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A remark on ihe L5—regularity
mínima offunetionais of theof the
calculus of variatíons

LUCIO BOCCARDO-ROSANNA SCHIANCHI

ABSTRACT. In this note we study the surnmability properties of tite minima of
sorne non differentiable functionals of Calculus of the Variations.

1. INTRODUCTION

Let us consider tite two fol¡owing functionals

«u) =fc f(x, Du) dx—fc b (x) u (x) dx

n
i(u)rrfGf(x, Du)dx—S fc gjx) UrJX)dX

witere:

i) Gis a bounéed open subset in R”, ti=2
u) f=f(x, z) is a Caratiteodory function

iii) b(x,)eL”(G) ané g=(gí g,,) denotes a vector fielé
g
1c Li’ (G) for 1= I,...,n, ¡‘=2.

If f(x, z) is differentiable witit respect to tite variable z titen
O E 11KG) of ¡(u) itas to satisfy tite Euler equation

in G with

a minimum

(1)(x,Du)b(x)Ox1
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ané a minimum uEJsJá(G)of 1(u)

a o
Ox1 .13 (x, Du)=Z (gt, (2)

in tite sense of distributions.

Witen (1) ané (2) are linear elliptic equations, for example u
f(x. Du)=a11(x)u~ u>,,. with coefficients ~ measurable boundeé functions
sucit that a¡}(x)t.t>aI~I

2, a>0 ané tc R”, tite summability properties of
tite weak solutions itaVe been studied by Stampacchia (see [7], [8], [9], [lO])
in tite case n=2 ané NIRENBERG [5], ifn=2.

Moreover analogous summability properties for weak solutions of non
linear elliptie equations itave been studied by Boccardo ané GiaChetti in [2].
In titis note we extend sucit results to tite miníma ñ E ¡-4(G) of general
functionals of tite Calculus of Variations ¡(u) and J(u) under tite only
assumption on f(iv. z)

f(x,z)—f(xz—cz) =1z12 (3)
hm mf

E

Since some existence results of minima of integral functionals of tite
Calculus of Variations itave been proved without the convexity assumption
on tite integrané function (See[5]), ifmakes sense to study also regularity of
sucit mínima.

Moreover we point out titat in titis paper no upper control on f<~, z) is
assumed.

More precisely we prove tite following theorems.

Theorem 1. Leí úc H¿(G) be a non negative mn¡nimurn of 1(u). 1/1
satí4fies (3) atid it (x) E L~ (0), 2=p <~— then U c L’ (0), ej = _______

2 ‘ n—2p

Theorem 2. Lot OE H¿(G) be a ,n¡numuni of J (u). 1/ f saíisjYes (3)and

g¡ELP(G), 2<pcZn, ¡ben úEL~(G), ~= np
n—p

Remark 1. lf, instead of assumption (3), we itave

Hm ini f(x.z,)—ffrz—ez) =¡z¡r, r>lee
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witit r’<p< ,titen, by proceeding as in tite proof of titeorem 2, we
r— 1

2. PROOF OF THE THEOREMS

Before proving tite titeorems we introduce sorne notations. For a given
function u on G we denote by u#(x) its spherically decreasing rearrangement
witich is defined on Gt the balI centered at tite origin with tite same measure
titan G.

Por titis definition and for tite real functions we refer to [3]. In tite proof
of titeorem 1 we use tite following comparison result witicit is proved in a
more general context in [6].

Titeorem 3. Leí fie H¿ (O) be a non negailve rninimurn of 1(u). If f
safisfles (3) atid it (x) £ LP (G) p=2, ¡ben ¡be rearrangement ú11 of ñ verWes ¡he
follow¡rzg esíima¡e

ñ#(x)=v(x) a.e. in G~ (4)

wbere y (x) ls ¡he mitiurnum of ¡he funcílonal

lDuI2 g# (x)u(x)]dx. (5)

Proof of Theorem 1. Tite result WC prove now is a consequence of
previous Titeorem 3. Indeed let 12e 1-4 (G) be a minimum of ¡-(u), by titeorem
3, ¡? satisfies tite inequality zV (x)=y (4 a.e. in G11 ané y (4 itas to satisfy the
Euler equation of (5) witiCit is — Av=g~ in G~.

Since j¡g#¡~~p(~#) IIgIILP(GJ (see [3]), we deduce by Agmon-Douglis-np
Nirenberg’s titeorem ané by Sobolev inequality titat veL~(G’9cpz ti 2
Consequently, by (4), ú4cL~(G) and, by tite aboye property of tte
rearrangements, ue D (G).

Remark 2. Tite aboye arguments don’t work witen ge 1t1PfG) so that
we need a different one to prove theorem 2.

Proof of Theorem 2

Consider a real continuous function of one Variable g4t) satisfying
1d0)=0 and .~.‘(Q=OVt.
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Lel z2e14(G) be a minimum of 1(u) and consider for each k>0.

¡‘~(u)— fA if¡it¡ =k
ifí2>k
ifÉ2cZ—k

tite function ‘t(TkÍ4CHUG) for eacit k>0.

Obviously, for e>0, since ¿2 is a min¡mum of 1(u), we have

1(Ñ)=1(it—e 4’ ( ¡‘ku))

By using tite definition of 1 and eliminating equal terms WC get

fcf(x, DIO dx=fof[x, D12—eD(4dTkú))]dx
n

+EX fGgI(x)Qk(Tku))~,dx

Dividing for e>o, tite previous inequality may be written in tite following
equivalent way:

f f(x, Dñ)—f(x,Dñ—eD4,(T~z2)

)

.jG E4,’(T~U)

<~fcg4x)4,’(Tkú) (Tkñ)~1dx

Now we use assumption (3), Fatoú’s lemma and Scitwartz inequality, lo
get

j~~IDuI24,’(u(xfldx=Z Jgí(x)ux.(x)4V(u)dxS

I~i
2 (u)dxí (~j=~¡Du¡2~’ (u) dx)2

SO WC obtain

1
¡i4 =k

1 DuI2eb’ (u) dx= 1
IuI=k

Now we citoose 4«s)= s¡’s so titat
¡4-¡

¡g~4,’~OcLv. <6>

4,’(s)= ¡si’ witit ¡sorne positive

real number witich we sitail precise in tite following.
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Sucit test functions have been introduceé by Miranda in [4] ané itave been
also used in [2] to stuéy tite regularity of solutions of non linear elliptie
equations.

From (6) we itave
1 ¡g¡fluI’dx.1 ¡Du¡2 ¡ u ¡‘dx=___

¡“1 =k

or equivalently

(__2~2
f ¡D([u¡

¡+2 7

1+l 1.
2 )¡2dx= .1 ¡g¡2¡uI’dx.

Let us denote by q* tite Sobolev exponent of any number qe] l,n[, j.c.
nq

ti—-q

By using Sobolev ané Holder inequalities, we get

(7)______ 1dx)? (¡±29( 4=k¡g¡P )+( laI=k
I>2

Now choose ¡ in suéh
1 Ip . (p—2

)

a~(—±l )2* _____away titat 2 - =
2,Le.¡=ti ~

np
titen a p* = . By easy calculations from (7) we itave

1 IuI~dx )k 1 ¡g¡Pdx)P( IuI=k Iu¡Sk

withc=-
2- p—2 +1.

2 n—p

Consequently for k —. + oc we get tite estimate

It

=c(fc¡g¡P )+

(fGIu¡P%¡xft =c(fcIg¡p)P

Remark 3. Tite previous proof also works if we consider tite functional

Í f(x, Du)dx—J
h(x)u(x)dx—Y JgJx)uÁ(x)dx

G
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