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Singularities with exact Poincaré complex
but not quasihomogeneous

GERHARD PFISTER and HANS SCHONEMANN

ABSTRACT. We give examples of complete intersections in C* with exact Poincare complex but
not quasihomogeneous using the classification of C.T.C. Wall and the algorithm of Mora.

0. INTRODUCTION

1971 K. Saito gave a nice numerical characterization for a hypersurface sin-
gularity to admit a C*action ((X,0) admits a good C* -action (also called
quasihomogeneous) if O,,—~C [[x,, ...x,])/] and I=(p,, ...p,) is an ideal gen-
erated by quasihomogeneous polynomials of positive degree d, with respect to
the weights w,..w_, (w,>0,w,€ Z), i.e. p{A~x,..A"=x )= Ad%p) (cf. [8]):

Let (X,0) < (C~0) be the germ of an isolated hypersurface singularity and
denote by u(X,0) the Milnor number of (X,0) - a topological invariant of the
singularity - and by t(X,0) the Tjurina number of (X,0} - the dimension of the
mini-versal deformation of (X, 0), an analytical invarant - then the following
conditions are equivalent:

(1) (X,0) admits a good C*action

(2) wX.0)=1(X0)

(3) the Poincaré complex of (X,0)

05C=- 0,0, > Q> ...> Q7 -0

1s exact.
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The invarants u and 1 can be computed as the dlmensmn of certain Arti-
nian rings:

If (X.0) is defined by /=0, fe C f Xy 2 .| @ convergent power series then

X0y =dimeClx,, ., 1 ( g_ a?{ )

m

A similar numerical characterization of quasithomogeneous singularities
(not being hypersurfaces) can be given for curve singularities (cf. [3],[10]). Es-
pecially if (X,0) < (C" 0) is a complete intersection curve with isolated sin-
gularity, then the following conditions are equivalent;

(1} (X,0) is quasihomogeneous, i.e. admits a good C*action

(2) n(x,0)=1(x,0)

If (X,0) 15 quasihomogeneous then the Poincaré complex

(3) 05 C>0,->Q 5 - .. 5> Q7% —0

1§ exact.

It is natural to ask whether Saitos result can be generalized i.e. (3) implies
(2).
It is the purpose of this note to show that this is not the case. We give

examples of complete intersections in C* with exact Poincaré complex but not
quasmomogeneous

The idea to construct these examples is as follows:

C.T.C. Wall gave a classification of the unimodal complete intersection
singularities, especially he computed the Milnor number

WX,0)=dimQ\, /d O, (cf. [11]).

If f ge Clx.y.z} are power series defining an isolated curve singularity
(X,0), then

WX, 0)=dim.C {x.v.z} (fg M, M,M)
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(cf. [4]), M, the 2-minors of the Jacobian matrix of fg.

Using Mora’s algorithm to compute a Grébner base (cf. [6]) one can com-
- pute t©{X,0) and decide whether (X,0) is quasihomogeneous or not.

To prove the exactness of the Poincaré complex
0= C—o 0,— QY- 02— Q>0
we use a result of Reiffen (cf. [71)
d.

QL = Q3 -a—ri Q, —»0

is exact iff

(18), cd((f)¥s,)-

This condition is always satisfied if fand g are quasihomogeneous poly-
nomials (not necessarily with the same weights).

It remains to check that

ker d,= d,0,,, i.c.

n(X,0)=dimQ! /d 0,,= dim Q) /ker d,
= dim 4,9},

= dim ker d,
= dim Q%, —dim Q},

NowdimQ}ﬁ:C{X,y,z}/ (_aL’_aL,_aL,j&_,_ag_:_ag_) and -
dx > 8y 8z ox ' oy oz
dim Q2,=C {x,p.zP/M,

M generated by
(10,0}, (0,£0), (0,0,9), (,0,0), (0.g, 0}, (0,0,8),
of o o o, -9 of ofy (g g
(a})! az ’0)’(ax’03 az)!(O! ax) ay)‘i( ay’ az !0)!

(%2 o,-08y (0,88 9%,
ox ’ dz ix ~ dy
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Using again Mora’s algorithm we can compute dimQ3, and dim Q2 and
decide whether the Poincaré complex is exact or not. We were guided by a
computer giving us the Grobner bases and the corresponding dimensions for
many examples. Especially we will give the invariants w(X,0), dim},,
dim €23, for all singularities in C.T.C. Wallss classification (§ 3).

Also as an application we compare in § 4 Walls classification of quasiho-
mogeneous singularities with the corresponding classification of Aleksandrov

(cf. [1]).

In § 1 we will give the idea of Mora’s algorithm to be able to follow our
computations.

In § 2 we give the examples mentioned above.

1. MORA’S ALGORITHM

We will describe the algorithm to compute a Grébner base of a submod-
ule of a free module. This algorithm is a modification of Buchberger’s algo-
rithm to the case of modules over local rings (cf. [2], [6]). The actual imple-
mentation by the authors on Atari, IBM-compatible PC and Maclntosh is
much more sophisticated (using some exira results and ideas to shorten the
computations) as the idea described here,

Let R=Clx,, ..., x,,} and x#=x%.. X%, x* =x%..x%» be monomials in R.

Definition 1: x2<xt if a#b and either 3a,<3b, or Sa,=3h and a,=
b, ...a=>b,a. <b, . Wewill write xe<xt jf xt<xt or xt=xt.

Definition 2: Let xi=(0,..., x2, 0..), xt=(0....xt, 0..) be vectors of R’
(x2 at the i componente, xt at the j* componente). xi<xt if either i<j or
i=j and x2<xt Furthermore we will use the notation x¢ | x¢ iff i=j and
X2 | Xt

Using this order we can associate to (g,, .....2) € R {#(0,....0)) the leading
vector and leading coefficient: Let / be minimal such that g #0 and g =S¢ xe.
Let a be defined by ¢,#0 and ¢,#0 implies x¢<x2. Then L(g,....g.): =x¢and
o(g.....&): = ¢, Similar we associate to any submodule A/c R* the leading
module L(M) generated by {L(x), xe M, x#0}. The leading module gives us
the possibility to compute the dimension of R/M in a combinatorial way:
dim, RYM = dimR/L(M),
ie. dim. RY/M is the cardinality of the set {x xtis not dibvisible by L(g) for
all g in a Grobner base of M.
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The algorithm of Mora constructs for a module M c R* generators of L(M):

Defimt:on 3: Let Mc R be generated by f,, ...[. {1, ...[.} is called a Grob-
ner base of M if L(M) is generated Lif)....L{f).

To describe the construction of the Grébner base we need the following
notations;

(1) Let (f,,..., D e Rs, &, ..., ):=min{i, £#0}, k@, ..., 0):=0

(2) Let f; gERs ki=k(i=k (2)>0, L(N=x3, L{g)=x, and m=Ilcm (x2, xt)

then 8{/g).= L f - C(—-dz)Lx:g This procedure associating to fand g the S-

vector S(f g) cancels the leading terms of fand g and creates a new leadmg
term if S(fg)?éO

(3) Let fe R be a polynomial, / =3¢, x* and let a¥, g® be defined by
- C““]#O, Cﬂflj #+ 0
- ¢,# Oimplies x#% <x2 < xo%

We define the maxmin-degree of f by dmaxmin(/).=3(a? —a?®).
Let f=(f, ... f)eR and k=k(f)>0 then dmaxmin(/}).=dmaxmin(f),
dmaxmin (0): =

The algorithm to construct the Grobner base uses the following algorithm
to decide whether a given vector is in the submodule or not:

Let § ¢ R be a finite set of vectors of polynomials, 0# 4 ¢ R a vector of
polynomials and M the submodule of R* generated by S.

1* step
Let T:=Sand h:=h

i* step
Suppose 7,_, and 4,_, are defined and #,_, #0. Suppose L(#,_,) is divisible by
L{g) for some ge T,_, then we choose ge T,_, with the following properties:

(1) L(g) | L(#;_,)
(notice that this implies k(g) = k(#,_,) by definition!)

(2) max (dmaxmin{g), dmaxmin(/,_,)} is minimal between all possible
choices of g with property (1).

We define A:=S(h,_, g) and T:=T,_,U {h_, |
If I.(#,._,) is not divisible by L{g) for all ge 7;_, then kg M.
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Mora proved (cf. [6]) that there is an / such either A, =0 or L(A) is not
divisible by L{g) forall ge T,_,.
We define reduction(h): =

The algorithm:
Let Mc R:be a submodule generated by £, ....f; f, vectors of polynomials.
We construct the Grobner base inductively:

1* step
We defined S;:=1{f,...0.} Pi= {{(f.). i<j}.

i* step
Suppose S,_, and P,_, are defined.
If P_, = @ then S,_, is a Grobner base of M.
If P_,+# @ we choose (fg)e P _,.
Let s=S5(fg) and h=reductiong_{s).
If h=0 then S:=S._, and P:=F_, \ |(f®)}-
If ##0 then S:;=S_, U |k} and Pi=(P_, \ {(fe)h) U {(vh), veS_|

Now L (Af) is finitly generated. This implies that for some N always re-
duction, (5)=0, i.e. the algorithm will stop and Sy is a Grébner base.

2. SINGULARITIES WITH EXACT POINCARE COMPLEX BUT
NOT QUASIHOMOGENEOUS

Let (.X,0) be the germ of the curve singularity in (C?,0) defined by the zero
set of the polynomials f=xy+z-! and g=xz+p~'+yz%, 4</<k and
5<k. This singularity is denoted by FT,, in C.T.C. Walls classification and
has Milnor number p(.X,0)=k + /+ 2 (cf. [11]). This singularity is not quasiho-
mogeneous. To prove this we have to compute the Tjurina number (X, )
=dim,. C{xv: L/ (fg. M, M,M)), M, being the 2-minors of the Jacobian
matrix

X {({—1)z-2

J (fg)=

VD=1 ooty xt2ye
M =xz—yzt—(k—1)*!

My=xy+2yz— (- 1)z

M, = x4 2xps—(I— 2= (I— 1) (k— 1)z
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We use Mora’s algorithm to compute a Gréobner base of (fg, M, M, M.):
h=S(gM)=2yz2 4 ky!
hy=SM_ =2 z— 7"
ho=S(h h)y=I[z-14 ky !
h4: = reduCtion{f.g.M|,M2,MJ|(S(£g)) = ((4'(2‘[)(2'1())/2[)}'&

Let S:={fgM,h h,h,h, then one can check that reductiong(S(4,k))=0
forall Ak € S, i.e. Sis a Grobner base of the ideal (£ g, M, M, M,). This implies

W X,0)=dim, x,y,zi [ (fe M M. M)
=dz'mca x.p,zy /(xy, xz, XAy vtz 2%
=l+k+1
<l+k+2=n(X,0),
i.e. (X,0) is not quasihomogeneous.

We will now prove that the Poincaré complex of (X,0) is exact. We have
to prove (cf. introduction) that W(X,0)=dim L%, ~dim £,

- aﬁ o of dg 0dg g
QX.O —C{X,y,Z}/( ay k) aZ a ) ay » az )

=Cixpz}/(x..2)
ie dim Qf = I.

We have to prove that dimQ3 =1+ k+3.
Qi ,=C [xv.z /M and_M is generated by

Si=010,00=(xy+ 2-.,0,0)
Li=00)=0,xy+2z-,0)
£:=(0,0)=(0,0xy+z"")
Jo=(8,0,0)=(xz+ yz2 4 3*-1,0,0)
Ji:=0(0,8,0)=(0,xz+ ypz2+1*-1,0)
fo=(0,0.2)=(0,0,xz 4 yz2+ y*)

fi= (EL,EZL, 0) =(x(l~1)z-30)
fe=Z0, -2 = (0, (1-1)z9)
fr=1(0,-2L

= —a{—)= 0.r.3)

= (G B8 0) = (@ (k- s 2020)

f= (48,0, &) = (20,-x-232)
Sii= (0,48, 28 = 022+ (k— 1))
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Let $;:=(fl,.... [0
hy:=reduction, (S(fly, /1)) = (0,x+ 2yz.xz+ 2y2 + (I - 1)(k ~ 1))**2-2)
S:=S, U {h
=T eductlonS(S(}Z,f“)) (0,024 2xyz+({— 1)z 4+ (= 1)) -22-Y)
S =S, U th,
hy:=reductiong ( S(f,, f))= (0,0(//2—1)7'+*)
Se=58, U {,)
A, -_—reducuons‘(S(fs, fiN=(0,0,2y2 z—[z"-1})
S:=8,U {h
hg:=reduction,, (SUs, SN =(0,0,—2yz2— ky 1)
S =S, U {A
h,: =reductiong (S(h,, h))=(0,0,((2))/(I—2)—k)y*)
S =S, U {4

Now one can check that reduction; (S(g A)=0forall gheS, le § isa
Grabner base of M. Especially L(M) is generated by (x,0,0), (y,O 0,
(z,0,0),(0,x,0),(0,,0), (0,z,0), (0,0,xy), (0,0,xz), (0,0,y20), (0,0,x3), (0,0,yz),
(0,0,2), (0,0,y). This implies that dim 3, =/+k+3.

Let (X,0) be the germ of the curve singulanity in (7,0} defined by the zero
set of the polynomials f=xy and g=xz+yz*+ 2’4+ 2**, i> 1. This singularity
is denoted by FZ,, in C.T.C. Walls classification and has Milnor number
r(X,0)=104i(cf. [11]). As before one compute 7(X,0)=9+/, dim £} ,= 1 and
dimQ},=11+i This implies that (X,0} is not quasihomogeneous but the
Poincaré complex is exact, because / and g satisfy Reiffens condition
(f.8) R, < d((£8)Q2%s,) (cf. introduction).
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3. THE INVARIANTS OF THE UNIMODAL COMPLETE

INTERSECTION SINGULARITIES

type  equations
P, xXpxt -+ Y42

FT,, xy +2, xz+y +ayz? acC-{1/4}
Fr,, XY+ 2, Xz4 Y-ty kziz4k>4
FW, xy+2, xz+)
FW, xy+zxz4zp
FW,, xp+xz+z9i4+ap ae C—{0,-1/4}

Xy+ Z],XZ-F zZyz + ay5+9

FWe | xp+2.xz4 2287 — )4+ 290 (2,y)
W, xy+zxz4z)p

FW, xy+zxz+)*

FZ,.., xy.xz+24ym

FZ,..., xpxz+z+zpmst

XP.XZ+ 2+ yine?

FZ, » XpXZ+2+20taym  aeC~{0,~4/27)

FZ XV, X2+ 204 Z2pm + yimee
G,., X+ 204 2l (x,z)
HA4 XY+ X4 24 pzt 4 e

XY+ X4 Yz e
C, Xy+ DX+ 244
C. xy+xi+z4xpy
Cs xy+zx404)8
XY+ 2 x14z)7

" xy+ 2+

5555

ae C—}0,1/4}

me” xy+zz,xz+y!m+3
Fonot X+ 23,x2 4 z)im+t
Jonrs XY+ 2, XZ+ yimes
oo X¥+ZXZ+Zmpay=r ge C-0,-4/27)
Sy XVH X IR pImeler
xy+ zz’xz+y3
Xy+ 2, + 2)2
s XY+ 28X+ 20y + ayt
xy+ zz,xr+zzy+yc+;

W
el
=

XY+ 204 220y P+ vzl (2,y)
_Xy+22x 428
XY+ x4yt

=

>y B 3 By RN

=

with [ (x,))=xy and [, (x.y)=y~*

T
k+i+1 k+i+] T¥it2
10 10 i1
K+I14+2  k+l+1 k4143
13 13 14
14 14 15
16 16 17
16+p 144 p 164-p
16+p 14+p 164p
18 18 19
19 19 20
bm+6  6m+6  6m+7
6m+7 bmy4-7 6m+-8
6m+8 6m+8  6m+9
6m+4 6m+4 6m+-5
Sm+a4pSm+d+pSm+6+p
n+8 n+8 n+10
p+11 Ll{p=0)y 13{p=0)

p+10 p+12
p+13 p+12 p+14
13 13 15
14 14 16
15 15 17
13 13 15
14 14 16
em+7  6m+7  6m+8
6m+8 6m+8 6m+9
6m+9  6m+9  6m+10
6m+5 6m+5 6m+6
6m+5+p5m+5+pSm+6+p
8 8 9
9 9 10
11 11 12
IH+p 104p 11+p
11+p 104p 11+p
13 13 14
14 14 15

169

dim» dim:

1
1
1
1
1
1
1
1
1
t
1
1
1
1
1
2
2

P e et M et ek ek b B B B R B
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4, THE QUASIHOMOGENEOQUS UNIMODAL SINGULARITIES

Here we compare Wall’s classification with the classification of Aleksan-
drov (cf[1]).

type type weights; degress
(Wall) (Aleksandrov)
P, =3:T,., 220kl 20+ 1), 2k + 1
{=4R, .,
{=5L,,
FT., V., 2,1,1;3,3
FW, 0, 11,4,5:15,16
FW, Q. 9,3,4;12,13
FW,, Qs 7.2,3,9,10
FW, 12,3,5;15,17
FW, 17,4,7,21,24
FZ, .. - V(FZ.) 6m+2,3,3m+1,6m+59m+3
Fz,. ., V(FZ,.) 4m+-2.22m+ l;dm+4,6m+43
FZ,_ ., V(FZ,) 6m+4,33m+2;6m+79m+6
FZ, ., Vi FZyo) 2m,L,m2m+1,3m
VlFZ,,) ,
(C M., 6,n+54;12,2n+ 10 (n even)
3,1n/2]+3,2:6,2[n/2]1+ 6 (n odd)
HA, Y, 3,2,2:6,5
HC, Ly 3,6,4;12,9
HC, G, 9.4 618,13
HC,, L, 6,15,10730,21
HD, H, 7,5,4:12,14
HD, H, 9,6,5:15,18
Soms Ui/ 6m+533m+4,6m+89m+9
Fomrs U 4m+4,2,2m+3;d4m+6,6m+7
Jemss U J.5) 6m+7,3,3m+5,6m+4109m+ 12
Joiio U, (o) 2m+ Lim+1;2m+2,3m42
K, Y, 6,4,5:10,15
K, M, 5,3,4;8,10
K., M, 4,2,3:6,8
K, N, 7.3,5;10,14
K, N, 10,4,7:14,20
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