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ABSTRACT
We derive sharp Sobolev inequalities for Sobolev spaces on metric spaces. In
particular, we obtain new sharp Sobolev embeddings and Faber-Krahn estimates
for Hérmander vector fields.
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1. Introduction

Recently, a rich theory of Sobolev spaces on metric spaces has been developed (see
[6,8], and the references therein). In particular, this has led to the unification of some
aspects of the classical theory of Sobolev spaces with the theory of Sobolev spaces
of vector fields satisfying Hormander’s condition. At the root of these developments
are suitable forms of Poincaré inequalities which, in fact, can be used to provide a
natural method to define the notion of a gradient in the setting of metric spaces. In
the theory of Héormander vector fields, the relevant Poincaré inequalities had been
obtained much earlier by Jerison [9]:

1 , 1/2 < 1 ) >1/2
= [ 1f - fs2d — d
(i [r=sofas) <o) (o [ Ixsras)

where X = (X1,...,X,,) is a family of C* Hormander vector fields,

xf= (S xr?) "
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dx is the Lebesgue measure, B is a ball of radius r(B) with respect to the Carnot-
Carathéodory metric. For more on the connection between the theory of Sobolev
spaces on metric spaces and Sobolev spaces on Carnot groups we refer to the Appendix
below and [6].

The purpose of this paper is to prove sharp forms of the classical Sobolev inequali-
ties in the context of metric spaces. In fact, we develop an approach to symmetrization
in the metric setting which has applications to other problems as well. In particular,
we will show some functional forms of the Faber-Krahn inequalities which are new
even in the classical setting.

Let us briefly describe our plan of attack. A well-known, and very natural, ap-
proach to the Sobolev inequalities is through the use of the isoperimetric inequality
and related rearrangement inequalities (for an account see [24]). For example, a good
deal of the classical inequalities can be in fact derived from (see [2,11], and also [15])

1= o < (3 [ o oas). W

where t > 0 and f € C5°(R™). For example, in [2] and [19] it is shown how, starting
from (1), one can derive Sobolev inequalities which are sharp, including the borderline
cases, within the class of Sobolev spaces based on rearrangement invariant spaces.
Therefore, it seemed natural to us to try to extend (1) to the metric setting. At the
outset one obstacle is that the usual methods to prove (1) are not available for metric
spaces (see [2,15]) . However, we noticed that, in the Euclidean setting, (1) is the
rearranged version of a Poincaré inequality. More specifically, suppose that f and g
are functions such that, for any cube @@ C R™ with sides parallel to the coordinate
axes, we have

i xr) — X C|Q|1/n X )ax
|Q|/Q|f() falds < % /Qg< \d. (2)

Then the following version of (1) holds,

%/Ot[f*(s) — F*(t)]ds < et/ (% /Ot g*(S)d8> : 3)

By Poincaré’s inequality, (2) holds with g = |V f| and therefore the implication (2) =
(3) provides us with a proof of (1). This is somewhat surprising since the usual
proofs of (1) depend on a suitable representation of f in terms of Vf. Since, in the
context of metric spaces, the gradient is defined through the validity of (2), this is a
crucial point for our development of the symmetrization method in this setting.
Since the mechanism involved in transforming (2) into (3) plays an important role
in our approach, it is instructive to present it here in the somewhat simpler, but
central, FEuclidean case. The first step is to reformulate (2) as an inequality between
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maximal operators
£ (@) = Sup%l/n/ f(2) = fol de

1
< s /Q gl@)de = cMg(a), (4)

where M is the non-centered maximal operator of Hardy-Littlewood. The expression
on the left-hand side is a modification of the well-known sharp maximal operator of
Fefferman-Stein (see [4]). At this point, taking rearrangements on both sides of (4)
leads to

(fF,)7 (1) < eMg*(t) < cg™ (1), (5)

Here the estimate for the maximal operator of Hardy-Littlewood is a well-known, and
easy, consequence of the fact that M is weak type (1,1) and strong type (oo, 00).
Moreover, by a simple variant of an inequality of Bennett-DeVore-Sharpley [3, Theo-
rem V.7.3], we have

() = f @)t < e(f],) (@), (6)

Combining (5) and (6), we see that if (2) holds then (3) holds.

The method of proof outlined above can be developed in more general settings
as long as suitable variants of the classical covering lemmas, which are needed to
estimate the underlying maximal operators, are available. In the context of metric
spaces the covering lemmas we need were obtained in [13] (see also [10]). Once the
rearrangement inequalities are at hand we can use standard machinery to derive
suitable Sobolev inequalities (see Section 3).

To give a more precise description of the contents of this paper we now recall
the definition of a (p, ¢)-Poincaré inequality. In what follows (X, i) is a homogenous
metric space with a doubling Borel measure p of dimension s (see Definition 2.1
below).

Definition 1.1. (see [6,8]) Let © be a measurable subset of X, and let f and g be
measurable functions defined on €2, with g > 0. Let p, ¢ > 1. We shall say that f and
g satisfy a (p, ¢)-Poincaré inequality, if for some constants cp > 0, o > 1,

(ﬁ /B |f(x) — fB|pdu(x)>1/p < cpr(B) <M(%B) /UB Qq(x)du(gs)> 1/q

holds for every ball B such that 0B C Q, where fz = (u(B)) ™" [ f(x)dpu(z). We
may then refer to f as a (p — g—) Sobolev function and to g as its gradient.

We can now state our main results. We start with the following extension of (1).
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Theorem 1.2. (see Theorem 2.9 below) Let By C X be a ball, and suppose that f
and g satisfy a (p, q)-Poincaré inequality on 40 By. Then there exist constants ¢; > 0,
0 < ¢ <1, independent of By, f and g, such that

: 1/p
o G/ (fxso)(s) - [fXBU]*(t))pd3> <alg) @M,

for 0 < t < cap(By).

Following [19], given a rearrangement invariant space Y, we introduce the spaces
Y?(00,s) (see Section 2 below) that contain all the functions for which the Y-norm
of the expression on the left-hand side of (7) is finite. The following sharp Sobolev
embedding theorem then follows immediately.

Theorem 1.3. (see Theorem 3.1 below) Let By C X be a ball, and let Y (X) be an
r.i. space. Suppose that the operator Puaxip.qy (see (10) below) is bounded on Y (X).
Then, if f and g satisfy a (p,q)-Poincaré inequality on 40 By with constant cp, there
exists a constant ¢ = ¢(By, cp,p,q,Y) > 0 such that

1 xBollye(00,s) < clllglly + 1 F1lv)-

We also provide a new application of our rearrangement inequality (7) to the study
of the so called functional forms of the Faber-Krahn inequalities in metric spaces (see
Section 4 below). We now illustrate these ideas in the classical Euclidean case. For
example, using ffo*o(t) Ar(u) = t(f**(t) — f*(t)), where Ay denotes the distribution
function of f, and Holder’s inequality, we see that (1) implies

/ RICELT| VS ()

*(t)
t 1/p ,
<o ([vsrwpan) e
0

where ~ denotes equivalence modulo constants, and < denotes smaller or equal mod-
ulo constants. Now let ¢t = || f|lo = [supp(f)| , and observe that then f*(t) = 0, and
f;f( o Af (u) =||fl; - We have thus obtained the following Faber-Krahn inequality

1/n+1—-1
Il =< Al ™2 v oL, -

More generally, if a (p, ¢)-Poincaré inequality holds then we can use (7) and a similar
argument to prove

Theorem 1.4 (see Theorem 3.4 below). Let By C X be a ball, and let f be a function
with supp(f) C By. Let Z(X) be an r.i. space and let ¢z denote the fundamental
function of its associate space Z'(X).

Revista Matemdtica Complutense
2009: vol. 22, num. 2, pags. 499-515 502



J. Kalis/M. Milman Sobolev inequalities in metric spaces

(i) Let f be a p—q—Sobolev function and let g be a gradient of f. If || fllo < cap(Bo),
where ¢y is the constant of Theorem 2.9, then

stp_ 1

| £llzox) < e [llg"llzeodz (1F10)] /1 £ 167"

(ii) Let f be a 1 — g—=Sobolev function, ¢ > s, and let g be a gradient of f. If
Ifllo < c2p(Bo), where cq is the constant of Theorem 2.9, then

1/ s—
1 llzcx) < e [Nz bz (1 Fllo)] 111 .

2. The basic symmetrization inequality in metric spaces

We start with some definitions.

Definition 2.1. A homogeneous space consists of a metric space X and a Borel
measure p on X, such that 0 < pu(B(z,r)) < oo, for all x € X, r > 0, and, moreover,
the measure p satisfies a doubling condition:

u(B(x,2r)) < cap(B(x, 1)), (8)

for all z € X and r > 0. If ¢4 is the smallest constant in (8) then the number
s = log,y cq is called the doubling order, the dimension or homogeneous dimension of

L
Remark 2.2. Note that if we fix a ball B C X, then by iterating (8) (see Lemma 14.6

in [8]) we can find a positive constant ¢ (possibly depending on B) such that for every
ball B C B we have
p(B) = cr(B)®. 9)

In what follows, given a ball B = B(x,r), oB will denote the ball concentric with
B, whose radius is pr.

A rearrangement invariant (r.i.) space Y = Y (X) is a Banach function space of
p—measurable functions on X endowed with a norm || - ||y such that if f € Y, g is
a p—measurable function and for distribution functions of f and g we have Ay = A,
then g € Y and ||g|ly = || f|ly- The fundamental function ¢y of Y is defined for ¢ in
the range of u by

oy (t) = Ixely,

where E is any subset of X with p(E) = ¢. The associate space Y’ is defined as the
space of all y—measurable functions on X endowed with a norm

Iflly = sup /X fal.

geYillglly <1
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For any f €Y, its non-increasing rearrangement is defined as
) =inf{u>0:Ap(u) <t},

for t > 0. Recall that any resonant r.i. space Y has a representation as a function
space Y7 (0, 00) such that (see [4, Theorem I11.4.10])

||f||Y(X) = ||f*||YA(O,oo) .

Since the measure space will be always clear from the context, it is convenient to
“drop the hat” and use the same letter Y to indicate the different versions of the
space Y that we use.

Let P denote the usual Hardy operator P : f(t) +— t~* fot f*(s)ds. The operators

P,, p > 1, are defined by

p
(Bpf)(&) = [P((f)P) ()] (10)
The following space will play a crucial role in our theory.

Definition 2.3. Let Y be a r.i. space, and let p > 1 and r > 0. Then space
YP(0o,r)(X) is defined as a set of all f € Y (X) such that

o0 ([ - o)

Remark 2.4. When it is clear from the context, we will simply write Y7 (oo, r) instead
of YP (oo, 7)(X).

Remark 2.5. Under suitable assumptions the expression defining the “norm” of the
YP(oco,r) spaces can be simplified (see [22]). For example, suppose that p and r are
such that

1/p

I fllye(oomy(x) = < 0.

Y

1<p< 20 (11)
py — T

where py is the lower Boyd index py of Y, and suppose, moreover (see [19]),

o 1\ d
/ sYTdy (—) “ < 00, (12)
1 S S

where dy (s) is the norm of the dilation operator Dy : f(-) — f(-s). Then, for f with
f**(00) = 0, we have

||f||YP(oo,r) ~ ||f||Y1(oo,r)-
Proof. From (12) it follows that, for f**(co) = 0, we have (see [19, Lemma 2.6]),

[ () = £ @)y = 1 @)l (13)
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On the other hand, since ||D,[f(t)t=Y"]|ly = a= " ||[Daf(®)]t~"/"|ly, we have
1Dalf (Ot Ty < ca™ PILF O Iy,

if and only if
IDalf (O] (ly < ca” VPRV £y

Consequently, if we let Y (t71/7) be the space defined by the norm || f(t)t=/"||y then
the lower Boyd index of Y (¢~/7) is equal to pyr/(py — r), where py is the lower
Boyd index of Y. Now, in view of (11) it follows from [20, Theorem 2 (i)], that the
operator P, is continuous on Y (t~1/"). Thus,

Combining the last inequality with (13) we obtain,

< @ty
Y

1/t 1/p
(7 [r@ras) ey <l e

”f”YP(oo,r) S ”f”Yl(oo,r)'
The reverse inequality follows readily from Hoélder’s inequality. O

In our approach, the following operator will naturally come up (see the left-
hand side of (4)). It is a modification of the well-known sharp maximal operator
of Fefferman-Stein (see [4]) and is defined for f € Ll .(Bo), By C X a ball, and
p,q=1by

1
sup
2€BC By a ball (M(B)q

Fh (@) =

[ 1) = sabauts) "

for z € By.
For the proof of our symmetrization inequality we need the following version of a
covering lemma from [13].

Lemma 2.6. There exist positive constants c, A, with X\ < 1, such that for any ball
B, and any open set E C B with u(E) < Au(B), there is a countable family of balls
{B;}3°, such that

(i) Bi C4B, fori=1,2,...
(i) £ c Uz, Bi.
(i) 3, 4(B)) < ep(E).
(iv) 0 < w(B;NE) <(1/2)u(B;NB), fori=1,2,...

Proof. Follows readily from the proof of [13, Lemma 3.1]. O
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Theorem 2.7. There exist positive constants c1,ca, such that, for any ball By C X,
p,q > 1, and for all f € L} ., 0 <t < cou(Bo), we have

loc?
1/p

/v ( / <[fxBo1*<s>[fXB01*<t>>pds) <alflppd @ (14

Proof. Follows along the lines of the corresponding proof in [4, Theorem V.7.3].
It suffices to establish (14) for nonnegative functions. Let A be given by Lemma
26 and fix 0 <t < %M(Bo)- Let

E={ze€Bo: f(z) > [fxa]" (1)}
and
F={2 € Bo: fin, ,.o(@) > [f15, pax8]" ()}
There exists an open set 2 O EUF with measure at most 3t < A\u(By). Consequently,
we can apply Lemma 2.6 to obtain a family of balls, {B;};, such that all the conditions

of this Lemma are verified. Define disjoint sets by letting M; = B; and M =
Bk\Uk 1B for k =2,... We have

/0 (U xBo]*(5) — [Fxm )" (6)Pds = / (F(2) — [fxmo ) (6)}Pdu(a)

- Z [E -, ) = s ) o
<oy /B f = f, (o)

+czu(EﬁMj){fB,~ = [fxs,) (1)}

j=1
=cla+ ), say.
Now
/8 < Z N(E N Bj){fBj - [fXBo]*(t)}p
{3:fB; >[fxBo]*(8)}
< S wBNB\ ), — [l O
{3:fB;>[fxBo]*(£)}

= [ tm - f@paue
{4:f5; >[f)<B0 )} BoNB;\E

_ P _
< Z_;/B \f — fo,Pdp(z) = o,
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with the second inequality by (iv) of Lemma 2.6.
Combining the previous estimates, we obtain

‘ * * p = 4 1
[ rmt @) = rxm @)s < 2c0 = 22 B g

[ 1= fo,pduta).
Bj

By (iv) of Lemma 2.6, the set By N B; \ F' is nonempty and, therefore, we can find a
point z; € By N B; \ F. It follows that

[ Ut @) = (rxm T O ds < 203 wB,) 1, x5 )

< t"(f]pq) ).
O

Corollary 2.8. (see [23, page 228]) Suppose that u(X) = oo and let ¢1 be the constant
of Theorem 2.7. Then

1/p

e ([ - roras) <att,) o (15)

forall f € L} (X), t>0.

loc

Proof. Let t > 0 and let co be as in Theorem 2.7. Fix an arbitrary xg € X, since
(X)) = oo, we can find a positive integer ng such that, for n > ng, and B,, := B(xg,n),
we have t < copu(By,). Therefore, by (14),

. 1/p
- ( /O (UFxm ) (s) — | fXBn]*(t))pds> < a1(ff, 50" (0,
and, consequently,
. 1/p
o ([l - 5 ORds) < eatrt, )0
Letting n — oo and using Fatou’s lemma, we see that
‘ 1/p
i—a/p ( /O (f*(s) — f*(t))pds> <a(ff, ) 0.
O

Once the inequality (14) is available then it can be combined with the Poincaré
inequality, as described in the introduction, to obtain the symmetrization inequality.
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Theorem 2.9. Let By C X be a ball, and suppose that [ and g satisfy a (p,q)-
Poincaré inequality on 40 By (with constant cp). Then there exist positive constants
c¢1 = c1(Bo,cp) and 1 > co = co(X), such that, for 0 < t < cou(By),

1/p

e (1 / <[fxBn]*<s>[fxBo]*u))Pds) <al@)™ @M. (16)

t

Proof. From the underlying Poincaré inequality and (9) (with B = 4By), we get

for every ball B with B C 4B.

Fix an arbitrary point € By. Taking a supremum over all balls containing x on
the right hand side, and over all balls B C 4B, containing = on the left hand side, we
arrive at

Pl miapys(®) < c(Mgi(x)",

where M is the maximal operator of Hardy-Littlewood. After passing to rearrange-
ments, and, using (recall that the underlying measure is doubling)

(Mh)*(t) < ch™(t),
combined with Theorem 2.7, we obtain positive constants c1, co such that
1 1/p

o (‘/ (Fx"(s) - [fxBU]*u))pdS) < eal(g?)* (1)),

t

for0<t< CQ/,L(BO). O

Remark 2.10. Tt may not be possible to extend the inequality (16) to all 0 < ¢t < p(By).
This can be seen from the following counterexample for p = ¢ = 1.

Let fp(z) = 1if @ € [-1,1]*\ By/4(0) and fi(x) = K|z| for € By4(0). Now,
|ka|*(t) = kX(O,k%](t) and |ka|**(t) = kX(O,k%](t) + %%X[k%po) (t) If (16) were true
for 0 <t < 4, then taking the limit as ¢t — 4 in (16) would give us

e

s
I fell @) < 7

But while the right-hand side — 0 as k — oo the left-hand side ~ 4 . One possible
way to overcome this problem is to consider functions with zero average, by means of

replacing f by f — fo (see [15]).
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Remark 2.11. Suppose that the following global growth condition holds for every ball
B C X,
u(B) > er(B). (17)

Then using the proof of Theorem 2.9 together with (15) yields

(3 /Ot(f*(s) - rroyas) 7 < el

for t > 0.

3. Applications

First we consider the Sobolev embedding theorem for metric spaces.

Theorem 3.1. Let By C X be a ball and let Y = Y (X) be an r.i. space. Suppose
that the operator Puyax{p.qy s bounded on'Y, and let f and g satisfy a (p, q)-Poincaré
inequality on 40 By. Then there exists a constant ¢ > 0, independent of f and g, such
that

1 xBollyv(oo,s) < clllglly + 1 xB, Iy )-
Proof. By Theorem 2.9 there are constants ¢, ¢o such that, for 0 < ¢ < cou(By),

t 1/p
(5 [ Gl @) - Il @pras) < ale) o1,
If t > cop(By), we have
t 1/p
(3 [ el ) - Ul @)
t 1/p
< (canB)* (7 [l @ras)
Therefore,

. 1/p
(5 [ Wl o) - Dl Ods) < IR0+ P 0],

for all £ > 0. In view of our assumption on Py ax(p,q}) it follows, upon applying the V'
norm to both sides of the previous inequality, that

t 1/p
14 (3 @l @) = Uxmal @as) Iy < cllally + 1l

as we wished to show. O
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Remark 3.2. Arguing as in Remark 2.11, we conclude that, if the global growth
condition (17) holds for all balls B C X, then, for all f and g as in Theorem 3.1, we
have

[£1ly»(00.5) < cllglly-

Remark 3.3. The assumption that the modified Hardy operator P44 (p,q} i bounded
on the space Y, excludes the space L' from our theory. But as we now rather briefly
indicate, in some cases, it is possible to remove this restriction using a variant of the
truncation method originally due to Maz’ya [18] (see also [7] for further references),
and futher refined in [17]. Moreover, the results of [17] were extended to the metric
setting in [10]. The only price we pay is an additional assumption: the Poincaré
inequality needs to hold also for any truncated pair (note that this condition is auto-
matically satisfied in the Euclidean space). Let us recall that for a positive function
fand t; < to, we let

tQ — tl if f(.’L‘) Z tQ,

f2@) =1 fl@)—t if t1 < f(x) < to,
0 it f(z) <t

Then (see [10]):

Let f, g be measurable functions defined on X, f**(c0) =0, g € L*(X), f,g >0
and o > 1. Suppose that Y is a r.i. space with lower Boyd index iy > 0. Consider
the following statements:

(A) For any t1 < to

suptu((a € X :|12(@)| > th' e <€ [ 9(@)du(z).
t>0 {zeX:t1<f(x)<ta}

(B) Forallt >0,
/ STV [fo(s) — f*(s))ds < e / 4" (3)ds.
0 0

(©)
s/ 7(f** () = £*(s))lly < Cllglly-

Then (A) = (B) = (C). We refer to [10] where the analysis follows the one given
in [17].

We now apply our symmetrization inequality to derive functional forms of Faber-
Krahn inequalities (see [1] for a brief introduction to inequalities of this type). In the
following we denote

[ fllo == p(supp(f))-

We will also assume that p is nonatomic.
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Theorem 3.4. Let By C X be a ball and let f be a function with {f # 0} C By. Let
Z(X) be an r.i. space and let ¢z denote the fundamental function of its associate
space Z'(X).

(i) Let f be a p—qg—Sobolev function and let g be a gradient of f. If || fllo < cap(Bo),
where ¢y is the constant of Theorem 2.9, then

+p

s
s

1 £llzocx) < e [llg"llzoéz (1 F10)] 116

(ii) Let f be a 1 — g—=Sobolev function, ¢ > s, and let g be a gradient of f. If
Ifllo < cap(Bo), where cq is the constant of Theorem 2.9, then

1/ s—
£y < e [lgll zeor bz (L Fllo)] IS ==

Proof. (i) By Theorem 2.9 we have, for 0 < t < cou(By),

1/p

e ([ - reras) < alerope

Now, since || f|lo < c2p4(Bo), using right-continuity of the non-increasing rearrange-
ment we can substitute ¢ = || f||o in (3). Thus,

_1
q

e gl i
1906 Wl < en | [ (@ ds|
1fllo Jo
Applying Holder’s inequality we finally obtain
s+p 1

1fllee < exlllg?llz6z (LI 1F 1™ 2
(ii) We first observe that — < f**(t) = [f**(t) — f*(¢)]/t. Thus, by Theorem 2.9, we

have y
t q
4 ey < ey (1 / (gq)*(s)d5> .
0

dt t
Integrating over (0, || f|lo) vields

I1f1lo t 1/q
[ fllzeexy = (1 fllo) < 01/0 tl/s=1=1/a </o (gq)*(s)ds> dt.

Thus, estimating the inner integral using Holder’s inequality,
Il £1lo

[flleex) < e [||9q||z</>z'(||f||0)]l/q/0 5= Yagr 1+ (|| fllo)
B 1) 1 1/s—1/q . IfllLrx)
= c1 (g%l z¢z (I fllo)] qil/s_l/qﬂfﬂo q+7||f||o

<c [||gq||z¢z/(||f||o)]1/q HfHé/s—l/q7

where in the last line we used the result obtained in the first half of the theorem. O
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Finally, for a different connection between Poincaré inequalities and symmetriza-
tion, with other interesting applications, we refer to [16] (see also [12] for the relevant
family of Poincaré inequalities). It would be of interest to extend the results of these
papers to the metric setting.

4. Appendix: Vector fields satisfying Hormander’s condition

We present a concrete application of our embedding theorem. But first let us briefly
review some relevant definitions and facts.
Let Xy,...,X,, be a collection of C* vector fields defined in a neighborhood 2

of the closure of the unit ball in R™. For a multiindex o = (41, ..., %), denote by X,
the commutator [X;,, [Xiy, .., [Xip_,s Xi]] - -] of length |a] = k. We shall assume
that Xi,..., X, satisfy Hormander’s condition: there exists an integer d such that

the family of commutators, up to order d, {Xa}|q|<q, spans the tangent space R"
at each point of ). A metric on € is defined using the following construction. A
Lipschitz curve v : [a,b] — Q is called an admissible path, if there exist functions
ci(t), a <t < b, satisfying 30" ¢2(t) < 1, and

= Z Ci(t)X

for a.e. t € [a,b]. A natural metric (the so-called Carnot-Carathéodory metric) on Q
associated to X1, ..., X,,, is defined by

0(§,v) = min{b > 0 : there is an admissible path ~ : [0,b] —
such that (0) = & and v(b) = v}.

By Nagel et al. [21, §3 and Theorem 4], there exist C > 0 and Ry > 0 such that
for all x € B(0,1) and 0 < R < Ry we have

|B(x,2R)| < C|B(z, R)],

where |- | indicates Lebesgue measure. In the following s = log, C' is the homogeneous
dimension of | - | with respect to Carnot-Carathéodory metric ¢ (see Definition 2.1).
In this setting Capogna et al. [5] proved the following theorem.

Theorem 4.1 ([5, Theorem 1]). There exist C > 0 and Ry > 0 such that for any
x € B(0,1), Br = B(x,R), with 0 < R < Ry, and every f € C;°(Bgr) one has

<L |f|kda:) . <CR (IBRI . lZ|X fz )

|Br| JBy —

forany 1<k <s/(s—1).
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Using our theory we can extend this result to the setting of r.i. spaces. We start by
recalling the Poincaré inequality by Jerison [9]. Jerison’s original proof was done for
the exponent p = 2 but using the same method we can easily obtain a 1 — 1—Poincaré
inequality (see notes in Hajlasz [8], pages 70, 71).

Theorem 4.2 ([9, Theorem 2.1]). There exist a constant C > 0, and a radius Ry,
such that, for every x from the unit ball and every R, 0 < R < Ry, for which
Br = B(z, R) C 2, we have

[%Lﬂx>ﬁhwzscnaé S IXf (@)ld,

R =1
for all f € C>®(BR), where the integration is with respect to Lebesgue measure.

Now we are ready to prove our embedding theorem for vector fields satisfying
Hormander condition:

Theorem 4.3. There exist a constant C > 0, and a radius Ry, such that, for every
x from the unit ball and every R, 0 < R < Ry, for which Br = B(x, R) C 2, we have

£yt oos)(Br) < CI Y 1Xifllly 52y, (18)

i=1
for all f € Cg° (BRr), where the integration is with respect to the Lebesque measure.

Proof. We will show that
F) = 1) < CEPIXfI (), (19)

| X fl =Y~ |Xif], for any t > 0. Then (18) follows readily by applying the ¥ -norm
to both sides of the inequality.
Using Theorem 2.9 we obtain a constant 0 < A < 1 such that, for 0 < t < \|Bg|,

£77(8) = 17 (6) < CHPIXfI 1),

where | X f| = >, | X, f|. For A\|Bg| <t <|Bg| we have

ok * kk 1 ¢ * 1
OO 500 =5 [ 7 < gl

By Theorem 4.1 with k =1

1 1 1
- < “CR—— Xfld
1 *ok
< SCRIXf1"(|Bxl)

1 Kk
< XC|BR|1/S|Xf| (|Brl)
SEX (),
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we used (9) and in the last inequality the fact that | X f|** is non-increasing and the
assumption |Bg| S ¢. Finally, for ¢ > |Bg|, inequality (19) is a mere reformulation of

£l < CHIX Iz,

the validity of which follows again from Theorem 4.1 with k = 1. O
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