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ABSTRACT

In this work we characterize boundedness and compactness of weighted composi-
tion operators acting between Dirichlet type spaces by using Carleson measures.
We also find essential norm estimates for these operators.
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1. Introduction

Let D denote the open unit disk in the complex plane C. We will use the notation
H (D) for the space of complex valued holomorphic functions on the open unit disk D.
Let ¢,9 € H(D) be such that (D) C D. Then the weighted composition operator
W, acting on H (D) is defined as

We.p(f)(2) = ¥(2) f(¢(2))-

When v = 1, we just have the composition operator Cy, defined by

Cw(f)=f0<p-

Also if ¢ = I, the identity function, then we get the multiplication operator My,
defined by My (f)(2) = ¥(2) f(2).
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Weighted composition operators are a general class of operators and they appear
naturally in the study of surjective isometries on most of the function spaces, semi-
group theory, dynamical systems, Brennan’s conjecture, etc.

In this paper, we study the weighted composition operators between spaces of
Dirichlet type D2. We also obtain estimates for the essential norm of weighted com-
position operators on these spaces. For weighted composition operators on spaces of
holomorphic functions one can refer to [2,4,11,17,20,23] and the references therein.

For any a € D, define

a—z
oa(2) = T ¢ e D,

where 0,(z) is the Mébius transformation of D. Also

1—|af?
/ —
|0a(Z)| - |1 —EZ|2
. (1 —lal*) @ —2*)
1—a 1—|z
L loa() = 2o = (= [=P) ()

for all a,z € D.

Let dA(z) = %da:dy denote the normalised Lebesgue area measure on D. Also, let
dA(z) = (14 a) (1—|2]*)*dA(z) denote the weighted Lebesgue area measure on D,
where —1 < a < 00. For 0 < p < 0o and —1 < a < o0, the weighted Bergman space

LP-> consists of those functions f holomorphic on D such that

[fllzpe = (/D |f ()P dAa(z)>1/p < 0.

If « =0, we get the Bergman space L?.
For 0 < p < 0o and —1 < & < 00, the spaces of Dirichlet type D? consist of those
functions f holomorphic on D such that

1lloz = <|f(0)lp+ /| |f’<z>|pdAa<z>)1/p<oo_

That is, f € DE if and only if f € LP®. The spaces D2 are called Dirichlet spaces if
p > a+ 1. For a = 0, the space D? is the classical Dirichlet space. If p < o+ 1, then
it is well known that D? = LP-“~P (see e.g., Theorem 6 of [6]). Also D equals to the
Hardy spaces H?. Further, D2 C D1, if 1 < q < p.

2. Boundedness and compactness

In this section, we characterize boundedness and compactness of W, , acting on
weighted Dirichlet spaces by using Carleson measures.
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Let p be a positive Borel measure on D. Let X be a Banach space of holomorphic
functions on D. Let ¢ > 0. We say that p is an (X, ¢)- Carleson measure if there is a
constant C' > 0 such that for any f € X,

/ F@)du(z) < C| 1%
D

For s > 0, we say that p is an s-Carleson measure on D if there is a positive constant
C such that
u(S(b,h)) < CR?, (1)

for all b € 9D and 0 < h < 2, where
S(b,h) ={2€D: |z —b| < h}.

A 1-Carleson measure will be simply called a Carleson measure. Similarly, p is called
a compact s-Carleson measure on D if

lim sup 7;1(5(1), h)

=0. 2
h—0 peoD hs @

Also one can see that (1) and (2) are equivalent to

sup n(S(1))
rcop  ||*

< 0

and
o M)

i7]—o |I]*

= 0’
respectively, where |I| denotes the arc length of T and S(I) denotes the Carleson
square based on I, that is

z
2|

A non negative measure p on D is called a Carleson measure for D? if there is a
constant C' > 0 such that

SU)={reD:1-|I|<|z|<1, = eI}

[ 1#@Pdut) < iy,

for all f € D2. That is, the inclusion operator ¢ from D2 into LP(D, du) is bounded.
Again, we call Carleson measure for DP, a vanishing Carleson measure for D? if the
inclusion operator ¢ from D into LP(D, du) is compact.

The following theorem characterizes Carleson measures for DF.
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Theorem 2.1 ([24, Theorem 1, part(d)]). Suppose that o > —1 and p > a+ 1. A
non negative measure p on D is a Carleson measure for DY, if and only if there is a
constant C' > 0 such that for 1 <p=a+1<2,

n(S(1)) < O,
for any I C OD.

Let 0 < p<g<ooand —1 < a < o0. Let ¢ € D2 1) € DI be such that ¢ is
self-map of D and ¢’ € L&*. Then we define the measures fiy, yer,q and vy g 4 0N
D by

poweraB)= [ 0@ ) dAa()
e 1(E)

and

towal®)= [N AA)
%)

where E is a measurable subset of the unit disk D. Again for ¢» € L9, we define the
measure v, o 4 o0 D by

towalB) = [ | WEI A

Using [2; 8, page 163], the following lemma, whose proof is omitted, follows easily.

Lemma 2.2. Take —1 < a < 00. Let ¢ € DI be such that (D) € D and ¢ € DE.
Then

[ 90 g ) = [ 1509150 0)(2) dAa(2)
D D
and

/ 9(w) dvig g1 g (1) = / W (2)[9(g © ) (=) dAa(2),
D D

where g is an arbitrary measurable positive function on D.

We will state several theorems that we need for our work. Precise references are
given.

Theorem 2.3 ([10]). Take 0 < p < ¢ < 00 and —1 < a < oo. Let pi be a positive

Borel measure on D. Then p is said to be a %(2 + a)-Carleson measure for LD if

and only if L2* C LY(D,du). In this case the inclusion operator i from LP“ into
LYD,du) is bounded.

Theorem 2.4 ([10]). Take 0 < p < ¢ < 00 and —1 < a < oo. Let pu be a positive
Borel measure on D. Then p is said to be a vanishing %(2 + «) - Carleson measure
for LY if and only if L2 C LIY(D,du). In this case the inclusion operator i from
L2 jnto LD, dp) is compact.
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Theorem 2.5 ([4, Theorem 7]). Let p be a positive measure on D. Let 0 < ¢ < p < 00
and —1 < a < co. Then the following statements are equivalent:

(i) w is a (L™, q)—Carleson measure.
(ii) Ba(u) € LE/P~*°,
where Ba(p) = [p |07 ()T dp(w).
Theorem 2.6 ([5, Theorem 1]). Suppose that 0 < ¢ < p < 00, —1 < a < 00 and let

w be a positive measure in D. If p < a+ 2, then DP, C LY(D,dp) if and only if p is

a L(a —p+ 2)-Carleson (vanishing Carleson) measure.

Theorem 2.7. Suppose that 0 < p < g < 00, —1 < o < 00 and let p be a positive
Borel measure on D. If p < a4 2, then the following statements are equivalent:

(i) The inclusion i : D2 — LI(D,du) is bounded.

(ii) The measure pi is a X(ov — p + 2)-Carleson measure, that is, there is a constant
C1 < oo such that
u(S(I)) < Cy |12,

(iii) There exists a constant Cy < 0o such that for any a € D
/ 0 (2)] 77 dp(z) < G
D

The above result was proved by several authors. The equivalence of (i) and (ii)
can be found in Theorem 1 of [6], and a proof of the equivalence of (ii) and (iii) can
be found in [1].

Theorem 2.8. Suppose that 0 < p < ¢ < 00, —1 < a < 00 and let p be a positive
Borel measure on D. If p < a + 2, then the following statements are equivalent:

(i) The inclusion i : D?, — Li(D,du) is compact.

(ii) The measure p is a vanishing %(a — p+ 2)—Carleson measure, that is, there is
a constant C7 < oo such that

usa)
ICOD |I|—0 |[|%(0ﬁp+2)

(iii) For all a € D, we have

lim / 07, (2)[7@P+2) qu(z) = 0.
D

la]—1
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Lemma 2.9. Suppose that 0 < p < g < o0 and —1 < o < 00. Let ¢ be a holomorphic
self-map of D and let ¢ € DY be such that W, from DE, into DI is bounded. Then
Wy from DE into DY is compact if and only if whenever {f,} is a bounded sequence
in DP, converging to zero uniformly on compact subsets of D, then ||[W, 4 (fn)|lpz — 0.

Proof. We know, by hypothesis, that W, , from D? into D is bounded. If {f,} is a
bounded sequence in D? then from the growth estimate, it follows that

£4(2) = 1O < Cll g log 7= 3)
for all z € D. Using [22, Lemma 1.10] and (3), we only need to prove that the closed
unit ball of D? is a compact subset of D in the topology of uniform convergence
on compact subsets of D. Let {f,} be a sequence in the closed unit ball of D, then
from (3), {f.} is uniformly bounded on compact subset of D. By Montel’s Theorem
[3, page 137], there is a subsequence {f,,} and an analytic function g such that
fn, — ¢ uniformly on compact subsets of D. We show that g € DY :

Lig@ra-prraae = [ g i, @60 - RPrdae)

< i inf [ 17, ()70 [oP)dA)
< T inf][ |, 15y
by Fatou’s lemma. This gives g € DZ. O

Now, we can prove the following theorem.

Theorem 2.10. Suppose that 0 < p < g < oo and —1 < o < 00. Let ¢ € DY be such
that ¢ is a self-map of D and ¢p € LL*. For p < o+ 2, if the measure vy g4 15
vanishing (o —p+2)-Carleson measure, then the operator W,y from D, into LL
is bounded. Moreover, Wy, y from DP into L™ is compact.

Proof. We need to show only compactness. For this, let {f,,} be a bounded sequence
in L2 such that f, — 0 uniformly on compact subsets of D as n — oo. Suppose
gn € DP such that g/, = f,, and g,(0) = 0 for every n. Then the sequence {g,} also
converges to zero uniformly on compact subsets of D as n — co. Now, we have

Wl lige = [ [5G0 9 dA(2)
= / |gn (w)|%dvy p.q(w) — 0,  asn — oo.
D

Thus W, 4 : DY — L2 is compact. The proof is finished. O
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Remark 2.11. Using results from [7], Theorem 2.10 can be proved for the following
cases by adjusting the Carleson measure:

(a) For 0 < p < ¢ < oo and a = p — 1, we have to take v,y , as a vanishing
q/p—Carleson measure.

(b) If 0 < p < 2 and a = p— 1, then we have to choose v, 4 , as a vanishing
1-Carleson measure.

(¢) For0<p<1l,-1<a<p—1landp < g < oo, wecan take v, y  as a vanishing
1{a — p 4 2)-Carleson measure.

d) If O[+1 <p< Oé+2, then we can take v, as a vanishin 4 O[*p+2 —Carleson
(RN g p
measure.

Theorem 2.12. Take 0 < p < g < oo and —1 < a < 00. Let ¢ € DP be such that ¢
is a self-map of D and let 1 € DI. For p < a + 2, suppose that the measure vy g q
is a (o — p + 2)-Carleson measure. Then the operator W,y from DE, into DY is
bounded if and only if Wy o from LE into LE is bounded.

Proof. Suppose W,y from D?, into DY is bounded. Then there exists a constant
(7 > 0 such that
W (F)llpg < Cr £y, for all f € DE.

Also, by Theorem 2.10, we can find a constant Cy > 0 such that
IWopogr (Dl Lgn < Ca Iy for all f € D,
Take f € LP®. Let g € DP be such that ¢’ = f and ¢g(0) = 0. We have

Wewer (Nllgge = 1@ fowllige

= ' fop+igop—t¢gop|isa
19 0 @) ll7 g0 + 1499 0 @ll7 4
IWe,w ()l pg + [We,wr ()50
(Cr+C2) Nlglipy = (Cr+ Co) (170
This implies that W, 4 1 LE:* — LT* is bounded.

Conversely, suppose that the operator W, 4, from LP® into LI“ is bounded.
Take f € D? such that f(0) = 0. Then we have

IWoo(H)l%s = 166F 0 @) [
[0 f o0+ f o gl
W (F) L0+ Wi ()£ < 0.

A

IN

IN
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Theorem 2.13. Suppose that 0 < p < g < oo and —1 < o < 00. Let ¢ € D be such

that ¢ is a self-map of D and let ¢ € DL. For p < a + 2, suppose that the measure

Vo ,q 18 a (o — p+ 2)-Carleson measure. Then the operator W, from DF, into

DY is bounded if and only if

1_ |a|2 1(24a)
sup - At appr q(W) < 00.
2B Jo et

Proof. Suppose that W, 4 from D?, into DY is bounded. Then by Theorem 2.12,
W from LP into LI“ is bounded. This means that their exists a constant
C > 0 such that

W, (F)llLae < ClIf|| Lz
That is,

/D [0(2)¢' (2)°I(f 0 )(2)|? dAa(2) < C [ f|[7 5. for all f € L.

Therefore by Lemma 2.2, we get

/D @) i) < C %

So by using Theorem A of [5], we get that

1_ |a|2 2(2+a)
sup —_— Al iy q(w) < o0.
web Jo I — aw]? phe’q

O

Theorem 2.14. Suppose that 0 < p < g < oo and —1 < o < 00. Let ¢ € D be such
that ¢ is a self-map of D and let ¢ € DL. For p < o + 2, if the measure vy q 5 @
%(a — p+2)-Carleson measure, then the operator Wy, from DP, into DI is compact

of and only if Wy, o from LE® into LI is compact.

Proof. First suppose that W, , from D?, into DY is compact. Let {f,} be a bounded
sequence in L such that f, converges to zero uniformly on compact subsets of D
as n — 0o. Let g, € D2 be such that g/, = f, and g,(0) = 0 for every n. Then the
sequence {g,} also converges to zero uniformly on compact subsets of D as n — oo.
Also, W, from DP into DI is compact. This implies that ||W%w(gn)||qbg converges
to 0 as n — oo. Again, by Theorem 2.10, W, 4 : D’ — L3“ is compact. So
||W%¢/(gn)||ng,a also converges to zero. Now, we have

||W<p,w<p’(fn)||ngaa = |l fno ‘P”ngaa

[ fn 00+ ¥'gn 0 @llLae + [¥'gn © @ll7 3.0
= [(gn o @) 700 + Weu (gn)ll 700
IWeow(gn) 15 + 1We i (gn) 1 T

IN

IN
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Therefore Wy o (fn)l|] 0.0 — 0 as n — oo. Thus, W,y : LB — L is compact.
Conversely, suppose W, 4, from LP into LI is compact. Then again, by
Theorem 2.10, W, : DP — L% is compact. Let g,, be the same sequence as in the
’ P «@ a p g q
direct part. Then, we have

IWe.w(gn)llps = 1(¥gno@)l|70a
= Ile'gnop+1'gnopl]ae
< W ()l 1ge + 1Wepr(gn)ll g0 — 0, asn — oo
Thus, W,y : D — D1 is compact. The proof is finished. O
Theorem 2.15. Take 0 < p < ¢ < 00 and —1 < a < 00. Suppose ¢ € DE such that
@ is a self-map of D and let v € DI. Let p < oo+ 2 and suppose that the measure

Vo' q 1S @ %(a —p+2)-Carleson measure. Then W,y from DE, into DL is bounded
if and only if the measure i, o q 5 @ %(a + 2)-Carleson measure for LP®.

Proof. Suppose that W,y from D? into DY is bounded. Then, we can find a constant
C1 > 0 such that

IWeu(Nlipg < Crllfll

for all f € DP. Let f € DP. be such that f(0) = 0. Also, by Theorem 2.11, we have
W from LB into LE is bounded. Then there exists a constant Co > 0 such
that

||Ws9,w W(f/)”%gwa <G ||f/||%g«a for all f € DF.

Thus
L B I 0 91 dA0(:) < Ca I e

for all f € D2. Therefore by Lemma 2.2, we get

L1 ) < Co 7

Thus by Theorem 2.3, we get that ji,,yyrq is a I(a + 2)-Carleson measure for L5,

Conversely, suppose that the measure fi, ppr 4 is a %(a + 2)-Carleson measure.

Also, by hypothesis the measure v, 4/ 4 is a %(a — p + 2)-Carleson measure. Our

aim is to prove that W, : D% — DI is bounded. Also, we have (¢(f o ¢)) =
o' (f o)+ (f o). Take f € DP. So by Lemma 2.2, we have

L W) $ I eI a0 = [ 1) g i) < .

Again, since f € DP, we have

LG I dAa) = [ £ 0 4() <

Thus W, 4 : D — DY is bounded. The proof is finished. O
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Theorem 2.16. Let 1 < g < p < o0 and —1 < a < c0. Let ¢ be an analytic self-
map on the unit disk D and ¢ € LY. Then W,y is bounded from LE into LI if

and only if Boa(Vy,p.q) € e/,

Proof. We know that W, 4 is bounded from LP* into LZ“ if and only if for any
f € LP2 there is a constant C' > 0 such that

W (£ 24 < CIFI e

This means that
/D B(f 0 ) ()7 dAa(2) < CLFI%pe

Therefore from Lemma 2.2, we have
L 1 ) < CUF e

Thus v,y 4 is a (L2, q) —Carleson measure and so By (Vg p.q) € L2779 O

Theorem 2.17. Suppose that 0 <p < g < oo and —1 < o < 00. Let ¢ € DP, be such
that ¢ is a self-map of D and let ¢ € Di. For p < a+ 2, suppose that the measure
Vo g 15 G vanishing %(a —p+2)-Carleson measure. Then W, from DY, into DE is

compact if and only if the measure i, o q 15 6 vanishing %(a + 2)-Carleson measure
for LB,

Proof. Suppose that the measure (i, y,,q is a vanishing I(a + 2)-Carleson measure
for L2:*. Also, by hypothesis the measure v, 4 4 is a vanishing 4(a —p+ 2)-Carleson
measure. We show that the operator W, 4 from D into D is compact. Let f, be

a bounded sequence in D? with f, — 0 uniformly on compact subsets of D, we have

to prove that ||W%w(fn)||qu — 0. Again, since ||ng,w(fn)||%g = ¢ (fno)0)] +
1(®(fn © ©))'[|]a., We only have to show that [|(¢(fn © ¢))'[|]a« — 0. Again by
Theorem 2.10, we have t(f,, o ¢) € D for every n. Hence

1@ (fn o) g < /D (=) @' (2)|91(f 0 9)(2)]7 dAal(2)
+ / 0/ (fn 0 0)(2)|7 dAa(2)
D
- / )9t g () + / [ Fn(w)] 7 4 (10).
D D

We replace the sets S(b, h) by the equivalent windows W (b, h) defined as

W (b, h) = {zeﬁ,1—|z| <h, = eQ(b,h)},

E
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where Q(b,h) = S(b,h) N OD. Given € > 0, we may find ho so that u(W(b,h)) <
eh» @2 for all b € OD and h < he. If j1 is the restriction of tq to D\ (1 — ho)D,
then s is a I (a+2)-Carleson measure with p(W (b, h)) < 2e hv @2 (see [3, Theorem
3.12]). This implies that there is a constant C' < oo such that

[ o) < Celfgye.

for all f € LP-*. Now, take the integral
[ @) tdnppraw) = [ @) (o)
D D\(l—ho)D
L A}
(1—ho)D

Since f, — 0 uniformly on compact subsets of D, we can find N, such that if n € N

and n > N, we have that |f/ (2)]? < m, for all z € (1 — ho)D. Thus we

have

((61 — ho)D) Lo q(1 = ho)D) = €.

/( o VA ) <

T Moyl g
Also
[ ltdieseat) = [ ) dut)
D\ (1—ho)D D\ (1—ho)D
< /D | (w)|P dya(u)
< Clfupe
< eC,

because we can take ||f7’l||ng,a < 1. Thus we get

/D ()| g g (w) < (14 C) e

Since the measure vy 4 is a vanishing (o — p + 2)-Carleson measure, we have
Jo [ frn(w)]? dvg g g(w) — 0 as n — oo. Thus W, 4 from D into DY is compact.
Conversely, suppose that W, 4 is compact. Our aim is to prove that the measure
[ ,ppq 18 a vanishing I(a + 2) -Carleson measure for L*. By Theorem 2.10, we
have W, from DF into LL“ is compact. Let {f,} be a bounded sequence in LZ*
such that f,, — 0 uniformly on compact subsets of D. Consider the function g,, € D,
such that g/, = f,, and ¢,(0) = 0, for each n. Then the sequence g, also converges to
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zero uniformly on compact subsets of D as n — oco. Also by Theorem 2.14, W, 4y :
Lh* — L1 is compact. So ||[Wo yer (fn)l| 2o — 0. Thus, we have

We e (fulllge = /D [9(2) @' (2)|P|(fu © ©)(2)|7 dAa(2)
= [ @bl 0, a5 o
D

Therefore by Theorem 2.15, we see that ji, gy is a vanishing Z(a 4 2)-Carleson
measure for L2*. The proof is finished. O

Theorem 2.18. Suppose that 0 < ¢ <p <2, o =p—1 and the measure vy g 4 15 a
vanishing 1-Carleson measure for DY,. Also suppose that W, y, is bounded (respectively
compact) on DY. Then W, y is bounded (respectively compact) on DE.

Proof. For q < p, by Holders inequality we have

poweralSEM) = [ ) ¢ A
- ,
a (p—a)
"(2)|P dAn 1dA,
s( / e <z>> ( / o <z>>

(r—q)

= oo p(S(b, 1) 7 A @™ (S(b,h)) 7

Also, the composition operator C,, is bounded on the Bergman space, so by Theorem
4.3 in [14], A, ¢! is a Carleson measure for the Bergman space. Thus

(p—q)
P

fpie q(S(0, 1) < Ch™ 7 s p(S(b, 7)) 7.

Again W, 4 is bounded on D%, by Theorem 2.15, we can find a constant C' such that
Lo p(S(b,h)) < ChOF2) for all b € 9D and 0 < h < 2. Thus we have

Lo perq(S(b,R)) < C hlo+2),

That is, the measure fi, yr q is a (a+2)-Carleson measure for L2*. Hence by Theorem
2.15, W, is bounded on DY.
Similarly, we can prove this result for compactness. O

Our next result concerns bounded weighted composition operators mapping D?
into DL for 0 <p<g<oo, p<a+2and —1 < a < oo. Our result will be expressed
in term of intergal operators:

1 |a|2 L(a+2)
@ frg _— d 7
(a’) /D (|laz|2> Hep ipe 7‘1(“))
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F(a—p+2)
Y(a) = —_— d / .
(a) /D <|1—52|2) Ve, 7q(w)

Theorem 2.19. Let ¢ € DP be such that o(D) C D andy € DL. Let 0 < p < ¢ < o0
and —1 < o < 00. For p < oo + 2, suppose that the measure vy 4 q s G %(a —-p+2)
Carleson measure. Then the weighted composition operator W, y from DY, into DY
is bounded if and only if the functions ®(a) and V(a) belong to L>°(D).

and

Proof. Since W,y : D — D1 is bounded, by using Theorem 2.15, we get that the
MeASUTe flp e’ q 1S & %(a + 2) Carleson measure for L?»®. Therefore by Theorem A
of [5], we have

/D |0 ()| 72 g g (w) < 0.

1 |a|2 2(at2)
/D (m) dhgppr,q(W) < 00

Again by hypothesis, the measure v, 4 4 is a %(a — p+ 2) Carleson measure. Thus

by Theorem 2.7, we have

That is,

/D |Ut/z(w)|%(a7p+2) dvg .y q(w) < oo

1_ |a|2 E(a—p+2)
/1; <m dVgO,d)',q(w) < 0Q.

That is,

3. Essential norm estimates

In this section, we find the estimates for the essential norm of W, 4.
We need the following two lemmas.

Lemma 3.1. For 0 < r <1, let us denote D, = {z € D : |z| < r}. Let u be a positive
Borel measure on D. Take

u(S(1)) u(S(1))
r= SUPp ——g oy and = SUp —a o
lull = swp Il = sup

where I is an arc in the unit circle 0D. Let u, = D\ D,.. Thus, if p is a Carleson
measure for the weighted Dirichlet spaces DY for 0 < p < g < oo, p < a+ 1 and
—1 < a < oo, then o is . Also ||ur|| < M|\ pll», where M > 0 is a constant.
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Lemma 3.2. For 0 <r <1, let i be a positive Borel measure on D. Denote

lull; = sup /D o, ()P D ().

lalzr

If pis a (D2, q) -Carleson measure for 0 <p < g<oo,p<a+2 and —1 < a < o0,
then so is . Also, ||| < C |||k, where C is an absolute constant.

9

Proof. By Lemma 3.1, we only need to show that ||u|l, < C|ul|:, where C is an
absolute constant. Take an arc I C 9D with |[I| <1 — 7. Let a = (1 — |I|)e?, where
e'? is the centre of I. Then |a| = (1 — |I|) > 7. By a geometric consideration, it can
be proved that for any z € S(I), |0 ()| > 4/(25|I]). Thus

:U’(S(I)) 4 (x— 4(q—
15 < (25/4)p(*7P - |0, (2)] 7 PP dp(z)
< @R [ o)
D
< (25/4) TPz

Taking supremum over the arcs I with |I| <1 —r, we get
L (ev— *
llull < (25/4)% P2 .

Therefore by Lemma 3.1, ||u|| < M||u|| < Cllpll%. Thus the result is proved with
C = M(25/4)%@P+2), O

Lemma 3.1 and Lemma 3.2 can also be proved for the weighted Bergman spaces.
Only we have to take exponent I (« + 2) in place of I(av—p+2).

Take f(z) = >, azz" analytic in D. For a positive integer n, define the operators
Rof(z) =312, 41 @2 and K,, = I — R,,, where I is the identity map.

Now recall that the essential norm ||[Wy 4|l of a bounded operator W, , is its
distance (in the operator norm) from compact operators, that is,

Weplle = mf [We,y — K],

where the infimum is taken over all compact operators K.
Then we have the following lemma.

Lemma 3.3. If W, is a bounded from DY, into DY for 0 < p < q < oo, p<a+2
and —1 < a < 00, then

[Weglle < T inf [W.oRall
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Proof. Since (R, + K,)f = f for every n, where K, is a compact operator. Then we
have

W fll = [Weup (Bn) f + W ap (Kn) f1]-

Thus
Woulle < [WeupBn +WepKnle
< AWewBnlle
< [WeuRall.
Therefore ||[Wo plle < limy, oo inf [|W, 4Ry | O

In the following theorem, we give the upper and lower estimates for the essential
norm of a weighted composition operator.

Theorem 3.4. Let ¢ € D2 be such that (D) C D and ¢ € DL. Take 0 < p < ¢ < 00
and —1 < oo < 00. For p < a+ 2, suppose that the measure vy 4 q 5 G %(a —p+2)
Carleson measure. Let W,y be bounded from DF, into DI. Then there are absolute
constants C1,Co > 1 such that

i sup (1 )00 [ < [W. 2 < Co limsup @(a) + C lim sup W(a).

la|— la]—1 la]—1

1 |a|2 1(a+2)
®(a) = — d /
(a) /D <|1 — EZP) fp e ,q(w)

(a—p+2)
1—la* \*
Y(a) = —_— d / )
A= Vs )

Proof. First we prove the upper estimate. Now by Lemma 3.3, we have

where

and

Weplle < Tim inf [|[We R ll5
n—oo

< lim inf sup [[(WeuRa)fll5 -

n=0 | fllpp <1

However, for any fixed 0 < r < 1,

W R %

[BO) (R (GO + [(HE)(Enf 0 9)(2)) %0
0(0) (R f(0(0))]7 + / |(6(2) R f (0(2))) |7 Au(2).
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Now the term [1(0)(R,, f(¢(0))| is bounded as n — oco. Thus we have

(Wi o) F 11 /D () (R (2(2)))' |7 dAa(2)

< / [0(2)¢' (2)|7)(Ru f) (9(2))]dAn(2)
D
+ /D ()] (R f) (9(2)) | An (2).
- / (B ) (@)[7 dit i o)
D
+ /D (R £)(@)[7 g ().
- / (Ruf) (@)%, , (@)
D\D,

[ R @ it o)

+ /D (Ru ) (@)1 dv g1 o)
= L4+ I

Also by Theorem 2.15, W, from DE into D is bounded. So the measure fi, ye’.q

is a I(a + 2)-Carleson measure. From the proof of Proposition 3 in [4], we see that

for a given € > 0 and n large enough,
[(Rnf) W) < € llfllzpe
Thus
I < €| F1y tpipra (D) < €l FllSy 66 | g
Therefore for a fixed r, we have
P / (R f) (w)|%dptp,ppr,q(w) — 0, asn — oo.
”fH‘Dg§1 D,

On the other hand, if 1y 47 ¢, denotes the restriction of measure pi, 47 ,q to the set
D\ D,, then by Theorem 2.7 and Lemma 3.2, we have

L = / [(Rn f) ()| dpip it g0 (w)
D\D,

M ||ptp i, 1| (B f) | 9.
M M/”U%Wp’,qH:HfH%(g
M M’ |to,pe,qll7s

IN N

IN
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where M and M’ are absolute constants and [|fp, ¢ 4|5 is defined as in Lemma 3.2.
Also by using similar techniques as above, we can show that the intergal I3 is also
bounded by My M{ ||V, qll%, where My and M] are absolute constants. Therefore

lim inf sup |[[(WeuRn)fllpe < lim inf M M’ gy per gl

e (1 fllpe <1 e
. . ! *
+ lim inf My My ||[vg g qllr-
n—00

Thus [[We,y[l2 < M M || ptg,ppr,qll7 + Mr My [[Vig,0,q]7-
Taking » — 1, we have

||Ww,w||3 < MM rh—>m1 ||.“so,wso’7q||: + M,y M{ Tlgnl ||Vso,w’,q||:

= MM tmsup [ (o @)D dpr (o)
D

la|=1

+M; Mj HmSuP/D |Ut/z(w)|%(aip+2) AV, q(w)

a|—1
. . 1— |a|2 (a+2)q/p
= MM lirilsil%)/D (m> dptg o g(w)
- 1 a2 \POT
+My My IITSBF/D (m> v,y q(w)
= MM lim‘su%)q)(a) + My Mj l‘im‘su%o\ll(a),

which is the desired upper bound.

Now, we prove the lower estimate.

The set {0, : a € D} is bounded in D?. Also (0, —a) — 0 as |a|] — 1 uniformly
on compact sets in D, since

1 |af?

o0(2) —al = sl

Also, fix a compact operator K from DF into DZ. Then |[K(oq — a)|lpz — 0, as
la| — 1. Thus [|K(04)||ps — 0, as |a| — 1. Therefore
Wew = KIl = lim sup|(We,y — K)oallng

la|—

> Tim sup(||(We,p)oallpg — [ Koallpg

la|—1

= sup [[(We,p00)llog.-
Hence
[Wepll2 = [[Wep — Kl e = limsup [[(We,y)oallp -

la]—1
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O

Corollary 3.5. Let ¢ € DP be such that p(D) C D and let ¢ € DL. Take 0 <
p<q<ooand -1 < a < oo. Forp< a+ 2, suppose that the measure vy g 4 i5 a

(o= p+2) Carleson measure. Let Wy, be a bounded operator from D, into D.
Then W, 4 is compact from DP into DI if and only if

1— |a|2 L(at2)
li — d / =0
m Sup/D (|1 _aZ|2> fhp g7 ,q (W)

la|=1

1— |a|2 L(a—p+2)
li _— dv =0.
im sup/D (|1 —EZP) Ve q(w)

la|=1

and

By using Theorem 2.14 and Theorem 2 of [5], we can prove the following theorem.

Theorem 3.6. Suppose that 0 < p < g < 00 and —1 < a < 00. Let ¢ € DP be such
that ¢ is a self-map of D and let ¢ € D1. For p < a + 2, suppose that the measure
Vo' g 15 @ (o —p+2)-Carleson measure. Suppose the operator W, from DE, into

DY is bounded. Then there exists a constant C' > 0 such that

lim sup Iy .0 < [[We,pe |2 < C|l'}m sup Iy, p,a,
a al—1

la]—1

where

1—|af? (2+a)q/p

The following corollary is now immediate.

Corollary 3.7. Suppose that 0 < p < ¢ < oo and —1 < a < 0o. Let ¢ € DP be such
that ¢ is a self-map of D and let ¢ € Di. For p < a+ 2, suppose that the measure
Vg '.q 1S a vanishing %(a — p+2)-Carleson measure. Then the operator W,y from
DP into DL is compact if and only if

1— |a|2 (2+a)q/p
e (p) e =0

Now we will deal with some results related to composition operators on Dirichlet
type spaces.

Theorem 3.8. Suppose that 0 < p < g < 00 and —1 < a < 00. Let ¢ € DP be such
that ¢ is a self-map of D. Then the composition operator C, from DE into DE is
bounded if and only if the measure v, 4 is a %(a + 2)-Carleson measure for LP®.
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Proof. Let f, € DE and let g, € L2 be such that f/ = g, and ¢,(0) = 0. First
suppose that C, from D?, into DY is bounded. Also C,, from D, into DY is bounded
if and only if there is a constant C' > 0 such that

||Otpfn||qu S OanH?Dg

By using Lemma 2.2, we have

ICofallty = /D ()| g(w) < Ol FLlI%

Thus
/D 190 ()| %V () < Cllgall%

Therefore by using Theorem 2.3, we get that the measure vy 4 is a (o4 2)-Carleson
measure for L2, O

Similarly, we can prove the following result.

Theorem 3.9. Suppose that 0 < p < q < oo and —1 < a < 00. Let ¢ € D be such
that ¢ is a self-map of D. Then the composition operator C, from DE into DI is
compact if and only if the measure v, 4 is a vanishing %(a + 2)-Carleson measure for
L.

Similarly, we can prove these results for the following cases:
(i) 0<p<2and a=p—1.
(i) 0<p<l,-l<a<p—1landp<q< .
(ili) a+1<p<a+2.
(iv) 0<p<g<ooand a=p—1.
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