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ABSTRACT

While the structure of the set of stationary solutions of the Cahn-Hilliard equa-
tion on one-dimensional domains is completely understood, only partial results
are available for two-dimensional base domains. In this paper, we demonstrate
how rigorous computational techniques can be employed to establish computer-
assisted existence proofs for equilibria of the Cahn-Hilliard equation on the unit
square. Our method is based on results by Mischaikow and Zgliczyiiski [22], and
combines rigorous computations with Conley index techniques. We are able to
establish branches of equilibria and, under more restrictive conditions, even the
local uniqueness of specific equilibrium solutions. Sample computations for sev-
eral branches are presented, which illustrate the resulting patterns.
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Introduction

The Cahn-Hilliard equation

up = —A(Au+ Af(u)), in QCR",

_ _ (1)
dyu = 0,Au =0, on 0f),

was introduced in [2] and [3] as a model for the process of phase separation of a
binary alloy at a fixed temperature. The function wu(t, x) represents the concentration
of one of the two components of the binary alloy, and 9, u(z) denotes the outer normal
derivative of u at a point z € 9. The physical “interaction length” is given by A\~/2,
and thus, this parameter effectively measures the size of the material. Equation (1)

is mass preserving, that is,
d (1
— | —= t,x)dr | =0
AGIACRIORL

so a second natural parameter is the total mass

1
= ﬁ/ﬂu(t,x) dx. (2)

Of fundamental interest is the development and evolution of the concentration pat-
terns of the alloy components as a function of time. Since f is generally chosen as a
cubic-like nonlinearity, in this paper we use the standard choice

flu) =u—u’, (3)

understanding the global dynamics is extremely difficult. Moreover, (1) is an H~1(£2)-
gradient system with respect to the van der Waals free energy functional

e [ (L a2 = L2y L
Ey(u) ./9(2)\ [Vul Y +4u >d:v. (4)

For more details we refer the reader to Fife [8]. Thus, the first step towards describing
the dynamics of (1) is to identify all its equilibrium solutions. Observe that the
stationary states are given by the solutions of the nonlinear elliptic boundary value
problem

Au+ Af(u) =Ac in Q,

du=0 on 09, 5)
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Figure 1 — Two sample bifurcation diagrams. The left diagram is for fixed mass u

and shows solution branches and their associated energies Fy as a function of A\. The

right diagram contains regions where solution branches for fixed A\ are contained, this
time as functions of the total mass p and the integration constant c.

which introduces the additional parameter

ci= ﬁ/ﬂf(u) (6)

In the case of the one-dimensional domain = (0,1), the set of solutions of (5) is
completely understood. In particular, the work of Novick-Cohen and Peletier [20]
and of Grinfeld and Novick-Cohen [11] should be mentioned. However, for higher-
dimensional domains very little is known, and in fact, given current techniques there
appears to be scant hope that the problem can be resolved by purely analytic tech-
niques. Therefore, we have chosen to pursue this problem using newly developed
methods that lead to rigorous numerical proofs of the existence of equilibria for par-
tial differential equations [4,6,7,22].

As might be imagined, a proper description of our results is fairly technical and
thus is presented in section 1. However, the diagrams in figure 1 serve as representative
samples. The (slightly thickened) lines in the left diagram actually represent intervals
within which we establish the existence of unique branches of equilibrium solutions
as functions of the parameter A, for fixed mass p. The vertical axis indicates the
corresponding energies . Similarly, the diagram (b) of figure 1 provides an amplified
view of two solution branches in the vicinity of a bifurcation point as functions of the
parameters p and c¢, this time for fixed . Notice that due to inherent limitations of
the techniques presented in this paper, these lines do not extend to the bifurcation
point. However, this gap can most likely be addressed using ideas developed by
P. Zgliczynski and one of the authors of this paper.
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The results of section 1 are obtained via a two step procedure. First, the expected
equilibria are computed numerically using a path-following algorithm developed for
the numerical analysis of the equilibria of the Cahn-Hilliard equation in [14], which
is applied to a Galerkin approximation of (5). The algorithm is based on a predictor-
corrector procedure with step-length adaption as discussed for example in Allgower
and Georg [1, chapter 3]. Details can be found in the appendix of [14] and will
therefore not be repeated in the present paper. It suffices to note that the path-
following computations merely provide the input information for the subsequent rig-
orous computations. If this input information turns out to be poor, then the rigorous
computations fail to verify the existence of an equilibrium.

The rigorous computations are the subject of the second step. Here, topological
techniques in combination with rigorous estimates are used to prove the existence
and uniqueness of the equilibria. The majority of this paper is devoted to presenting
the details of this approach. However, a brief outline is appropriate at this point.
Observe that in case Q = [0, 1]? the definitions

¢o0=1 and ¢;;(z,y) = cos(imz) cos(jmy), for all (i,7) € N*\ {(0,0)}  (7)

furnish a complete orthogonal basis for the Hilbert space L?(2). Using the associated
Fourier expansion, an element u(t,-,-) € L%(Q) can be written as

u(t,z,y) Z ) - &i5(@,y). (8)

Substituting this expression into (5) with the cubic nonlinearity f defined in (3), we
obtain the infinite system of ordinary differential equations

. P P cij o
i 5 = =%+ 32?7 ui j + A+ 5)r° (Uu - Z] > Up,qur,suipr,qu> (9)

p,q,T,SEL

for i, j € No, with suitable fixed constants ¢; ; (cf. Lemma A.1 and (55)) and

duyg 1 for (4,7) = (0,0),
Ui = { 2uy,y fori=0,j#0 or i #0,j=0, for (i, j) € Z°.
wj|,)j  otherwise,
Using the standard idea of a Galerkin projection we restrict our attention to the finite

subset of equations of (9) associated with i,j < M and u,, = 0 for all p,q > M.
This yields the finite-dimensional system of ordinary differential equations given by

. P P Cirj o
iy = — (i + 52w tui y + A+ 5%)r° (Uu - Zf > Up,qur,suz‘—p—m—q—s>a (10)

p,q,T,8

where 0 <i,5 < M.
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Clearly, passing from (9) to (10) introduces errors. However, the fact that solutions
to the elliptic problem (5) are smooth implies at least a polynomial decay of the
Fourier coefficients in (8). As is presented in section A in the appendix, this allows
us to obtain explicit estimates for the truncation errors.

To deduce the existence of equilibrium solutions for the Cahn-Hilliard equation
from a study of the finite-dimensional system (10) additionally requires existence
results that are robust with respect to fixed size perturbations — in particular per-
turbations of the size of the truncation errors. This suggests the use of topology and
for the purposes of this paper we employ two concepts, namely self-consistent a priori
bounds and the Conley index. These concepts are recalled in section 2, which for the
most part does not provide new information, but is rather used to introduce the ideas
and notation employed in the final two sections. The exception is Theorem 2.6 which
provides sufficient conditions for the verification of self-consistent a priori bounds for
the Cahn-Hilliard equation on the unit square (0,1)2. The verification of sets and
sequences which satisty strict topologically self-consistent a priori bounds and specific
conditions on the associated Conley index then guarantee the existence of equilibria
satisfying specific bounds for the Cahn-Hilliard equation.

With the existence question satisfied, section 3 contains results that establish the
uniqueness of equilibrium solutions. Finally, section 4 concludes the paper with a
brief discussion of the interactive use of the path-following algorithms in combination
with the rigorous computations. This is necessary to establish existence results over
regions of parameter space as opposed to particular points in parameter space.

As already mentioned, for higher dimensions analytical approaches to equilibria
of (1) are quite rare. Maybe the most striking result is due to Kielhofer [13]. He
views (5) and (2) on Q = (0,1)? as a bifurcation problem for A\ = )¢ fixed and
sufficiently large. It is easy to see that there are two possible bifurcation points from
the trivial solution line ¢ = f(u) for each mode. The modes are the eigenfunctions
of (5) linearized around u = u. In case of the unit square the modes are given by
w;ij = ¢;; given in (7). Kielhofer shows in [13] that the continua for modes of the
form wg and wgo + wor connect those two bifurcation points and are separated from
each other (see Theorem 1.3). In the same spirit is a result of Maier-Paape and
Miller [15]. They show that for modes of the form wy,; the two bifurcation points are
connected by a continuum of nontrivial solutions, either separated from other branches
as in Kielhofer’s result, or they have an extra connection to the trivial solution (see
Theorem 1.4). Furthermore they prove that the continua for modes of the form wy,
and wyo + wor and fixed pg = 0 continue as smooth curves in the parameter A and
are separated from each other.

Here, besides that we check the analytical results with our rigorous numerical
method, we also find solutions that obviously do not lie on one of the known branches.
We refer to them as secondary bifurcations. Additionally, we gathered results for the
mode wis + woy, for which at present there is no analytical result. We give results for
the modes wo1, wig + wo1, W11, wi2, and wis + wey. Due to limitations in computer
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space and time, we only calculated equilibria for A\ < 60. Confer also the results of
Maier-Paape and Miller in [14] which cover a much larger A range, but there the used
standard numerical method is not rigorous.

We would like to point out that the existence of equilibria could also be obtained
by using purely degree-theoretic arguments, i.e., without employing Conley index
methods. However, the current paper serves as the foundation for the paper [16],
which determines the global dynamics of the Cahn-Hilliard equation on the unit
square. For this, one has to combine the existence results for equilibria and knowledge
of their Conley indices with the topological machinery of the Conley index theory,
most notably connection and transition matrices, to provide possible characterizations
of the global attractor and the existence of global bifurcations as a function of the
parameters A and p. This is the main reason for our use of Conley index methods in
the current paper.

1. Equilibrium solutions on the square

In this section we present our main results for the Cahn-Hilliard equation on the unit
square in detail. This will be accomplished in sections 1.3 through 1.6, where we
describe the bifurcation scenario for A < 60. As a preparation, sections 1.1 and 1.2
review known analytical results on the structure of the equilibrium set and survey
useful symmetry arguments.

1.1. Bifurcation analysis and analytical results

We begin by reviewing some results from bifurcation theory. It can easily be seen that
the stationary problem (5) subject to the mass constraint (2) has the trivial solution
u=pand ¢ = f(u) = u— p> for arbitrary A > 0. (Recall that we assume the specific
cubic nonlinearity defined in (3).) In order to study bifurcations from this trivial
solution, we consider the kernel of the linearization of (5) at the homogeneous state
u = p, which is given by all solutions of the problem

Av+ A1 —-3p%)v =0, in Q, 1)
d,v =0, on ON.

It can easily be seen that the solutions of this equation have to be eigenfunctions of —A

on ) subject to homogeneous Neumann boundary conditions. More precisely, if w

denotes a non-constant eigenfunction of the negative Laplacian with eigenvalue x > 0,

then v = w solves (11) for

K 1
A= .
1—3u? o |N|<\/§
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Thus, bifurcations from the homogeneous state p are only possible if p is contained
in the spinodal region, and in this case

/1
w==+ 57% for A > k.

The relevant eigenfunctions or modes w for —A on the square Q = (0,1)? are given
by
wiy (1, T2) = cos(mkxy) - cos(wlxy), for (z1,z2) € [0,1)?,

as well as k,l € Ny, with corresponding eigenvalues sy = (k? + [?) - 72. In other

words, the set of possible bifurcation points from the homogeneous state is given by

Kii 1
Aij = Nij(p) = 1 71;%27 for [u| < el (12)
or
S EO) = B g Ak (13)
pi = pi;(A) = 3 gy ot Kij-

In order to state some Rabinowitz-type results for bifurcations occurring at the
modes wjo + wo; and wyj, for 7,5 € N, we first have to introduce some notation.
Consider the closed subspaces

k4+a _
Xij = {v

/ vdr = 0} N CH*(R?) N Sy,
Q

of the usual Holder spaces for k € Ny and « € [0, 1], where

5= { | wte) = wloap) = wte—) = w (2 20

as well as

7

Xhte = {v

/ vdr = 0} NCH*(R?*) N S;,
Q

Then the mapping G defined by
GiRXRXX%Jra%X% or G:RXRXX?JFQ—»XQ

7
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with
G(p, A\ v) = Av+ Af(v+ p) — /fv+u

is smooth. Moreover, zeros of G correspond to solutions v = v + u of (5).

Now fix A\g > k45 or Ag > Iilo It can easily be shown that 0 is a simple eigenvalue
of D G(u”,)\o, 0) or D G(ulo, Ao, 0) with eigenfunction w;; or w;o + wo;, respectively.
Thus, the following Rabinowitz-type results are evident; see [15] for more details.
Remark 1.1. Fix A\g > rk;; and ufj = ufj (Ao). Then for all i, j € N the points (pjj,())
and (p;j, 0) are bifurcation points of global nontrivial continua

Cii(h0) = el (u,v) € R x X2 | G(p, Ao,v) =0, v £ 0} 3 (u,0)
and
Ci; (o) = clf (1,v) € R x X5 | G, Ao, v) =0, v#0} 3 (ug;,0)

subject to the Rabinowitz alternative, i.e., the branches are either unbounded in
Rx X ff”‘ or meet the trivial solution line at a different bifurcation point of the form

(12,0).
Remark 1.2. Analogously, fix \g > kio and p, = pi(N\g). Then for all i € N the
points (u,0) and (1155, 0) are bifurcation points of global nontrivial continua

CiF (o) = cl{ (1, v) € R x X2 | G(11,\o,v) =0, v#0} 2 (uh,0)
and
Ci (o) = cl{ (1, v) € R x XZT*| G, Ao, v) =0, v#0} 3 (u,0)

subject to a Rabinowitz alternative.

In [13], Kielhofer showed that for fixed A\g > ko the two bifurcation points ,u;[) =
i (No) and gy = pi(No) are connected through the continua C;f(\g) and C; (Ao),
ie., Cf(A\o) and C;” ()\0) coincide. For different modes, however, these global continua
are separated, i.e., C:5(\o) N ij»:(/\o) = () for ¢ # j. He also obtained a similar result
for the blfurcatlon points p“ = p“(/\g) and p;; = p;;(Xo), with Ao > kj;. For this,
Kielhofer considers the spaces X; FTa together with an additional symmetry, namely
S = {u | u(z,y) = uly,x) }. ThlS gives rise to nontrivial continua C ~(A\o) which
connect the two bifurcation points and are therefore equal. Again, they are separated
for different modes, i.e. CjE (Mo) ﬂCi (Ao) = 0 for ¢ # j. Using our notation, Kielhofer
obtained the followmg result in [13]

Theorem 1.3. For fized i € N and Ao > ko, we have (1u5,0) € C;F(Ao) and (u};,0) €
C. (X\o), and therefore C+(/\0) = C ()\0). For X\o > Ki;, one obtains both (p;;,0) €
@;(/\0) and (uj;,0) € C 5 (Ao, C;()\o) = (/f\;(/\o). Furthermore, these global
continua are separated fmm each other,
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Another result along these lines can be found in [15].

Theorem 1.4. Choose i,j € N and Nog > k4 fized. Then the continuum C;;()\O)
of nontrivial solutions of (5) corresponding to w;;, which bifurcates from the triv-
ial solution at the point (,u?'j()\o),O) is equal to the continuum C;;(Xo), which bifur-
cates from the point (p;;(Xo),0). It either is separated from the continua C%[,()\O)
for all (i,7) € N>\ {(i,4)} with ili and j|j, or, there is some other trivial solution
(m,0) € C;()\o) = C;;(Xo) with m # mfj(/\o), In the latter case, the continuum
C;;(/\O) contains a loop, i.e., the two parts of C;;(/\O) bifurcating at (u;"j()\o),()) in
different directions are connected through a path in C;;(/\O) that does not meet the
trivial solution line.

In addition, [15] contains a result for fixed p9 = 0. For this, one views equation (5)
as a bifurcation problem in \ for fixed mass u = pg, where |uo| < 1/v/3. Then 0 is
a simple eigenvalue of D,G(po, Aij,0) or DyG(po, Nig,0), and a similar argument
furnishes the following result.

Remark 1.5. Fix po € (71/\/5,1/\/5), Aij = Aij(o), and Xip = Aio(mo). Then for
all 4,7 € N the points (A;j,0) or (Xjo,0) are bifurcation points of global nontrivial
continua

Cij(po) = c{ (\,v) € R x X7 [ G(po, A,v) =0, v#0} 3 (Ay,0)

]
and
Ci(po) = cl{ (\,v) € R x X2t | G(po, A\, v) =0, v#0,} > (N, 0)

subject to a Rabinowitz alternative.

In particular for ;19 = 0, we add an additional symmetry to our spaces X; and X;,

namely
1 1
si=wlw(z,y) = —w( -y, -~

(o= o)}

respectively, to define the spaces

Ykto . ykto ) Yhkta . ykto B
X; =X,""Ns; and X5 =X N sy

and

Then the smooth mapping G defined by

70

GIRXX%+O‘—>Z%‘- or  G:Rx XX X¢

G\ v) = Av+ A f(v),

is well defined. For py = 0, one obtains the possible bifurcation points A;;(0) = ki,
and X\;o(0) = ko, and arguing as above one can establish the following result.
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Remark 1.6. For all 4,5 € N the points (k;;,0) and (ki0,0) are bifurcation points of
global nontrivial continua

Cij = c{ (\v) €R x X2 | G(\,0) =0, v 0} 3 (r,0)

ij
and

Ci=c{(M\v) ERX X2 | G(A\v) = 0,0 0} 3 (ki0,0)

subject to a Rabinowitz alternative.

Finally, [15] contains the following result.

Theorem 1.7. Choose i,7 € N and po = 0. The continuum aj (respectively a)
of nontrivial solutions of (5) corresponding to w;; (respectively wio + wo;), which
bifurcates from the trivial solution at the point A\;j(0) (respectively Aio(0)), consists of
two differentiable curves which are parameterized with respect to \. Furthermore the
continuum does not return to the trivial solution line.

1.2. Transformations and symmetry of equilibria

Due to the symmetries of our base domain, many of the equilibrium solutions of (5)
can be transformed into each other by suitable symmetry operations. In this brief
section we introduce the terminology which will be used in this context.

Let ug be a solution of (5) subject to (2) on the unit square = (0,1)2, and with
parameter values (g, Ao, co). Then we can extend wug by even reflections to the whole
of R?, and the resulting function is smooth. If we now define the function

’uk(m,y) = UO(kxa ky)v for T,y € (07 1)27

and k € N, then v* is also a solution of (5) and (2), yet this time with parameter
values (uo, k?Xo, ¢p). In addition, if we let m : u — —u denote the multiplication of
a function by —1, then mug is also a solution of (5) and (2), but this time for the
parameter values u = —pgp, A = Ao, and ¢ = —¢p. Finally, let R denote the counter-
clockwise rotation about 90 degrees around the center (1/2,1/2) of €2, and let 7 be
the reflection at the line z = 1/2. More precisely, for u : [0,1]?> — R, we have

The symmetry group of the unit square, the dihedral group Dy, consists of four
rotations around (1/2,1/2) by multiples of 90 degrees, as well as four reflections,
namely the reflections at the line x = 1/2, the line y = 1/2, as well as the diagonal
and the anti-diagonal of the square. Note that the actions R and 7 generate all
symmetries of the square. For example, the reflection at the diagonal of the square is
given by 7R, since
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w12 + w21
w12
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-0.04 -
-0.06 w11
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w10 + wo1

—0.12f
wo1

-0.14

L L L L L ,
0 10 20 30 40 50 60

A

Figure 2 — Bifurcation diagram for solutions of (5) subject to (2) for o =0

Similarly, the reflection at the antidiagonal is given by R7, which shows that R and 7
do not commute. Now choose v € Dy arbitrary. If ug is a solution of (5) subject to
the mass constraint (2) on = (0,1)?, and with parameters (ug, Ao, co), then vyug is
also a solution with the same parameter values.

1.3. Bifurcation diagram for pg = 0

After these preliminary discussions, we begin with presenting the main results of this
paper, and the current section focuses on an overview in terms of the bifurcation
diagram for vanishing total mass.

Due to (12) there are four possible bifurcation points for py = 0 and A < 60,
namely )\01 = )\10 = K10 — 7T2, )\11 = K11 = 271'2, )\02 = )\20 = KRgo = 47‘[’27 and
A2 = Ao1 = K1z = 572, Figure 2 contains the bifurcation diagram for py = 0. In
this figure, the straight line at the top represents the trivial solution line u = 0.
The solution branches are shown as functions of the parameter A, the vertical axis
indicates the energy E\ of the equilibria defined in (4). Each curve corresponds to
a particular eigenfunction of the linearization of the Cahn-Hilliard equation at the
respective bifurcation point. For example, for the first bifurcation point A;g two
branches are shown, one for the mode wgy, and one for the superposition wyg + wo1.
Yet, these branches are only the representatives within a symmetry class. Thus,
while figure 2 shows only two bifurcating branches at \jq, there are in fact four such
branches, two each for the two depicted ones. The remaining branches correspond to
the modes wip and wygp — wo1, and the collection of all four branches together gives
rise to eight equilibria for each A > Ag. Also the remaining branches in figure 2 show
only the relevant modes in each symmetry class. Related branches are suppressed,
i.e., we omit modes waq, woz, Wag £ Wo2, wai, and wis — Waq.
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w12 + w21 T

Ey st Ey
ol
-250 051
o
4
-35
7445 5‘0 52 i: 5‘6 5‘5 6‘0 -‘1973 19‘74 19‘75 19‘75 19‘77 '\9‘73 15‘79
(a) Close-up of figure 2, showing the mo- (b) Close-up of the bifurcation point
des w12 and wig + wo1 A1 = 272
Figure 3

A closer look at the branches in figure 2 reveals that the shown curves exhibit
a certain nonuniform thickness. This is due to the fact that for each value of A
the branch contains an energy interval, and we can actually prove the existence of
equilibria within these intervals. More details can be found in the following sections.

In figure 2 it is hard to distinguish between the branches that correspond to the
modes wis and wis + woy. A more detailed representation is contained in figure 3a,
which shows for example that the mode w2 solutions have lower energy. By using a
sufficient condition for uniqueness which will be presented in Theorem 3.7 below, we
can establish the existence of a unique solution in each of the computed regions for
every fixed \. See also Theorem 1.15. Hence, the two branches shown in figure 3a
are in fact separated, and only due to the projection onto the (A, Ey)-plane do they
seem to overlap. One deficiency of our method is that it does not work close to the
bifurcation points. Figure 3b shows a close-up of a neighborhood of the bifurcation
point A\;1 = 272 in figure 2. The black line corresponds to the trivial solution,
the point (A11,0) is marked with a circle. Notice that the area which contains the
branch of nontrivial solutions starts only at A\ = 272 4 0.0005. Similarly, for the
remaining branches in figure 2, the actually computed nontrivial branches start at A =
72 +0.0025 and X = 572 4 0.0025, respectively. We will see below that our uniqueness
result applies to the complete wii-branch in figure 2, and therefore the overlap of the
trivial solution and the area for the nontrivial solution branch in figure 3b is again a
consequence of the projection on the (A, Ey)-plane.

Finally, the wyo + wpi-branch in figure 2 undergoes a secondary bifurcation of
pitchfork-type at A\ &~ 51.8485. Unfortunately, the energy values of the two branches
are extremely close, which makes it impossible to resolve them in figure 2. We will
address this issue in more detail later. See section 1.5, in particular figures 13a
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Figure 4 — Energy for mode wy; solutions of (5) subject to (2) for o =0

and 13b.

1.4. The mode w1,

In this and the following two sections we focus on each of the three bifurcation points
in figure 2 and discuss the bifurcating branches. Unlike in the previous section, we
will also consider the effects of mass variation. We begin in this section with the
bifurcation point Aj;. For total mass pg = 0, the wij-branch emanating at the
bifurcation is shown in figure 4. In fact, the methods of this paper allow us to derive
the following result.

Theorem 1.8 (Mode wyy for py = 0). There exists a branch of solutions of (5)
subject to the constraint (2) for po = 0 and X\ € 27 + 0.0005,60] as shown in
Figure 4. For fized )\, these solutions are unique in a small neighborhood. The errors
in the maximum norm along the path, denoted by dco, are less than 0.00314. The
errors in the energy, denoted by 6, , are less than 0.00016. More precisely, this error
1s the length of the boxes in the energy direction of the branch shown in figure 4.

Theorem 1.8 was obtained using the rigorous computational techniques which were
outlined in the introduction, and which will be described in more detail in the sections
to come. In order to show the geometry of the solutions along the branch guaranteed
by the theorem, figure 5 contains contour plots of sample numerically determined
solutions along the branch. The position of each of these solutions is marked by a dot
in figure 4. Above each contour plot, the corresponding A-value is shown, together
with the maximal distance dco, within which there actually exists a true equilibrium
solution. The contour plot is given with a grey scale intensity, varying from white,
which corresponds to the value +1, to black, which represents the value —1. This
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Figure 5 — Snapshots for mode wy; solutions of (5) for g =0
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convention will be used for all the contour plots in this paper. The respective colored
graphics might be downloaded from http://chomp.rutgers.edu.

As we mentioned in the previous section, our method cannot resolve the structure
at the bifurcation point. Hence, we are not able to prove that the branch of Theo-
rem 1.8 is a part of the branch C;; introduced in section 1.1. However, the fact that
this branch starts near the bifurcation point and that its solutions exhibit the correct
geometry supports this conjecture. Of course, there are two curves bifurcating from
the trivial solution u = 0 at A\ = 272, In addition to the one shown in figures 4
and 5, there is also the solution curve which can be obtained by an application of the
action m, i.e., by multiplication with —1.

We now turn our attention to the effects of mass variation. Figure 6a shows the
solution curve of the wy; mode for fixed A\g = 30 in the (y, ¢)-plane, see (2) and (6).
The black line corresponds to the trivial solution v = 0, ¢ = g — p3. The blue and the
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red curves are in fact areas which contain a solution branch. The intersection point
of the blue area and the trivial solution line in the center of the figure is artificial and
only due to the projection of the branch onto the (u,c)-plane. This is also true for
the intersections of the red and blue curves. By using our method, we can establish
the following result.

Theorem 1.9 (Mode w1 at A\g = 30).

(i) There exists a solution branch for Ao = 30 from (u,c) = (—0.107176, —0.075736)
to (p,c) = (0.107176,0.075736). These solutions are unique in a small
neighborhood (for 1 or ¢ fized) between (u,c) = (—0.104175,—0.073673) and
(1, ¢) = (0.104175,0.073673). The errors dco in the mazimum norm along the
branch are less than 0.00608. The error in u, denoted by 6,, is less
than 0.00025, the error in ¢, denoted by ., is less than 0.00038. These er-
rors are the length of the boxes in the p and c direction. Furthermore, from
(,¢) = (0.107228,0.075772) to (u,c) = (0.343395,0.280698), and similarly
from (m¢) = (—0.107228,—0.075772) to (u,c) = (—0.343395, —0.280698),
there is a branch for Ao = 30 with dco < 0.00052, 6, < 0.00113, and
0 < 0.00046. The solutions are unique from (u,c) = (0.114287,0.080610) to
(1, ¢) = (0.342174,0.272221), as well as from (u,c) = (—0.114287,—0.080610)
to (u,c) = (—0.342174, —0.272221). Finally, there exists a branch of solutions
from (p,c) = (0.343396,0.280699) to (u,c) = (0.337654,0.299154), and simi-
larly from (u,c) = (—0.343396,—0.280699) to (i, c) = (—0.337654, —0.299154),
with dco < 0.00129, 6, < 0.00005, and d. < 0.00002. This branch con-
sists of unique solutions between (u,c) = (0.343397,0.280721) and (u,c) =
(0.338226,0.298463), and similarly between (u,c) = (—0.343397,—0.280721)
and (p,c) = (—0.338226, —0.298463). These five branches are denoted by w1y

(see figure Ga,).

(ii) There are solution branches for fized Ao = 30 from (u, c) = (0.107459,0.075868)
to (u,c) = (0.343392,0.280694), and similarly from (u,c) = (—0.107459,
—0.075868) to (u,c) = (—0.343392, —0.280694). They are denoted by si1 (see
figure 6a). Solutions are unique from (u,c) = (0.110591,0.077269) to (p,c) =
(0.341452,0.278271), and we have dco < 0.0043, 6, < 0.00042 and 6. <
0.00042.

We summarize the essential information pertaining to the branches of Theorem 1.9
for positive p in a table. Note that in table 1 the data is given with only four decimal
places. The errors dco, d,, and J. are rounded up, the starting and end points of the
curves are rounded towards the directions of the paths, i.e., if a path starts at the
point (u, ¢) = (0.107228,0.075772) and increases in both p and ¢ directions, then both
values are rounded up to (i, c¢) = (0.1073,0.0758). We will follow this convention in
all future tables as well.

Revista Matematica Complutense
2008: vol. 21, num. 2, pags. 351-426 366



Maier-Paape et al. Rigorous numerics for the Cahn-Hilliard equation on the unit square

Table 1 — Table of branches from (u1,¢1) to (e, c2) at Ao = 30, for 4 >0

mode | 1 | c1 | 2 | c2 | oo | Op | de | uniqueness
w11 0 0 0.1071 | 0.0757 | 0.0061 | 0.0003 | 0.0004 partly
w11 0.1073 | 0.0758 | 0.3433 | 0.2807 | 0.0006 | 0.0012 | 0.0005 partly
w11 0.3434 | 0.2808 | 0.3377 | 0.2991 | 0.0013 | 0.0001 | 0.0001 partly
S11 0.1075 | 0.0759 | 0.3433 | 0.2806 | 0.0043 | 0.0005 | 0.0005 partly

Table 2 — Uniqueness of the solutions on the branches in table 1 can be established
between the parameter values (fi1,¢1) and (g2, é2)

mode | ﬂ,l | 51 | ,L~L2 | 52
w11 0 0 0.1041 | 0.0736
w11 0.1143 | 0.0807 | 0.3421 | 0.2722
wyp | 0.3434 | 0.2808 | 0.3383 | 0.2964
511 0.1106 | 0.0773 | 0.3414 | 0.2782

As expected, our method does not apply near the bifurcation points

2
pf =+ % — % with Ao = 30.

However, the formulation of Theorem 1.9 shows that the method also fails near the
four points (p,c¢) = £(0.3433955,0.2806985) and (u,¢) = +(0.1072,0.07575). Fig-
ure 6b contains a close-up of one of these locations. It can clearly be seen that there
is a gap in the thick path wi; — and that the end of the thin branch s;; is very close
to this gap. As we will see in section 3, the starting point for our method has to be a
hyperbolic equilibrium of the finite-dimensional system (10). Thus, the linearization
of (10) at this equilibrium cannot have a vanishing eigenvalue, and even eigenvalues
close to 0 will lead to the failure of our approach. This situation certainly arises if
the linearization of the full infinite-dimensional system (55) at an equilibrium has a
nontrivial kernel — which is the case at any secondary bifurcation point. We believe
that this is exactly what happens in figure 6b, see also figure 6a. It seems plausible
that the thin branch s1; in these figures bifurcates from the thick path wy;. Scenarios
such as this will be encountered frequently in the following, and we will henceforth
simply refer to this situation as secondary bifurcation. In fact there are two branches
bifurcating from the w1 curve. They are linked by symmetry and therefore have the
same (f, c)-values, see also figure 10 below.

Now consider the fixed parameter value \g = 60. Figures 7a and 7b contain
areas that enclose actual solutions on the primary bifurcating branch wi; and on
the secondary sii, respectively. As before, the curve ¢ = pu — pu® represents the
trivial solution, and the intersection between this and the wi; curve in figure 7a at
(1, ¢) = (0,0) is only due to the projection onto the (i, ¢)-plane. Figure 7b contains a
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(a) Bifurcation diagram for mode w11 solutions (b) Close-up of figure 7a

of (5) for fixed Ao = 60
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more detailed view of the upper half of the branches in figure 7a, i.e.; of the branches
with nonnegative p and c. Finally, in figure 8 we present snapshots of functions which
are contained in the regions describing the branches, and are therefore prototypical
of the observed geometries. The locations of these functions are indicated by dots
in figure 7b. Notice that all of these snapshots are located on the upper branch.
The corresponding functions on the lower branch can be obtained by applying the
action mR.

Recall that for the mode wq; we can apply Kielhofer’s result for continua with
fixed parameter A = \g. Therefore, the continuum C;;(A\g) = C;;(A\o) connects the
two bifurcation points x; and uj;, see also Theorem 1.3. A local analysis near the
bifurcation point p}; shows that the continuum consist of two paths which can be
parameterized as

v(s) = swi; +o(s) and p(s) =pf; +o(s) for sec(—6,0), (14)

and 0 > 0 sufficiently small. Now let Ky, = Ky, (Ao) denote the branch which
contains v(s) for s € (0,0), and let K_,,, = K_u,, (Ag) be the one with v(s)
for s € (—4,0). Based on the geometries shown in figure 8, we suggest that the
branch described in table 3 is part of ICy,,, C CAE()\O) for Ay = 60. Remember that
6\1'*'1(/\0) c Xiten S, where u € X7 implies u = R?u, and from u € S we obtain
u = TRu. Together, we have u = R?*u = R?*T Ru = RT u, where we used the iden-
tity R7R = 7. In other words, u is invariant under the reflection at the diagonals.
By applying the action R, one obtains another branch of solutions with identical val-
ues of y and c. This is the other branch K_,,, of Cf(A\o) which bifurcates at uj;.
We summarize the results of our computations relating to figures 7a and 7b in the
following theorem.
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Figure 8 — Snapshots for mode wy; solutions of (5) for A\g = 60

Table 3 — Table of branches from (p1,¢1) to (e, c2) at Ao = 60 for p >0

mode | 1 | 1 | 12 | C2 | oo | Op | de | uniqueness
w11 0 0 0.0052 | 0.0048 | 0.0003 | 0.0001 | 0.0001 no
w11 0.0054 | 0.0049 | 0.4835 | 0.3661 | 0.0045 | 0.0007 | 0.0008 partly
w11 0.4834 | 0.3662 | 0.4736 | 0.3671 | 0.0095 | 0.0012 | 0.0001 no

s11 0.0054 | 0.0049 | 0.4834 | 0.3661 | 0.0091 | 0.0008 | 0.0006 partly
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Table 4 — Uniqueness of the branches in table 3 holds from (fi1,¢1) to (fiz, ¢2)

mode | | & | p2 | &
w11 0.0292 | 0.0261 | 0.491 | 0.3647
S11 0.4652 | 0.3355 | 0.4795 | 0.3622

1
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Figure 9 — Snapshots for solutions on the branch s11

Theorem 1.10 (Mode wy; for A\g = 60). There exist branches of solutions of (5)
subject to the constraint (2) for Ao = 60 as shown in figure 7b. Detailed information
on the endpoints of these branches in the (u, ¢)-plane, as well as uniqueness assertions,
can be found in tables 3 and 4.

The branch s;; described in table 3 is a secondary bifurcation of the part ICy,,

of the continuum é\ﬂ (Ao) in the sense mentioned earlier. Figure 9 contains snapshots
of sample solutions along the path. Their locations are indicated by black dots in
figure 7b. Elements on the red branch in the lower left part of Figure 7a can be
obtained by the action mR. Notice that according to the geometry of the functions
in figure 9, s11 returns to the branch from which it bifurcates, thereby breaking the
symmetry R7. Hence, by applying R7 we obtain another branch with identical u
and ¢ values which bifurcates from and returns to K,,, C Cjf;(\o) at the same points.
In figure 10 we give a sketch of this secondary bifurcation. It indicates that the
branch Ky, for fixed A\g = 60 is connected with itself through the branches si;
and R7 (s11). Applying the action R furnishes a connection of K_,,, with itself
through the branches R(s11) and R?*7 (s11).
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Figure 10 — Sketch of the secondary bifurcation related to s11
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Figure 11 — Energy for mode wp; solutions with o =0

1.5. The modes wg1 and w19 + wo1

In this section we consider the solution branches associated with modes wg; and
w1 + wp1. We begin with the mode wg; for pg = 0.

Theorem 1.11 (Mode wq; for po = 0). For total mass po = 0 there exists a branch
of unique solutions of (5) subject to (2) for A € [7%+0.0025,60] as shown in figure 11,
with §co < 0.00032 and dp, < 0.00029.

The geometry of sample solutions on this branch is shown in figure 12, the lo-
cations of these solutions are indicated by dots in figure 11. Notice that due to the
shape of the solutions, this branch is presumably the ODE-branch. Through the ac-
tion m one obtains the other branch of wg; solutions of (5) subject to (2) for ug = 0.
The wyo solutions can be generated by applying 7R. Next, we turn our attention to
mode wj + wp; solutions for vanishing total mass pg = 0.
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Figure 12 — Snapshots for mode wg; solutions with g =0
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Theorem 1.12 (Mode wig + wo1 for pg = 0). We consider problem (5) subject to
the mass constraint (2) and with nonlinearity (3).

(i) There exists a branch of solutions for \ € [r* + 0.0025,51.84797] as shown in
figure 13a, with dco < 0.00285 and 6g, < 0.0011. It is unique for
A € [7% +0.0025,51.26511). Furthermore there exists a branch of solutions for
A € [51.84914, 60] as shown in figure 13a, with éco < 0.00055, 05, < 0.00017
and uniqueness for A € [52.84354, 60].

(ii) There exists a branch of solutions for X € [51.84828,60] as shown in figure 13a,
with error bounds dco < 0.00497 and 0p, < 0.00022. It is unique for A\ €
[54.19267, 60].

The branches in (i) and (ii) to the right of the bifurcation point at A = 51.85 are
distinct.
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Figure 14 — Snapshots for mode wyg + wp; solutions with gy = 0 on the primary
branch

It was already mentioned in section 1.3 that the primary branch undergoes a
pitchfork bifurcation at A ~ 51.8485. The energy values of the solutions on the
secondary branches are very close to the ones on the primary branch, and therefore
the branches could not be easily distinguished in Figure 2. In Figure 13a besides the
primary branch also the bifurcating path described in Theorem 1.12 (ii) is given. A
more detailed view of the branches for A € [50,60] can be found in figure 13b. We
would like to point out that at least for A = 60, the energy of the secondary branch is
lower than the energy of the primary branch. As before, we cannot prove the existence
of the bifurcation rigorously. We observe that our method fails for \ ~~ 51.8485, since
the linearization has an eigenvalue near zero. For A € [72 + 0.0025,51.84797] we find
one branch, for A € [51.8492,60] there are two branches — which is indicative of the
bifurcation.

Figure 14 shows level sets of sample functions which are close to actual equilibria
on the branch in Theorem 1.12 (i), i.e., this branch appears to be part of C; which
was introduced in section 1.1; see Remark 1.6. According to Theorem 1.7, a consists
of two curves bifurcating from the trivial solution line v = 0 at A = 72, and one can
generate the second branch by applying m to the computed one. There is no secondary
bifurcation from C; in the corresponding fixed-point space; see Remark 1.6. Hence,
the new branch must break one of the symmetries, in fact, it breaks the symmetry
w = mR7w. This can clearly be seen in figure 15, where snapshots of functions in
the regions of figures 13a and 13b are depicted. The locations of these functions are
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Figure 15 — Snapshots for mode wig + w1 solutions with py = 0 on the secondary
branch

Figure 16 — Bifurcation diagram for mode wp; and w19 + wop; solutions for Ag = 30

indicated by dots. By applying mR7 to this branch, we get a branch of solutions
with the same values of A and E), but with negated ¢ values. Moreover, if this
secondary branch actually bifurcates from Ci, then the transformed branch has to
bifurcate from C; at the same bifurcation point, since C; is invariant under the action
mR7T.

We now turn our attention to fixing the parameter A = A\g and studying variations
in the total mass u. Figure 16 shows the situation for A\g = 30. In addition to
continuations of the wg; and wig + w1 branches, we found a secondary bifurcation
that creates a connecting branch between them. More precisely, we have the following
result.

Theorem 1.13 (Modes wg; and wig + wer for A\g = 30). There exist branches of
solutions of (5) subject to the constraint (2) for Ao = 30 as shown in figure 16.
Detailed information on the endpoints of these branches in the (u,c)-plane, as well
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Table 5 — Table of branches from (p1,¢1) to (ue2,c2) at A\g = 30 for © >0

mode | w1 | c1 | 2 | () | dc0 | Op | dc | uniqueness
wo1 0 0 0.3568 | 0.0628 | 0.0003 | 0.0003 | 0.0006 partly
wo1 0.3569 | 0.0629 0.473 0.3671 | 0.0072 | 0.0012 | 0.0006 partly
w10 + wo1 0 0 0.1914 0.106 0.0003 | 0.0003 | 0.0006 partly
wio +we1 | 0.1915 | 0.1061 | 0.4732 | 0.3671 | 0.0234 | 0.0008 | 0.0006 partly
sél 0.1915 0.106 0.3568 | 0.0629 | 0.0003 | 0.0007 | 0.0007 partly

Table 6 — Uniqueness of the branches in table 5 holds from (fi1,¢1) to (fiz, ¢2)

mode ﬂl 61 ﬂg 62
Wo1 0 0 0.355 | 0.0618
Wo1 0.3587 | 0.0639 | 0.473 | 0.3667

w1 + Wo1 0 0 0.1841 | 0.1038
wig +wor | 0.1988 | 0.1083 | 0.4808 | 0.3665
sty 0.1958 | 0.1049 | 0.3562 | 0.063

as uniqueness assertions, can be found in tables 5 and 6.

The locations of the branches guaranteed by this theorem are indicated in figure 16.
The branches corresponding to the wg; and the wig + wp1 modes are labeled, and
the secondary connection between them is shown as well. The situation is similar
for A\g = 60. One can establish the existence of a connecting branch s}; between the
wp1 and wyg + wp1 solution branches. Yet in addition, we also obtain another small
branch which bifurcates from the wgi-path and returns to it. This new branch is
denoted by s2,. Figure 17a shows the bifurcation diagram for A\g = 60, and a close-up
can be found in Figure 17b. The branches in this latter figure are guaranteed by the
following result.

Theorem 1.14 (Modes wg; and wig + wer for A\g = 60). There exist branches of
solutions of (5) subject to the constraint (2) for Ao = 60 as shown in figure 17a.
Detailed information on the endpoints of these branches in the (u,c)-plane, as well
as uniqueness assertions, can be found in Tables 7 and 8.

The geometry of solutions on the wg; branch guaranteed by the above theorem is
shown in figure 18, the corresponding locations are indicated by red dots in figure 17b.
Thus, this branch appears to be the ODE-branch. Moreover, this branch is part of
the continuum that connects the bifurcation points

Ro1

+ 1 Kot 1 ko
3 180"

Fo1 =\['3 7 130 and Ho1 = —

See also (13) and [20]. The branches for positive and negative total mass p are
related by the action mR?7, and these solutions have the symmetry 7. There are
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(a) Bifurcation diagram for wo1 and wig +wo1 (b) Close-up of figure 17a
solutions at A\g = 60

Figure 17

Table 7 — Table of branches from (p1,c1) to (e, c2) at A\g = 60 for p >0

mode w1 c1 2 () dc0 Op dc uniqueness
wo1 0 0 0.4762 | 0.0287 0.005 0.0003 | 0.0008 partly
wo1 0.4763 | 0.0288 | 0.5843 | 0.1845 | 0.0013 | 0.0012 0.006 partly
wo1 0.5844 | 0.1845 | 0.5687 | 0.2997 | 0.0007 | 0.0001 | 0.0001 partly
wo1 0.5686 | 0.2998 | 0.5278 | 0.3807 | 0.0082 0.001 0.0002 partly
w10 + Wo1 0 0 0.1031 | 0.0743 | 0.0156 | 0.0007 | 0.0002 no
wio + w1 | 0.1045 | 0.0746 | 0.5299 | 0.3807 | 0.0095 | 0.0017 | 0.0019 partly
sél 0.1043 | 0.0744 | 0.4757 | 0.0289 | 0.0106 | 0.0009 | 0.0008 partly
551 0.5843 | 0.1846 | 0.5687 | 0.2996 | 0.0081 | 0.0004 | 0.0002 partly

Table 8 — Uniqueness of the branches in table 7 holds from (fi1,¢1) to (fiz,C2)

mode i1 ¢ fl2 Co
wo1 0 0 0.4712 | 0.027
wo1 0.4807 | 0.0031 | 0.5842 | 0.1823
wo1 0.5845 | 0.1868 | 0.5691 | 0.2982

Wo1 0.5684 | 0.3005 | 0.528 | 0.3805
wio + wor | 0.6874 | 0.1958 | 0.5543 | 0.378
sty 0.1641 | 0.0682 | 0.4286 | 0.0364
s2, 0.5818 | 0.2042 | 0.577 | 0.2782
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Figure 18 — Snapshots for solutions on the branch wgy; for \g = 60

two branches which correspond to wg; and bifurcate from u&. These branches are
called KCyyy, and K_,,,,, and their existence follows readily from a local analysis at the
bifurcation point jg;, see also the similar situation (14). The branch K_,,, can be
obtained from K,,, by applying the action R?>7. In addition, an application of the
actions 7R and R7 to K, generates new branches K,,,, and K_,,,,, respectively.
In other words, we have

Ko, = T(’Cwm)v K—we = RQT(]Cwm)v Ky = TR(’Cwm)v Kwy = RT(’Cwm)'

Thus, every solution on Ky, gives rise to four different solutions with unchanged
values of i and ¢, through the application of suitable symmetry actions.

The snapshots in figure 19 contain contour plots of sample solutions on the wo+wp1
branch described in table 7, the locations of these solutions are indicated by dots in
figure 17b. The parameter values for the first functions in figures 18 and 19 are the
same, in both cases we have (u, ¢) = (0,0), hence only one dot is visible in figure 17b.
It is possible to apply Kielhofer’s connection result, Theorem 1.3, to mode wig + wo1
solutions. It states that for Ay > kg1 = 72 the continuum Cf'(/\g) = C; (Ao) connects
the two bifurcation points u, and puj,. This continuum splits into two parts, denoted
by Kugtwer and K_yyo—wo,, see also (14). Assuming that the path described in ta-
ble 7 is a part of C;"(A\g) for A\g = 60, and therefore of K., ,+w,,, the solutions on this
path have the symmetry 7R. The elements of the branch with negative p are obtained
by applying the action mR7 to the path with positive mass. Through the applica-
tion of R7 one obtains K_,,—w,,. Finally, the paths ICy,o—wo, and K_ 04w, are
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Figure 19 — Snapshots for solutions on the branch wyg + wp; for Ag = 60

generated from Ky, +w,, through the actions R? and 7. Altogether, we have

’C’wm-l-’wol = TR(’C’wlo-‘rwm)a
]Cwlofw(n = RB (’C'LUIOJF'LUOl)?

K—wm—’wol = RT(’Cwm-‘rwm)a
’C*wloerol = T(’Cw1o+w01)'

Besides the above primary branches, Theorem 1.14 also guaranteed secondary branches
as shown in figures 17a and 17b. One of these connects the continuum C;" (o) of solu-
tions corresponding to wig 4 w1 with the continuum of the ODE solutions. Figure 20
shows snapshots of functions on this connecting branch, the locations of which are
indicated by black dots in figure 17b. Notice that the branch s}, breaks the sym-
metry TR of Cj"(\o), as well as the symmetry 7 of the ODE-branch. Its elements

4= 0.251,5c0 = 0.00017
1

= 0.356,0co = 0.00017

1=0.113,5¢co = 0.00013 1= 0472, 5c0 = 0.0013

1

1

0.5 0.5 0.5

0.5 1 0.5 1

Figure 20 — Snapshots for solutions on the branch s}, for Ay = 60
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(a) Sketch of the secondary bifurcations related to s, (b) Sketch of the sec-
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Figure 22 — Snapshots for solutions on the branch s3; for A\g = 60

are no longer constant in any of the coordinate directions, and therefore do not cor-
respond to solutions of the one-dimensional Cahn-Hilliard equation. Applying the
action 7 to the branch s}; furnishes a path between K,,, and Ku,,—w,, since the
solutions in K, are invariant under 7. A similar argument shows that 7R(sd;)
connects Koy otwo, and Kyy,. The full secondary bifurcation scheme is sketched in
figure 21a.

Finally, figure 22 indicates the geometries of functions on the s,-branch described
in table 7, see also figures 17a and 17b. Notice that this secondary branch returns
to the branch it bifurcated from. Moreover, since it does not break the symmetry 7,
it is impossible to generate the other bifurcating branch by applying this action. To
address this issue, let 75 denote the reflection at the line x = 1/4. As before we assume
implicitly that all solutions on the unit cube have been extended to all of R? by even
reflections. If we now apply 75, one obtains a solution branch which bifurcates from
the ODE-branch and returns to Ky, at the same points as s3;, since the elements of
the ODE-branch are constant in the z-direction, and hence invariant under 75. These
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Figure 23

secondary bifurcations are sketched in figure 21b. By applying appropriate actions
to s2;, similar statements can be made about K_.,,, Kuw,,, and K_,,, -

1.6. The modes wi2 and w1z + wa1

To conclude this section, we finally address the bifurcation structure associated with
the mode wis. For vanishing total mass pug = 0 our rigorous computations furnish
the following result.

Theorem 1.15 (Modes w2 and wio + woy at pg = 0).

(i) There exists a branch of unique solutions of (5) subject to the constraint (2) for
po = 0 and X € [572 + 0.0025,60] as shown in figure 23a, with 6co < 0.00013
and dg, < 0.00004.

(ii) There exists a branch of unique solutions of (5) subject to the constraint (2) for
po =0 and X € [572 + 0.0025,60] as shown in figure 23b, with 6co < 0.00142
and 6, < 0.00016.

The branch guaranteed by Theorem 1.15 (i) is contained in figure 23a. For the
sample solutions indicated by dots, the corresponding geometries are shown in fig-
ure 24. The shape of these solutions suggests that solutions on this path have the
symmetries m7 and R2T, and that the path is contained in C5. See also Remark 1.6.
The other part of C12 can be generated through the action m.

The branch described in Theorem 1.15 (ii) is contained in figure 23b. The geome-
tries of sample solutions on this branch are indicated in figure 25. These geometries
suggest that the branch is part of the solution continuum that corresponds to the
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A = 56.66, 0co = 0.00008 A =59.99,0¢c0 = 0.00007

A =50, 0¢c0 = 0.00003 A =53.33,0c0 = 0.0001

Figure 24 — Snapshots for mode w15 solutions with g =0

A =50, 8c0 = 0.00052 A = 53.34,6c0 = 0.00105 X = 56.67, 500 = 0.00082 X =59.99, 500 = 0.00086
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Figure 25 — Snapshots for mode wis + wo1 solutions with g =0

mode w12 +wo1. Notice that none of the results in section 1.1 applies to this mode. If
we assume that the symmetry of wio 4+ wo; is preserved along the path, i.e., elements
of the path are symmetric with respect to 7R and mR7, then the action m7 R
furnishes the other path of wys + woy solutions bifurcating at k1s.

For the remainder of this section we consider the effects of mass variation, i.e., we
fix the parameter A = \g. In particular, for A\g = 60 our results are summarized in
figures 26a and 26b. More precisely, we have the following result.

Theorem 1.16 (Modes wiz and wia + way for A\g = 60). There exist branches of
solutions of (5) subject to the constraint (2) for A\g = 60 as shown in figures 26a, 26,
and 27a. The wio-branches are shown in figure 26a together with the trivial solution
c=pu— ,u3. The wio + wor-branch is shown in figure 26b, while the sio-branch is
shown in figure 27a. The latter branch is the consequence of a secondary bifurcation.
Detailed information on the endpoints of these branches in the (u,c)-plane, as well
as uniqueness assertions, can be found in tables 9 and 10.

The dots in figure 26a correspond to the solution snapshots depicted in figure 28.
These solutions are symmetric with respect to the action R?7, and the branch for
negative p can be obtained from the one for positive p by applying m7. Now assume
that the branch w2 described in table 9 is contained in Ciy(Ao) (Ci5(Ao)) for Ao = 60,
see also section 1.1. Notice that elements of Cj,(\g) (Ci5(Xo)) are point symmetric
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Table 9 — Branches from (p1,¢1) to (e, c2) for A\g = 60 and p > 0

mode | w1 | c1 | 2 | ) | 000 | Op | de | uniqueness
w12 0 0 0.1697 | 0.1478 | 0.0007 | 0.0003 | 0.0004 partly
w12 0.1698 | 0.1479 | 0.2432 | 0.2288 | 0.0022 | 0.0001 | 0.0001 partly
w12 + w21 0 0 0.1813 | 0.1616 | 0.0004 | 0.0003 | 0.0004 partly
w12 +weoy | 0.1814 | 0.1617 | 0.2432 | 0.2288 | 0.0015 | 0.0001 | 0.0001 partly
812 0.1699 0.148 0.1812 | 0.1614 | 0.0013 | 0.0001 | 0.0001 no
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Table 10 — Uniqueness of the branches in table 9 holds from (fi1,¢1) to (fiz,C2)

mode | i | @& | g | &

w12 0 0 0.1683 | 0.1463

w12 0.1718 | 0.1501 | 0.2407 | 0.2262
w19 + Wa1 0 0 0.1761 | 0.1561

wig +wyp | 0.1831 | 0.1636 | 0.2394 | 0.2246

1 =0,0c0 = 0.0002 1= 0.048, 50 = 0.0002 1= 10.096,0c0 = 0.0001

o= 0.144,5c0 = 0.00053 = 0.192, 6co = 0.0003 1 =0.24,0c0 = 0.00078
1 TTTTTTT N
T

\

TTTTTY
AN

08}
06
0.4

0.2

0 LIS ([
0.5 0 0.5 1

Figure 28 — Snapshots for mode w1 solutions with Ay = 60
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Figure 29 — Snapshots for mode w15 + wa1 solutions with Ag = 60

around the points (1/2,1/4) and (1/2,3/4), which is supported by the structure of
the level sets in figure 28. According to Theorem 1.4, the branch C;(A\o) (Ci3(Mo))
connects the two bifurcation points pfy, and ugy, ie., Ciy(Ao) = Cia(Ao). Due to
Theorem 1.4, there is a possibility that Cj5()\g) meets the trivial solution in some
point (i, 0) with 7 # ui,, but since we could not find such connections, there seems
to be in fact exactly two nontrivial paths of solutions between (u7,,0) and (i, 0),
i.e., Ci5(N\o) splits into two parts Ky, and K_,,,. By symmetry, these are related
by the action 7. Nevertheless, due to the gaps at the bifurcation point and the gaps
along the path, a slight uncertainty remains. Using the actions R and R7, one can
generate the branches Ky, and K_,,, from K,,,. Altogether, we have

’C’wn = RQT(me)a ’C—wn = T(me)a ’C’wm = R(Kwn)a ’C—wm = RT(ICwm)'

Now consider the w2 + wo1 path in figure 26b, as described in table 9. The solution
geometry on this branch is indicated in figure 29. Thus, it seems reasonable to assume
that all the solutions on the wio + wo; path have the symmetry 7R, and that the
part with negative mass can be obtained from the one with positive mass by applying
the action mR7. Note that it also seems plausible that the branch connects the
bifurcation points ME. Therefore, we assume that there exists a continuum which
can be split into two pieces, denoted by ICoyy,tw,y and K_ iy, —w,,, which are related
through R2. Furthermore, by applying R? and R to the elements of Ky, , t1,, , ODE can
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Figure 30 — Snapshots for solutions on the branch si2
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Figure 31 — Sketch of the secondary bifurcations related to si2

generate corresponding paths Iy, —wy, and K_ ;4. - Altogether, we now obtain

Kw12+w21 = TR(’Cw12+w21)7 K—w12—w21 =R? (’Cw12+w21)a
’Cw12*w21 = RB (]Cw12+w21)a ]C*w12+w21 = R(]C'U)IZJF'LUZI)'

Figure 27a provides a more detailed view of the branches in figures 26a and 26b, yet
only for positive mass p. In addition, the secondary branch sqs is shown. This branch
is s19 from table 9. It connects the K,,,, branch of CE(/\O) with the w9 4+wsq solution
branch, more precisely, with ICuy,y4w,, - Figure 27b shows a close-up of figure 27a in
order to resolve the situation better. The secondary branch breaks the symmetry R?7
of Ky,,, and the symmetry 7R of Ky, 4w, - This can be seen in figure 30, where
snapshots of functions on the secondary branch are depicted, corresponding to the
dots in figure 27b. Applying the D4 actions to the branch si5 gives new branches. A
schematic description of these connections is given in figure 31.
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2. Tools from Conley index theory

2.1. The general framework

In [22], Mischaikow and Zgliczynski developed a method for rigorous numerics for
partial differential equations using Conley index theory. Their method allowed them
to give computer-assisted existence proofs of equilibria for the one-dimensional Kura-
moto-Shivashinsky equation for fixed parameter values. Our method is based on their
approach, and we therefore briefly recall their setting — yet using notation which is
more appropriate for our two-dimensional setting. Consider the abstract evolution
equation

up = F(u) (15)

in a Hilbert space H, assume that F : D(F) — H, and that the domain D(F)
of F' is dense in H. As was mentioned in the introduction, the approach in [22] is
based on a Fourier-type representation of the solution u. Thus, we choose a complete
orthogonal basis {#;; } i jyenz\ (0,0} in H, and assume that ¢; ; € D(F) for all (i, j) €

N3\ {(0,0)}.
Specifically for the case of the Cahn-Hilliard equation (1), we consider £ = (0,1)?
and define the Hilbert space H as

H = {u e L*(Q) ‘ /Qu(a:) dx = 0} c L3(Q). (16)

For given total mass u as in (2), we define the nonlinearity F' as
F(u) = —A(Au+ Mf(p+u)), with f(u) =u—u. (17)

In view of the Neumann boundary conditions in (1) and our two-dimensional domain,
it seems natural to consider the basis given by

¢i,j(z,y) = cos(imz) cos(jmy) for all (i,j) € N2\ {(0,0)}. (18)

Notice that these functions are not normalized in L?(2).
For any choice of the indices (k,¢) € N3\ {(0,0)} we define the finite-dimensional
subspace

Xi,e =span{ ¢;; | (4,7) #(0,0) and 0 < i<k and 0<j </}, (19)
and let
PEDH — X,

denote the orthogonal projection of H onto X} . Moreover, the orthogonal comple-
ment of X, is denoted by Yj ¢, and the corresponding complementary projection
by

QEO =1 - P*Y g Y,
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Finally, we define the operator

U, P,
Pre:H—R by Pre(u) = M (20)

(ks Preye)’

where (-,-) denotes the scalar product in H. In other words, Py ¢(u) denotes the
coefficient of ¢, in the Fourier series representation of v € H with respect to the
basis functions {(ﬁi,j}(z‘,j)eNg\{(o,o)}, i.e., we have

u = Z Ui 5 Dij where u; ;= Pij(u).
(4,5)ENG\{(0,0)}

Now fix an integer m € N, and set p = Py and ¢ = Q"™)y for any u € H.
Then (15) can be rewritten in the new variables as

pr = P E(p 4 q), (21)
g = Q™ F(p+q). (22)

The basic strategy for establishing the existence of equilibrium solutions of this system
stems from the following idea. For suitable choices of the parameter m, it should be
possible to obtain information on the dynamics of the evolution equation (15) from
knowledge of the finite-dimensional system (21). More precisely, assume we know
the location of an equilibrium p = v of the finite-dimensional system (21) for the
choice ¢ = 0, either analytically or numerically. Our intention is then to compute a
neighborhood U = U, x U,, with v € U,, such that the existence of an equilibrium
of (15) in U can be guaranteed. Since the finite-dimensional system (21) depends
on the infinite-dimensional parameter ¢, this can only be accomplished if we can
control the infinite-dimensional complementary equation (22). Tt will be shown later
in this section, using the estimates of Section A, that this can actually be achieved.
The computation of U is done numerically. For this, we derive specific conditions
which guarantee the existence of an equilibrium of (15). In view of the applications
in [16], these derivations rely on Conley index theory, and the resulting conditions are
formulated in such a way that they can be checked with the aid of a computer. Since
these checks can be performed in rigorous interval arithmetic, we have thus obtained
an analytical proof for the existence of an equilibrium of (15). The details of this
approach will be presented in the remainder of this section.

We begin our adaptation of the results in [22] by defining the notion of self-
consistent a priori bounds. In order to simplify our presentation, we introduce some
notation.

Definition 2.1. Consider the abstract situation described above and let

L= N3\ {(0,0)}.
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Let H denote a Hilbert space with complete orthogonal set {¢; ;}( jjer., and let
afj € R denote a family of real numbers with a; ; < a?:j for all (i,7) € I.. For any
nonempty subset I C I, we then define

H [ai_’j,aj:j] = {u = Z Wi jBig | a;; < Ui < aj:j for all (i,7) € I}.

(i,5)€T (i,5)€l
Furthermore, for any integer m € N we define the special index set
L, ={(,j) N |i>m or j>m}.

This implies that we have both

H [ai_,j,a;’:j] C Xmm and H [a;j,a;’:j] C Yom,
(6,5)€LNIm (i,5)€lm

as long as the afj decay sufficiently fast as i¢,j — oco. The set X,, ,, was defined

in (19), and Ym,m, is its orthogonal complement in H.

The above notation is a convenient way to describe subsets of the Hilbert space H,
whose images under the mappings P; ; defined in (20) are compact intervals. Such
sets lie at the heart of the following definition.

Definition 2.2. For fixed integers 0 < m < M consider a compact set W C X,
and a collection of real numbers afj which satisfy a; ; < a;fj for all (i,j) € L.
Then W and {aii,j}(i,j)EIm are called self-consistent a priori bounds for the abstract
evolution equation (15), if the following conditions hold:

(i) For all (i,j) € Inpy—1 we have a; ; <0 < a:fj.

s

(ii) Every formal series in the definition of [](; ;< [a; alfj] is in fact convergent
in H, i.e., we have W x H(i,j)elm [a;j,axj] C H.

(iii) For all r,¢ > m the composition PrOo . X, ¢ — X, is Lipschitz continuous
on the intersection of X, , with the set W x H(i felnm [a; :,a Here P9
denotes the orthogonal projection onto X, ,.

-+
4,37 i,j]'
(iv) If (2(7),~ s is an arbitrary sequence of functions such that for every r > M the

function z(") is contained in the intersection of the set W x i jer, [ai; a;fj]
and the finite-dimensional space X, if in addition we have P("") o F(2(") =0
for every r > M, and if (z(r))r> ar has an accumulation point z(>) with conver-
gence in H, then we have both

2 eD(F)  and  F(z*) =0.
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This definition is in some sense the first step towards establishing the existence of
an equilibrium solution of (15) from knowledge of the finite-dimensional system (21).
According to (iv), if one identifies a sequence of equilibrium solutions of (21) for ¢ = 0,
then any accumulation point of this sequence will in fact provide an equilibrium for
the original infinite-dimensional system (15). Moreover, the above definition singles
out sets of the form given in Definition 2.1 as basis for the method.

The above notion leaves one aspect unanswered: How can we establish the exis-
tence of a stationary solution of the finite-dimensional system (21) for all sufficiently
large values of m, within sets of the form given in Definition 2.27 To answer this ques-
tion we need to employ tools from Conley index theory. Due to space limitations, we
will not be able to present all definitions here, but rather refer the reader to [18,22].
The central definition is as follows.

Definition 2.3. Let W and {afj }iojer,, denote self-consistent a priori bounds for (15)
as in Definition 2.2. In addition, let N C W be a compact set. Then N, W,
and {afj}mgm are called strict topologically self-consistent a priori bounds for (15),
if the following holds:

(i) For every u € W x [[; jer,.[a; alfj] and all (r,¢) € I,,, we have
if Prou = ate, then P, F(u) <0,
as well as (23)

if Prou=a,,, then ProF(u) > 0.

(ii) There exists a closed subset N~ C N such that for every g € []; i a;’:j]

the set NV is an isolating block for (21) with exit set N .

el la

Notice that in (ii) we consider (21) as a finite-dimensional ordinary differential
equation for p € X,;, ,,, which depends on the parameter ¢. Thus, the resulting flow
» = ¢4 depends on the choice of ¢ as well, and (ii) states that the fixed set N C X, 1,
is an isolating block with exit set N~ for all flows ¢q, where ¢ € J] [a; ., a; ]

4,57 7,
is arbitrary. We would also like to point out that (ii) in fact implies

i,j)ELm

h(Inv(N), p,) = constant forall q¢e€ H [a; a;fj],
(i,5)€lm

were h denotes the Conley index of the largest invariant set Inv(V) in N. As before,
we refer the reader to [18,22] for more details.

We are now finally in a position to present the main tool for establishing the
existence of stationary solutions for the infinite-dimensional system (15).
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Theorem 2.4. In the situation of Definition 2.3, assume that N, W, and {a?’:j}iﬂ'e]m
are strict topologically self-consistent a priori bounds for (15). Furthermore, suppose
that

h(Inv(N), q,) = [£°]
for some Ly € No and some qo € []; jyer,, [a;j,axj], where [L%°] denotes the ho-
motopy type of a pointed Ly-sphere. Then there exists an equilibrium v* of (15) in
N x 1y per, lai . aijl-

The above result is due to Mischaikow and Zglicszynski [22], who in contrast to our
formulation use the homological Conley index. Since the proof of the above result is
more or less analogous to their result, we refrain from presenting it in detail and refer
the reader to [18]. The basic proof idea is the fact that property (23) of Definition 2.3
allows one to lift the isolating block N to higher dimensions without changing its
Conley index. A result due to McCord [17] then furnishes the existence of a fixed
point in such an isolating block, provided the Conley index has the form [%f] for
some {y € Ny. In this way, it is possible to construct a sequence of fixed points,
and due to Definition 2.2, any accumulation point of this sequence is an equilibrium
of (15).

From a computational point of view, it is of course crucial to verify that specific
sets N and W, together with collections {afj}(i7j)e 1, indeed give rise to (strict topo-
logically) self-consistent a priori bounds, based on a finite amount of information.
This will be accomplished in the remainder of this section. In section 2.2 we present
a sufficient condition for self-consistent a priori bounds, Section 2.3 addresses the es-
timates in Definition 2.3 (i). Finally, section 2.4 demonstrates how Definition 2.3 (ii)
can be verified and how the Conley index of N can be computed.

2.2. Self-consistent a priori bounds

As we have seen in section 2.1, self-consistent a priori bounds are used to show that
stationary solutions of the finite-dimensional system (21) can be used to approximate
equilibria of (15). In order to make this construction amenable to a computational
treatment, one needs to be able to verify Definition 2.2 in finitely many steps. For
this, we make the following assumption.

Assumption 2.5. For fized integers 0 < m < M, assume that there exist posi-
tive constants s and C, as well as positive constants C1(i) and Cs(i), where i €
{0,..., M — 1}, such that the following holds. Let {afj}(i7j)ef* denote collections of
real numbers which satisfy a; ; < aj"j for all (i,7) € L., as well as a;; <0< aj:j for
all (i,7) € Ing—1. In addition, suppose that

Cl—(’) for j>M and 0<i<M,

J .
a5l <2 for i>M and 0<j< M, (24)
7= for i > M.
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One can easily see that collections of numbers afj as in Assumption 2.5 satisfy

both (i) and (ii) in Definition 2.2 as long as s > 1/2, provided the norms of the basis
functions ¢; ; are uniformly bounded. However, the remaining parts of Definition 2.2
do depend on the function F'in (15). For the case of the Cahn-Hilliard equation (1) on
the square, the following result establishes the validity of the situation of Definition 2.2
for all s > 2 and collections {a ;1 asin (24).

Theorem 2.6. Consider the Cahn-Hilliard equation (1) on the unit square Q = (0,1)2.
Define the Hilbert space H as in (16), equipped with the complete orthogonal set
n (18), and let F be as in (17). Moreover, assume the situation of Assumption 2.5
with s > 2. Then the set

W= H [a;j,aj’j] C Xom
(4,5) €L \Im

together with {afj}(z‘,j)elm are self-consistent a priori bounds for (15).

Proof. Property (i) in Definition 2.2 is clear. As for (ii), let u € Wx[; ;yep, la; ;, a:']]
be arbitrary, and define @; ; = max{ |a .| }. Then the orthogonality of the basis func-
tions ¢; ; and the fact that their norms are bounded by 1, together with Assump-

tion 2.5, furnishes

w720 < Z az ;11 6i 51720

(i,5) €1
M—1 .
O Ca(j)? c?
~92 1 2(J
Sy ey > BT 2 mw
(i,5)EL NI 1 i=0 j>M i>M j=0 i>M j>M

N Cy (i +C2( ) C?
< 2
Z i+ Z 25 — 1)(M — 1)2s-1 + (25 — 1)2(M — 1)2(s—1)

(1,5)ELNIn -1 i=0

< 00,

which implies Definition 2.2 (ii).

Next we turn our attention to Definition 2.2 (iii). According to our definitions,
the mapping P*") denotes the orthogonal projection onto the finite-dimensional
space Xy, defined in (19), and F'(u) = —A(Au + Af(p + w)) was introduced in (17).
Due to (9) (see also section A) the composition P(") o F' is a polynomial in the
first £ - r — 1 Fourier coefficients, and therefore Lipschitz continuous on Xy ,. This
implies (iii).

Finally, we have to establish Definition 2.2 (iv). We begin by showing that

[T laj af) c wh@).
(i,5)€1
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For this, choose v = 7 o vi;0i; € [l er [a; ;, ;] arbitrary. Then our as-
sumptions imply

10201320y = Y im0}, |sin(inz) cos(jmy)l[3 2o
(ij)EL
M—-1M-1 M—1 M—-1
Co(4)?
ZD“”ZZZ S+ Y Y e
i—1 j—0 i=1 j>M i>M =0 !
+ Z Z i ZQS 25
i>M j>M
M—1M-1 M-1 2
Cl( )?
2_2 2
555 DRI SR U
i=1 5=0
M-1 2 2 212
m=C m=C
+ 2(/) + < 0.

= (28 =3)(M —1)2s73 (25 —3)(2s — 1)(M — 1)4s—4

Similarly, one can show that both d,v and v are contained in L*(Q2), which immedi-
ately furnishes v € W12(2). In addition, we have the pointwise estimate

D viti(@)

(1,5) €l

M—1
+Cz() c
< Z aij + Z (s 71 Tyl + (s — D2(M — 1)2G—D

(4,5) €L \In—1
= D < oo, for almost all x € €, (25)

v(z)| = < Y lvigl- I (@)

(i,5) €1

where @; ; = max{ |a ;| }- For an arbitrary sequence 2 (r) ¢ I jyerlaij.a; ]] which

converges to a limit functlon 2() in L?(Q), there exists a subsequence {z(")}, cn
such that for almost all z € Q we have lim, .o 20" (2) = 2(°°)(x). This readily
furnishes for almost all 2 € Q the identity lim, oo (u + 2™ (2))3 = (u + 209 ())3,
and due to (25) we have

‘(u + z(’"")(ac))?"2 < ‘u + z(’"")(x)‘ﬁ < D% almost everywhere, for all n € N.

The dominated convergence theorem now furnishes lim,, o (p+ 2(™))3 = (p+ 2(°))3
in L2(Q), as well as

Flu 200) 222 s 29) i L2(Q). (26)

Now assume that the functions z(") € X, .N (W x i jer, lai ;. a; j]) forr > M, sat-
isfy the identities P(""") F'(2(")) = 0. Furthermore, assume that the sequence (2("),~ rs
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has an accumulation point 2(>) in L?(Q). If we now fix (k, £) € I, then for sufficiently
large n we have

0= Pk,gF(Z(r")) = (k'2 + £2)7T2 (—(k‘Q + £2)7T2'Pk-742:(7"”) + )\Pk7gf(u + Z(T”))).

Due to the continuity of the projections Py ¢ and (26), and after passing to a subse-
quence if necessary, one can pass to the limit n — oo, and this furnishes

(k* + £*)7? (‘(kQ + ) Pr 02> 4 APy f (1 + Z(OO))) =0,

and therefore
AProf (1 + 20) = (k? + 7)1 Py 02>, (27)

According to Theorem A.14, there exist collections of real numbers {bfj}(i’j)eNg, as
well as positive constants B, B1(i), and By (j), where 4,5 € {0,..., M — 1}, such that

Bl for j>M and 0<i< M,

jS
5] < {22 for i>M and 0<j< M,
if;S for i,5 > M,

as well as

~ b
flp+u) e H [b; ;: 07 5] for all u € H a; s m
(4,7)€NG (i,4)€L.

As before, one can show that in fact H(i,j)eNg [b; ],bjj] C W'2(Q). This in turn
implies f(u + 2(>)) € WH2(Q), and together with (27) we now obtain
—Az(®) = Z (kQ +£2)7T2'Pk-7gz(oo)
k,6=0

=\ Z 'Pk-jf(,u_l-z(oo))

k,0=0
=M (u+2%) e WH2(Q). (28)

Now extend () by even reflections at the boundary of € to an element of W12(A),
where A := (—1,2)%, and denote the resulting function again by 2(%) Then we have
f(p+20)) € WH2(A), and in view of (28), the function 2(>) satisfies

Az = “Af(p+ z(‘x’)) in A

in the weak sense, i.e., we have

/(azz<°0>am¢+ayz<°°>aycp) dzdy = / AM(p+ 20N pdedy forall o€ CH(A).
A A
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For more details see [10, chapter 8, p. 177]. An application of [10, Theorem 8.8]
immediately implies 2(>) € W?2(A’) for any subdomain A’ CC A, in particular
2() € W22(Q). Next, define the functions

K = Z P20 ;.

(i,§)EL NIk

Since 2(>) € W22(1), we obtain
A 2000 i W22(Q) for K — oo.

The functions z% € C°°(Q) satisfy Neumann boundary conditions, and therefore are
elements of H% (1), and thus 2(°) € H%(Q). (We refer the reader to [9] for the
definition of the space H?%(£).) Sobolev’s embedding theorem yields 2(>) € C0«(Q),
for o € [0,1), and together we obtain 2(>) € C%(Q) N HZ(Q). The latter implies
f(u+ 20)) € 0%*(Q), and therefore we obtain 2() € C%*(Q) N H%(Q) (see the
appendix in [9]), which in turn implies f(u + 2(>)) € C?*(Q) N HZ(2). Now (28)
furnishes Az(>) € C2*(Q)N H (Q), and by repeating the argument in [9] one finally
obtains 2(®) € G4 (Q) N H%(Q2). From this we can deduce Definition 2.2 (iv), since
2() € D(F) = {v e C*Q) | dv = d,Av = 0 on dN}, and due to (28), we have
F(2(9)) = ~A(A2(®) 4 \f(u + 2(>))) = 0. O

2.3. Strict topologically self-consistent a priori bounds

In view of Theorem 2.4, we have thus far achieved only the first step towards estab-
lishing the existence of equilibria of (15). Theorem 2.6 furnishes in the situation of the
Cahn-Hilliard equation on the square a sufficient condition for self-consistent a priori
bounds, as defined in Definition 2.2. Of course, in order to apply Theorem 2.4, we
need to verify strict topologically self-consistent a priori bounds as in Definition 2.3,
in particular, we have to derive (23). This is the subject of the present subsection.
We begin by rewriting the original evolution equation (15). For this, let
L := DF(0) denote the linearization of F' at 0. Then we can write (15) equivalently
as
uy = Lu+ R(u), (29)

where R denotes the nonlinear part of F'. We make the following assumption.

Assumption 2.7. Let L := DF(0) denote the linearization of the function F' in (15).
Furthermore, assume that L has real eigenvalues {r; ;} jyer, which satisfy

Kij > kg for 1<k and j<I, as well as Kii — —00 for i — o0.

Denote the eigenfunction of L corresponding to r;; by ¢; ;. Then we assume fur-
ther that the collection {¢; ;} i jyer, forms a complete orthogonal set in H. Finally,
suppose that the eigenfunctions are chosen in such a way that

léisln <B  and  |éigla>b>0 forall () €L,  (30)
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where B and b are positive constants.

One can easily see that for any elliptic and symmetric operator L the above as-
sumption is satisfied. Using Assumption 2.7 we can expand any v € H and R(u) € H
as

u= Z uij¢i;  and  R(u) = Z i,jPi,j- (31)

(i,5)E€ 1L (,7)€L

Due to (30), the £2norm of the Fourier-coefficients of u and the norm of u on H,
defined by the underlying scalar product, are equivalent.

Remark 2.8. In the specific situation of the Cahn-Hilliard equation, with F' = F},
given in (17), we obtain on the unit square Lv = L,v = (=A)(Av + Af'(n) - v)
and r;; = (2 + j2) 72 (= (% + j3) 72 + Af'()). We want to point out that this used
setup with functions in H with no mean (see (16)) is essential to have hyperbolic
equilibria as needed in Theorem 2.14. Nevertheless, for computational reasons, it is
more convenient to work in L2?(f2), i.e., the considered functions do have a constant
¢0,0 component given by the a priori fixed mean p (cf. (55)).

In order to demonstrate how the estimates in (23) can be verified, we fix two
positive integers m and M which satisfy

Koom <0 and  Kmo <0, as well as m < M. (32)

In addition, choose positive constants C, C1 (i), and Ca (i), where 0 < i < M, let s > 0,

let {afj}(i,j)el* \In;_; denote a collection of real numbers with a;; < aj"j, and define

+ 40 gy j>M and 0<1i< M,

7
af; =+ for i>M and 0<j<M,
+: for 05> M.

Finally, define the compact set W = H(i, P AvA [a;’j, a?:j]. Then according to The-
orem 2.6, for the specific situation of the Cahn-Hilliard equation on the unit square
and for s > 2, the set W and the collection {afj}(i,j)e 1, are self-consistent a priori
bounds for (15). Our goal is to refine these bounds in such a way that property (23)
is satisfied. This will be accomplished by only adjusting the definition of the pairs afj
for (i,7) € I, i.e., for all pairs with ¢ > m or j > m. For this, we need the following
assumption.

Assumption 2.9. Consider the nonlinearity R in (29) and its expansion in (31). We
assume that it is possible to compute bounds for the coefficients g; ; of R(u) for all
ueWx H(i Sl [a; ;s axj] in the following sense. There exist constants g, ; and gj"j,

as well as positive constants G, G1(i), and Ga(j), for i,j € {0,..., M — 1}, such that

955 < 95 < g;fj for all (i,9) € L. \ Inr—1
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and .
GO for j>M and)<i< M,

lgi.i] < G:;Sj) for i>M and 0<j< M,
S for 4,5 > M,

where s > 0 is chosen as above.

Notice that the constants giﬂfj do not necessarily have to have opposite signs. For
the specific situation of the Cahn-Hilliard equation (1) on the unit square, Assump-
tion 2.9 is satisfied for s > 2, and we refer the reader to Section A for details on the
computation of these bounds. We would like to point out, however, that all these
computations can be done explicitly.

By combining (29) and (31), we now see that (29) is equivalent to the infinite
system of coupled ordinary differential equations given by

’l.l,i’j = lﬁ)i’jui’j -+ gi,j; for all (Z,j) S I* (33)

We now turn our attention to computing sufficient conditions for the validity of (23).
According to Definition 2.3, we need to satisfy the inequalities

/ﬁi7ja?:j +9i; <0 and kyja,; +gi; >0, whenever t>m or j>m.

According to Assumption 2.7 and (32), these estimates are equivalent to the inequal-
ities

i B i
a;fj>—j; and ai’j<_l€z;.
Using the definitions
g,*. g.+,
&Zj = —F;—] and @, ;= 7/;_3 for (i,5) € I, with i< M, j<M, (34)
1,] 2y
as well as
a;; for (i,7) € L.\ I,
+90  for j>M and 0<i< M,
~+ J
4 = Ca(j) (35)
+=2L for i>M and 0<j <M,
j:if;.s for 4,5 > M,

where 51(1) = —C1(1)/Ki,m, 52(]') = —C5(j)/knm,j, and C = —C/knm M, we have
just established the following result.

Lemma 2.10. Assume that Assumptions 2.7 and 2.9 are satisfied, as well as (32).
Furthermore, suppose that the collection {&fj}(i7j)ef* is defined as in (34) and (35),
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starting from a collection {afj}(i,j)el* as described above. Then the original collec-
tion {afj}(i,j)el* satisfies property (23) of Definition 2.3 if

Y R
Qjj = Qi > Gij = Qg

for all (i,7) € I.. (36)

It is immediate that the refined bounds dfj satisfy Assumption 2.5, and therefore
they are self-consistent a priori bounds if the original collection {afj}(i7j)e 1, had that
property. Thus, the above procedure can be repeated (possibly several times) with the
adjusted constants, and at each step one can test for (23) with (36). This furnishes
an iterative method for deciding the validity of (23) for given self-consistent a priori
bounds.

Remark 2.11. Due to Theorem 2.6 we can use the procedure given in Lemma 2.10
particularly for the Cahn-Hilliard equation on the unit square with s > 2.

2.4. Isolating blocks and Conley index computation

In this final subsection we demonstrate how Definition 2.3 (ii) can be established, i.e.,
we construct an isolating block N in W C X, ,,,. In addition, it is shown how the
Conley index of the largest invariant set in N can be computed.

In order to avoid double indices in the following presentation, we introduce the
bijective transformation ¢ : Ny x Ny — Ny defined as

i+jm+1) for 0<i,j<m,
6—(17] =

o(i,g) otherwise,

where o (i, ) = max{i,j}> + 7+ (j — i)1i<;3. The bijection ¢ is introduced so that
one can work with coordinate vectors in the following, rather than with “coordinate
matrices” which arise when using the basis ¢; ; directly.

Assume that W and {afj}(i7j)e 1,, are self-consistent a priori bounds for (15) which
satisfy (23) of Definition 2.3. Let n = (m + 1)2 — 1 and let v = (v1,...,v,) be a
hyperbolic equilibrium of (21) with ¢ = 0 and v € W. More precisely, suppose that
the function

n
V=" 0ps-10) € Xpmm
=1

solves (21) with ¢ = 0. Our goal is to apply Theorem 2.4. For this, we have to
construct strict topologically self-consistent a priori bounds for (15). In view of the
previous subsections, this amounts to finding an isolating block N C W with closed
exit set N~ for (21), for all ¢ € []; ;)es,. [a; a;;]. For this, we rewrite (21), or more
precisely its interpretation in R ~ X, ,,, by using both (29) and (33) as

Pk = Ve(P1y .- Dn) + €k, for k=1,...,n,
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where v = (y1,...,7n) : R — R"™ denotes the right-hand side of (21) with ¢ = 0,
i.e., we have

V() = Ps—1(x)(L + R(p,0)),
as well as

€k(p,q) = Ps-11) (R(p, q) — R(p,0)).
We make the following assumption.

Assumption 2.12. Assume that the function v : R™ — R"™ is differentiable at v and
that the Jacobian A = D~v(v) € R™" is diagonalizable in R, i.e., we can find an
invertible matriz B € R™ ™ with A= BDB™', where D = (dij)ij=1,..n € R™ ™ isq
diagonal matriz containing the eigenvalues of A, all of which are assumed to be real.

Remark 2.13. Tt is possible, though more complicated, to compute an isolating block
even if the Jacobian A has complex eigenvalues. However, for our application to the
Cahn-Hilliard equation it suffices to only consider the case of real eigenvalues.

If we now define x == p — v € R™ and use a Taylor expansion of v around v, then
we obtain

i = (v) + Az + &z, ),

where the new “error” term € contains, in addition to the old “error” term ¢, also the
higher-order terms in the expansion of v, i.e., we have &(x, q) = €(z, q) + o(2?). Recall
that ~ is the right-hand side of (21) with ¢ = 0, which implies v(v) = 0, as well as

&= BDB 'z + &, q), (37)
and with y = B~ 'z this furnishes
y = Dy+ B™'éBy,q). (38)

According to Assumption 2.9, we can compute estimates for the nonlinear term R.
Therefore, we may assume that

(B~'é(By, q)k C [sk, Skl

forallk € {1,...,n},aswellasall z = By € W =W —v and qE€ H(ij)elm [a;j,axj].
Notice that if the equilibrium v is determined numerically, one additionally has to

incorporate the numerical error into the estimate for €. This implies

S . S
dk - (yk- + —k> < Yk < dgk - (yk + —k> (39)
dkk dkk
For all k& with dgx < 0 we now define r, = —s/dgr and Ry = —Sk/dyk, for the
remaining values of k set 7, := —Si/diir and Ry, := —sj,/dix. Recall that since v is a

hyperbolic equilibrium, all eigenvalues dy; are non-zero. If we now define

N = X [rx, Ry] € BTH(W) (40)
k=1
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then N is an isolating block for (38). (Due to (39) the flow is transverse to the
boundary of N at each point on the boundary.) Thus, the set B(N ) C Wis an
isolating block for (37) and N = B(ﬁ) + v is an isolating block for (21), for all
q € [1ijyer, laij, ai;], which clearly satisfies N C W.

It remains to show that exit set N~ of IV is closed. For this, we consider the exit
set N~ of N and define

E={ke{l,....,n}|dw>0}, (41)

as well as

N =J (8[rk,Rk] x X [m,Ri])

keE 1<i<n
i£k
One can readily see that the set N-is closed, and consequently also the set B (N )+v
is closed. Yet, the latter is exactly the exit set N ™, since B is a change of variables that
preserves eigenvalues and therefore the directions of the flows of the corresponding
differential equations. Altogether, we have shown the following result.

Theorem 2.14. Let W and {a?’:‘j}(i’j)ejyn be self-consistent a priori bounds for (21)
which satisfy (23) of Definition 2.53. Assume that W contains a hyperbolic equilib-

rium v of (21) for ¢ = 0. Assume further that the set N = B(N +v) is derived as

above from the set N in (40). If N C W, then N, W, and {a”} (i.j)el,, are strict
topologically self-consistent a priori bounds for (15).

Combined with the previous sections, the above result furnishes a complete tech-
nique to find strict topologically self-consistent a priori bounds. In order to apply
Theorem 2.4, one now only has to determine the Conley index h(Inv(N), ¢q,) with
the help of the index pair (N, N7). This will be accomplished in the remainder of
this section.

Consider strict topologically self-consistent a priori bounds N, W, and
{afj}(m)gm, and assume that the isolating block N was obtained by the method

described above. Hence, we have N = B(ﬁ) + v, and the exit set N~ is closed

and given by N~ = B (N ) +v. Since B,B~! : R" — R" are linear and therefore
continuous functions, it is fairly easy to verlfy that

(/N INTD] = | ((B(N) +0)/(BIN™) + ), [BN") +1]) | = [(N/N-,[N])].

Recall that according to Definition 2.3, the pair (N, N7) is an index pair for equa-
tion (21) for all ¢ € []; jer, [a; ”] Now fix qo € [](; jyer,, [ai ;0 ”] and let ¢g,
denote the corresponding flow of (21). Then we have

h(Inv (N, ¢g,)) = [(N/N~,[N])] = [(N/N~,[N7])]. (42)
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Due to (40) and (41) we have both

n

N=X[R] and N =|]J (8[rk,Rk.] x X [m,Ri])
k=1 keE 1§;§n
i#k

Now choose zp € int(N) and define the diagonal matrix D € R™*" by

for ke F,
otherwise,

(D)ys = {1_1

where FE is defined as in (41). Finally, consider the equation
2= Dpg(z — 2),

with induced flow 1. This system has a hyperbolic equilibrium zy with |E| positive
eigenvalues. Furthermore, the set (N, N7) is an index pair for Inv(N,¢) = {zp}. But
this immediately implies

212 = h({z0}) = h(Inv(N, %)) = [(N/N~,[N7])],

a;;,ar.] the identit
[ y

and together with (42) one finally obtains for all ¢ € J] Ny

4,J)ELm
h(Inv(N, ¢,)) = [S171].

In other words, the Conley index takes the form required in Corollary 2.4, and we are
guaranteed that the set N x [ ; ycr [a; ai'j] contains an equilibrium v* of (15).
Remark 2.15. It should be pointed out that it is not necessary that N x
i jer., [a;’j,a;fj] contains the hyperbolic equilibrium (v,0) of (21). The latter is
only used as a starting point for the iteration mentioned earlier.

3. Uniqueness of equilibrium solutions

In this section we demonstrate how one can establish the uniqueness of the equilibrium
guaranteed by Theorem 2.4 in the set N X [[; er [a;j,azj]. In order to make
our presentation as simple as possible, we will avoid the double index notation and
consider a linearly ordered complete orthogonal set {1y, } ken, in the underlying Hilbert
space H, similar to our proceeding in section 2.4.

To fix our notation, let X C D(F') C H denote a suitable Banach space containing
the orthogonal basis {¢ }ken,, and as in (30) we assume that

lWelle < B and [kl >b>0 for all k € Ny,
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where b and B are positive constants. Moreover, similar to (20) we define the operator

Pr:H—R by Pk(u):M

(wkv wk) ’
where (-, -) denotes the scalar product in H. Then for all # € X the sequence {xj }ren,
with x, = Prx converges to zero as k — oo. For T' € L(X, H) we now set

ti,j = 'PZ(T’(/J]),

which readily implies

Tx = ijTq/Jj = ZPZ' (Z ijde> Vi = Z Ly,
=0 i=0 =0

i,7=0

since T" and the projections P are continuous. Here we used again the definition
rr = Prx yielding z = E;io x;9;. We begin by proving the following auxiliary
result.

Lemma 3.1. Consider the notation introduced above, and assume that

ikl > [tril  forall k€N
1€No\{k}

Then we have ||Tx|| g > 0 for all x € X \ {0}.

Proof. Let x = oy, withi € X \ {0} be arbitrary and consider an index iy € Ny
such that |P;, x| = |zi,| > 0. Then there exists a p € Ny such that |z4| < |z;,| for all
q > p. Using the abbreviation p, := maxo<p<p|zx| one obtains p, > |z;,| > |z4| for
all ¢ > p. This in turn implies that p. > |zg| for all & € Ny, and according to the
definition of p. there exists an index ko < p with |zx,| > 0 and |xg,| > |xg| for all
k € Ng. This furnishes

| Pro (T'z) — tka,koxk0| = Z tho,iTi = tho,koTho

E tho,ii

i€Ng i€No\{ko}
< D kol ol < Jwkel - D [tnoil
i€No\{ko} i€No\{ko}

< |$k0| : |tko,ko| = |tko,koxko|'

Therefore we have both 0 < |tkg ke Tke | — |Pro (1) — tho ko Tho| < |Pro (T'z)| and

T3 = Y 1PoT2)P1ill7 = [Poo (T2) - ol > 0,
1€Np

which completes the proof of the lemma. O
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The above Lemma 3.1 can be viewed as an infinite-dimensional extension of a
theorem of Gershgorin [21] about the location of eigenvalues of matrices. For our
applications, we also need the following extension of the lemma.

Lemma 3.2. Consider the notation introduced above, and let U C X denote an open
set. Furthermore, let T : U — L(X, H) be continuous and set t(u); ; = P;(T(u);).
Finally, suppose that

[t(w)g k| > Z [t(w)k.i] forall keNo and wel.
1€No\{k}

Then for every continuous curve v : [0,1] — U and for all x € X \ {0} we have

|/ 1T<w<t>>xdt\ )

Proof. Let x = 3 o, withi € X \ {0} be arbitrary, and let ko be as in the proof
of Lemma 3.1. Then we obtain Py, (T (u)x) # 0 for all w € U as in Lemma 3.1,
and this immediately shows that Py, (T (u)z) does not change sign on any connected
component of U. Due to

/O 1 T(y(t))zdt = ;( /O 1 Pr(T(y(t))x) dt) Wi

> 0.

this furnishes

‘ 2
H

/0 T(y(1)) dt

_ g(/olm(T(w(t))x) dt)2 Nl

> (/Olpko(T(v(t))x) dt>2 Ik 17 > 0,

and the proof of the lemma is complete. O

Now assume that U C X is convex, suppose that F'is Fréchet differentiable in U
with derivative DF (u) € L(X, H), and set

z(u)i; = Pi(DF(u)t;).
Then we have the following result.
Theorem 3.3. Let v € U be an equilibrium of (29), i.e., assume that u = v solves
F(u) = Lu+ R(u) = 0. (43)
If in addition we have

|2 ()| > Z |2 (w)g i forall keNy and weU, (44)
i€No\{k}

then v is the unique solution of (43) in U.
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Proof. Assume there exist two equilibria v =", en, Vit €U and w =) ieN, Withi €
U with w # v. Due to F(w) = F(v) = 0, the integral version of the mean value
theorem implies

1
/ DF(w+ t(v — w)) dt - (v — w) = 0,
0
which contradicts Lemma 3.2 if we set v(t) = w + t(v — w), since v — w # 0. O

It is well-known that Gershgorin’s theorem is a very rough tool for establishing
the invertibility of a matrix. Since its infinite-dimensional extension forms the basis
for our uniqueness test, it is therefore not surprising that condition (44) often fails
— even if our solution seems to be unique. On the other hand, we usually have good
information on the finite-dimensional part A(u) € RM*M of the operator DF(u),
where

(A(u))” = z(u)m, for all Z,] S {O, ey M — 1}

By making use of this information, we can improve our approach. Notice that Theo-
rem 3.3 can only be applied if the diagonal of the infinite-dimensional matrix repre-
senting DF'(u) is extremely dominant. This may not always be the case, especially
for the diagonal entries of the above-mentioned finite-dimensional part. In the fol-
lowing we therefore introduce some sort of preconditioning to diagonalize the finite-
dimensional part of that matrix.

Assumption 3.4. Assume that there exists a function uy € X such that A(ug) is
diagonalizable, i.e., suppose there exists an invertible matric B = (bij)i j=o,... . m—1 €
RMXM gych that A(ug) = BDB™!, where D = (dij)ij=0,...M—1 € RMXM ¢ o
diagonal matriz which contains the real eigenvalues of A(ug).

In most cases ug is the numerically computed equilibrium of the finite-dimensional
system (21) with ¢ = 0. Note that it is not necessary for the following that ug lies
in the set U. In fact, it suffices to assume that ug lies in X and that F' is Fréchet

differentiable at ug. See also Remark 2.15. Let (b;;); j=0,....m—1 denote the entries
of B~1. We define

S(u) = B~ (A(u) - A(ug))B € R,

and denote its coefficients by (§(w)ij)i,j=0,...,m—1. In addition, define the bijective
continuous linear operator @ : H — H by

bij for 0§i,j<M,

P; i) =
i(QYy) {517 otherwise.

Since we assume that X contains the orthogonal basis {1} en,, we have Q(X) = X.
The inverse of @ is given by

B bi; for 0<i,j<M,
PQ ) = {53 j
ij

otherwise.
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Using this notation, we can now present a refined tool for checking the uniqueness of
an equilibrium.

Theorem 3.5. Using the notation introduced above, suppose that Assumption 3./
holds and assume that v € U is an equilibrium of (29), i.e., we have Lv + R(v) =
In addition, assume that for all w € U we have

oo |[M—1 M-1
il > Y| D bz (| + Y €l (45)
i=M| 1=0 i=0
for k€{0,...,M — 1}, and that for k > M we have
M-1|M-1
Wikl > > D 2@rbi| + Y |2(wil- (46)
i=0 | 1=0 iz;éM
i#k

Then v is the unique solution of (43) in U.

Proof. Let u € U be arbitrary and consider the operator Q 'DF(u)Q € L(X, H).
Then for all 0 < 14,j < M one obtains

M-—1
Pi(Q ' DF(u)Qu;) = PiQ ' DF(u) > Pr(Qe;)tbr = PiQ 'DF(u) > bijthy
k=0

keNp
M—1 M—1
=PiQ " Y by DF(u)r =PiQ™" Y iy Y z(w)ixt
k=0 k=0  leNo
M-—1 oo M-—1
=P 2wk Q@ o +Pi YD 2(W)ikbi QM
k,1=0 I=M k=0
M—1 M—1
=P; 2(w)1,5br; Z bt = Z birz ()1, kbr;
k,1=0 k,1=0
M-1
= bir (2(uo)ik + 2(w)ik — 2(uo)i,k)bej = dij + £(w)i;
k,1=0

Similarly, for 0 < i < M and 7 > M one obtains
Pi(Q T DF(w)Q;) = PiQ ' DF (u)ih; = PiQ™ > z(u)y ;1

leNg
-1 00
=PiQ " D 2w +PiQ D 2w
1= =M
M-1 M-1 M-1_
=P Y 2wy Y butn = Y buz(u)iy,
n=0

=0 =0
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for i > M and 0 < j < M one has

M—1 s M—1
Pi(Q ' DF(w)Qv;) = P; Z 2(W),ibi; Q™ Mk + P Z Z W) 1bi; Q™ iy
=0 k=DM 1=0
M—1

= Z ’lel]7

and finally for ¢ > M and j > M one has
Pi(Q'DF(u)Qu;) = PiQ ™" > z(u)i b = z(u)i

1eNp

An application of (45) now furnishes for all 0 < k < M the estimate

> [P(@'DF( QM—

1€No\{k}

< |dik| = [§(w)kr| < |dik + §(u)kk
= |Pr(Q"DF(u)Qux)|,
and (46) implies for all kK > M the estimate

—1|M-1
Z |Pe(Q'DF (u)Quy)| = Z 2(u)g,1bii| + Z| )il
i€No\ {k} =0 | 1=0 2
(3

< z(@rx| = |Pe(Q7 DF (w)Qu)|-

Using Lemma 3.2 we now obtain fol Q 'DF(v(t)Qzdt # 0 for all x € X \ {0}, which
immediately implies fol DF(v(t)xzdt # 0 for all x € X \ {0}. Now the result follows
as in the proof of Theorem 3.3. O

We now reformulate the results of this section for the case of double index basis

functions. For this, define
2(u)fid = Ppo(DF(u)dys)

and consider the finite part A(u) € R =Dx(M*=1) of DF(y), with coefficients

671 (%)
(Aw)ij=1,...m2—1 = 2(u) 51 (),

where & : Ny x Ny — Ny is a bijective transformation similar to the one introduced
in section 2.4. This time we consider

. k+IM for 0<kIl< M,
O\R, ) = .
o(k,l)  otherwise.

s
)
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The analogue of Assumption 3.4 now takes the following form.

Assumption 3.6. Assume that there exists a function ug € X, as well as an
invertible matric B = (bij); j=1,. m2-1 € RM*=D)X(M*=1) gych that the identity
A(ug) = BDB™! holds, where D = (dij)ij=1,..m2-1 € RO =D)x(M*=1) genotes q
diagonal matriz which contains the real eigenvalues of A(ug).

In most cases, ug is the numerically computed solution of the finite-dimensional

system (21). The entries of the inverse matrix B~* are denoted by (bi;); j—1,. m2—-1,
and we define

[1]

(u) == B (A(u) — A(ug)) B € RM*~1Dx(M*=1),

with coefficients (§(u)s;)i j=1,.. m2—1. Finally, define the bijective continuous linear
operator Q) : H — H as

b

OprOgs otherwise.

s(pq)o(rs) Tor 0 <pgrs <M,

PIMJ(Q@“,S) = {

As before, the Banach space X C D(F') C H is chosen in such a way that it contains
the orthogonal basis {¢; ;}( jjer.. The inverse of @ is given by

Pp,q (Q71¢r,s) =

bs(pgyars) for 0<p,qrs<M,
OprOgs otherwise.

In the new setting, Theorem 3.5 can now be restated as follows.

Theorem 3.7. Using the notation introduced above, suppose that Assumption 3.6
holds and assume that v € U is an equilibrium of (29) on a two-dimensional domain.
In addition, assume that for all uw € U we have

M?-1

+ ) 1w a ;]
j=1

> bsnemaz(w)he

(p,q) €L NI -1

dsepomnl > >

(r,s)eln—1

for (k,1) € L.\ Inj—1, and that otherwise we have

kil
|2(w)y| > Z

(p,@)ELN\Inr—1

+ Y el

(rys)€ln—1\{(k,0)}

Y 2 (Wbstrs )
(rys)el \Inr—1

Then v is the unique solution of the two-dimensional form of (43) in U.
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4. Rigorous path-following

In this section we combine the method described in the preceding sections with a
path-following algorithm — such as for example [14] — in order to rigorously compute
branches of solutions. We consider the equation

uy = F(u, \), (47)

in the Hilbert space H, where F' depends continuously on the real parameter \. By
orthogonal projection onto the spaces X,, ., and Y, ,, one obtains as in (21) and (22)
the coupled system

pe =P ™E((p+q),\), (48)
g =Q™™F((p+q), N.

Central to our proceeding is the following result.

Theorem 4.1. Assume that N, W, and {ai:j}(i,j)EIm are strict topologically self-
consistent a priori bounds for (47) as introduced in Definition 2.8, for all
A€ [\, AT] C R, If we have

h(Inv (N, 9g,.5,)) = [S"]
for some lo € No, qo € [1; jyer,, lai ;s a ;) and No € (X7, AT, then for all X € [\™, \T]
[a;’j, aj’j] of (47).

Proof. According to our assumption, the set N is an isolating block with closed exit
set for all A € [A™,A"] and all ¢ € [ jer,la a?:j]. Due to the continuation
property of the Conley index [19], we then obtain

there exist equilibria vy € N x H?Zj) cr

0.7

h(Inv(N, ‘qu,ko)) = h(Inv(N, <qu,>\));
for all A € [A\™, AT]. Hence,
h(Inv(N, ¢g,2)) = [E"]

for all A € [A7,A\"], and Theorem 2.4 furnishes an equilibrium v{ € N x
i jer,, lai ;s a:j] for each A. O

Our strategy for rigorously computing branches is as follows, see also figure 32.
First, we compute an equilibrium of the finite-dimensional equation (48) with ¢ = 0
and A = \g. Then we try to find bounds nearby, which are strict topologically self-
consistent a priori bounds for all A € [A™,A*]. By Theorem 4.1 we then obtain a
solution, possibly unique, for each A € [A\™,AT]. Using a path-following algorithm
we now compute another solution of (48) with ¢ = 0 and search again for strict
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path-following
algorithm

/
strict | e |
bounds /.//
! .
A N AT

Figure 32 — Strategy for rigorous path-following

topologically self-consistent a priori bounds in a certain A-interval, in order to apply
Theorem 4.1 again. The goal is to cover the whole branch with such A-intervals.

We now turn our attention to the Cahn-Hilliard equation (1). The equilibria
of (1) are given by the three-parameter problem (5) and (2), and we consider the
two-dimensional case Q = (0,1)%. Note that p = I_Sll\ Jo u(x) dz = Py ou. The general
strategy for path-following a three-parameter problem is to fix one parameter, advance
the second parameter, and adjust the third one, as well as all the variables related to
the solution. Our goal is to compute paths of solutions of (5), or equilibria of (1), using
the strategy described above. Assume we know an equilibrium of the Cahn-Hilliard
version of (48) with ¢ = 0 and parameters (pg, Ao, co). If, for example, we want to
determine a piece of the path in A-direction with fixed mass pu = po, then we have
to take into account an additional error term in (9) (see also (55) and Lemma A.1),
namely

. , ) ) ) 1 S
Ui j = 7(12 +j2)271—4u7;,j + /\(22 +j2)7-r2 (ui,j — ZCi’j Z up’qur,suipr’qu>
P,q;7,SEL
. ) ) ) 1 o
= 7(12 +j2)271'4ui,j + /\0(22 +32)7T2 (Ui,j — ch-’j Z up,qur’suipr,qu>
P,q,7,SEL
—+ €55 ()\, U), (49)
where
) ) 1 o
€ij (A u) = (A = Xo) (8 + j?)m° (uw T > “p’qu“su”’r’qu>’
P,q,7,SEL

with 4,7 € Ny and X in a certain interval [A™, AT] around A\g. Of course, one can
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compute bounds for €; ;(A,u) for all A\ € [A7,AT] by employing the estimates from
section A for the infinite sum. Hence, in order to determine a path of solutions v}
of (5) in a predetermined interval [A™, AT] around Ao, we have to apply our method
to (49) with the additional error term ¢; ;(A,u). Upon success, one then computes
another approximate solution by a path-following algorithm and proceeds as before.
In this way one can try to cover the whole branch with A-intervals. See also figure 32.

For paths in p-direction with fixed A, no new error term is necessary. One only
has to realize that ;1 = Py ou and that the estimates of section A are not restricted
to fixed Py ou. Therefore, one can simply use the bounds that are computed there.

Unfortunately, it is not possible to use the above strategy if one wants to consider
the parameter ¢, neither for path-following in c-direction nor for following p with
fixed ¢. This parameter does not appear in (1) explicitly, so one cannot incorporate a
fixed co or a predetermined interval [c™, ¢*] into the equation. Yet, in order to avoid
this problem, one can consider the Allen-Cahn equation

ur = Au+ Af(u) — Ae in Q,

O,u=20 on 0. (50)

The equilibria of the Allen-Cahn equation and of the Cahn-Hilliard equation coincide.
Also, Theorem 2.6 applies to (50) as well, and due to Lemma A.1 we have (see (54)
and (53))

1
. ) 2\ 92 - SO
U = — (1" + j7 ) ui; + )\(Uz‘,j — i Y " g stlioporj—g—s | (51)
p,q,r,SEL

for (i,7) € I.. In addition, since ¢ o = % by Lemma A.1, we have

. 1 T
0,0 = A(UO’O T 6 Z up,qur’sup+r,q+5> — A, (52)
P,q,7,SEL

because the mass of Allen-Cahn solutions may change with time. Now, if we search
for a path in c-direction around ¢y with fixed A = )\, then we replace (52) by

. 1 .
lo,0 = A(Uo,o 6l D Tpglinsliprgrs | = Aco + €00 N),
P,q,7,SEL

where
€0,0(¢, A) = A(co — ¢).

Note that rigorous path-following in ¢ with fixed p is not possible with this technique.
If we restrict ourselves to a fixed p, we lose the information gathered by consid-
ering (50), namely the dynamics in ug. Hence, we cannot take equation (52) into
account and are again left with the problem that ¢ does not occur explicitly in equa-
tions (51). Rigorous path-following for all the other combinations of the parameters
is possible, see table 11.
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Table 11 — Parameter combinations for rigorous path-following

fixed | advanced | adjusted technique

A I c method with Cahn-Hilliard or Allen-Cahn equation
c I method with Allen-Cahn equation

I A c method with Cahn-Hilliard or Allen-Cahn equation
c A not possible

c A I method with Allen-Cahn equation
I A method with Allen-Cahn equation

Appendix

A. Estimates for the truncation error

As we have seen in section 2, our method for establishing computer-assisted existence
proofs for equilibria of the Cahn-Hilliard equation relies crucially on the ability to
control the truncation error which arises in passing from the infinite system (9) to
the truncated finite system (10). This is the subject of the current, fairly technical,
section, which is therefore part of the appendix. The form of the estimates are
motivated in part by the work of Day [4, 5]

Consider the Cahn-Hilliard equation (1) on the square domain Q = (0,1)2, with
the specific cubic nonlinearity f(u) = u — u®. Furthermore, we choose the functions

¢i,5(z,y) = cos(imx) cos(jmy) for all 7,5 € Ny

defined in (18) as the complete orthogonal system of the underlying Hilbert space
L?(Q). Any function in L?(f2) can be written as Fourier series with respect to the
above basis, and we use the following notation which was introduced in (20). Let
u € L?(Q) be arbitrary. Then its (i, j)-th Fourier coefficient is denoted by P; ;(u),
i.e., we have

(o]
u= Z Ui jBij where u;j = Pij(u). (53)
i,j=0
Since we are considering a polynomial nonlinearity, one of the first steps towards

bounding the truncation error is to rewrite the product of two functions in terms of
their Fourier coefficients. This is accomplished in the following lemma.

Lemma A.1. Let v,w € L*(Q) be arbitrary functions such that their pointwise prod-
uct satisfies vw € L*(Q). Let v = 3, ;o qvijbij and w = 3, sowijdij. In
addition, define for all (i,j) € Z? the coefficients

dvjig, g for (i, 5) = (0,0),
Vij = 20, Jori=0,7#0 ori#0,5=0,
vl j  otherwise,
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and similarly for w; ;. Then the (i, j)-th Fourier coefficient P; j(vw) of the product vw
as in (20) is given by

Pijlvw) = ¢ j - E Up,qWi—pj—q Jor all 4,5 >0,
P,qEL

where co o =1/16, ¢;0 = co,; =1/8, and ¢;j = 1/4, for i,5 > 0.

The proof of the above lemma is rather long, but straightforward, and is therefore
omitted. It is based on the formula

1
¢p,q¢r,s = Z : (¢p+r,q+s + ¢p+r,\q—s| + ¢|p7’l’"gq<‘rs + ¢\pfr|,|q75\)'

Details can be found in [18, Lemma 5.0.1]. In order to describe the Fourier coefficients
of the cubical term in the nonlinearity f one only has to apply Lemma A.1 twice. In
this way, one can show that the (i, j)-th Fourier coefficient g; ; of u? is given explicitly
by
Ci s o
9i.j = Pij(u’®) = % ' Z Up,qUr,sUi—p—r,j—q—s- (54)
P,q;1,8€L

Inserting (53) and (54) into (1), we finally obtain an infinite system of coupled dif-
ferential equations which is equivalent to the Cahn-Hilliard equation. This system is
given by

. o o Cij o
i 5 = =%+ %) 2wt 5+ A+ 52)r° (Uu - Zj > Up,qur,suz'pr,qu>, (55)
P,q,7,SEL

where i,j € Ny. Note that there is no dynamics in ug o, which is a reflection of the
mass conservation of the Cahn-Hilliard equation. Nevertheless, particularly for the
computations to come, it is convenient to add g0 = 0 and ug,o = .

After these preliminary comments, we now turn our attention to the main topic of
this section, i.e., estimating the truncation error. As a first step, we derive estimates
for expressions of the form

IS(a,’ ba Za.j) = Z ap,qbi—p,j—qz (56)

p,q€EZ

for i,j € Z. In view of the later applications of these estimates, one needs to obtain
tight bounds on the possible values of IS(a, b, 7, 7), if the numbers a, , and b, , are
chosen from suitable intervals. It is therefore natural to pursue an interval arithmetic
approach, i.e., we consider the factors after the summation sign in IS(a,b,1,j) as

compact intervals of the form am » = [a,, ,, @, ] and by, n = [by, ., b}, ], In addition,
we define

lam,nllr = max{|az, .|, lax, .| }- (57)
In order to make the estimation problem for the sums IS(a, b, 7, j) feasible, additional
assumptions are necessary. These are collected in the following.
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Assumption A.2. Consider sums IS(a,b,i,5) of the form defined in (56), where
i,j € Z, and let a = (ap,q)pqez and b = (bpq)pqecz denote collections of inter-
vals. Suppose that for p,q € Z we have a,q = app||q and by g = bjy| g, and thus
IS(a, b,4,j) = IS(a, b, [il, |j])-

In addition, we require that there are constants s > 2, A > 0, B > 0, and an
integer M > 2, as well as positive constants A1 (p) and By (p) for p € {0,..., M —1},
and positive constants A2(q) and Ba(q) for ¢ € {0,..., M — 1} such that

A|1(§||f|) for g/ >M and |p|] <M,

Jopallr < § 28I or ol > 0 and Jq] < M. (58)
|p|j|1q|s for pl,lql = M,
B|1(§||f|) for gl > M, and |p|<M

Pl <3 2D for 1pl =01 and ol < 0, (59)
ﬁ forpl,lq| = M,

where |lap 4|1 was defined in (57).

In order to shorten terms in the following derivations, we define

B

Ai(p) = Az(p) = and Bi(p) = Ba(p) =

9

BN

for all p > M. We start with estimates for 7,5 € {0,..., M — 1}.
Lemma A.3. Under Assumption A.2 we have fori,j € {0,...,M — 1}, that

4ABT?
(i+M+1)5(G+M+1)
5’2(.7) Sl(i)
+2T((z’+M+1)S + (j+M+1)s> =11]

IS(aﬂbvivj) C FS(a,b,’L,])+ [7171]
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where we use the abbreviations T = 1/((s — 1)M*~1),

M+i M+j
(a,b,i,7) = Z Z ap,qbi—p,j—q; (60)
—M qg=—M
M1
Si() = Siam(i) = > Ai(lp)Bi(li —pl),
pJWJr]
S2(j) = Sam () = > Aax(lgl)Ba(lj — ql).
q=—M

Proof. In order to estimate IS(a, b, i, j) we rewrite the sum in the form

i+M  j+M
S(a,b,i,7) = E E:apqujq“‘i: E ap,gbi—p,j—q
—M qg=—M p<—M g<—M
M+j
+ E E ap,gbi—p,j—q + E E ap,gbi—p,j—q
p<—M qg=—M p<—M q>M+j
M+j
+ E E ap,gbi—p,j—q + E E ap,gbi—p,j—q
p>M+ig<—M p>M+iqg=—M
M+
+ § § ap,qbi—p,j—q + § § ap,qbi—p,j—q
p>M+ig>M-+j p=—M qg<—M
M1

+ Z Z ap,qbi—p,j—q; (61)

p=—DM q>M+j

and Lemma A.3 is established by deriving estimates for each of the terms in (61) by
using (58) and (59). First of all, one obtains

Zzap,qujq—zz b [—1,1]

p<—M g<—M p<—M q<—M pl® |q|s li —pl*|j —ql*

AB
ENE Z Z s s ’1]
(C+M+1)5(j+M+1)s e Yo M|p| |q|

AB
C — . drdy[—1,1
el M WIS
- AB
T+ MA1)(G+M41)5(s—1)2M206-1
ABT?

B RS ES TS

[*171]
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Similarly one obtains

DD wab - ABT [—1,1]
P,qYi—p,j—q : Y S 11,1,
p<—M q>M-+j (i+M+1)5(j +M+1)

D D b - AB7? [—1,1]
P,qVi—p,j—q - Sl PR
p>M+ig<—M (i+M+1)5(j+M+1)

as well as

Do D apgd - ABT [—1,1]
p,qYi—p,j—q - 57 - s =L
p>M+iqg>M+j (Z+M+ 1) (j + M + 1)

In addition, we have

M+j M+j
As(Jql) B2 (15 —4l)
X S g X3 MBI,
p<—M g=— p<—M q=—M
M+j
1
C ,7 A B — —_— d.’L‘ —1, 1
AT O AaDBadi ) | astr
c Ty,
(t+M+1)s
and analogously
M+ .
I S
pali-pj—q . 3 s L]
p>M+ig=—M (Z+M+ 1)
M+ .
7'51(2)
Z Z ap,gbi—p,j—q C 7= ——[-1,1],
Y ¥ (j+M+1)
and
M+i )
751 (i)
Z Z ap,gbi—pj—q C 7 5 -1 1.
Sy PO (j+M+1)
The result now follows by combining all these estimates. O

Before proceeding, we need the following two auxiliary results.

Lemma A.4. The sum

s decreasing in M for all M > 4.
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Proof. Using the identity

one obtains
M—1 M—1

1 4
S(M)72;F+M

which furnishes for all M > 4 the estimate

M-1 Mo 4 M1y 4 My
S(M)—S(M+1):2(Z—2— —2)+— - — > -
p=1 p pzlp M p=1 p M+1p:1p
M—1 M
2 4 ( 1 1
=——+ (M +1) -—M —>
ITER VAT 2 Mg
24 (RN N 2 4 s
M2 M(M+1) = M2 M(M+1) 6
B 2(M +1) 3M . M-2 -0
M2(M+1) M?>(M+1) M*>(M+1)"
This completes the proof of the lemma. O
Lemma A.5. For i > M and s > 2, we have
§ 1 < YsM
~ pS(Z _ p)s - s’
where 5
41 M\
— f M e {2
o(3rmr) Megea),

Vs = Vs,M =

M-1

Proof. For s =2 and M > 4 the proof follows from Lemma A.4. Furthermore, we have
the identities sup,;; S(M) = maxi<apr<a S(M) = S(4) = 41/9, which completes the
proof for the case s = 2. Now assume that s > 2 and ¢ > M. In this case one obtains

S(M)( M )82 if M >4

i—1 1 i—1 1 1
pz::l pi—p) ; p =i —p)=2 (i p)?
1 M 572 J2M - YsM
“(i—1)52 42 (1—1)5=2 45— 45’
and the proof is complete. O

Revista Matemdtica Complutense
415 2008: vol. 21, num. 2, pags. 351-426



Maier-Paape et al. Rigorous numerics for the Cahn-Hilliard equation on the unit square

In order to formulate the following estimates more concisely, we have to introduce
the following abbreviations.

Definition A.6. We define

M+j
V(i) = Voars = D e max (max(larg|r -1, Ax(lal))
q=—M
max([bar—t,j—qll1 - (M = £)°, Ba(lj = a]))),
M+j

85(9) = S5.m(d) = Z Y (lapgllr - Ba(li — al) + A2 (15 — al)llbp.qll1),

p=—M q=—M

Wi =Wims = 191%2%71 lrgtagxr (maX(Al(r)r ,A) -max(By(M —t)(M —t) ,B)),

0
Af=Afa= Y Alpl),  and  Bf=Bjy = Z Bu(lp).
p=—M

With these abbreviations one obtains the following estimate.

Lemma A.7. Under Assumption A.2 and for i > M and j € {0,...,M — 1} we
have

15(0,0.101) € 5+ (836) +9:V300) + 27520

2T

Proof. We use the same strategy as in the proof of Lemma A.3 and write

M+i M+j
IS(a,b,1,7) g g Qp.qbi—p.i—q
—M qg=—M

+ § § ap,qbi—p,j—q + § § ap,qbi—p,j—q
p<—M q€Z p>M+i qEZ
M+i M+i

+ § § ap,gbi—pj—q + § § ap,qbi—p,j—q-
p=—M q<—M p=—M q>M+j

Again we consider each of the sums in the above identity separately. Starting with

Revista Matematica Complutense
2008: vol. 21, num. 2, pags. 351-426 416



Maier-Paape et al. Rigorous numerics for the Cahn-Hilliard equation on the unit square

the first sum, one obtains

M+i  M+j M+ i—1 M+j
Z Z ap,gbi—pj—q = Z Z ap,qbi—p,j— qJFZ Z p,qbi—p,j—q
p=—M q=—M p=—M q=—M p=1g=—M
M+i M++j
+ Z Z ap,qbi—p,j—q
p=i q=—M
M+j |)
pffquff
M+j i—1
i Z Zpsapq i = pl*bi—p,j—q
By Vil i — pl*

+ oy y 2l e

C _(52( )+P)/S‘/2( )) [71,1]3

and

Z Z%qz —pj—a & Z Z S SB [—1,1]

p<—M ez oy P v/ IQIS —pl*lj —aql*
M+j .
As(lg]) Ba(lj —dl)
+ Z Z s - s [_171]
= Ipl i — p
p<—M q=—M

+ Y > B [~1,1]

p<—M q>M+j |p| |q|s |7’ _p|s|j - q|s
1 2ABT?
C - + 755(7 -1,1
(Z+M+1)s((j+M+1)s 2(]))[ ]

1 2ABT2 -
e (m * 752(3)) [—1,1].

Similarly one can show that

Y D apabiopi—q C ‘15((2%4”52(]')) [—1,1],

p>M+i qeZ ‘7+M+ )

M1

Z Z apgbi—pj—q C o7 s 0 +‘MJrl) (BAY +v:W1 + ABY) [-1,1],
—M q<—M
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as well as

M+i

_
S0 Y apgbiopjoq C 2 (BA} + 4. W1 + ABY) [-1,1],
p=—M q>M+j 0+ M1

which completes the proof. O

In some sense dual to the abbreviations in Definition A.6 are the following constant
definitions, and the subsequent lemma.

Definition A.8. We define

M+i
Vi(i) = Vi = Z max  max (maX(Hap,THIrs,A1(|p|))

1<r<M-11<t<r
p=—M

e ([lbi—pr—ill (M = )%, Bu(fi = p)) )
M+i 0

St =Siu@ = > (lapaliBi(li—p) + Ar(li = p)llbpgllr),

p=—M q=—M
Wy =Wa s = max max (max(Az(r)r®, A) - max(Ba(M — t)(M —t)*, B)),

1<r<M-11<t<r
0

0
Ay =A5p= Y Aollal),  and By =Biy= Y. Balld))
q=—M q=—M

Lemma A.9. Let Assumption A.2 be satisfied, and assume the notation of Lem-
ma A.5, Lemma A.3, and Definition A.8. Then we have for all i € {0,...,M — 1}
and 5 > M

1
1S(a.b..) € + (sm') Vi) + 270 (0)

2T

Proof. The proof is similar to the one of Lemma A.7 and is therefore omitted. O
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Definition A.10. For the case i,j > M we define

0

._ s . _ _ )8
R, = ZMlS%%(_llrgtaé(T(maX(r llaprllr, A1(|p])) - max(Bo(M — t)(M —t) ,B)),

— S — — s
Ry = ZM1<£2%\}/[{ |z (max(r by, |1, Bu(lpl)) - max(As (M = #)(M = 1)%, 4)),

Ti= 3, s oo (max( gl Ax(ll) - mas(By(M = (M )", B))

Toim S max  max (max(r* byl 1, Ba(lal)) - max(Ay (M — 6)(M —1)°, A)),
g=—M = = ==

0 0 0 0
a* = Z Z lap,qliz, b* = Z Z 16p,]l75
p=—M q=—M p=—M q=—M

— S,..S S S
2=, max o (max(kr o1 As ()R, Az ()

cmax((M — 1)*(M = )*[bar—1nr—ell 1, By (M — 1)(M — 1)*, Bo(M — £)(M — t)s))

Notice that in fact R1 = Rl,M,s; R2 = RQ’]V[’S, T1 = Tl,]V[,S) T2 = TQ’M’S, a* = aj/[,
b* = by, and Z = Zyys.

Lemma A.11. Consider the notation of Lemma A.5 and Definitions A.6, A.8,
and A.10, and suppose that Assumption A.2 holds. Then for all i > M and j > M
we have

1
IS(a, b,i,j) C e (27(3 (A7 + A3) + A(By + B3) +vs(W1 + Wa) + 27AB)
+ Ba® ATBS + 3B} + AV + 9, (R + Ba + 7,2 + Ty +T) ) [-1, 1,

Proof. Again we rewrite (56), this time in the form

M+i M+j
IS(a,b,i,j) = E § ap,qbi—p,j—q

p=—M q=—M
M1 M1

+ § § ap,gbi—p,j—q + § § ap,qbi—p,j—q
p=—M q<—-M p=—M q>M+j

+ E E :ap,qbi—pd—q"‘ E E :ap,qbi—pa'—q-
p<—M q€Z p>M+1i qEZ
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The first sum can be rewritten as

M+i M+j
§ § ap,gbi—p,j—q = § § ap,gbi—p,j—q + § § ap,qbi—p,j—q
—M qg=—M p=—M q=—M p=—M g=1
0 M+j i—1 M+j
+ § § ap,qbi—p,j—q + § § ap,gbi—p,j—q
p=—M q=j p=1q=—M
M+i 0 M+ij—1
+ § § ap,gbi—pj—q + § § ap,gbi—p,j—q
p=i qg=—DM p=t g=1
M++1i M+j
+ § § ap,qbi—p,j—q-
p=t q=j

By considering each of the terms separately one obtains

0 0
Z Zap,qbz —pi—q & Z ZHquI || |5[ 1,1]
p=—M q=—M p=—M q=—M P-4
B
c Zj - 1.,1],
0 j-1 0 |)
Z Zap,qbifp,ijc Z Z” p,q” |S [—1,1]
p=—M q=1 p=—M q=1
0 . .
1 q ||apq||1 Bs(lj —al)lj —al®
SE 9 SE TR
p=—M g=1
YR
c ;jj -1,1],
0 M+j 0 M+j
Ai(lp))Ba(]j — al)
PO IR SIS
—M q=j p=—M q=j
AYB>
g # [_171]7
7/8.]8
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—1 M+j 0

llap.qll1p* B1(li — pl)|i — p|®
S tabinsa ZZ - -1
p=1g=—M q__]y[p 1 p* |Z—p| |]_Q|
5 p,qum ¢ bl =plli—dl*
. . )
o i = pl*lj —ql®
MAji—1 . B
p*Ai(p)li — pl*||bi—p,j—qlls
+ZZ s|q slsp] : [71’1]
=5 p=1 pili = plg
C (T 2Z + 1) [1,1]
M+i 0 MA4ij—1
Z Z ap,qbi—p,j—q + Z Zap,qbi—p,j—q
p=i qg=—M p=i g=1
A*B* R
C Sl 1,1+ 222 -1,1],
/L j /LS.]S
and
M-+i M+j M+i M+j A
ZZ%Q%I)J q_HZZHbzm gllr [-1,1] € 35[171]-
p=i q=j p=i q=j

The next two terms can be bounded using estimates of the proof of Lemma A.7,
namely

M1

Z Z p,qbi—p,j—q C (BA* +sWh + ABY) [-1,1],
p=—M q<—M

and
M+

Z Z ap,qbi—p,j- aC 3 (BA1+’YSW1+AB)[ 1.
p=—M q>M+j

The remaining estimates follow similarly to the proof of Lemma A.7, see also Lem-
mas A.3 and A.9):

Z Zap,q i—p,j—q C (2ABT+BA* +sWa + AB3) [-1,1],
p<—M q€Z

as well as

Z Zap,q i—p,j— qC (2ABT+BA*+’YSW2+AB2)[ 1],
p>M+iqEZ

which completes the proof of the lemma. O
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So far we have established bounds on the auxiliary expression IS(a, b, , j) defined
in (56). Yet, our main interest lies in bounding the truncation error when passing
from the infinite system (55) to the truncated finite system (10). For this, we need
to establish estimates for expressions of the form

Z Ap,qQr,sAi—p—r,j—q—s = Z ap,q1S(a,a,i—p,j —q). (62)

P,q,7,SEL D,qEL

These estimates will be derived under the following assumptions.

Assumption A.12. Let a = (amn)nmez be a collection of intervals ap,, =
(s by ] With ap g = ayp) g for all p,q € Z. Furthermore, assume that there

are constants A >0, s > 2 and an integer M > 2, as well as positive constants Ai(p)
for pe{0,....M —1} and positive constants A2(q) for ¢ € {0,..., M —1}, such that

A
|1(||§|) for gl > M and |p| < M,
q

A

llapqllr < |2]£||g|) for |p| > M and |q| < M,

A
—  forIpl,lql > M,

lpl°lql

where we use the definition in (57).

Definition A.13. For |k|, || < M, we set

4A%72
(Jk| + M+ D)s()l| + M + 1)®

Sa(l1)) S1(1k|)
’ 2T((Ikl TMrLe T M 1)s> (=1, 1],

bii = FS(a,a, |k, |I]) +

[_1’1]

where we use

N M+i R M+j
Si(i)= Y AlphAi(li—pl)  and  Sao(i) = Y As(lal)A2(lj — a))-
p=—M qg=—M

Similarly, we use the notation of Definitions A.6, A.8, and A.10 with a hat, when
all entries related to b, 4 (B, B1(p), B2(q)) are replaced by a, 4 (A, A1(p), A2(q)).
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Finally, we define

(2A27 + 2A A% + v, W)

. ~ — 2r
By (|k]) = Sy([k[) +vsVi([k]) + 2751 (|k]) +

(k| + M +1)s ’
_ . _ 27(2427 + 2AA% + ~, W)
By (1)) = S3(|1]) + s Va(|l]) + 2752(]1]) + ,
2(11]) S + s Va(lll) + 2752(]1]) M+ 1)

B = 27 (2A(A} + A%) + v (W) + Wa) + 274%) + 240" + 245 A}
YRy + R+ 7.2 + Ty + To),

as well as

B
1“("5') [—1,1] for |I| > M and |k| < M,

B

by = T;:SD [~1,1] for |k| > M and |I| < M,

B

———[~1,1] for |k|,|I| > M.

|p|* ]

Using Lemmas A.3, A.7, A.9, and A.11 one can readily see that
IS(a, a, k1) C by, for all k,l€Z, (63)

which in combination with (62) furnishes

§ ap’qansaifpfr,ijfsc§ ap,qbi—p,j—q

P,q,7,SEL P,q€L
and by employing our estimates again, we finally obtain the following theorem.

Theorem A.14. Let a = (amn)nmez denote a collection of intervals am,, =

(s @, ] as in Assumption A.12, and let b= (b n)nmez be defined as in Defini-

tion A.13 such that (63) holds. Using the notation of Lemmas A.3 and A.5, as well
as Definitions A.6, A.8, and A.10, we have the following inclusions.

(i) If i,5 € {0,...,M — 1}, then

( 4ABT?
G+M+1)5G+M+1)°

S2(4) S1(7)
+27_((i-‘r]\4-|-1)3 + (j+ M+ 1)s>> [-1,1],

§ Ap,qQr,sQi—p—r,j—q—s C FS(a,b,1,j) +
p,q,7,SEL

where FS(a, b, 1, j) was defined in (60).
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(i) If i > M and j €{0,...,M — 1}, then

1 . . .
S apattnstieprieas © 3 (8300 11a(0) + 20520
P,q,7,SEL

27(2ABT 4+ BA% + v, W1 + ABY)
+ - [—1,1].
(j+M+1)s

(iii) If i €{0,...,M — 1} and j > M, then

1/, ‘ ‘
Z Ap,qQr,sQi—p—r,j—q—s C =5 <51 (1) + v Vi (2) + 2751 (4)
D,4,7,SEL J

| 27(2ABT + BA; 43,y + ABQ)> L)

G+ M+1)

(iv) If i,j > M, then

1
Z Qp,qOr,sGi—p—r j—q—s C T5is (27(3(141k + A3) + A(BY + B3)
»,q,7,SEL J
+27AB + v,(Wy + W3)) + Ba* + A{Bj + A3 By}

AV 4y (By + Ry + 7,2 + T+ T3)) [-1,1],

The above theorem is the main tool for establishing strict topologically self-
consistent a priori bounds in section 2. Similar results for one-dimensional base
domains can be found in [4,6,7].

B. Numerical description

We close this article with a brief description of the numerical and implementational
aspects of our methods. The rigorous results described in section 1 using the methods
outlined in the remaining sections of this paper were all obtained using MATLAB.
The actual programs can be divided into two parts: One set is implementing a path-
following algorithm, and is used to calculate approximate solutions along solution
paths. The second set implements the rigorous method described in section 2, by
employing the explicit estimates of section A. We describe each set separately in the
following.

The path-following algorithm was originally developed for the numerical analysis
of equilibria of the two-dimensional Cahn-Hilliard equation in [14]. It is based on a
predictor-corrector algorithm with step-length adaption. See for example Allgower
and Georg [1, chapter 3]. In the appendix of [14], our implementation is described in
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more detail. In contrast to [14], for the present paper we approximate the Laplace
operator by a discrete Laplacian on a fairly small equidistant grid, usually consisting
of 50x50 grid points. The solutions gathered in this way are then used as initial
points for the rigorous numerics. Therefore, it is sufficient to consider small grid
sizes as above, since the higher accuracy will be achieved in the second part of the
implementation.

The second part of the implementation is aimed at computing a box-neighbor-
hood U around an approximative solution. The projection of U onto one Fourier
coefficient is usually a closed interval, as described in section 2. Hence, our imple-
mentation makes heavy use of interval arithmetic. Note that

[a,b] o [e,d] = [min{z o y|a € [a,8],y € [c,d]}, max{z oyl € [a,b],y € [e,d]}],

where ’¢’” can be replaced by the operators for addition, subtraction, multiplication,
or division. (In the case of division one of course has to assume that 0 ¢ [c,d].)
Of course, the use of interval arithmetic alone does not suffice to obtain rigorous
computer-assisted proofs. In addition, one has to be able to keep track of rounding
errors. This is accomplished by the MATLAB toolbox INTLAB by Siegfried Rump.
This toolbox comprises interval arithmetic for real and complex data including vectors
and matrices, including MATLAB’s sparse matrix commands. Moreover, it contains
rigorous interval versions of standard MATLAB functions such as sin or exp, which do
keep track of rounding errors. More precisely, applying such a MATLAB function to
an interval returns an interval which contains all possible function values. See [12] or
INTLAB’s homepage at www.ti3.tu-harburg.de/~rump/intlab/ for more detail.
For detailed information on the implementation of the rigorous numerical method we
refer the reader to the appendix of [18].
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