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ABSTRACT

The aim of this first work is the resolution of an abstract complete second order
differential equation of elliptic type with variable operator coefficients set in a
small length interval. We obtain existence, uniqueness and maximal regularity
results under some appropriate differentiability assumptions combining those
of Yagi [13] and Da Prato-Grisvard [6]. An example for the Laplacian in a
regular domain of R® will illustrate the theory. A forthcoming work (Part IT)
will complete the present one by the study of the Steklov-Poincaré operator
related to this equation when the length ¢ of the interval tends to zero.

Key words: abstract differential equations of second order, variable operator coeffi-
cients, mixed boundary conditions, maximal regularity, compatibility conditions.

2000 Mathematics Subject Classification: 34G10, 34K10,34K30, 35J25, 44A45, 47D03.

Rev. Mat. Complut.

21 (2008), no. 1, 89-133 89 ISSN: 1139-1138
http://dx.doi.org/10.5209/rev_REMA.2008.v21.n1.16438



Favini et al. Abstract differential equation of elliptic type

Introduction

0.1. The abstract equation and hypotheses

Recently, many works have dealt with the resolution of the complete abstract differ-
ential equation of second order

w’(t) + pu/(t) + qu(t) = f(t), te€]0,0[,

( = $o, (1)
( Pss

with variable operator coefficients in a Banach space E. Some optimal results about

the existence, uniqueness and maximal regularity have been established in the frame-
work of the following spaces:

0)
5)

u
u

C?%([0,6]; E), 20€]0,1[, E is an arbitrary Banach space,
L?(0,0; FE), pé€|l, o0, E is an UMD Banach space,

when the closed linear operators (p, D(p)) and (q, D(q)) satisfy some ellipticity and
commutativity hypotheses (see, for example, [3,4]).

In this paper, we consider the complete abstract differential equation of second
order

u () + p(t)u' (t) + q(t)u(t) — Au(t) = f(t), t€]0,4],
u(0) = ¢, (2)
w'(6) =1,

where

e )\ is a positive real number,

f€C?(0,6],E), 20 €]0,1],

(q(t))ieqo,s) is a family of closed linear operators of domains D(q(t)) (which may
be not dense),

for each t € [0, 4], p(t) is a bounded linear operator.

0 is a small real positive number. (In the second part of this paper, we will
focus on the limit problem as ¢ tends to zero.)

The main difference between (1) and (2) is that the operators coefficients ¢(t) are
variable, whereas p(t) is a perturbation.

Our purpose is to extend the results obtained for Problem (1) to Problem (2)
by building explicitly a representation of the solution u(¢) and studying its optimal
regularity. Some natural compatibility conditions related to the equation will be taken
into account.
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The techniques used here are essentially based on the Dunford functional calculus
and the methods applied in [1,6,9,13].

Recall, briefly, the case when p(t) = 0, A = 0, and ¢(¢) is a constant operator
satisfying the natural ellipticity hypothesis

C
RT Cp(g) and 3IC >0,¥2>0 ||(¢—2I)7 < T2
which is verified in a sector of the form
Moy ro ={z€C*:|arg(2)| <Ot U{z€C:|z| <rp} (3)

with some small 6y > 0 and ro > 0. (Here, p(q) is the resolvent set of q.)
The representation of the solution w is given by the formula

u(t) = 1 M(q — 2D lpdz

2imw J,  coshy/—z6

1 sinh /=
f/—bm 2 (g2 Mpdz
2im [, \/—zcosh/—z6
1 g _
oz [ ] K- a0y s (4)
with
inh h —
Sy N E
Kﬂ(tv 8) = . (5)
sinh pt cosh p(d — s) it r<s<s

pcosh pd

The curve v is the retrograde oriented boundary of the sector Ilg, .
We will deal with the case when the operators

QW) =qlt) =M, A>0,

are variable. The model we will present at the end of this paper considers realizations
of ¢(t) having C%-coefficients and satisfying the Lopatinski-Shapiro conditions. On
the other hand, we will consider some appropriate differentiability hypotheses on the
resolvents of ¢(t), combining those in Yagi [13] and Da Prato and Grisvard [6].

As mentioned previously, we assume that the operators p(t) fulfill the estimate

3C>0:vt€[0,8] [lp®)|lrm) <C. (6)

Throughout this paper, the family of linear closed operators (q()):e[0,5) of domains
D(q(t)), not necessarily dense in F, enjoys the following three properties:
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(i) o

7
T 14z @
It is known that this assumption allows us to define the fractional powers of
operators (—Q(t)).

(ii) For all z > 0, the application t ~— (q(t) — 2I)~! defined on [0,d] is in
C?%([0,9], L(E)) and there exist C' > 0 and « €]1/4,1/2] such that

M >0, Vz>0,Vte[0,6] |(q(t)—2I) " rm) <

C

vzovme s oo -0 g0 <G

t

L(E)

Moreover there exist two constants 7 and p such that Vz > 0, V¢, s € [0, d]

1 d _ . d _
q(t)(q(t) — 21~ —q(t) " —q(s)(q(s) — 2I) " —=q(s) ™"
dt ds L(E)
Clt — s|*1
>~ Zp+1/2 )
H " = g
dt2 LB 2P’
(E)
9)
d? . & 1 Clt — s|?"
“ -1 _ — ) P Al
O I
0<t_pan<t
=5 p<N= 9

Remark 0.1. Observe that all the constants given above are independent of ¢ and 4.
On the other hand, it is clear, by using a classical argument of analytic continuation
on the resolvent, that the previous assumptions hold true in the sector Ilg, ,,, and
then, on ~. Furthermore, we can replace z by z + .

2. Comments and remarks on the hypotheses

By the hypotheses (8) and (9) it follows that

C

H )= =D)” S ez

L(E)

and

— g|?n —
<C|t s +C|t s|

2p+1/2 22

| a0 =0 = Ltats) a0

L(E)
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Indeed, the first estimate is a consequence of the identity

S at) =) = g)ta(t) — =0 (Salt) et a(t) 2D

For the second one, write

o alt) = 2D 2 (als) 2D

= 4(t)(a(t) — =D~ (Lo )aO)la(r) — 1)
~als)a(s) — =) (Sqls) ) al) a(t) — =1)"
+als)a(s) — =D (qls) ) al)la(r) — 1)
~as)a(s) — =) (S als) ™ )als)(als) — =1)"!
= .[1 —12+I3—I4,
thus ,
|11 — L] < C';%jl,
and

s = Ll <C a+1/2||( q(t) = 2I)7" = (g(s) = =1) 7|

/ o )—zI)~ L dr

z  |t—s|  Clt—s|
Lot1/2 sat1/2 T J2a

— Za+1/2

1. Construction of the solution

1.1. Representation of the solution

In all this paper, for ¢t € [0,4], z ¢ R, we set
sinh y/—zt

ev=2(t) = Cosc}i);{lj(—izé t)7 sy=2(t) = cosh /=20~ (10)
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Our representation formula can be heuristically derived by the following argument:
taking the constant case into account (see formula (4)), we look for a solution of
Problem (2) in the following form:

2@7r/ cy=(t t) — 2I) " 1p* dz

* 517 | 0@ —=n 1y

dz

V—z
Qm// K =(t,s) (Q(t) — =I) " f*(s) ds dz, (11)

u(t) = d(t, Q)" +n(t, Q)Y* +v(t, Q1), f7),

The kernel K ,—; is defined in (5). We are then concerned with the determination
of the triplet (¢*, %", f*) in an adequate space in order that w is a strict solution of
Problem (2), when f € C?%([0,4], E), whereas ¢ and ¢ are given in some subspaces
of F.

Remark 1.1. In virtue of (7), it is possible to make use of square roots

_(_Q(t))1/2v le [0»5]

which are well defined and generate analytic semigroups (not strongly continuous at
zero), but the calculus are very cumbersome. One must be careful on the use of
these fractional powers, since the operators are not densely defined. So, we prefer the
natural use of the Green’s kernels.

In the sequel, we will use the following notations:

d(t,Q(1))e" = d(t), n(t, Q)" =n(t), v(t, Q) f) =v(t).

Now, let us justify the convergence and the regularity of the integrals occurring

n (11).
In this work, ¢ is a small fixed positive number.
Our first following fundamental lemma is concerned with the integral

_ 1, %
d(t, Q(t) 2177/ cy=(t 2" " dz.

Lemma 1.2. Under the assumptions (6)—(9), there exists a constant C' independent
of & such that

(i) Vi>0,0" € E, [dt,Q))¢ [z < Clle*| 5,

(ii) YVt >0,s > 0,90" € E, d(t,Q(s))¢* € D(Q(s)) and

1Q(s)d(t, Q)" [l < (C/t%)l|¢" || -
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(iil) Vo* € D(Q(0)),t > 0,s € [0,t],
d(t, Q(s))¢™ € D(Q(s)),

and

1Q(s)d(t, Q(s))¢" ||z < CQ0)¢" | -

In particular

1Q@)d(t, Q1)) ¢™ ||z < |Q(0)¢" || -
(iv) One has

lim d(t, Q(1))¢™ = " iff " € D(Q(0))

and
t— d(t,Q(0))¢"* € C*([0,4], E)

if and only if
(,0* S DQ(Q) (9, +OO).

(For this interpolation space, see Grisvard [7, p. 664].)

Proof. Assertions (i) and (ii). They can be treated similarly. So, we restrict our-
selves to the second one. For z € v, |z| > ro, 6 > 0, and ¢ > 0, we have

Re(y/—2z0) > 0 and Re(y/—zt) > 0
arg(y/—z0) = arg(y/—z2t) =7/2 — 60y /2 =601 > 0
Re(v/—20) = 6|z|"/? cos(m/2 — 0y /2) = 6|z|"/?sin(6y/2).

Hence
|1+ 6_2¢35|2 =1+ 2e 2ReV=20 ¢o5(2Tm /—28) + e 1R V=20,
and then, if cos(2Tm /—2d) > 0,
14+ e72V720) > 1,
whereas if cos(2Im /—z4) <0, i.e., if 2Re(y/—28) > 7/(2tan ;)
‘1 + 6—2\/—75‘2 >1— 9 2Re(v/=20) + e~ 4Re(v/=20)
=(1- 672Re(\/jzc5))2 > (1 - e~™/@tand1))2 — o(g0) > 0.
Therefore, we obtain in both cases

eV—2(0—t) 4 o=V—2(5-1)
lev=01 = | — 7= ==
< Ce— Re(vV=2)t < Ceft\z\l/Qsin(90/2),

1+ e—2V—z(6—t)
1+ e2V-28

= e
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where C' is independent of §, ¢, and z. From this estimate it follows that Vp* € E|
Yt > 0, the integral d(t, Q(t))p™ is absolutely convergent and

At Q(t))g" = —— / L =0@W -

b / e —((Q(t) — 2I) " dz,

Then

e—tlzI'/?sin(60/2) i}
imp<o(f Il
VlZIZ 5z

+oo e C
< c( / da)nso*nE
1 g

<Cletllg-

Concerning the integral Iy, write

Iy=1Iy+ 1.

Consequently,
= @) - tetde - o [ (@QU) -2l d
> 2im Je, 2ir Jr,
1
=—— t) —zI) " dz.
iz | (@) =Dt a:
where

Cr={z€v:|z| <1/t?}UTy, Ty ={z=¢eT"/t?:7€[~0,0]}

But

=35z [ @ -0t i <l
ry

2
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and
, 1 o
" i /%lzlﬁtlz(c\/jz(t)_1)(Q(t)_21) 'p*dz
1 — t B ) o
_%/ﬁlﬂgﬁ ﬁ(/o sy 5)d§)(Q(t) D)o de,

1
t72 — * *
113l SC/ tlzl =2 lle" | dlz| < Clle*|.
o
The same arguments apply for the second statement concerning
— ] 1, = )
Qs = 57 | vt D) d
Assertion (iil). Suppose that p* € D(Q(0)), t > 0 and s € [0,t]. We have
By *
QUs)d(r, - / eyt D)t dz
=5~ [ cv=0R()(Q(s) = 2D)TQ0) ™ = Q(s)71]Q(0)¢" dz

. / e /= (O(Qs) — =)' Q(0)¢" d

As in the first statement, we get

5in | /(@) — =D Q)

< ClQ0)¢"| k-
Regarding the first integral, we have
%in / eyt — 27 Q(0) ™! - Q(s)1JQ0)¢" d=
= %r / r —=D” 1 (Q(O)_l - Q(S)_l * S(ZSQ(S)lsLO)Q(O)W* *
d
o / ey==(t)sQ(s)(Q(s) = =) (dscxs) - Qs >|£—o)Q<0>%0* dz
1 d
ds

5z [ 0@ - 207 (6 o) d:
=J + Jo + Js.
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By the mean value theorem we derive the following estimate of Jy:

HQ(O)‘l Q) 45 QUL

|s=0

H ( >‘1—jscz<s>|;_0)d§H

2
& sup S dé < s* sup —Qs?_
/ | |9€01[ ()I 6c 0€]0,1] ds? ()I =0¢
<t sup dizé?(S);l_@AE :
oelo,1(l| ds =

which leads to
|1 < Cl[Q(O)e" .

For .J,, we have

Q@) — =0 () = QL e

@@ - =0 [ e ar)awy

d2

< 52 sup -1

s€(0,1)

)

L(E)

and we apply a similar treatment as in the previous assertion. Concerning the inte-
gral J3, note that

8€—t|z\1/2sin(90/2) p
0)o*
</m|z|z |z]o+1/2 | Z|>||Q( )"

’ > 20se N
SC(/l W)m( o'l

< Cst**HQ(0)¢" |2 < C*|Q(0)¢" | 1,

and a similar estimate holds true on the part {z € v, |z| < %} of the curve 5. This
yields

13]| < ClQO)e™ -
Assertion (iv). For all p* € E, we have

4t Q) 2271'/ ey=(t t) =z~ = (Q0) — zI) )" dz
227r/ cy=(t)(Q(0) — zI)"'¢" dz = a(t) + b(1).
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We can show by the Dunford’s calculus that the term

1

b(t) == %im ’YC\/TZ(t)(Q(O) —2D) Yot dz

can be rewritten as follows:

b(t) = (I + 6—26(—62(0))1/2)—1 (I+ 6—2(—62(0))1/2(5—0)e—(—Q(O))1/2t¢*7

Where(e_(_Q(o))l/zt)DO is the analytic semigroup (not strongly continuous at zero)
associated with —(—Q(0))'/2. Thanks to Lunardi [10, p. 59] , the operator

(I + e~20(-QE)) 71
is well defined. By Sinestrari [11, Proposition 1.2, p. 20], we deduce that

b(t) — ¢*, ast—0

if and only if ¢* € D((—Q(0))'/2) = D(Q(0)). This last equality follows from the
properties of fractional powers of sectorial operators, see Haase [8].
Regarding the term a(t), we have the estimate

[er=0@M) " - (@) - 1) )" dz

/YC\/TZ(t) /Ot %(Q(r) —2I)"totdrdz

t
8 - *
: ’/m|z|>ﬁzcﬁ(t)/o 57 Q) —zD) "¢ dr dz
t
a - *
" /ﬂ sfzcﬁ(t)/o 7 Q) —=D)7l¢" drdz
= ai(t) + ax(t)

with

te—t|z|1/2 sin(60/2) i}
ailt) < C</ﬂ NP 'dz') ¥ll=
3|12 Ziz

te—t|z|1/25in(00/2)
<C —_——|d *
M=

< Ct¢* ||,

Revista Matemdtica Complutense
99 2008: vol. 21, num. 1, pags. 89-133



Favini et al. Abstract differential equation of elliptic type

and

(¢ = r) —2I) "t drdz
[v V== / o

—I 1, %
/||<1/8T zI) " " drdz

as (t) = 91 (t) —+ ao9 (t)

Concerning the first term a1 (), we observe that

t|z|Y/ 2t
azn (t) < C(/ sies T2 |dz] | le* |2 < Ct**||¢*|| -
REIED )

For the second one, asz(t), we close the curve at the right-hand side and we denote
by C} the arc

(1/t%)e?, 6 € [—00, +60],

7 _ 1, %
ago(t H /Ct/ 8r (Q(r) —zI) ™ drdz

< [ 2@w - o] %

< Ct*)¢*| b,

to obtain

do

The second property is proved in Sinestrari [11, Proposition 1.2, p. 20].
This ends the proof of the convergence d(t, Q(t))p* — ¢* as t — 0. Observe that
it is possible to obtain the same result using a direct calculus as in Labbas [9]. O

Remark 1.3. In order to simplify the calculus, we will often consider that ¢y = 1.

Proposition 1.4. Suppose that f* € CP([0,6], E), 3 €]0,1[. Then, under the as-
sumptions (6)—(9), the function v (introduced in section 1.1) defined by

_ —1 px
= 2@71'// K /= (t,8)(Q(t) — 2I)"" f*(s) ds dz,
(the kernel K ,— is defined in (5)) enjoys the properties:

(i) v() € C2(]0,4[; B),
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(i) Vt €]0,8[ v"(t) +p(t)v'(t) + Q(1)v(t) = f*(t) + Pa(f*)(t) + Ra(f*)(t) where

B 2271// v=(ts) ot Q(Q(t) —zI)7 f*(s)dsdz

= / O K =t 5) o Q) — 1) () ds d,

and
R0 =~ 5 | [ Km0 2@ — 1) 5 s

m// SR == 9p)(QU) — 21) 7 (5) ds

Proof. Assertion (i). Step 1. Using a direct computation on the kernel (5), one
obtains the existence of some constant depending only on 6y such that for all z € v

)
< ( s / |Kﬁ<t,s>|ds)||f*||cw>
0

tef0,1

1l _qlfr ||C(E)
|z\cos(7r/2—90/2) |z]

5
/0 K —(t,s)f"(s)ds

(see [6, p. 372]) which implies that the integral

2277// K =(t,5)(Q(t) — 2I) 7' f*(s) ds dz,

converges. But it is not possible to apply Q(¢) on this representation. One must use
the Holderianity of f*. So, we write v as follows:

2m// K = (t,s)(Q(t) — 21) 71 (f*(s) = f*(t)) dsdz
227r// K = (t,s)(Q(t) — 2I) "' f*(t) ds dz

QW// K =(t,5)(Q(t) — 2I) 7 (f*(s) = f*(t)) ds dz
L/ (cosh /=2t — 1) cosh /=2(6 — t)

Q) —=I)~ f*(t) d=

2im zcosh /—z6
1 sinh /—zt sinh /—2(§ — t) e
2 L zcoshy/—z6 QW) - =07 /7 (t) d=
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which becomes

6
o0 == gz [ [ K@ -0 - 110 s
L[ @) DT
* %ix / E
e
S LR R

Step 2. By the Cauchy formula, we get
_ 1 * ok
2W// K = (t,5)(Q(t) — 1)~ (f*(s) — £*(t)) dsdz

2m/ et ‘Z” QO == fey 42
QU ).

Since f* is Holderian of exponent 5 €]0, 1], then

‘ 2ir

1 J —1 * *
L | K@) -7 7 6) - 1) ds

c [ .
< [ 1 1Kt ol = s s s
] :
<O loweny [ s < OW oo

(see [6, p. 376]) and

Consequently

4
3z | | Kot 000@) —=0 7 (57 (5) — 1 1) ds

C * *
</ e [4EllS ooy < CUf ooy (12)
v

vt €]0,6[, wv(t) € D(Q(1))

because (as in the proof of Lemma 1.2)

<Clf*llewmw)-
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(The factor 1/t? is compensated by 1/ |z|.) Hence

- mw/i/ K /=t 9)QM)(Q(t) — D) (f*(s) — f*(t)) ds dz

- 5iz [evt 7 pr @y az+ 1),

z

Assertion (ii). Step 1. Regarding the derivative v'(t), we have

1 ! sinh v/—zssinh /—z(6 — t) 1
= o / / P (Q(t) — 1)1 f*(s) ds d=

1 % cosh /—zt cosh v/—2z(5 — s) i
B %// cosh v/—20 (Q(t) — 2zI)" " f*(s)dsdz

sinh \/—zs cosh \/—z(t — §) 0
2 / / \/—zcosh /=20 ot 7: (@) —21)

sinh v/—zt cosh v/—2(s — 6) 9
2 / / V/—zcosh+/—z6 ot 5 (@) —21)

“Lf*(s)dsdz

“Lf*(s) ds dz.

By Assumption (6), it is easy to see that

PR E) = i / / | Smh\/ijjsimﬁ\/;(ét)p(w(Q(t)—zI)lf*(s) ds dz
" 2ir / / = \/jczct)scﬁ Sh\ﬁ\/j(é - s)p(t)@(t) —2D)7 ¥ (s) ds dz
g | s g (@ s
o [ 0 2 ) o
Therefore
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Step 2. Let us study the second derivative v”(¢). The calculus requires some
details. We use the method delivered to prove Theorem 3.3.4 in [12, p. 70]. Let € be
a very small positive number and ¢t be such that

D<e<t<i—e<d,

and v, be the function defined by

=g [ [ thhpq(é Q) — 1) () ds
0 COS —ZS COS —Z —
_2;//-5- hCosh;j\i;(é 2 (Q(t)_ZI)_lf*<5>d5dZ
5] / Sy 00 2 (@) — D) () ds s

2m// sinh \/—zt cosh /—2(s — §) 0

\/—z cosh /=28 at(Q(t) - ZI)flf*(S) dsdz

It is not difficult to see that all these integrals are absolutely convergent and

vL(t) — v'(t) strongly as ¢ — 0. In addition, we have

vI(t) = V() + V2 + V2 + V)

where

1 1 =€ sinh /= 2zssinh /—2(6 — t) 9
Vo) = (
2w cosh /—z6 ot
/ / cosh /—ztcosh/—2(6 —5) 0
C 2urm the cosh y/—2z6

2”1. // —e \/TZSinh \ézls\(}ojsilé\/;((s - t) (Q( ) )_1f*( )dez
9 /=Zsinhy/—ztcosh/—z(6 — s
‘M/L VRO O Q) ) () ds
v = 2217T / = \/jZ(tco_sfl)\b/liizl(S\/jZ( 2 Q) = 2D) "' f*(t —e)dz
1 cosh /—zt cosh/—2(6 —t — €) i
ML cosh v/—26 Q) —zI)" f*(t+¢e)dz

Revista Matemdtica Complutense
2008: vol. 21, num. 1, pags. 89-133 104



Favini et al. Abstract differential equation of elliptic type

V() = — %// K\/jzts)?i(@(t)—z[)_lf*(s)dsdz
/ / sinh /s sinh v _2(6 — t) &
227r

cosh /=20 &(Q(t) —2D)7 f*(s)dsdz
_ % // cosh \/?zsc}?%?((s - 3) %(Q(t) o ZI)ilf*(S) ds dZ,

Step 3. We transform V2(t) using the relation

V=2(Q) — 27 = \/__iZ(Q(t) . \/{7 Q(t)(QS)_—; A1)~

Then the Dunford calculus and the Holderian regularity of f* yield
¢ sinh v/—zs cosh \/—72( £) B
Q) — zI) "' f*(s)dsd
v 2@%// V=2 cosh \/—20 Q)(Q(t) — zI) " f*(s)dsdz

sinh /=2t cosh v/—2(§ — s) (o) de d
2@77//_~_(5 V—zcosh/—z6 QU(Q) —zI)™ f*(s)dsd

=€ sinh \/—2s cosh /=2(6 — )
2”/A V—zcosh/—z6
(Q(t) — )M (f*(s) — f*(t)) dsdz

1 % sinh /=2t cosh v/—2(0 — s)
+27T//+5 V/—zcosh /=26
X Q)(Qt) = 2I)7H(f*(s) — f*(t)) ds d=
_ L/ cosh \/—2(t — €) cosh /=2(§ — t)

2in cosh V=20 Q) = 2D)~' f*(t) dz
1 sinh /—ztsinh /—2(6 — t — €) .
- 2wr/7 cosh /=26 (Q(t) — 2I)™ " f*(t) dz

1 cosh/—2(6 — t) L
Ry 7m(@(lﬁ)*ﬂ) LFr(t) dz

Thanks to (12), the first two integrals are absolutely convergent. The last one has
been treated above. Observe that the convergence of the other integrals in V2(¢) and
those of V3(t) may be studied similarly. For example, the estimate

sinh /=2 (t — &) sinh /=2 (6 —
cosh v/—zd

1/2

I < geet
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leads to the convergence of the integral

1 / sinh /—z(t — €) sinh \/=2(8 — ©)

2im cosh /—z0 (Qt) = 2I) " f*(t — ) dz

um

for
O<e<t<d—e<b.

Summing up, we obtain

v () + p(t)o' (1) + Q()u(t)
= (V2 (1) + V(1) + (V2(t) + Q(t)u(t) + V2(1)) + Ra(f7)(1).

Step 4. Tt is clear that V!(¢) + V4(¢) converges strongly to

8 2
PO === [ [ Km0 5@ ) ) dsds
b [ [y SO0 8 ) — 2 () dsd
0 COS —Z1 COS —z — S
_%//t h\c;hg(‘s )%(Q(t)—zf)_lf*(s)dsdz.

Concerning the second term V2 (t) + Q(t)v(t) + V2(t), we have

lim (V2(£) + Q(t)o(t) + V2(1)) = f*(t) + lim W2(1),

where
W) = - o [ IOV () -y ey
1 sinh /=2t sinh /=2(6 — t — ¢) .
5] S (Q(t) — 2I)~1f*(t) d=
% / sinh \/Tz(tco—si)j%g@(é —t) (QU) — 21" f*(t — 2) d
1 cosh /—zt cosh/—2(6 —t — €) 1w
=2 L P (Q(t) — 21) " f*(t + &) dz.

Step 5. Now, let us prove that W2(t) — 0 as ¢ — 0. For this purpose, observe
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that

_ 21/cosh\/—izt—a)cosh\/—iz( )(Q(t)—zI)_l(f*(t)—f*(t—E))dZ

cosh /=26
1 cosh/—z(2t —§ —¢) 1
S / Q) =) - ) d

1 sinh /—ztsinh v/—2(6 —t — ¢)
 2ir [y cosh /=28
1 cosh/—z(2t —§ +¢) e
% N COSh\/jz§ (Q(t) —ZI) f (t—|—€) dz
1 / cosh/—z(t — &) cosh/—z(6 — t)
Pz ~ cosh /=24
2217r . - \c/(z(?/t%(g = (Qt) —2zI)"H(f*(t —¢e) — f*(t +e))dz

1 sinhy/—ztsinh/—z(6 —t —¢)

Q) = =D)TH(f*(t) = f*(t +¢)) dz

Q) = =D)TH(f*(t) — f*(t —€)) d=

Q) = =D)TH(f*(t) = f*(t +¢)) dz

 2ir - cosh /=24
1 cosh/—z(2t —§ + &) — cosh /—2(2t — § — ¢) L
2im [y cosh \/—z6 (Q(t) —2I) " (t+¢e)dz

Regarding the first term, we have

e [ SO0 ) — ey () - (- <) s

_els1/2 |dz dz
< Oéﬂ (/ e elz|! 2u _|_/ ‘ |) Hf”Cﬁ(E
z€7,|2|>1/e2 |Z| zE€7,|z|<1/e? |Z|

s [T _,20do 1/e? dp
<Ce e — + — I flles
1 o 0 P

where 7 has been introduced in (3). We deduce the convergence of this integral to 0
when ¢ — 0. It is easy to see that we have the same result for the second integral
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since
1 cosh/—2(2t —§ —¢) .
‘%r/V cosh /—z6 Q) — =) (f(t—¢e)— f(t+e))dz
67‘Z|1/2(25*2t+5) + e*‘Z\l/Q(Qtfe) dz
<c(f D) e,
v |2
_‘Z|1/2(25—2t) —‘2‘1/2(2t)
€ +e |d2;|
<o(f 1 lloace,
v |2

with 0 < e <t < J—e <. The third integral can be treated as the first one. Finally,
about the fourth integral observe that

cosh/—z(2t — 0 4+ ¢) — cosh/—z(2t — 0 — ¢)

cosh y/—zd
e—\/fz(25—2t—s) _ e—@(26—2t+5) e—ﬁ(2t+s) _ e—\/fzat—s)
- 1+ e20v—=2 + 1+ e20v—=2 ’

and

P (Q(t) — 2I) L f*(t + &) dz

1 e—\/fz(25—2t—e) _ e—sz(26—2t+a)

<o [ e e2flzl”2)|dz||||f*|cﬂ(E>~
z
Y

The latter tends to 0 by Lebesgue dominated convergence theorem since
90—121"/?(26—2t)

_ 1/2
o2l (26-21—2) (1—e277) -
|z -

||

forall 0 <e <t<§—e<J. By the same way, we treat the last term.

Step 6. Summing up, we obtain the strong convergence
ve(t) = V'(t) and () — —Q(t)v(t) + Pa(f) () + f7(t)
as € — 0. Hence
v'(t) = =Q(t)v(t) + Pa(f") () + (1),
v"(t) + p()0' () + Q(E)v(t) = Pa(f7)(t) + p(t)v'(t) + f(t)
= Pa(f7)(8) + RA(f7) () + 7 (1)
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On the other hand, we have

2

4
| K955 Q) — 1) (s) ds s
v J0

1
C —|d * < (C/\° * 7
= /7|z||ZH|p 2l e < (/A e

°9 d
%//0 aK\/jz(t,s)a(Q(t)—zI)_lf*(s)dsdz
N

! * o *
=¢ / T [ e < ©IF o),
g

L K om0 2 @0 - 20 () dsd:
o ot

1 1
C| ———=d * < (C/\aT1/2 * 7
= /7|z| oz WA e < (©f WF e

and
! //5 O K y=s(t,s)p0)(Q() — =)~ f*(s) dsd
= = —z s)dsdz
27/71' ~Jo 6t \/TZ »8 p
<o [ 2o < )5
= , |2|172|z + Al c(E) = C(E)-
Therefore
1(Px + Bl Lico.s)m)) < C(L/ATY2 4 1/0° 4+ 1/A12), (13)
and the assertion is proved. ]

Proposition 1.5. Suppose that ¢* € D(Q(0)). Then, under the assumptions
(6)—(9), the function d(-,Q(-))e* belongs to C?(]0,6]; E).

Proof. Recall that, for ¢t €]0, 0]
_ 1 %
d(t,Q(t) 2z7r/ cy=(t 2I)" T dz
and if ¢* € D(Q(0))

d(t,Q(t))#" € D(Q(1))-
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On the other hand

dl(t7 Q(t))(p* =

and

d"(t, Q)¢ =

Abstract differential equation of elliptic type

1 0 -1, %
iz | et 5@ = e e
R

2im

[ Vs 6 - 0(QM) - 1)

1
2

32
[ =550 -0 iz

1 0 1 s
e 7\/fizs\/_fz(éft)a(Q(t)fzf) Lo* dz
1

- 2ir

/c\/jz(t)z(Q(t) — 2"t dz

= 37 / ) 5 Q) = 2D) "
[V st - t)§<@<t> D)t d

2“1_/ cy=(t — 2Dt dz.

We obtain the desired regularity for ¢ €]0, d]. O

In the sequel, we will put

2
QW) + QI QO = 51 [ eyl 5 (QU) — 2D " s
- i/r L6~ 1) o Q) — 21) g d

Ex(¢7)(1),

and

( )d’ t, Q 2@71’/ \/— )_ ZI)_lgp* dx
~ i / =z (0 — Op()(Q(E) — 1)~ da
= Ga(¢")(1),
thus

d’(t,Q(t))e" + p(t)d'(t, Q(1))¢" + Q()d(t, Q1)) e™ = Fa(¢™)(t) + GA(#™)(1)-
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Remark 1.6. The regularity up to 0 for d”(-,Q(-))¢* and Q(-)d(-,Q(-))¢* will be
treated below by associating d and v. This is not trivial and will need a compatibility
condition.

Now, let us study the integral

Q)Y = 5z [ 3= Ty
e 1 (6—1)|2|"/? sin(00/2)
— 21— —(0—t)|z sin(6o
SFZ“)(Q@J%)W s O<e PRk >”7’”*”E’

for each ¢ > 0, the vector function n(t, Q(¢))y* is well defined and it is continuous
on [0, 0] for each ¢* € E. Furthermore, this function is regular for ¢ € [0, §[. In order
to have more regularity on the closed interval we assume that

3€>01Dq(5)(1/2+6, +OO) :Dq(o)(l/Q—‘re, +OO) (14)

Observe that our differentiability hypotheses on the resolvents show that this condi-
tion is natural when § — O.

Proposition 1.7. Under the assumptions (6)—(9) and the condition
U € Dy(5)(1/2 + €,+00) = Dy(0)(1/2 + €, +0)
the function n(-, Q(-))y* belongs to C?([0,6]; E).

Proof. First, note that it is not difficult to prove that n(-,Q(-))v* € C%([0,4]; E)
if and only if Q(-)n(-,Q(:))9* is continuous. The following relation holds true for
t €10,0] and ¢* € E:

Qe Q) = 5 [ o= TNLIZ0 g

Moreover, the integral is absolutely convergent. We have to study the case when
t = 9. Let us consider ¢t € [0,6]. Then

Qt)n(t, Q)"
- o [0 Q0@ - 2 - QU)@®) - )
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it follows that

6
Q. QY = 5 [ VR =) [ 5 Q) = D) drds

1 [ s/=(t) 1
% . ﬁQ(é)(Q(é) —zI) 11/1 dz
=J1 4+ Jo.

Let J; = J;” + J; where J;" and J; denote respectively the integrals on the parts
o ={z€y: | > 1/(6—t) band v = {2 €7 |2 < 1/(5— 1)} of 7.

We write
JF =0+ Jh T
where

si= g [ Vo= [ (2@ -0 - 2@ -0 et aras
1= 9 - \/jz or ot

Th= 21/ 3= s =20 5(QU0 — 207 = Q) — 2w ds
e A e CLOICORE

x SOULQO)QE) - 1)y ds.

Then (in virtue of subsection 0.2 and remark 1.3)

6
s 1/2/5 T t
IR < C [ o2 HTO7D =H2 1)2 dr |dz[|[¢* ||
. Py

§
M2 (5~ r— «
+C |Z‘1/2€ [z[7/=(6 t)/ ( 2(1) d’l’|dZH|w ||E
Y+ t |Z‘

o] 0.26—0
gc/1 6~y p+1/z( "l
(5—t)2)
* o277 1 .
e S do
(%)

< C(( )217+2p 1 4 (5_t)4a_1)||7/)*||E

and 2n+2p—1> 0, 4a—1 > 0. A similar estimate can be shown for J;;,. Concerning
the third integral Jfg, we obtain, thanks to the regularity of ¢*

HJ 3” < C( )2a+26|‘w*||Dq(o)(1/2+e,+oo)~
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The same calculations lead to a similar estimate for ||J; ||.
For Js, we have

11 .
||J2|| < O/ |Z|1/2 |Z|1/2+€ |d3|||1/’ ||Dq(0)(1/2+6,+oo)
Y
S O™ D0y (1724, 400)-

Summing up, the previous estimates justify the continuity of Q(-)n(-, Q(-))¥* at the
point §. This establishes the proposition. ]

Remark 1.8. (i) The term J7f is regular for v* € D((—Q(6))'/?) since, it is possible
to write it as

Hy= g [ 6= 0v=Es =0

x [Q6)(Q) — 2D SQEL (-Q(0) (@) — 2D

X (~QU)2" dz,
and then
1/2 —|z|"/2(5—t) 1 1 *
Il < C /7+ t)|z|!/2e" 17 ledzllw I D((—es))1/2)
C(6 = t)** 19"l p(—qs)y/2)-

(ii) The same argument holds for

h= / Sj_if) (QS) — =1) 1y de.

As in the proof of Lemma 1.2, statement (iv), we have

Jo = — (I + e~ 2(=QO)H ™
% {(I — e~ 2CQO)0) =(-QON*(6-0) (_(5))1/2y*)

and applying Sinestrari [11] again, we obtain the continuity of Jo if and only if

(—Q(8))/*¢" € D((—Q(6))/?) = D(Q(9)).

But in this work, we will work with the following sufficient hypothesis

V" € Dy(s)(1/2 + €,+00) = Dy(0)(1/2 + €, +00),

which is more easy to handle.
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The following term is handled similarly

W (Q0 = o [ SZD B Q) - de

+ %[ycﬁ(é —)(Q(t) — zI) '™ dz.

We will set
PO (6, Q" = To (™)),
and
(1, QN + QO QY = 5 | =20 0 oy - an 1y e
’ ’ 2in ), V= or
o [e=6-n5@0 -2 s
— S\ ")),

The following lemma is needed in order to study the optimal regularity of the
solution we are looking for.

Lemma 1.9. Let ¢* € Dy)(1/2,+00). Under the assumptions (6)—(9), we have

1 * L g _ —1 * o
QW/ cy=(t 875 Q(t) —2I)" p"dz — 6t(Q(t) zl)‘t:()(p dz =0

um

as t — 0. (This result is then valid for ¢* € D(Q(0)) = D(q(0)).)
Proof. 1t is easy to see that

gm/r 5 Q@) —zD)p" dz

Ry /fﬁ(t)Q(O)(Q(O) - zI)*%Q(t)‘gioQ(o)(Q(O) —2D) "' dz
= 1 (t) + I2(1).

By the dominated convergence theorem together with

le@o) -2 G, 0@ - 1

1 *
= O<Z|a+1/2+1/2) lp HDq(O)(1/2a+°°)
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and integrating on the right-hand side of -, we prove that Ix(t) — 0 as t — 0.
Put I} = I} + I; where I} (t) and I; (t) denote respectively the integrals on the
parts v ={z €~y :|z| >1/t?} and v_ = {z € vy : |2| < 1/t%} of . It follows that

500 = | 55 [ ez @0 =217 = @0 =03, )i

—)|/2¢ t

2n
< et . / .
<O e el e+ | e =l
< O(t277+2;)—1 +t4a_1)||(P*||E-
Similarly, for I, we have

— _ 1 9 _ -1 _ g o -1 *

50 =55 [ (500" - 00 -, ) i
= ey -1( 2@ - D7 - 2@ - =Dl )¢ d:
= i [,V ot ot t=0 } ¥

1 0 -1 0 —1
5= | (Gre0 =07 = Sem -ty ) i

I (1) = m () + ma().

The same estimate for my is obtained as above, after closing the curve v~ on the
right-hand side. Regarding m;, we have

I = | 55 [ (et = D@0 - 07 = @) - 2Dt )

i [ [ vEse-n
< (@0 -7 = 2@ - 1) )y dra

21
2P+

1/t%
() < C / t[1/?

To

dlz|l¢*[le < CET2 o
This ends the proof of the lemma. O]

1.2. The system verified by the solution

*
9

).

We have seen that under the hypotheses upon the resolvents of Q(t), ¢* and 1
if f* is Holderian then the function given by (11) is in C'(]0, 5[; D(Q(-)) NC2(]0,6[; E
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Suppose that u is a solution of the complete abstract problem, that is

u(t) +p()u' () + Q)u(t) = f(t) = v"(t) +p(t)'(t) + Q(t)v(t)

+d"(t, Q(1)@" + p(t)d'(t, Q1)) " + Q(t)d(t,

Q(t))e"
+ 0/ (t, Q)" + pt)n'(t, Q(1))¥" + Q(t)n(t, Q(t))¥"
Then
o) + (Pr+ Ra)(f7) () + (Fx + Ga) (") (@) + (Sx + Th)(W)(t) = f(1),  t€]0,46],
where
Ex(")(t) = d"(t, Q1)) ¢ + Q()d(t, Q1)) ¢*
G,\(W)(’f) =p(t)d'(t,Q(t))e”"
Sx(@)(t) = n"(t,Q(t))v* +Q(f)n(t7Q(t))1/)*,
Th(™)(¢) = p(t)n' (¢, Qt))¥™".

We have to express that the solution satisfies u(0) = ¢ and v/ (6) = 1.
It is easy to see that

and, for ¢* € D(Q(0)) = D(g 0))

)

1 —2I)”
7/ DO,
2 Y

In view of the expressions of v'(t), d'(t), and n’(t), using the relation

227r/ cy=(0 = T)(Q) — 2I) "¢ dz — ¢

(since ¥* € Dy(5)(1/24€,4+00) =

as T — 0

Dy(0)(1/24€,400), see lemma 1.2), we deduce that

2m// 20 Qo) - 1) oo (O s bz = (),
7(0) = m[ymhﬁéiwm 1) ot dz = Da(p"),
and
w0 = g [ S0 S0 1) e s 4
= "+ Na(¥).
So, the function
u(t) =

d(t, Q((1))" + n(t, Q((1)y" + v(t, Q((1) [
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satisfies the system

(@) + Pa(f7)(t) + Ra(f*)(t) + Fal(e™)(t)

+ GA(") () + Sx(@)(8) + Ta(")(t) = f(t),  te€ ]0,4[,
u(0) = d(0) +n(0) +v(0) =" +0+0=¢,
u'(0) = v'(0) + d'(d) +n'(d) = Va(f*) + Da(¢") + 9" + Na(¢p") = 9,

which can be written under the abstract form

I+ P+ Ry Fx+Gyx Sy+T, I f
0 I 0 el =1
% Dy I+ N, P (0

We have necessarily ¢* = . It remains to solve, for A > 0, the system

( PR S fj) @) (f - ﬁ g;@; (<P)> ,

that is,
(I+A)X =Y,

with Ay defined as
Ax: C(F) x Dq(O)(1/2 +€,+00) — C(E)x E
. ok Py+ Ry Sy+T) I
P (PR SR (E),

This means that we have to inverse I + A, in an appropriate normed space. We will
choose the following norm:

[Ax]| = max{[|[Px + Rallzc(my), 1S 4+ TallL(D, 0 (1/2+e,+00),C(E))
VAN L(©(B), Doy (1/21e 4000y INAL(Dy 0y (17246, 400),2) }

for the operator Ay of L(C(E) X Dy(o)(1/2+ €, +00),C(E) x E).

2. Resolution of the system and regularity of «

1. Norm of the system matrix

We recall that (see (13))

(P + RA)”L(C([O,(S];E)) < C(l/)\(wrl/2 + 1/ + 1/)\1/2).
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The other operators occurring in the system matrix are

and the operators (independent of ¢)

= %r / / VO 0 60y )M (€) de e,

ﬁ 8t
s 1)
Na(y*) = %/ %);(Q(ﬂ — D)7 =" d.

Step 1. V) and N, fulfill the estimates

= [-oh [ [ 2EE R 00 -0 s de

<C.5./V EREFESTErE ldz[[| f* Nl c(z) SWHJ" e,

s )
ﬂ/ %);@(t)—zn—m_wwz

[KCFo2

Ml =

|,\|a

Regarding T), we have

I @) < \

s / =002 () — 201 s

um

‘|

um

1 —1 %
< el e+ g [ et —tp@0 21 v |
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Observe that without more regularity on ©*, we cannot obtain an estimate of the
previous integral, except in C||v*| g.

Step 2. In order to derive the suitable estimates for this term (then for T, and
also for S)) we consider the interpolation space in which ¢* lies, that is,

Dg5y(1/2 + €,400) = D0y (1/2 + €,4+00) = Dg(0)(1/2 + €, +00),

and the natural assumption (14).
Let 9" € Dg0)(1/2 + €, +00). The operators p(t) being bounded, we have

2z17r Cﬁ(‘s t)p(t)(Q(t) — 21) ™ y* dz
2zl7r 05(6 £ (pt)(Q(t) — )" = p(6)(Q(6) — zI) )™ dz
+ ﬂ / cy=2(6 = t)p(8)(Q(8) — 2I)~'p* dz
' a —1 /%
= g7 | v 000 [ @) = =0 dr e
% cy==(0 = )(p(t) — p(5))Q(5)(Q(5Z) - Zf)*lw o
% cy==(0 -~ t)p(é)Q@)(Q(i) —D7 s
2277 c\/—iz(fs tpt)(Q(t) — ZI)*lw* dz =1, + I, + Is.

Step 3. Regarding Iy, let I == J;" +.J; where J;" and J; denote respectively
the integrals on the parts v, = {z € y: 2] > 1/(0 —t)?} and v_ = {z € v : |2 <
1/(6 —t)?} of . Hereafter we will estimate J;"; the same holds for J; .

1] < c/
T+

In the sequel, we will use the following estimates:

t
Coqri—z(0 — t)/a %(Q(T) — zI) " dr|| |dz|.

IC>0:Vz ey, VA>0 |[z4+ A >CA and |z+ A > Clz|.
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It follows that

1] / (@) — =1) My dr | |dz
1/2 1)
SC/W s o |1/)2 @2l 5
c —1) .
Sr/ 1/2(6_75)2“1/) ||E'
(6 t) )
o
< i
For I3, we have (the same holds true for I5)
| 5) Q) — 21)-1
I8l = |55 [ eumsta - ony ZDQD=E e,
1T y z

1 *
B C/ W |zl HDQ(O)(1/2+E,+00)
¥

c *
= m”w Do) (1/2+€+00)-

Step 4. Finally, we have to estimate the operator Sy. It is the most singular
since it contains the second derivative of the resolvent Q(-). We have

1 [e=0 o
2 ), =z Ot?

+ — c\/jz(é - t)%(@(t) —zI) 1" dz,

Sxa(P7)(t) = (Q(t) —=I)~'y* dz

Sx(W*)(t) = 11(t) + 12(2).

In what follows, we will only estimate the integral l;. (For the second one, lo, the
techniques are similar.) First of all, write

1 [ s/=(t) 2

(Q(t) — =)~ " dz

T 2in ), =z of
1 [sy=() 8 02
- 5z [ M (a0 -0 = G -y, ) s
1 —(t) 9°
o [AEO gt
vy
*]l‘i‘j%
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and, as usual, let j; := j;7 +j; on 74 and ~_ respectively. For the first integral j;",
we deduce

i Il =€

[ M2 (e -0 - L@ - )

L _przgep (6 —1)27
<C ] e Cht ) B SV b | *
= [H |z|1/2€ 2+ AJP |dz||v* || e

<C L —1:126-0) (0 —t)*"
RS e NP7 N

C 1 /205 (5—15)277
[ /=(6—t) \Z — ¥/ *
= AP+n—1/2 /7+ |Z|1/26 \z|1/2—" |dz|[|v* ||

- C * (5=t  odo .
= Netn—172 J, € 2 N\ (3 1) 4" |
(7=)

|dz][|4"]| 2

¢ .
< WW &

A similar estimate holds true for j; .

Step 5. Regarding jo, we make use of the following identity (already mentioned)

2 2
Q) — 2D ¥ = QU)(QE) — 1) QU QE)QE) — 21)
+2:(Q)QE) — 21 S QM) ) QU)QE) — =DM
Hence
02 1

Q(1)],1,Q(0)(Q(8) — 2I) ™'y~ dz

1 *
laall < C/ |2]1/2|z + A|L/2+e 421%™ | Do o (1/24+¢,4-00)
Y

S ; ||,(/)* HDQ(Q)(1/2+6,+OO)?
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and
2| .
||Cl2|| < C/y ‘Z|1/2|Z+)\‘2a+1+6+1/2 |dZ|H17Z) ||DQ(0)(1/2+67+00)

1 .
< C/v 2 + A[2otie |dz][[¢ ||DQ(0)(1/2+€7+°°)

< W||¢*HDQ<O)(1/2+E,+OO)-

Summarizing, we can make ||A,| small enough and deduce the following result
about the resolution of the system.

Theorem 2.1. Under the assumptions (6)—(9) and
fEC([O,(S],E), q/}EDq(O)(1/2<F674>OO)a @GD(Q(O))a

there exists \* > 0 such that for all X > X\*, the operator I + Ay is invertible, i.e.,
the system

(I 0) (J”) n (P/\+RA SA“"TA) (f*> _ (f_(FA“FGA)(SO))
0 I)\y* Vi N (G ¥ — Dx(p) ’
admits a unique solution (f*,¢*) € C([0,6]; E) X Dy(0)(1/2 4 €, +00).

2.2. Regularity of the solution

Since the term

1 10 .
Di(p) = MLM&(Q(t)ZI) li=sp dz,

is very regular (thanks to cosh /—z0) and
w S Dq(O)(1/2 + €, -I-OO) = Dq(O)(1/2 + €, -I-OO),

then
P — D,\(QD) S Dq((;)(l/Q + €7+OO) = Dq(O)(1/2 + €,+OO).

So, Ay takes its values in C'(E) x Dy(0)(1/2 + €, +00). The first regularity result is
the following

Proposition 2.2. Under the assumptions (6)—(9) and
F€C*([0,01:E), € Dy(o)(1/2+ €,+00), ¢ € D(q(0)),
there exists X* > 0 such that for all X > X*, the function f* is in the space
C?((0,4]; B),
where § = min(2a, 20,2+ 2p — 1).
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Proof. Let A > \*, One has

fr=1—(Pv+ RO)(f) = (Fx+ GX)(p) — (Sx +Th)(47).

Using the same techniques as in [9, p. 99, Proposition 4.3] the term (Py + Ry)(f™)
(which is not easy to handle) is Holderian of exponent

min(2a, 2n + 2p — 1),
while (due to our previous calculations), the functions
Ex(e),  Galg), Sa(¥"), Ta(v7)
are Holderian of exponent
min(2a + 2¢,2n 4+ 2p — 1).

The terms T)(¢¥*), Gx(¢) are not too hard because they correspond to the those
containing the perturbation p(t). O

In order to give an optimal regularity result of the solution, we need the following
(important) lemma
Lemma 2.3. Under the assumptions (6)—(9) and

Y € Dyy(1/2 +€,+00), ¢ € D(q(0)),

one has

70 = 10 - (4500

RO +7s(p, 9", )
where 15(,*, f*) € Dy (c, +00) = Doy (@, +00).
Proof. Recall that

J7(0) = £(0) = (Px + BA)(f)(0) = (Fx + GA)(9)(0) = (Sx + Th)(47)(0),
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where
// cy=z(s t) = 20) "o f*(s) ds dz
gm// cy=(s 0) — 2I)~i=of*(s) ds dz,
Fx(p)(0) = tlg%(mlﬂ cﬁ(t)%(cg(t) —zI) "ty dz)
1 ) »
_5/\/—735\/2(5)5(62@)—21) =0 dz
Fx()(0) = Fx()(0) + F{(¢)(0)
() (0 2W/FSF 5P p(0)(Q(0) —sz) QO ,
and
Sy ")) = L 0(Q) =)o d

i ~ cosh \/ 20 Ot

_L/ ) —2) = 01/J
2 ~ cosh\/—zé

Let us treat the regularity of each term.

Step 1. Recall that (for r > 0)

0

Q(0)(Q(0) — T)*la(Q(t) — 2Dy
d

= Q(0)(Q(0) — 1)~ Q(0)(Q(0) — Z)*ld*

t(Q(t))ﬁioQ(O)(Q(O) —2D) 7y,

and

Q0)(Q(0) — r)~'Q0)(Q(0) — 2)~*

Q(0)(Q(0) —r)~".

r—=z r—=z
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Hence

Q(0)(Q(0) — )~ PA(f*)(0)

x {QUO)(Q(0) — ) L QUN Lo QO)(QO) — 21)7 £*(s) sz
é
L] [
< {QUO)(QO) ~ 1) QUL QOQ) — 21)7 *(s)  dsdz

Q0)(Q(0) — )~ Pa(f*)(0) = () + (IT).
Note that

LI /5 sl
Dl = —=Ti 15" ds ) d
||<>||—0/|T_Z MMW i s) dzllf*lleqoay
<C/ |7-_ZHZ|0¢+1 (/ Edﬁ) dlz|[| f*llcqo.6):E)

< *Hf 0,618

and we have a similar estimate for (II). Then P\(f*)(0) € Dg(o)(c, 4+00). It is
clear that the term Ry(f*)(0), (which is more regular than Py(f*)(0) due to the
perturbation), is also in Dyg)(a, +00).

Step 2. We have

F)0) =~ [ V25,=0)

and

x{@( )(Q(0) — =)~ a(@(t»gim(e) ~21)7Q0)¢ | dz
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Q0)(Q(0) =) Fa()(0) := (I) + (1D),

o | 1+1/2 1 J - C 0
W<€ | T s A=11QO)ls < 1ROl

A similar estimate holds true for (II).
For GA(¢)(0), similar estimates give

G (#)(0) € Dg(0)(1/2,4+00) C Dy(0) (@, +00)

since av < 1/2.
Step 3. Regarding F\(¢)(0), before considering the second derivative with re-

spect to t, write

(@tt) 1)
_amem-:nTe v
- QU= (0 - o + ti@(t)l)c?(ow -2
L QO *1@(0)@ — COQW =D jtcx 071
= (O~ e O - £ - LEen e

Q) 21y ( QO - Q) + 15,007 Q)

1 d
dtQ(t) Q0)¢p.

Now, we apply the becond differentiation operator on the resolvent in the previous
presentation. Using Dunford calculus, we find

=D )0 -1 (@) - 21y

t) — 20 lpdz

—a0 Qo) - Q0+ e |Qpd:

2277/ ey=z(t 8152

2277/ ey=z(t 8152

/ 112 0t) - 2 Q(0)p d
217? F z@tQ i paz

2z7r/ cy=(t 81&2 —2D)7 ot (i@(t)_l>Q(0)gpdz
_ _7/0\/52 (1) 5, (Q(®) zI)1<th(t)1)Q(0)<de
Qm/ cy= Q) —zI)~ 1<5:2Q(t)1)62(0)g0dz
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2
% / cﬁ(t)%(Q(t) — 2z rpdz = SH(t) + SE(t) + SE(t) + Si(t) + Si(t).

Step 4. Concerning the first term S}(¢), observe that

H(Q(O)l QL

He0 )0y

- |- [ (e - faw a0

t
<c / (t — €27 de[QO)¢] < CETHQ(O0)l],

and then, dividing the integral upon v into two parts as in the previous sections, we
get, for instance, on the first part of ~,

—t|2|*/2 sin 1
It < cmmm ([ et ) 10w
REIE )

|2[°
Foo 20
< it (/ e’ —— da) Q0)p
) 10O

< O Q)¢
with a similar estimate on the second part of the curve. Therefore
Si(t) —0 ast — 0.

On the other hand, it is easy to see that

10

|02 5@ - 20| = 001714+,

then S%(t) — 0 as t — 0.

e Regarding the third term S3(¢), we use the formula

2
@ -0 =@ - =0~ (§ze0 ™ )@ - =1

2000 -0~ (“E e - )

82
ot?

and deduce

Ht§;<cz<t> —an (0 ) Qo) = 0/ )1l

which leads to||S3(t)|| = O(t**)[|Q(0)¢| — 0 as t — 0.
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e For the fourth term S3(¢), note that (in virtue of assumption (8)
13} . (d .
FACCRE ET )@(WH

2
- [ [e@@w -0 (fe0 )] oy
=0(1/]z IQQH)HQ( Jell-
Consequently, integrating upon -, we infer that
IS5 )l = Ot * H[Q(0)pll =0 ast—0
since a > 1/4.
e Finally, write

S50 = 5= [ e=(QU) 1)

X ((j;@(t)_l> - ((ZZQ()&)*) tO)Q(Q)(de
2277/ cy=(@Q) =217 = (Q(0) —2D)7")
<dt2Q(t) 1) QO
zm/ cv==(0)( ZI)IGZQ@)I) tZOQ(O)godz

S3(t) = Syt(t) + SP3(t) + SP°(b).

Then, as t — 0, S;;”l(t) and 53’2(1?) tend to zero, while S?’S(t) tends to
d? .
- (dtQQ(t) )

(=00

Summing up, we obtain

Q0)p

t=0

if and only if

due to Lemma 1.2.
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where r5(p,1*, f*) € Dgo)(a,+00) = Dgo)(a,+00). This completes the
proof. L]

Theorem 2.4. Let ¢ € D(q(0)),v € Dy)(1/2 + €,+00) and f € C*([0,0]; E).
Then, under the assumptions (6)—(9) and the compatibility condition

Q)"

f(O) - Q(O)(,O - T p e Dq(O) (97 +OO)7

t=0

if A > \*, the function u given in the representation (10) is the unique strict solution
of Problem (2) satisfying the regularity

u”, p()s q(-)u() € C7([0,0); E)
where 3 = min(2a, 26, 2p + 2 — 1).
Proof. Recall that
u(t) = d(t, Q((t)¢" + n(t, Q)" +v(t, Q(t), f7).
It remains to prove that
u’, p()d, q(-)u() € C7([0,6); B).
Step 1. Let us treat, for instance, the term ¢(-)u(-). One has

Q(H)u(t) = Q)v(t) + Q)d(t, Qt))p + Q(t)n(t, Q(t))Y"
N 2Z7r// K\/— (t, ) )(Q(t)_ZI)_l(f*(S)_f*(t))dez

2@71'/ cy=(O)(Q(t) = 2D)TH(f*(t) = £*(0)) dz + f*(t)
227r/ cy=((Q() = 2I) " (£7(0)) d2
+I Wcﬁ(t) ((Q(t) — 2I) ' pdz
A 3\7—9@( )(Q(t) — 21) " dz
6
Qt)u(t) ZZ;Ai(t)

Thanks to Da Prato-Grisvard [6], the three first terms are Holderian since the func-
tion g* defined by g*(t) = f*(t) — f*(0) is Holderian and ¢*(0) = 0.
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Step 2. Regarding the terms Ag(t) and Ag(t), we have

As(t) + Ag(t zm/F )= 2D)"1(£*(0)) d=
227r/ cy=(t t) —2I) " tpdz
_ 2177/ e/ —=((Q(t) — 21) 7 (£(0)) dz

m( )Q(Q() —=1)~HQ0) ™ = Q1)1 Q(0)p d=

2

@( Q) = 21) ' Q(0)p d=

2im
217r/ cy=(t ) = 2I)7HQ(0)p — f*(0)) dz
2m/ cy=(t t) —2)"HQO0) ™ — Q)" HQ(0)p dz
= A7(t) + Ag(2),
so, for 0 <7 <t <4,
A / eyt ) =2 7HQ(0)p — £*(0)) dz
227r/ cy=(m)(Q(7) = 2I)7H(Q(0)¢ — f7(0)) d=
2m/ cy=z(t —2I)7' —(Q(7) — 2I) ") (Q(0)p — f*(0)) dz
* ﬂ | (ey=(0) = ey=)(QUn) — D)7 Q) — £(0) d
sz/ cy=(t —2I)7' = (Q(7) — 2I) ) (Q(0)p — f*(0)) dz
+ o )
< {(@(r) - z1>—1 - Q) —z1>-1><c2< Jo = 17(0))} dz
%/ T(Q(0) — 2I)"H(Q(0)p — f*(0)) d=

A7(t) — A7(T) = (I) + (H) + (III) .

Step 3. It is sufficient to study the Holderian property of the term (III). Using
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the fact that

0 =10 - (5007)| QO +rater)

t=0

we get

) = o= [ (o=~ e, =(M)(QO) ~ 1)

um
2

< (e (ga0 )|
+ / (ey=(t) — e —=(r)(Q(O) — =I) " \rs(, 0", ) d

um

QU)o - f<o>) -

(IT1) := (II1), + (IIT),, .

But [|[(III), || = O(|t—7|**),since it has been proved that r5(¢,¥*, f*) € Do) (a, +00).
On the other hand [|[(III), || = O(|t — 7|*?) if and only if (see Lemma 1.2)

2 —1
10— Qe - O o e b0, +00) =
t=0

3. A model example

Let Q be an open regular domain of R? with a C*° boundary I'. Denote by Q° the
thin layer
QP ={z=m+tn(m): mel, te0,d[},

where 6 > 0 is a parameter destined to tend to 0 and by n(m), the unit normal at
the point m of I' outwardly oriented.
Consider the boundary value problem

Av— =0 inQ°

(P) {v=¢ on TV =T x {0},
ov s
a—n—O on I =T x {6}.

We associate to the function v defined on Q° the function u defined on I'x]0, 1[ by
u(m,t) = v(z).

Let R(m) be the symmetric operator of the tangent plane T, (T") which character-
izes the curvature of T at the point m. For § small enough, the operator I + tR(m)
is an automorphism of the tangent plane 7., (I").
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Then we can write

Vole) = (I+R(m))~ Vrulm, 1) + 2 (m, Hn(m),
_ divp[det(I + tR(m))(I 4+ tR(m))">Vru(m,t)]

det(I + tR(m)) ’

Av(x)

where Vi and divp denote respectively the tangential surface gradient operator and
the tangential surface divergence operator on I'.
We have
det(I +tR(m)) = 1 + 2tH(m) + t*G(m),
with
2H(m) = tr R(m), G(m) = det R(m).
Observe that, when 0 is small enough, det(I +tR(m)) # 0 and there exists a constant
C > 0 such that
V(m,t) € I'x]0,8[  |det( +tR(m))| = |1 + 2tH(m) + t*G(m)| > C.
Put now E = LP(T") and denote by u the vectorial function w :]0,[— E defined by
u(t)(m) = u(m,t).
Define the bounded multiplication operator p(t) by

D(p(t)) = L*(T)
B £ det(I + tR(m))

2H (m) + 2tG(m)
(p(t))(m) = det(I + tR(m))

Ym) = i m ) + 2 (m) V™

and the unbounded (elliptic) operator ¢(t) by
D(q(t)) = W*P(T)

_ divp [det(I + tR(m))(I 4 tR(m))2Vrip(m)]

(g(t)y)(m) det(I + tR(m))

— Atp(m).

Then problem (P) can be written in the following abstract differential boundary
problem:

u’(t) + p(t)u' (t) + q(t)u(t) — Au(t) = 0 on 0, d]
u(0) = ¢
u'(0) =0.

All the preceding abstract results apply to this model example as we will prove it
in the forthcoming part II.

Notice that this problem has also been considered by Favini et al. [5], in the
framework of the interpolation space W?(0,d; LP(I)), 6 €]0,1[, p €]1, 00, in the case
of constant operator coefficients.
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