))=Ofor alí git E 5,, i.e. 5, is a
Gróbner base of M. Especially L(XI) is generatedby (x,O,O), (y,O,O),

(O,O,z9,(0,0,>»). This implies that dim~S2%0=1±k+ 3.

Let (X,O) be Ihe germof the curvesingularityin (0,0) definedby thezero
set of the polynomialsf=xy andg=xz+yza~i~zs+za+,¡> 1. This singularity
is denotedby FZ0 in C.T.C. Walls classificationand has Milnor number
¡4X,O) = 10 + ¡(cf. [11]).As beforeonecompute4X,O)=9 + i, dimJI~0= 1 and
dirn<fl~0= II + 1. This implies that (X,0) is not quasihornogeneousbut the
Poincaré complex is exact, becausef and g satisfy Reiffens condition
(fi g) fl~ c d((fg)C1%í,) (cf. introduction).
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3. THE INVARIANTS OF THE UNIMODAL COMPLETE
INTERSECTIONSINGULARITIES

eguations
xyr-4-y+z~
xy +z’,xz+y’+ayz’ acC—lI/41
xy+z’-’, xz+y’-’+yz’ k=1=4kz~4
xy+z3, Xz+y’
Xy + z’,xz + zy’
xy+z’,xz+z’y~ay’ ae C—.1O,—l/4>
xy+ z’,xz+ z’y’ -4- ay”’
xy+ ztxz-~- 2z’y’—y’±2y’I,(z,y)
xy+z’,xz+zy
xy+z3,xz+y6
Xy.XZ+Z’+y’,,,+í
XtXz-l-z’+zy’’
xgxz+z,+
xgxz+z’+z’y’ -i-ay”” acC—(0,—4/27j
xgxz+z’.4-z2r.4-y’ms’
x’ +z’,y’ -4- zlSx, 4
XY+Z’,X’+Z’-4-YZ’-f-y’~’ p=O

xy+z’,x’+yz’+~’ p=O
xy+ztx~+z’+y-’
xy+ z’,x’ + z’ +xy’
xy -4- ztx’ + A +y’
X,V + Z’,X’ +2y’
xy + z’,x’ +y’
xy+z’,xz+ y”””
xy+z’,xz+zy’~
xy-4-ztxz+y’”’
xy+z¾xz+z’y-+ay””~’ a e C—(0,—4/271
xy+ ztxz+ Ar +y””
xy+ z,x’ -4-y’
Xy+z’,x’+zy’
xy+ztx2+z’y+ay’
XY+z’,X’-f-Z’y+y”’
xy-4- z’,X’+ 2z’y+y’-4-yzl,(z,y)
xy+ ztx’ + zy’
xy+ A,x’ +y’

ae C— 0,1/41

E
k+1±l k+1±l
l0 lo
k+1±2 k+1+l
13 13
14 14
16 16
l6+p l4-~-p
l6+p l’t-t-p
lB IB
19 19
óvn-j-6 6m+6
6m+7 6m+7
6m-4-B 6m±8
6m-i-4 6m±4
6vn+4+p Svn+4+
n+8 n.{-8
p+1l l1(j.’=O)

p+ lo
p+13 p-s-12
13 13
14 14
15 15
13 13
14 14
áni+7 óvn+7
6m+8 6m.4-8
6m+9 óm+9
Úm±5 Evn+5
ém+5+p Sm+5+p
8 8
9 9
II II
¡¡+p lo+p
ll+p IO+p
13 13
14 14

dimO

’

k-i-1+2
II
k+ /+3
14
15
17
16+p

19
20
6m+7
6m +8
6tn + 9
6vn + 5

p Sm+6+p
n+ lO
l13(p= O)
¡2±12
p+l4 2
15 2
16 2
17 2
15 2
16 2
óm+8 1
6m+9 1
6m-~-l0 1
6mn-4-6 1
5m+6-i-p 1
9 1
lO
12
Il+p
II +p
14
15

dimO

’

1.
2
2

pu

FR”
3

FR’,4
FR’,
FR’,
FW
FW,,
FR’,,

O,,,
HA

liB,,,,
liC,
liC4
liC,
liD,
HD,~
~I5~~7
J6,, s.SJ

5O1 +9j—si.,J

14

l.p

Kl4

with l~(x,y)=xy and 4,/xy)=y~’



170 Geritará Pjis¡er-HansSchóneniann

4. THE QUASIHOMOGENEOUSUNIMODAL SINGULARITIES

Here we compareWaWs classiiication with the classificationof Aleksan-
drov (cf.[l]).

wpe ____ wejgitrs; degress
(WaI/)
1%, 21,2k,kl;2(k+l),2k+1

trae
(A Ieksandrov)
1= 3: T,~4

1=5:L29,
Vio

Ql3
Ql4

Ql6

V2(FZ,)
V,(FZ,)
V4(FZ4)
V,(FZ,,)
V6(FZ0)
Al,+

y11

Al,
Al

2,l,l;3,3
11,4,595,16
9,3,492,13
7,2,3;9, 10
12,3,5;15,17
1 7,4,7;21,24
6m+2,3,3m+1;6m+5,9m+3
4m±2,2,2m+1;4m+4,6m±3
6m+ 4,3,3m+2;6n1+7,9m+6
2m,l,m;2m+1,3m

6,n±5,4;12,2n+10 (n even)
3,[n/2]+3,2;6,2[n/2]±6 (n odd)
3,2,2;6,5
3,6,4;12,9
9,4 ,6;18,13
6,15,lO;30,21
7,5,492,14
9,6,5;15,18
6m+5,3,3m+4;6m+&9m+ 9
4m+4,2,2m±3;4m+6,6m+7
6m±7,3,3m+5;Gm+lO,9m+ ¡2
2m+ l,l,m + l;2m+ 2,3m+ 2
6,4,5;I0,15
5,3,4;8,lO
4,2,3;6,8
7,3,590,14
lO,4,7;14,20

FT
4.4

FM’,,
FM’,4
FM’,,
FM’,,
FM’,,
F76 +6

FZ&m+s

HA,,
HC,,
HC,
HC,,
HD,,
LID,,
‘59s +7

Jal., * &

~ani+9

.0

1<,

1<,,
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