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ABSTRACT

We study Hilbert spaces of super-holomorphic functions (including anti-com-
muting Grassmann variables) in the setting of bounded symmetric domains,
more precisely for the matrix ball of arbitrary size. Our main results concern
the classification of irreducible representations of the associated Toeplitz C∗-
algebra and an explicit decomposition of the super-Bergman space as a direct
sum of vector-valued (ordinary) Bergman spaces.
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Introduction

Supersymmetry, involving anti-commuting Grassmann variables, plays an important
role in modern mathematical physics (string theory [8], supersymmetric Standard
Model, algebraic geometry (moduli spaces of super-Riemann surfaces) and analysis
(fermionic Berezin integration [1], super Fock space in finite and infinite dimensions).
In operator theory, besides the standard Fock space situation, the only case that has
been studied in detail involves the super-symmetric versions of the so-called Cartan
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domains, e.g. matrix domains generalizing the unit disk and the unit ball [2, 3].
In these papers the main emphasis is on deformation quantization in the sense of
Berezin, establishing the correspondence principle for Toeplitz operators on super-
Cartan domains. The analogous result for the usual Cartan domains has been shown
in [4].

On the other hand, Toeplitz operators on Cartan domains have also deep algebraic
properties encoded in the C∗-algebra generated by Toeplitz operators with contin-
uous symbols [11–13]. The present paper studies these problems, in particular the
classification of all irreducible representations, for Toeplitz operators on super-Cartan
domains. The main new aspect compared to the non-super case is the behavior of the
fermionic (i.e., anticommuting) degrees of freedom, when passing to the representa-
tions realized on faces of the boundary. Another, somewhat surprising, result is that
for domains of rank bigger than 1, the analysis of (scalar) super-Toeplitz operators
involves necessarily Bergman spaces of vector-valued holomorphic functions. This
gives another motivation for a deeper study of these Hilbert spaces which comprise
the so-called holomorphic discrete series of the biholomorphic automorphism group.

It should be noted that the investigation of super-Cartan domains (either in the
bounded realization or in the unbounded realization as generalized half-planes) is not
a straightforward modification of the flat Fock space situation, since the symbol classes
considered are quite different: whereas the Fock space over a super-vector space is
associated with almost-periodic functions (using the underlying group structure), the
Toeplitz operators on super-Cartan domains are generated by super-polynomials and
their completion (super-holomorphic functions), and the crucial algebraic tool is the
Jordan theoretic description of Cartan domains.

1. Super-Bergman spaces on the unit disk

Let O(B) denote the algebra of all holomorphic functions ψ(z) on the open unit disk

B := { z ∈ C : |z| < 1 }.

Let Λ1 denote the complex Grassmann algebra with generator ζ, satisfying the relation
ζ2 = 0. Thus

Λ1 = C〈1, ζ〉.
The tensor product algebra

O(B1|1) := O(B) ⊗ Λ1 = O(B)〈1, ζ〉

consists of all “super-holomorphic” functions

Ψ = ψ0 + ζψ1

with ψ0, ψ1 ∈ O(B). We sometimes write

Ψ(z, ζ) = ψ0(z) + ζψ1(z)
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for all z ∈ B.

Definition 1.1. For ν > 1, the weighted Bergman space

H2
ν (B) := O(B) ∩ L2(B, dμν)

consists of all holomorphic functions on B which are square-integrable for the proba-
bility measure

dμν(z) =
ν − 1
π

(1 − |z|2)ν−2 dz. (1)

Here dz denotes Lebesgue measure on C.

It is well-known [9] that H2
ν (B) has the reproducing kernel

Kν(z, w) = (1 − zw̄)−ν

for all z, w ∈ B. Let ΛC
1 denote the complex Grassmann algebra with 2 generators ζ,

ζ̄ satisfying
ζ2 = ζ̄2 = 0, ζζ̄ = −ζ̄ζ.

Thus
ΛC

1 = C〈1, ζ, ζ̄, ζ̄ ζ〉 = Λ1〈1, ζ̄〉.
Let C(B) denote the algebra of continuous functions on B. The tensor product

C(B
1|1

) := C(B) ⊗ ΛC

1 = C(B)〈1, ζ, ζ̄, ζ̄ζ〉

consists of all “continuous super-functions”

F = f00 + ζ̄ f10 + ζ f01 + ζ̄ζ f11, (2)

where f00, f10, f01, f11 ∈ C(B). The involution on C(B
1|1

) is given by

F̄ = f̄00 + ζ f̄10 + ζ̄ f̄01 + ζ̄ζ f̄11,

where f̄(z) := f(z) (pointwise conjugation).

C(B
1|1

) contains O(B1|1) as a subalgebra, and for Ψ = ψ0 + ζ ψ1 ∈ O(B1|1) we
have

Ψ̄Ψ = ψ̄0ψ0 + ζ ψ̄0 ψ1 + ζ̄ ψ̄1 ψ0 + ζ̄ζ ψ̄1 ψ1.

Given a super-function F ∈ C(B
1|1

) of the form (2), we define its Berezin integral
∫

C0|1

dζ F := f11 ∈ C(B)
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and ∫
B1|1

dz dζ F (z, ζ) :=
∫
B

dz

∫
C0|1

dζ F (z, ζ) =
∫
B

dz f11(z).

Thus the “fermionic integration” is determined by the rules∫
C0|1

dζ · ζ =
∫

C0|1

dζ · ζ̄ =
∫

C0|1

dζ · 1 = 0,
∫

C0|1

dζ · ζ̄ζ = 1.

As an example, we have
∫

B1|1

dz dζ F̄ (z, ζ)F (z, ζ)

=
∫
B

dz(f00(z) f11(z) + f11(z) f00(z) − f10(z) f10(z) + f01(z) f01(z)),

which shows that the (unweighted) Berezin integral is not positive. For Ψ = ψ0+ζψ1 ∈
O(B1|1), it follows that∫

B1|1

dz dζ Ψ̄(z, ζ) Ψ(z, ζ) =
∫
B1

dz ψ1(z)ψ1(z)

is positive, but not positive definite since the ψ0 term is not present.

Definition 1.2. For any parameter ν > 1 the (weighted) super-Bergman space

H2
ν (B1|1) ⊂ O(B1|1)

consists of all super-holomorphic functions Ψ(z, ζ) which satisfy the square-integra-
bility condition

(Ψ | Ψ)ν :=
1
π

∫
B1|1

dz dζ (1 − zz̄ − ζζ̄)ν−1 Ψ(z, ζ) Ψ(z, ζ) < +∞.

Proposition 1.3. For Ψ = ψ0 + ζ ψ1 ∈ O(B1|1) we have

1
π

∫
B1|1

dz dζ (1 − zz̄ − ζζ̄)ν−1Ψ̄(z, ζ) Ψ(z, ζ) = (ψ0 | ψ0)ν +
1
ν

(ψ1 | ψ1)ν+1,

i.e., there is an orthogonal decomposition

H2
ν (B1|1) = H2

ν (B) ⊕ [H2
ν+1(B) ⊗ Λ1(C1)]

into a sum of weighted Bergman spaces, where Λ1(C1) is the 1-dimensional vector
space with basis vector ζ.
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Proof. Consider the binomial expansion

(1 − zz̄ − ζζ̄)ν−1 = (1 − zz̄)ν−1

(
1 − ζζ̄

1 − zz̄

)ν−1

= (1 − zz̄)ν−1

(
1 − (ν − 1)

ζζ̄

1 − zz̄

)

= (1 − zz̄)ν−1 − (ν − 1)(1 − zz̄)ν−2ζζ̄

= (1 − zz̄)ν−1 + (ν − 1)(1 − zz̄)ν−2ζ̄ζ. (3)

Then we have

1
π

∫
B1|1

dz dζ (1 − zz̄ − ζζ̄)ν−1F (z, ζ)

=
1
π

∫
B1|1

dz dζ
[
(1 − zz̄)ν−1(f00(z) + ζ f01(z) + ζ̄ f10(z) + ζ̄ζ f11(z))

+ (ν − 1)(1 − zz̄)ν−2ζ̄ζ f00(z)
]

=
1
π

∫
B

dz [(1 − zz̄)ν−1f11(z) + (ν − 1)(1 − zz̄)ν−2f00(z)].

While this integral is still not positive on C(B
1|1

), restricting to Ψ ∈ O(B1|1) yields a
positive definite scalar product

1
π

∫
B1|1

dz dζ (1 − zz̄ − ζζ̄)ν−1Ψ̄(z, ζ)Ψ(z, ζ)

=
1
π

∫
B1|1

dz dζ (1 − zz̄ − ζζ̄)ν−1
(
ψ0(z)ψ0(z) + ζ ψ0(z)ψ1(z)

+ ζ̄ ψ1(z)ψ0(z) + ζ̄ζ ψ1(z)ψ1(z)
)

=
1
π

∫
B

dz [(1 − zz̄)ν−1ψ1(z)ψ1(z) + (ν − 1)(1 − zz̄)ν−2 ψ0(z)ψ0(z)]

=
1
π

∫
B

dz(1 − zz̄)ν−1 ψ1(z)ψ1(z) +
ν − 1
π

∫
B

dz (1 − zz̄)ν−2 ψ0(z)ψ0(z).

In view of the normalization (1), the assertion follows.

Proposition 1.4. For Ψ = ψ0 + ζ ψ1 ∈ H2
ν (B1|1) we have the reproducing kernel
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Revista Matemática Complutense

2008: vol. 21, num. 2, pags. 489–518



M. Loaiza/H. Upmeier Toeplitz C∗-algebras on super-Cartan domains

property

Ψ(z, ζ) =
1
π

∫
B1|1

dw dω (1 − ww̄ − ωω̄)ν−1(1 − zw̄ − ζω̄)−νΨ(w,ω),

i.e., H2
ν (B1|1) has the reproducing kernel

Kν(z, ζ, w, ω) = (1 − zw̄ − ζω̄)−ν .

Proof. Analogous to (3) we have

(1 − zw̄ − ζω̄)−ν = (1 − zw̄)−ν

(
1 − ζω̄

1 − zw̄

)−ν

= (1 − zw̄)−ν

(
1 + ν

ζω̄

1 − zw̄

)

= (1 − zw̄)−ν + ν(1 − zw̄)−ν−1ζω̄.

Together with (3) this implies

1
π

∫
B

dw

∫
C0|1

dω (1 − ww̄ − ωω̄)ν−1(1 − zw̄ − ζω̄)−ν (ψ0(w) + ω ψ1(w))

=
1
π

∫
B

dw

∫
C0|1

dω
(
(1 − ww̄)ν−1 + (ν − 1)(1 − ww̄)ν−2 ω̄ ω

)

×
(
(1 − zw̄)−ν + ν(1 − zw̄)−ν−1 ζ ω̄

)
(ψ0(w) + ω ψ1(w))

=
1
π

∫
B

dw

∫
C0|1

dω
(
(1 − ww̄)ν−1 ν(1 − zw̄)−ν−1 ζ ω̄ ω ψ1(w)

+ (ν − 1)(1 − ww̄)ν−2 ω̄ ω(1 − zw̄)−ν ψ0(w)
)

=
1
π

∫
B

dw
(
ν(1 − ww̄)ν−1 (1 − zw̄)−ν−1 ψ1(w) ζ

+ (ν − 1)(1 − ww̄)ν−2 (1 − zw̄)−ν ψ0(w)
)

= ψ1(z) ζ + ψ0(z)

since ψ1 ∈ H2
ν+1(B) and ψ0 ∈ H2

ν (B).

2. Super-Toeplitz operators on the unit disk

For F ∈ C(B
1|1

), the super-Toeplitz operator T (ν)
F on H2

ν (B1|1) is defined as

T
(ν)
F Ψ = P (ν)(FΨ),

where P (ν) denotes the orthogonal projection onto H2
ν (B1|1).
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Theorem 2.1. With respect to the decomposition Ψ = ψ0 + ζ ψ1, the super-Toeplitz
operator T (ν)

F on H2
ν (B1|1) is given by the block matrix

T
(ν)
F =

(
T ν

ν

(
f00 + 1−ww̄

ν−1 f11
)

T ν+1
ν

(
1−ww̄
ν−1 f10

)
T ν

ν+1 (f01) T ν+1
ν+1 (f00)

)
(4)

Here T ν+j
ν+i (f), for 0 ≤ i, j ≤ 1, denotes the Toeplitz type operator from H2

ν+j(B)
to H2

ν+i(B) defined by

T ν+j
ν+i (f)ψ := Pν+i(fψ)

for ψ ∈ H2
ν+j(B), and Pν+i is the orthogonal projection from L2

ν+i(B) onto H2
ν+i(B).

Proof. Using (1) and (3), we obtain

(T (ν)
F Ψ)(z, ζ) =

1
π

∫
B

dw

∫
C0|1

dω (1 − ww̄ − ωω̄)ν−1

× (1 − zw̄ − ζω̄)−ν
(
f00(w) + ω f01(w) + ω̄ f10(w) + ω̄ω f11(w)

)
× (ψ0(w) + ω ψ1(w))

=
1
π

∫
B

dw (1 − ww̄)ν−1(1 − zw̄)−ν

×
∫

C0|1

dω

(
1 +

(ν − 1)ω̄ω
1 − ww̄

)(
1 +

νζω̄

1 − zw̄

)

×
(
f00(w)ψ0(w) + ω

(
f01(w)ψ0(w) + f00(w)ψ1(w)

)

+ ω̄ f10(w)ψ0(w) + ω̄ ω
(
f11(w)ψ0(w) + f10(w)ψ1(w)

))

=
1
π

∫
B

dw (1 − ww̄)ν−1(1 − zw̄)−ν

×
∫

C0|1

dω (ω̄ ω(f11(w)ψ0(w) + f10(w)ψ1(w))

+
ν ζω̄

1 − zw̄
ω(f01(w)ψ0(w) + f00(w)ψ1(w))

+
(ν − 1) ω̄ ω

1 − ww̄
f00(w)ψ0(w) =
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=
1
π

∫
B

dw (1 − ww̄)ν−1(1 − zw̄)−ν

×
(
f11(w)ψ0(w) + f10(w)ψ1(w) +

ν ζ

1 − zw̄
(f01(w)ψ0(w)

+ f00(w)ψ1(w)) +
ν − 1

1 − ww̄
f00(w)ψ0(w)

)

=
ν − 1
π

∫
B

dw (1 − ww̄)ν−2(1 − zw̄)−νf00(w)ψ0(w)

+
νζ

π

∫
B

dw (1 − ww̄)ν−1(1 − zw̄)−ν−1

× (f01(w)ψ0(w) + f00(w)ψ1(w))

+
1
π

∫
B

dw (1 − ww̄)ν−2(1 − zw̄)−ν(1 − ww̄)

× (f11(w)ψ0(w) + f10(w)ψ1(w))
= Pν(f00 ψ0)(z) + ζ Pν+1 (f01 ψ0 + f00 ψ1)(z)

+
1

ν − 1
Pν((1 − ww̄)(f11 ψ0 + f10 ψ1))(z).

Theorem 2.2. The C∗-algebra Tν(B1|1), generated by all Toeplitz operators with
symbols F ∈ C(B

1|1
) which are continuous up to the boundary, can be embedded in

the 2 × 2-matrix operator algebra

Tν(B1|1) ⊂
(
Tν(B) K1

0

K0
1 Tν+1(B)

)
=: A, (5)

where Tν+i(B) is the Toeplitz C∗-algebra on the Bergman space H2
ν+i(B) ( i = 0, 1)

and Kj
i denotes the space of all compact operators from H2

ν+j(B) to H2
ν+i(B)

( i, j = 0, 1).

Proof. Realizing a super-Toeplitz operator T (ν)
F as a 2 × 2-operator matrix (4), it

is clear that the diagonal entries belong to the Bergman-Toeplitz C∗-algebras for ν
and ν + 1, resp. Moreover, the off-diagonal entries are compact operators as will be
shown in more detail for the more general case of the unit ball (proof of Theorem 4.2
below). Thus the embedding (5) holds on the level of generators. Since the right-hand
side of (5) is a C∗-algebra, the assertion follows.

The following Theorem is our main result for the case of the unit disk.
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Theorem 2.3. For every boundary point s ∈ ∂B there exists a C∗-algebra homomor-
phism (character)

σs : Tν(B1|1) −→ C

which is uniquely determined by the property

σs

(
T

(ν)

f00+ζf01+ζ̄f10+ζ̄ζf11

)
= f00(s) (6)

for any continuous functions f00, f10, f01, f11 ∈ C(B). Moreover, the joint null-space
⋂

s∈∂B

Kerσs = K(H2
ν (B1|1))

of all these characters coincides with the ideal of all compact operators on the super-
Bergman space H2

ν (B1|1).

Proof. Since the Toeplitz C∗-algebra Tν(B) acts irreducibly on H2
ν (B) and has a non-

trivial intersection with the compact operators K(H2
ν (B)), it follows that K(H2

ν (B))
is contained in Tν(B). Applying [10, Theorem 4.12.32] to the special case of the unit
disk and the Bergman-Toeplitz C∗-algebras for parameter ν > 1 and ν + 1, resp., we
obtain C∗-algebra homomorphisms

σν
s : Tν(B) −→ C,

σν+1
s : Tν+1(B) −→ C,

whose kernel is the ideal of compact operators and satisfy

σν
s (T ν

f ) = σν+1
s (T ν+1

f ) = f(s)

whenever f ∈ C(B). Now consider the C∗-algebra embedding (5) and define, for
s ∈ ∂B, a linear map

ρs : A −→ C ⊕ C

by putting

σs

(
A B
C D

)
:= (σν

s (A), σν+1
s (D)). (7)

This is in fact a C∗-algebra homomorphism since, for example, in an operator matrix
product (

A1 B1

C1 D1

) (
A2 B2

C2 D2

)
=

(
A1A2 +B1C2 A1B2 +B1D2

C1A2 +D1C2 C1B2 +D1D2

)
(8)

the operators B1C2 and C1B2 are compact, and therefore

σν
s (A1A2 +B1C2) = σν

s (A1A2) = σν
s (A1) σν

s (A2)
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and, similarly,

σν+1
s (C1B2 +D1D2) = σν+1

s (D1D2) = σν+1
s (D1) σν+1

s (D2).

Now consider a generator (4) of Tν(B1|1). Then we have

σs(T
(ν)
F ) =

(
σν

s

[
Tν(f00 +

1 − ww̄

ν − 1
f11)

]
, σν+1

s [Tν+1(f00)]
)

= (f00(s), f00(s))

since 1−ww̄ vanishes on ∂B. It follows that (7), when restricted to Tν(B1|1), has two
identical entries. Identifying the two entries, we obtain the character (6).

Since the characters σν+i
s (i = 0, 1) vanish on the ideal Kν+i = K(H2

ν+i(B)) of all
compact operators on H2

ν+i(B), it is clear that σs vanishes on

K(H2
ν (B1|1)) =

(
Kν K1

0

K0
1 Kν+1

)
.

Conversely, suppose an operator matrix
(
A B
C D

)
∈ Tν(B1|1) ⊂ A

belongs to the joint null-space of σs for all s ∈ ∂B. According to (7) this means that

σν
s (A) = 0 = σν+1

s (D)

for all s ∈ ∂B, since both entries in (7) are identical. Hence A and D are compact
operators, and the assertion follows.

3. Super-Bergman spaces on the unit ball

For p ≥ 1, let O(Bp) denote the algebra of all holomorphic functions ψ(z1, . . . , zp) on
the open unit ball

B
p :=

{
z = (z1, . . . , zp) ∈ C

p : ‖z‖2 =
p∑

i=1

‖zi‖2 < 1
}

in C
p. Let Λq denote the complex Grassmann algebra with q generators ζ1, . . . , ζq,

satisfying the relations
ζiζj + ζjζi = 0

for 1 ≤ i, j ≤ q. Putting Q := {1, . . . , q}, we have

Λq = C〈ζI : I ⊂ Q〉
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where
ζI = ζi1 · · · ζik

if I = {i1 < · · · < ik}. For disjoint subsets I, J we have

ζI ζJ = εI,J ζI∪J

where εI,J = ±1. The tensor product algebra

O(Bp|q) := O(Bp) ⊗ Λq = O(Bp)〈ζI : I ⊂ Q〉

consists of all “super-holomorphic” functions

Ψ =
∑
I⊂Q

ΨIζI

where ΨI ∈ O(Bp) for all I ⊂ Q. We sometimes write

Ψ(z, ζ) =
∑
I⊂Q

ΨI(z) ζI

for all z ∈ B
p. For p = q = 1, we recover the situation of the unit disk.

Definition 3.1. For ν > p, the weighted Bergman space

H2
ν (Bp) := O(Bp) ∩ L2(Bp, dμν)

consists of all holomorphic functions on B
p which are square-integrable for the prob-

ability measure

dμν(z) =
Γ(ν)

πp Γ(ν − p)
(1 − (z | z))ν−p−1 dz.

Here dz is the Lebesgue measure for the scalar product (z | w) =
∑

i ziw̄i on C
p.

It is well-known [14] that H2
ν (Bp) has the reproducing kernel

Kν(z, w) = (1 − (z | w))−ν

for all z, w ∈ B
p. Let ΛC

q denote the complex Grassmann algebra with 2q generators
ζ̄1, . . . , ζ̄q, ζ1, . . . , ζq satisfying

ζiζj + ζjζi = 0,
ζ̄iζ̄j + ζ̄j ζ̄i = 0,
ζiζ̄j + ζ̄jζi = 0

for all 1 ≤ i, j ≤ q. Thus, putting Q = { 1, . . . , q },

ΛC

q = C〈ζ∗I ζJ : I, J ⊂ Q〉 = Λq〈ζ∗I : I ⊂ Q〉,
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where
ζJ := ζj1 · · · ζj�

, ζ∗I = ζ̄ik
· · · ζ̄i1

for I = {i1 < · · · < ik}, J = {j1 < · · · < j�}. The tensor product

C(Bp|q) := C(Bp) ⊗ ΛC

q = C(Bp)〈ζ∗I ζJ : I, J ⊂ Q〉

consists of all “continuous” super-functions

F =
∑
I,J

fI,Jζ
∗
I ζJ (9)

where fI,J ∈ C(Bp) for all I, J ⊂ Q. The involution will be denoted by F �→ F ∗. The
Berezin integral on B

p|q is defined by
∫

Bp|q

dz dζ F (z, ζ) =
∫
Bp

dz fQ,Q(z)

for F ∈ C(Bp|q) as in (9), where the normalization is given by

∫
C0|q

dζ ζ∗Q ζQ =
∫

C0|q

dζ

q∏
j=1

ζ̄jζj = 1.

As in the case of the unit disk (p = 1) this unweighted integral is not suitable for
quantization. Put

ζω̄ = (ζ | ω) =
∑

i

ζiω̄i ∈ ΛC

q ,

and

zw̄ = (z | w) =
p∑

j=1

zjw̄j .

Definition 3.2. For any parameter ν > p − q + 1, the (weighted) super-Bergman
space

H2
ν (Bp|q) ⊂ O(Bp|q)

consists of all super-holomorphic functions Ψ(z, ζ) which satisfy the square-integra-
bility condition

(Ψ | Ψ)ν :=
Γ(ν)

Γ(ν + q − p)
1
πp

∫
Bp|q

dz dζ (1 − zz̄ − ζζ̄)ν+q−p−1Ψ(z, ζ)∗ Ψ(z, ζ) < +∞.
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Lemma 3.3. Endow Λq with a scalar product (u | v), conjugate-linear in u, such
that

ζI :=
∏
i∈I

ζi, I ⊂ Q,

form an orthonormal basis. Then we have for u, v ∈ Λq

∫
C0|q

dζ e−ζζ̄u∗v = (u | v).

Proof. We have

(ζζ̄)k = (ζ1ζ̄1 + · · · + ζq ζ̄q)k = k!
∑
L

∏
�∈L

ζ�ζ̄� (10)

where L ⊂ Q has k elements. Write u =
∑

I⊂Q uI ζI , v =
∑

J⊂Q vJ ζJ with
uI , vJ ∈ C. Then (10) implies

e−ζζ̄ =
∑
k≥0

1
k!

(−1)k (ζζ̄)k =
q∑

k=0

(−1)k
∑
L⊂Q
|L|=k

∏
�∈L

ζ� ζ̄� =
∑
L⊂Q

∏
�∈L

ζ̄� ζ� =
∑
L⊂Q

ζ∗LζL.

Using the fermionic integration rules it follows that

∫
C0|q

dζ e−ζζ̄ u∗v =
∑
I,J

uI vJ

∫
C0|q

dζ e−ζζ̄ ζ∗I ζJ

=
∑
I,J

uI vJ

∑
L

∫
C0|q

dζ ζ∗L ζL ζ
∗
I ζJ

=
∑
L

uQ\LvQ\L = (u | v).

Proposition 3.4.

(1 − zz̄ − ζζ̄)ν+q−p−1

Γ(ν + q − p)
=

∑
J⊂Q

(1 − zz̄)ν+|J|−p−1

Γ(ν + |J | − p)
ζ∗Q\J ζQ\J .
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Revista Matemática Complutense

2008: vol. 21, num. 2, pags. 489–518



M. Loaiza/H. Upmeier Toeplitz C∗-algebras on super-Cartan domains

Proof. It follows from (10) that

(1 − zz̄ − ζζ̄)ν+q−p−1

= (1 − zz̄)ν+q−p−1

(
1 − ζζ̄

1 − zz̄

)ν+q−p−1

= (1 − zz̄)ν+q−p−1

q∑
k=0

(
ν + q − p− 1

q − k

)
(−1)q−k(1 − zz̄)k−q(ζζ̄)q−k

=
q∑

k=0

(
ν + q − p− 1

q − k

)
(−1)q−k(1 − zz̄)ν+k−p−1

∑
L⊂Q

|L|=q−k

(q − k)!
∏
�∈L

ζ� ζ̄�

=
q∑

k=0

(1 − zz̄)ν+k−p−1 Γ(ν + q − p)
Γ(ν + k − p)

∑
|L|=q−k

∏
�∈L

ζ̄� ζ�.

Putting J = Q \ L, the assertion follows.

Proposition 3.5. For Ψ =
∑

M⊂Q ψM ζM ∈ O(Bp|q) we have

Γ(ν)
Γ(ν + q − p)

1
πp

∫
Bp|q

dz dζ (1 − zz̄ − ζζ̄)ν+q−p−1 Ψ∗(z, ζ)Ψ(z, ζ)

=
q∑

m=0

Γ(ν)
Γ(ν +m)

∑
M⊂Q
|M |=m

Γ(ν +m)
Γ(ν +m− p)

1
πp

∫
Bp

dz (1 − zz̄)ν+m−p−1 · ψM (z)ψM (z),

i.e., there is an orthogonal decomposition

H2
ν (Bp|q) =

q∑
m=0

H2
ν+m(Bp) ⊗ Λm(Cq)

into a sum of weighted Bergman spaces for 0 ≤ m ≤ q, with multiplicity
(

q
m

)
.

Proof. For Ψ =
∑

M⊂Q ψM ζM we have, according to Proposition 3.4,

S :=
Γ(ν)

Γ(ν + q − p)
1
πp

∫
Bp|q

dz dζ (1 − zz̄ − ζζ̄)ν+q−p−1 Ψ∗(z, ζ) Ψ(z, ζ)

=
∑

K⊂Q

∑
I⊂Q

∑
J⊂Q

Γ(ν)
Γ(ν + |K| − p)

1
πp

∫
Bp

dz (1 − zz̄)ν+|K|−p−1

× ψI(z)ψJ(z)
∫

C0|q

dζ ζ∗Q\K ζQ\K ζ∗I ζJ .
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The fermionic integration rules imply that only the choice I = K = J contributes,
and hence

S =
∑
M

Γ(ν)
Γ(ν + |M | − p)

1
πp

∫
Bp

dz (1 − zz̄)ν+|M |−p−1 ψM (z)ψM (z).

Proposition 3.6.

Γ(ν)
(1 − zw̄ − ζω̄)ν

=
∑
I⊂Q

Γ(ν + |I|)
(1 − zw̄)ν+|I|

∏
i∈I

ζi ω̄i

Proof. We have

(1 − zw̄ − ζω̄)−ν = (1 − zw̄)−ν

(
1 − ζω̄

1 − zw̄

)−ν

= (1 − zw̄)−ν

q∑
i=0

(−ν
i

)
(−1)i

(
ζω̄

1 − zw̄

)i

=
q∑

i=0

(−ν
i

)
(−1)i(1 − zw̄)−ν−i(ζω̄)i

=
q∑

i=0

(−ν
i

)
(−1)i(1 − zw̄)−ν−i

∑
I⊂Q
|I|=i

i!
∏
k∈I

ζk ω̄k

=
q∑

i=0

(1 − zw̄)−ν−i Γ(ν + i)
Γ(ν)

∑
|I|=i

∏
k∈I

ζk ω̄k.

Proposition 3.7. For ν > p and Ψ =
∑

M ψM ζM ∈ H2
ν (Bp|q) we have the repro-

ducing kernel property

Ψ(z, ζ)

=
Γ(ν)

Γ(ν + q − p)
1
πp

∫
Bp|q

dw dω (1 − ww̄ − ωω̄)ν+q−p−1(1 − zw̄ − ζω̄)−ν Ψ(w,ω),

i.e., H2
ν (Bp|q) has the reproducing kernel

Kν(z, ζ, w, ω) = (1 − zw̄ − ζω̄)−ν .
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Proof. Applying Proposition 3.4 and Proposition 3.6, we obtain for ν > p

S :=
Γ(ν)

Γ(ν + q − p)
1
πp

×
∫
Bp

dw

∫
C0|q

dω (1 − ww̄ − ωω)ν+q−p−1(1 − zw̄ − ζω̄)−ν
∑

M⊂Q

ψM (w)ωM

=
∑

M⊂Q

∑
I⊂Q

∑
J⊂Q

Γ(ν + |I|)
Γ(ν + |J | − p)

1
πp

∫
Bp

dw (1 − ww̄)ν+|J|−p−1(1 − zw̄)−ν−|I|ψM (w)

×
∫

C0|q

dω ω∗
Q\J ωQ\J

∏
i∈I

ζi ω̄i ωM .

The fermionic integration rules imply that only the choices J = M = I contribute. It
follows that

S =
∑

I

ζI
Γ(ν + |I|)

Γ(ν + |I| − p)
1
πp

∫
Bp

dw (1 − ww̄)ν+|I|−p−1 (1 − zw̄)−ν−|I| ψI(w)

since ∏
i∈I

ζi ω̄i ωI = ω∗
I ωI ζI .

Now apply the reproducing property for each weighted Bergman space H2
ν+|I|(B

p)
with ν + |I| ≥ ν > p.

4. Super-Toeplitz operators on the unit ball

For F ∈ C(B
p|q

), the super-Toeplitz operator T (ν)
F on H2

ν (Bp|q) is defined as

T
(ν)
F Ψ = P (ν)(FΨ),

where P (ν) denotes the orthogonal projection onto H2
ν (Bp|q).

Proposition 4.1. With respect to the decomposition Ψ =
∑

M ψM ζM , the super-
Toeplitz operator T (ν)

F on H2
ν (Bp|q) is given by the 2q × 2q-matrix

(T (ν)
F )J

I =
∑

I∪J⊂K⊂Q

εK\I,I εK\J,J

× Γ(ν + |I| − p)
Γ(ν + |K| − p)

T
ν+|J|
ν+|I|

(
FK\I,K\J(w) · (1 − ww̄)|K|−|I|

)
. (11)
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Here, for 0 ≤ i, j ≤ q, T ν+j
ν+i denotes the Bergman-type Toeplitz operator

T ν+j
ν+i (f) = Pν+i f P

∗
ν+j : H2

ν+j(B
p) −→ H2

ν+i(B
p)

from H2
ν+j (Bp) to H2

ν+i (Bp).

Proof. Using Proposition 3.4 and Proposition 3.6 we obtain

S := (TF Ψ)(z, ζ)

=
Γ(ν)

Γ(ν + q − p)
1
πp

∫
Bp

dw

∫
C0|q

dω (1 − ww̄ − ωω̄)ν+q−p−1(1 − zw̄ − ζω̄)−ν

×
∑
M,N

fM,N (w)ω∗
M ωN

∑
J⊂Q

ψJ(w)ωJ

=
∑
I⊂Q

∑
K⊂Q

∑
J⊂Q

Γ(ν + |I|)
Γ(ν + |K| − p)

1
πp

×
∫
Bp

dw (1 − ww̄)ν+|K|−p−1(1 − zw̄)−ν−|I|

×
∑
M,N

fM,N (w)ψJ(w)
∫

C0|q

dω ω∗
Q\KωQ\K

∏
i∈I

ζi ω̄i ω
∗
M ωN ωJ .

The fermionic integration rules imply that non-zero terms occur only when K = M∪I
= N ∪ J as disjoint unions. Therefore

S :=
∑
I⊂Q

∑
J⊂Q

∑
I∪J⊂K

Γ(ν + |I|)
Γ(ν + |K| − p)

1
πp

∫
Bp

dw (1 − ww̄)ν+|K|−p−1(1 − zw̄)−ν−|I|

× fK\I, K\J(w)ψJ(w)
∫

C0|q

dω ω∗
Q\KωQ\K

∏
i∈I

ζi ω̄i ω
∗
K\I ωK\J ωJ

=
∑

I∪J⊂K

Γ(ν + |I|)
Γ(ν + |K| − p)

1
πp

∫
Bp

dw (1 − ww̄)ν+|K|−p−1(1 − zw̄)−ν−|I|

× fK\I, K\J(w)ψJ(w)
∫

C0|q

dω ω∗
Q\KωQ\K

∏
i∈I

ζi ω̄i ω
∗
K\I ωK εK\J, J .

In view of (9) we have
∏
i∈I

ζi ω̄i ω
∗
K\I ωK = εK\I,I

∏
i∈I

ζi ω̄i ω
∗
K\I ωK\I ωI = εK\I,I ω

∗
K\I ωK\I

∏
i∈I

ζi ω̄i ωI

= εK\I,I ω
∗
K\I ωK\I ω

∗
I ωI ζI = εK\I,I ω

∗
K ωK ζI .
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It follows that

S =
∑

I∪J⊂K

εK\I,I εK\J,J
Γ(ν + |I|)

Γ(ν + |K| − p)
1
πp

∫
Bp

dw (1 − ww̄)ν+|K|−p−1(1 − zw̄)−ν−|I|

× fK\I,K\J(w)ψJ(w)
∫

C0|q

dω ω∗
Q\KωQ\K ω∗

K ωK ζI

=
∑

I∪J⊂K

εK\I,I εK\J, J
Γ(ν + |I|)

Γ(ν + |K| − p)
1
πp

∫
Bp

dw (1 − ww̄)ν+|K|−p−1(1 − zw̄)−ν−|I|

× fK\I, K\J(w)ψJ(w)
∫

C0|q

dω ω∗
Q ωQ ζI

=
∑

I∪J⊂K

εK\I,I εK\J,J
Γ(ν + |I|)

Γ(ν + |K| − p)
1
πp

∫
Bp

dw (1 − ww̄)ν+|K|−p−1(1 − zw̄)−ν−|I|

× fK\I, K\J(w)ψJ(w) ζI

=
∑

I∪J⊂K

εK\I,I εK\J,J
Γ(ν + |I| − p)
Γ(ν + |K| − p)

Γ(ν + |I|)
Γ(ν + |I| − p)

1
πp

×
∫
Bp

dw (1 − ww̄)ν+|I|−p−1(1 − zw̄)−ν−|I|

× fK\I, K\J(w)(1 − ww̄)|K|−|I| ψJ(w) ζI .

Since, for ψ ∈ H2
ν+j(B

p),

(
T ν+j

ν+i (f)ψ
)
(z) =

Γ(ν + i)
Γ(ν + i− p)

1
πp

∫
Bp

dw (1 − ww̄)ν+i−p−1(1 − zw̄)−ν−if(w)ψ(w),

the assertion follows.

Theorem 4.2. The C∗-algebra Tν(Bp|q), generated by all Toeplitz operators with
symbols F ∈ C(B

p|q
) which are continuous up to the boundary, can be embedded in

the (q + 1) × (q + 1)-matrix operator algebra

Tν(Bp|q) ⊂ (Aj
i (B

p))0≤i,j≤q =: A, (12)

where for i �= j we have

Aj
i (B

p) = { compact operators H2
ν+j(B

p) ⊗ Λj(Cq) −→ H2
ν+i(B

p) ⊗ Λi(Cq) },
whereas for i = j we have

Ai
i(B

p) = Tν+i(Bp) ⊗ End(Λi(Cq)).

Here Tν+i(Bp) denotes the Toeplitz C∗-algebra on H2
ν+i(B

p).
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Proof. For 0 ≤ i, j ≤ q the matrix block of T (ν)
F , from H2

ν+j(B
p) to H2

ν+i(B
p), has the

operator entries
(T (ν)

F )J
I , |I| = i, |J | = j,

given explicitly by (11). For i = j, these operator entries belong to the Toeplitz
C∗-algebra Tν+i(Bp). In order to prove Theorem 4.2 it suffices to show that for i �= j
these entries are compact operators.

In the case i > j, the Toeplitz type operator T ν+j
ν+i (f) from H2

ν+j(B
p) to H2

ν+i(B
p)

is given by the composition P◦Mf where P is the restriction of the Bergman projection
Pν+i : L2

ν+i(B
p) → H2

ν+i(B
p) to the space L2

ν+j(B
p). Using [14, Theorem 2.10], we

see that the restriction P is a continuous operator from L2
ν+j(B

p) to H2
ν+j(B

p). Since
the inclusion of H2

ν+j(B
p) in the space H2

ν+i(B
p) is a compact operator it follows that

the Toeplitz type operator T ν+j
ν+i is compact.

Now suppose |I| < |J |. In this case we have |K| > |I| whenever K ⊃ I ∪ J . It
follows that the corresponding operator of multiplication by the function (1−zz̄)|K|−|I|

from H2
ν+j(B

p) to L2
ν+j(B

p) is a compact operator since |K| − |I| ≥ 1. Then the
operator Mf is compact, implying that

(T (ν)
F )J

I , |I| = i, |J | = j,

is compact. These arguments establish the embedding (12) on the level of generators.
Since the right-hand side of (12) is a C∗-algebra, the assertion follows.

The following Theorem, generalizing Theorem 2.3, is the first main result of this
paper.

Theorem 4.3. For every boundary point s ∈ ∂B
p = S

2p−1, there exists a C∗-algebra
homomorphism (character)

σs : Tν(Bp|q) −→ C (13)

that is uniquely determined by the property

σs(T (ν)
F ) = F∅,∅(s)

for F =
∑

I,J FI,Jζ
∗
I ζJ and FI,J ∈ C(B

p
) continuous up to the boundary. Moreover,

the joint null-space ⋂
s∈∂Bp

Kerσs = K(H2
ν (Bp|q))

of all these characters coincides with the ideal of all compact operators on the super-
Bergman space H2

ν (Bp|q).

Proof. Since the Toeplitz C∗-algebra Tν(Bp) acts irreducibly onH2
ν (Bp) and has a non-

trivial intersection with the compact operators K(H2
ν (Bp)), it follows that K(H2

ν (Bp))
is contained in Tν(Bp). Applying [10, Theorem 4.12.32] to the special case of the unit
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ball B
p and the Bergman-Toeplitz operators for parameters ν+i, 0 ≤ i ≤ q, we obtain

C∗-algebra homomorphisms

σν+i
s : Tν+i(Bp) −→ C

whose kernel is the ideal of compact operators and satisfy

σν+i
s (T ν+i

f ) = f(s)

whenever f ∈ C(B
p
). Now consider the C∗-algebra embedding (12) and define, for

s ∈ ∂B
p, a linear map

σs : A −→ C
2q

by putting
σs(T J

I ) = (σν+|I|
s (T I

I ))I⊂Q. (14)

Since, by assumption, the off-diagonal entries T J
I are compact operators and σν+i

s

vanishes on K(H2
ν+i(B

p)), a computation analogous to (8) shows that (14) is in fact
a C∗-algebra homomorphism.

Now consider a generator T (ν)
F of Tν(Bp|q). Using its matrix representation (11) it

follows that

σν+|I|
s ((T (ν)

F )I
I) =

∑
I⊂K⊂Q

Γ(ν + |I| − p)
Γ(ν + |K| − p)

σν+|I|
s

(
T ν+|I|(FK\I, K\I(w)(1 − ww̄)|K|−|I|))

= σν+|I|
s (T ν+|I|(F∅,∅)) = F∅,∅(s),

since for K �= I we have |K| − |I| ≥ 1 and the symbol function FK\I,K\I(w)
(1−ww̄)|K|−|I| vanishes at s ∈ ∂B

p. It follows that (14), when restricted to Tν(Bp|q),
has only identical entries for all I ⊂ Q. Identifying these entries, we obtain the
character (13).

Since the characters σν+i
s (0 ≤ i ≤ q) vanish on the ideal Kν+i = K(H2

ν+i(B
p)) of

all compact operators on H2
ν+i(B

p), it is clear that σs vanishes on the ideal

K(H2
ν (Bp|q)) = {(T J

I )I,J⊂Q ∈ A : T I
I ∈ Kν+|I| for all I ⊂ Q }

of A. Conversely, suppose that an operator matrix (T J
I )I,J⊂Q in Tν(Bp|q) ⊂ A belongs

to the joint null-space of σs for all s ∈ ∂B
p. According to (14), this means

σν+|I|
s (T I

I ) = 0

for all I ⊂ Q since all entries in (14) are identical. Thus T I
I ∈ Kν+|I| are compact

operators, and the assertion follows.
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5. Super-Bergman spaces on matrix balls

For 1 ≤ r ≤ p, let O(Br×p) denote the algebra of all holomorphic functions

ψ(z1
1 , . . . , z

p
1 , . . . , z

1
r , . . . , z

p
r ) = ψ(zj

i )

on the matrix ball

B
r×p =

{
z = (zj

i )1≤i≤r
1≤j≤p

∈ C
r×p : 1 − zz∗ > 0

}

in C
r×p. For fixed q ≥ 1, let Λr×q denote the complex Grassmann algebra with r · q

generators ζ1
1 , . . . , ζ

q
1 , . . . , ζ

1
r , . . . , ζ

q
r satisfying the relations

ζj
i ζ

�
k + ζ�

kζ
j
i = 0 (15)

for all 1 ≤ i, k ≤ r and 1 ≤ j, � ≤ q. Putting R := {1, . . . , r}, we have

Λr×q = C〈ζM : M ⊂ R×Q〉,

where
ζM =

∏
(i,j)∈M

ζj
i (16)

and the index-pairs (i, j) are ordered lexicographically:

(i, j) < (k, �) ⇐⇒ i < k or i = k, j < �.

The tensor product algebra

O(Br×p|r×q) = O(Br×p) ⊗ Λr×q := O(Br×p)〈ζM : M ⊂ R×Q〉

consists of all “super-holomorphic” functions

Ψ =
∑

M⊂R×Q

ψMζM

where ψM ∈ O(Br×p) for all M ⊂ R×Q. We sometimes write

Ψ(z, ζ) =
∑

M⊂R×Q

ψM (z)ζM

for all z ∈ B
r×p. The case r = 1 corresponds to the unit ball.

Definition 5.1. For ν > r + p− 1, the weighted Bergman space

H2
ν (Br×p) := O(Br×p) ∩ L2(Br×p, dμν)
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consists of all holomorphic functions on B
r×p which are square-integrable for the

probability measure

dμν(z) =
1
πrp

r∏
j=1

Γ(ν + 1 − j)
Γ(ν + 1 − j − p)

det(1 − zz∗)ν−r−p dz.

Here dz is the Lebesgue measure for the scalar product (z | w) := tr zw∗ on C
r×p.

It is well-known that H2
ν (Br×p) has the reproducing kernel

Kν(z, w) = det(1 − zw∗)−ν

for all z, w ∈ B
r×p. Let ΛC

r×q denote the complex Grassmann algebra with 2rq
generators ζ̄j

i , ζ�
k (1 ≤ i, k ≤ r, 1 ≤ j, � ≤ q) satisfying the relations (15) and, in

addition,
ζ̄j
i ζ̄

�
k + ζ̄�

k ζ̄
j
i = 0 = ζ̄j

i ζ
�
k + ζ�

k ζ̄
j
i .

Defining
ζ∗M :=

∏
(i,j)∈M

ζ̄j
i

for the reverse lexicographic order (cf. (16)), we thus have

ΛC

r×q = C〈ζ∗M ζN : M,N ⊂ R×Q〉 = Λr×q〈ζ∗M : M ⊂ R×Q〉.

The tensor product

C(Br×p|r×q) := C(Br×p) ⊗ ΛC

r×q = C(Br×p)〈ζ∗M ζN : M,N ⊂ R×Q〉

consists of all “continuous” super-functions

F =
∑
M,N

fM,N ζ∗M ζN (17)

where fM,N ∈ C(Br×p) for all M,N ⊂ R × Q. The Berezin integral on B
r×p|r×q is

defined by ∫
Br×p|r×q

dz dζ F (z, ζ) =
∫

Br×p

dz FR×Q, R×Q(z)

for F ∈ C(Br×p|r×q) as in (17), where the normalization is given by

∫
C0|r×q

dζ ζ∗R×Q ζR×Q =
∫

C0|r×q

dζ

r∏
i=1

q∏
j=1

ζ̄j
i ζ

j
i = 1.

Revista Matemática Complutense
2008: vol. 21, num. 2, pags. 489–518 510



M. Loaiza/H. Upmeier Toeplitz C∗-algebras on super-Cartan domains

Definition 5.2. For any parameter ν > p+ r− q+ 1, the (weighted) super-Bergman
space

H2
ν (Br×p|r×q) ⊂ O(Br×p|r×q)

consists of all super-holomorphic functions Ψ(z, ζ) which satisfy the square-integra-
bility condition

(Ψ | Ψ)ν :=
1
πrp

r∏
j=1

Γ(ν + 1 − j)
Γ(ν + 1 − j + q − p)

×
∫

Br×p|r×q

dz dζ det(1 − zz∗ − ζζ∗)ν+q−p−r · Ψ(z, ζ)∗ Ψ(z, ζ) < +∞. (18)

The main result of this section, generalizing Proposition 1.3 (for the unit disk)
and Proposition 3.5 (for the unit ball), is an explicit orthogonal decomposition of
the (scalar-valued) super-Bergman space H2

ν (Br×p|r×q) as a direct sum of “ordinary”
weighted Bergman spaces over the matrix ball B

r×p. It turns out that for domains
of higher rank r > 1 it is not enough to consider scalar-valued Bergman spaces,
as introduced in Definition 5.1, but vector-valued holomorphic functions arise in a
canonical way in the decomposition of H2

ν (Br×p|r×q). These vector-valued functions
are parameterized by partitions of length smaller than or equal to r and, as an inter-
esting feature, the associated multiplicity space corresponds exactly to the conjugate
partition.

A partition of length smaller than or equal to r is a non-increasing sequence of
integers

m = m1 ≥ m2 ≥ · · · ≥ mr ≥ 0.

It is well-known [5] that partitions classify irreducible (finite-dimensional) represen-
tations of the matrix group GLr(C). A canonical model for the corresponding repre-
sentation space is given by the Schur functor denoted by Sm(Cr). Let

πm : GLr(C) → GL(Sm(Cr))

be the corresponding representation, and choose an inner product (u | v)m on Sm(Cr),
conjugate-linear in u, which is invariant under the unitary subgroup U(r). Graphi-
cally, a partition m is represented by its Young diagram

{ (i, j) | 1 ≤ i ≤ r, 1 ≤ j ≤ mi }.

We will mainly consider partitions satisfying the additional requirement m1 ≤ q, i.e.,

q ≥ m1 ≥ m2 ≥ · · · ≥ mr ≥ 0. (19)

In this case the Young diagram is contained in the rectangle

R×Q = {(i, j) | 1 ≤ i ≤ r, 1 ≤ j ≤ q}.
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It is easy to show that there exist exactly
(
r+q

r

)
partitions m of this type. Every

partition m has a conjugate partition m� obtained by transposing its Young diagram.
If (19) holds, the conjugate partition m� has length ≤ q, so we have the corresponding
Schur functor S

�
m(Cq) and the associated representation π�

m of GLq(C).

Definition 5.3. For any partition

m = m1 ≥ · · · ≥ mr ≥ 0

of length smaller than or equal to r, and ν > r + p − 1, the vector-valued Bergman
space

H2
ν (Br×p, Sm(Cr))

consists of all holomorphic maps

ψ : B
r×p −→ Sm(Cr)

into the Schur functor representation space, which satisfy the square-integrability
condition

(ψ|ψ)ν,m =
1
πrp

r∏
j=1

Γ(ν + 1 − j)
Γ(ν + 1 − j − p)

×
∫

Br×p

dz det(1r − zz∗)ν−r−p · (ψ(z)|πm(1r − zz∗)ψ(z))m < +∞. (20)

Note that 1r−zz∗ ∈ GLr(C) for any z ∈ B
r×p, making πm(1r−zz∗) ∈ GL(Sm(Cr))

well-defined. It is well-known that a similar construction yields the so-called holo-
morphic discrete series of the group U(r, p), and other semi-simple Lie groups of
Hermitian type.

Our main result concerning Bergman spaces of super-holomorphic functions on
the matrix ball is the following

Theorem 5.4. For ν > r+ p− q− 1, the super-Bergman space H2
ν (Br×p|r×q) intro-

duced in Definition 5.2 has an orthogonal decomposition

H2
ν (Br×p|r×q) =

∑
m⊂R×Q

H2
ν (Br×p, Sm(Cr)) ⊗ S

�
m(Cq)

where m runs over all partitions

q ≥ m1 ≥ · · · ≥ mr ≥ 0

with Schur functor Sm(Cr), and S
�
m(Cq) is the Schur functor representation space

associated with the conjugate partition m� of length smaller than or equal to q.
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Remark 5.5. For rank r = 1 and 0 ≤ m ≤ q, the conjugate partition

m� = 1m 0q−m

has the Schur functor S
�
m(Cq) = Λm(Cq). Since S

�
m(C1) ≡ C in this case, we recover

the decomposition (10) for the unit ball.

Proof of Theorem 5.4. Identify

Λr×q = Λ(Cr×q) = Λ(Cr ⊗ C
q)

with the exterior algebra over C
r×q = C

r ⊗ C
q, and consider the canonical action of

GLr(C) × GLq(C) on Λr×q induced by left and right matrix multiplication

π(g, h)ζ := g ζ h−1

for g ∈ GLr(C), h ∈ GLq(C), and ζ ∈ C
r×q. A basic result in combinatorial harmonic

analysis [5, Exercise 6.11, p. 80] asserts that there is a multiplicity-free decomposition

Λ(Cr×q) =
∑

m⊂R×Q

Sm(Cr) ⊗ S
�
m(Cq) (21)

into irreducible GLr(C) × GLq(C)-submodules, where m = m1 ≥ · · · ≥ mr ≥ 0 runs
over all partitions of length smaller than or equal to r satisfying m1 ≤ q, and the
associated Schur functor representations are defined as above. For g ∈ GLr(C) and
h ∈ GLq(C), it follows that

π(g, h)(a⊗ b) = πm(g) a⊗ π�
m(h) b

whenever a ∈ Sm(Cr) and b ∈ S
�
m(Cq). For ζ = (ζj

i ) ∈ C
r×q, with adjoint matrix

ζ∗ ∈ C
q×r, we have

tr ζ ζ∗ =
r∑

i=1

q∑
j=1

ζj
i ζ̄

j
i .

Applying Lemma 3.3 to the index set R × Q (endowed with the lexicographic total
ordering) we obtain for the Berezin integral

∫
C0|r×q

dζ e− tr ζ ζ∗
u∗v = (u | v) (22)

for any u, v ∈ Λr×q, where (u | v) is the inner product defined as in Lemma 3.3. This
inner product is invariant under the action

ζ �−→ g ζ h∗
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of (g, h) ∈ U(r) × U(q) on Λr×q. Since the decomposition (21) is multiplicity free, it
follows that

(u | v) =
∑

m⊂R×Q

(um | vm)m, m� (23)

whenever u =
∑

m um and v =
∑

m vm, with components um, vm ∈ Sm(Cr) ⊗
S

�
m(Cq). For any m the U(r)×U(q)-invariant inner product ( | )m, m� on Sm(Cr)⊗

Sm�(Cq) is a tensor product

(a⊗ b | c⊗ d)m, m� = (a | c)m (b | d)�
m (24)

of a U(r)-invariant inner product ( | )m on Sm(Cr) and a U(q)-invariant inner product
( | )�

m on S
�
m(Cq). For a matrix variable ζ ∈ C

r×q, the Fischer-Fock reproducing kernel
functions Km(ζ, ζ) [7] are defined by the expansion

etr ζ ζ∗
=

∑
m

Km(ζ, ζ) (25)

where m = m1 ≥ · · · ≥ mr ≥ 0 runs over all partitions of length ≤ r. Moreover, one
can express

Km(ζ, ζ) =
∑

i

ui(ζ)ui(ζ)∗ (26)

in terms of an orthonormal basis ui in the associated U(r)×U(q)-submodule Pm(Cr×q)
of polynomials on C

r×q. (For details, see [7] or [10].) Now assume that ζ = (ζj
i ) is a

“Grassmann” matrix, satisfying the relations (15). Define

Km(ζ, ζ) ∈ ΛC

r×q

by (26), using the involution ∗ of ΛC
r×q. Then the Grassmann relations (15) imply

that Km(ζ, ζ) = 0 unless m1 ≤ q, i.e., m ⊂ R×Q. Thus in this case (25) becomes

e− tr ζ ζ∗
=

∑
m⊂R×Q

(−1)|m|Km(ζ, ζ),

where |m| := m1 + · · · +mr. In view of (22) and (23), this implies
∫

C0|r×q

dζ Km(ζ, ζ)u∗v = (−1)|m| (um | vm)m,m∗ (27)

for all u, v ∈ Λr×q and m ⊂ R×Q. Thus the projection operators associated with the
decomposition (21) can be expressed via the Berezin integral. The Faraut-Korányi
binomial expansion [6], for matrices ζ ∈ C

r×q, yields the formula

det(1r − ζζ∗)α =
∑
m

(−α)mKm(ζ, ζ)
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where

(−α)m =
r∏

i=1

(−α+ 1 − i)mi =
r∏

i=1

mi∏
j=1

(j − i− α)

is the multivariable Pochhammer symbol. Note that

(−1)|m|(−α)m =
r∏

i=1

mi∏
j=1

(α+ i− j).

Imposing the Grassmann relations (15), it follows that only partitions m ⊂ R × Q
occur, and we obtain

det(1r − ζζ∗)α =
∑

m⊂R×Q

(−α)mKm(ζ, ζ).

Therefore (27) implies for all u, v ∈ Λr×q

∫
C0|r×q

dζ det(1r − ζζ∗)αu∗v =
∑

m⊂R×Q

(−α)m

∫
C0|r×q

dζ Km(ζ, ζ)u∗v

=
∑

m⊂R×Q

(−α)m (−1)|m| (um | vm)m, m�

=
∑

m⊂R×Q

r∏
i=1

mi∏
j=1

(α+ i− j)(um | vm)m, m� . (28)

To finish the proof of Theorem 5.4, let

Ψ(z, ζ) ∈ O(Br×p|r×q) = O(Br×p) ⊗ Λr×q

be a super-holomorphic function, and consider its canonical decomposition

Ψ(z, ζ) =
∑

m⊂R×Q

Ψm(z), (29)

with Ψm(z) ∈ Sm(Cr) ⊗ S
�
m(Cq), according to (21). For any z ∈ B

r×p consider the
fermionic change of variables

ζ = (1r − zz∗)1/2ϑ.

Since

1r − zz∗ − ζζ∗ = 1r − zz∗ − (1r − zz∗)1/2ϑϑ∗(1r − zz∗)1/2

= (1r − zz∗)1/2(1r − ϑϑ∗)(1r − zz∗)1/2
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it follows that

det(1r − zz∗ − ζζ∗) = det(1r − zz∗) det(1r − ϑϑ∗).

Therefore the fermionic integral transformation formula [3] yields

∫
Br×p|r×q

dz dζ det(1r − zz∗ − ζζ∗)ν+q−p−r Ψ(z, ζ)∗ Ψ(z, ζ)

=
∫

Br×p

dz det(1r − zz∗)ν+2q−p−r

∫
C0|r×q

dϑ det(1r − ϑϑ∗)ν+q−p−r

× Ψ(z, (1r − zz∗)1/2ϑ)∗Ψ(z, (1r − zz∗)1/2ϑ). (30)

Since (1r − zz∗)1/2 acts only on the left, its effect on the decomposition (29) is given
by

Ψ(z, (1r − zz∗)1/2ϑ) =
∑

m⊂R×Q

πm((1r − zz∗)1/2, 1q) Ψm(z).

Applying (28) to α := ν + q − p− r and u = v := Ψ(z, (1r − zz∗)1/2ϑ) ∈ Λr×q(ϑ) we
obtain, using the self-adjointness of 1r − zz∗ ∈ GLr(C),

∫
C0|r×q

dϑ det(1 − ϑϑ∗)ν+q−p−r Ψ(z, (1r − zz∗)1/2ϑ)∗ Ψ(z, (1r − zz∗)1/2ϑ)

=
∑

m⊂R×Q

r∏
i=1

mi∏
j=1

(ν + q − p− r + i− j)

×
(
πm((1r − zz∗)1/2, 1q) Ψm(z) | πm((1r − zz∗)1/2, 1q) Ψm(z)

)
m, m�

=
∑

m⊂R×Q

r∏
i=1

mi∏
j=1

(ν + q − p− r + i− j)

×
(
Ψm(z) | πm(1r − zz∗, 1q) Ψm(z)

)
m, m� (31)
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Combining (18), (30), and (31) we obtain

(Ψ | Ψ)ν

=
1
πrp

r∏
j=1

Γ(ν + 1 − j)
Γ(ν + 1 − j + q − p)

∫
Br×p

dz det(1r − zz∗)ν+2q−p−r

×
∫

C0|r×q

dϑ det(1r − ϑϑ∗)ν+q−p−r Ψ(z, (1r − zz∗)1/2 ϑ)∗ Ψ(z, (1r − zz∗)1/2 ϑ)

=
1
πrp

r∏
j=1

Γ(ν + 1 − j)
Γ(ν + 1 − j + q − p)

∑
m⊂R×Q

r∏
i=1

mi∏
j=1

(ν + q − p− r + i− j)

×
∫

Br×p

dz det(1r − zz∗)ν+2q−p−r(Ψm(z)|πm(1r − zz∗, 1q) Ψm(z))m, m� . (32)

For each m ⊂ R×Q, choose an orthonormal basis Bm of S
�
m(Cq) and write

Ψm(z) =
∑

b∈Bm

ψb
m(z) ⊗ b

where ψb
m : B

r×p → Sm(Cr) is holomorphic. Since πm (1r − zz∗, 1q) =
πm (1r − zz∗) ⊗ id acts only on the left factor of Sm (Cr) ⊗ S

�
m(Cq) we have

πm (1r − zz∗, 1q) Ψm(z) =
∑

b∈Bm

πm (1r − zz∗)ψb
m(z) ⊗ b

and therefore, using (24) and orthonormality of Bm

(Ψm(z) | πm (1r − zz∗, 1q) Ψm(z))m,m� =
∑

b∈Bm

(ψb
m(z) | πm (1r − zz∗)ψb

m(z))m.

In terms of the inner product (20) for the vector-valued Bergman space we obtain

∫
Br×p

dz det(1r − zz∗)ν+2q−p−r(Ψm(z) | πm(1r − zz∗, 1q) Ψm(z))m, m�

=
∑

b∈Bm

∫
Br×p

dz det(1r − zz∗)ν+2q−p−r(Ψb
m(z) | πm(1r − zz∗)ψb

m(z))m

=
∑

b∈Bm

(ψb
m | ψb

m)ν+2q, m = (Ψm | Ψm)H2
ν+2q(Br×p, Sm(Cr))⊗ S

�
m(Cq).

In view of (32), the assertion follows.

517
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