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ABSTRACT

Pseudodifferential operators are formal Laurent series in the formal inverse = *
of the derivative operator 0 whose coefficients are holomorphic functions. Given
a pseudodifferential operator, the corresponding formal power series can be ob-
tained by using some constant multiples of its coefficients. The space of pseu-
dodifferential operators is a noncommutative algebra over C and therefore has a
natural structure of a Lie algebra. We determine the corresponding Lie algebra
structure on the space of formal power series and study some of its properties.
We also discuss these results in connection with automorphic pseudodifferen-
tial operators, Jacobi-like forms, and modular forms for a discrete subgroup of
SL(2,R).
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Introduction

Integrable nonlinear partial differential equations, or soliton equations, have been in-
vestigated in numerous papers during the past few decades, and they include many
well-known equations in mathematical physics such as the Korteweg-de Vries (KdV)
equation, Kadomtsev-Petviashvili (KP) equation, and nonlinear Schrédinger equation
(see, e.g., [2,3,5,8,10]). One of the essential tools for studying soliton equations is
the use of pseudodifferential operators, which are formal Laurent series, with holo-
morphic functions as coefficients, in the formal inverse 9! of the derivative operator

This research was supported in part by a UNI Summer Fellowship

Rev. Mat. Complut.

20 (2007), no. 2, 463-481 463 ISSN: 1139-1138
http://dx.doi.org/10.5209/rev_REMA.2007.v20.n2.16510



Min Ho Lee Lie algebras of formal power series

0 = d/dz with respect to the complex variable z (see [1,7,13,14]). The space of
pseudodifferential operators is in fact a noncommutative complex algebra in which
the multiplication operation is given by the Leibniz rule. Thus the same space has
the structure of an infinite-dimensional Lie algebra over C whose Lie bracket is the
usual bracket operation associated to given noncommutative product.

Pseudodifferential operators containing only the terms of negative powers of 0
may be referred to as integral pseudodifferential operators, since the inverse 9! of the
derivative operator 0 may be regarded as the antiderivative operator. The Lie algebra
of integral pseudodifferential operators was studied by Khesin and Zakharevich [9] in
connection with Poisson-Lie groups and Lie bialgebras. Indeed, they considered the
Poisson-Lie structure obtained by extending this Lie algebra by the formal series
log 0 and investigated relations between such a structure and Hamiltonians of KP
and KdV flows. Our interest in integral pseudodifferential operators comes from the
fact that they naturally correspond to formal power series. Indeed, a formal power
series ®(z, X) can be associated to an integral pseudodifferential operator ¥(z) in
such a way that the coefficients of ®(z, X)) are some constant multiples of those of
U(z). In this paper we are concerned with the Lie algebra structure of the space
of formal power series corresponding to the same structure on the space of integral
pseudodifferential operators described above.

Let F be the ring of holomorphic functions on C. Given a positive integer d, let
UD(F)_s be the space of integral pseudodifferential operators over F containing only
the terms 0% for k > §. Similarly, let F[[X]]s; denote the space of formal power series
in X over F involving only the terms X* for k > 6. If ®(2, X) = Y7 s dr(2) X" is a
formal power series belonging to F[[X]]5, we consider the corresponding integral pseu-
dodifferential operator U(z) = Y72 s¢x(2)0~", where ¢), = cpiy, € F with ¢, € C
for each k > 0. Such a correspondence with ¢, = (—1)*k!(k — 1)! was considered by
Cohen, Manin, and Zagier [4], who showed, among other things, that it induces a cor-
respondence between Jacobi-like forms and automorphic pseudodifferential operators.
Thus there is a C-linear isomorphism between WD(F)_s and F[[X]]s. In addition to
being complex vector spaces, both UD(F)_s and F[[X]]s are in fact algebras. The
multiplication in WD(F)_s determined by the Leibniz rule is not commutative, while
the usual multiplication on F[[X]]s is commutative. The noncommutative product
on UD(F)_s determines the usual Lie bracket under which WD(F)_s becomes a Lie
algebra. One of the important properties of pseudodifferential operators is that there
is a natural action of the group SL(2,C) on WD(F)_s induced by Mdbius transfor-
mations of the complex plane C. The isomorphism between WD(F)_s and F[[X]]s
can then be used to obtain the corresponding action of SL(2,C) on F[[X]]s, so that
it becomes an isomorphism of SL(2,C)-modules. From a number-theoretic point of
view, an interesting feature of this action on formal power series is that it resembles
the operation associated to one of the two transformation formulas for Jacobi forms in
number theory (cf. [6]). It would be natural to consider various algebraic structures
of F[[X]]s corresponding to those of WD(F)_s, and our focus in this paper is the Lie
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algebra structure, which was suggested by Cohen, Manin, and Zagier [4].

In order to study connections of pseudodifferential operators and formal power
series with number theory, more specifically with modular forms, we need to consider
those objects over the ring R of holomorphic functions on the Poincaré upper half
plane H. Thus in this case there are actions of SL(2,R) on ¥D(R); and R[[X]]5 which
are compatible under an isomorphism between those two spaces. Let I' be a discrete
subgroup of SL(2,R). Then I'-invariant elements in UD(R)s and R[[X]]s are known as
automorphic pseudodifferential operators and Jacobi-like forms, respectively, and they
are closely linked to modular forms (see [4,15]). Indeed, given a Jacobi-like form ®
for I, a certain linear combination of derivatives of coefficients of ® determines a
modular form for I', and conversely, each coefficient of ® can be expressed as a linear
combination of derivatives of modular forms for I' of various weights. These relations
can be used to establish a one-to-one correspondence between Jacobi-like forms and
certain sequences of modular forms. Similarly, such sequences of modular forms also
correspond to automorphic pseudodifferential operators. One of the applications of
this correspondence is the construction of a lifting map from modular forms to Jacobi-
like forms or to automorphic pseudodifferential operators.

In this paper we derive the formula for the Lie bracket that determines the Lie
algebra structure on F[[X]]s described above and construct the Lie algebra homo-
morphism from s[(2,C) to F[[X]]s corresponding to the above-mentioned action of
SL(2,C). We also determine equivariant maps from F to WD(F)_s and F[[X]]s
and discuss applications to automorphic pseudodifferential operators and Jacobi-like
forms.

1. Power series and pseudodifferential operators

In this section we describe a correspondence between pseudodifferential operators and
formal power series. We also discuss actions of SL(2,C) that are compatible under
such a correspondence.

The group SL(2,C) acts on the complex plane C as usual by Mobius transforma-
tions, so that we have
az+b
cz+d

Ve =
for all z € H and v = (2 %) € SL(2,R). For the same z and v, we set

¢
cz+d

Iy 2) =cz+d, R(v,2)=c3(y,2) ! = (1)
Then the resulting maps J, 8 : SL(2,C) x C satisfy
I 2) =3 2)3(Y2), R, 2) =37, 2) PR(, A 2) + R(Y,2) (2)

for all v,+" € SL(2,C) and z € H.
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Let F denote the ring of holomorphic functions on C, and let F[[X]] be the complex
algebra of formal power series in X with coeflicients in F. Given a formal power series
®(z, X) € F[[X]], an integer A, and an element v € SL(2,C), we set

(@ X7 (2, X) = 3(3,2) e F0DX @ (2, 3(7, 2) X)) 3)
for all z € H. If 4/ is another element of SL(2,C), then from (2) we see that
e 5 (1) = (@) K

hence the operation |{ determines a right action of SL(2,C) on F[[X]]. If § is a

nonnegative integer, we set
FlIX]ls = X F[[X]],

so that an element ®(z, X) € F[[X]]s can be written in the form

o0

O(z,X) =Y dr(z)XFF

k=0

with ¢ € F for each k > 0.
A pseudodifferential operator over F is a formal Laurent series in the formal
inverse ! of & = d/dz with coefficients in F of the form

U(z) = i hy(2)0F
k=—o00

with w € Z and hy € F for each k& > 0. We denote by WD(F) the space of all
pseudodifferential operators over F. Using the relation

o = (M) £ =0,

we see that the group SL(2,C) acts on WD(F) on the right by

U(z) oy =V(y2) = D m(v2)(3(7,2)°0)" (4)

for all v € SL(2, C), where J(7v, z) isasin (1). If « is an integer, we denote by WD(F),
the subspace of UD(F) consisting of the pseudodifferential operators of the form

o0

Z wk(z)aa—k

k=0

with ¢, € F for all k& > 0.
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We now introduce an isomorphism between the space of formal power series and
that of pseudodifferential operators defined as follows, which was considered by Cohen,
Manin, and Zagier in [4]. Given a formal power series

F(z,X) =) ful) X" € FIX]]s (5)
k=0

and a pseudodifferential operator

U(z) = iwk(z)af’H € UD(F)_.
k=0
with §,e > 0, we set
(LIF)(z) = kick+5+5fk(z)3_k_5_£7 (6)
=0
(L&) (2, X) = ki Cropethn(z) X He¢ (7)
=0

for each nonnegative integer ¢, where C,, with > 0 denotes the integer
Cyp = (=1)"n!(n — 1)L (8)
Then it can be easily seen that
(LEoL)F=F, (L2oLX)T =10,
and therefore the resulting maps
£2: FlX))s — UD(F)sc, LE:UD(F) . — Fl[X]lre
are linear isomorphisms.

Proposition 1.1. Let F(z, X) € F[[X]]s and V(z) € UD(F)_. with §,e > 0. If £
is a monnegative integer, we have

(LEF) oy = LUF |5e ), (LEW) [3e 7= LE(Tor) (9)
for all v € SL(2,C).
Proof. Given v € SL(2,C), z € H, and F(z,X) € F[[X]]s as in (5), using (4), we

have

(LZF) 0)(2) = (LIF)(72,3(7,2)%0) = Y _ Chaorefr(v2)(3(v,2)%0) 0%,
k=0
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If m is an integer, it can be shown by induction that

(30, 2P0)™ Ooor! (MY Yt mma, o

r r
r=

Using this, we obtain

((LZF) o )( chk+6+€fk vz 7"'( _Té - f) <_k - 5; - 1)

k=0r=0
% 3(,}/, Z)_2k_25_2§ﬁ(’y, z)ra—k—&—&—r

> r—k—46— r—k—6—-¢—
= Z Z Ck—r+6+§fk—r(ryz)r!( r 6) ( r g 1>

k=0r=0
% 3(77 Z)f2k725725+2rﬁ(v, Z)rﬁfkféfg'

From this and the identity
—a\ _ (=1)"(a—1)!
r ) rla—1-7)

for a > 1, we see that

(egr)em ()
ZZ

k=0r=0

’I”

S Crsed ) B2 R 2 i (72)07 05 (10)
On the other hand, using (3), we have

(F e 1)(2 X) = (7, 2)~% (Z E ) > eI 220

Fy, 2) 2B Ry, )" fromy (72) X

Applying L? to this relation and comparing it with (10), we see that

LL(F |3 7)(2) = (LEF) o) (2),

which verifies the first relation in (9). We now apply this to F(z, X) = (L?\I!)(z, X),
so that
L2(LEW) [ 7) = L2LX W) 0y = Wory,

Then the second relation in (9) is obtained by applying E? to this relation. O]
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2. Lie algebras of power series

In this section we introduce a Lie algebra structure on the space of power series that
is compatible with the natural Lie algebra structure on the noncommutative algebra
of pseudodifferential operators. We determine an explicit formula for the associated
Lie bracket.

Given pseudodifferential operators ¥(z), ®(z) € UD(F)_s with § > 0, we set

which belongs to UD(F)_3s5. Then this formula determines a skew-symmetric bilinear
map
[, ]2:UD(F)_s x UD(F)_s5 — UD(F)_ss,

which provides UD(F) with a structure of a complex Lie algebra.
Assuming that

2 =) ()07, @ Z¢k Yo+,
k=0

we have

SR 3 M R TIE B

k=0 ¢=0 q=0

Changing the indices from k, ¢, q to r,p,q with r = k+ ¢+ g and p = £+ q, we obtain

ZZZ( 5+p)wr_p< o0 ()07,

r=0 p=0 ¢q=0

Hence we see that

[T(2), ®(2)]7 = U(2)B(2) — D(2)W(2) = Y _ (T, D), 07", (11)
r=0
where
a8, =33 (7Y (0102 ) — - U2 2)
p=0 q=0
for all r > 0.

We now consider formal power series F'(z,X) and G(z, X) belonging to F[[X]]s
given by

=> ()X Gz, X) = gr(2) XM (12)
k=0 k=0
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We then define the formal power series [F(z, X), G(z, X)]X by

[F(z, X),G ZZZ <—r—§ §+p> r—p+3+6Cp—qro+e

e o o Crias42¢
% (Jr-p(2024(2) = e ()12 (2)) X420 (13)
Theorem 2.1. The formula (13) determines a bilinear map
[, 1% FIXYs x FlIX]ls — FI[X]]2s
of formal power series satisfying
L3 ([F (2, X), G2, X)[Y) = [LA(F (2, X)), L2(G(2, X))]° (14)
for all F(z,X),G(z,X) € F[[X]]s and &£ > 0.
Proof. Let F(z,X),G(2,X) € F[[X]]s be given by (12). By (6) the pseudodifferential
operators ,C?(F(Z,X)) and L?(G(z, X)) are given by
PG X)) = 3 Cronse k(20775 L2(G(2 X)) = 3 Crpspegn(2)0 ¢
k=0 k=0

for each £ > 0. Thus, from these relations and (11) we obtain

[£2(F (2, X)), £(G (2, X)))°

> —r—0—&+p
ZZZ ( 6 >Cr—p+6+fcp—q+6+§
r=0 p=0 ¢g=0
x (frfp( 0824 (2) = go-pl(2) F32 () 077202,
From this, (7) and (13) it follows that

[F (2, X),G(2, X)|* = Lo [L¢(F (2, X)), £Z(G(2, X))’

In particular, we see that [F(z, X), G(z, X)]* € F[[X]]2s and that (14) holds. O

From Theorem 2.1 it follows that [ , |¥ is a Lie bracket on F[[X]], and therefore
F[X]] together with this bracket is a complex Lie algebra.
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3. Lie algebra homomorphisms

Let F be the space of holomorphic functions on the complex plane C, and let ¥D(F)
and F[[X]] be as in section 1. In this section we determine a Lie algebra homomor-
phism from s[(2,C) to F[[X]] which corresponds to the natural action of SL(2,C)
on UD(F).

Let End(¥D(F)) be the space of complex linear endomorphisms of UD(F), and
let Aut(¥D(F)) be the group of invertible elements in End(¥D(F)). We consider
the left action p : SL(2,C) — Aut(¥D(F)) of SL(2,C) on WD(F) defined by

(P(MW)(2) = ¥(2) oy~ = V(v '2)

for all v € SL(2,C) and ¥(z) € YD(F), where ¥(z) oy~ ! is as in (4). Then, as usual,

the homomorphism p determines a linear map
o :5l(2,C) — End(¥D(F)).

defined by

o) = Luer (15)

\I/ = —_ —
o(w)¥(z) dt t=0 dt t=0
for v € 5l(2,C), ¥ € UD(F) and z € C, which satisfies

o([v, w]) = a(v)o(w) - a(w)o(v)

for all v,w € sl(2,C). We shall show below that each endomorphism o(v) €
End(PD(F)) of UD(F) is simply multiplication by an element of UD(F) on the left.
We consider the standard basis {h,e™, e} for the Lie algebra sl(2,C) given by

=0 %) =0 o) e =(1 1) (16)
Then these vectors satisfy the relations
[h,et] =2et, [he]=—-2e", [et,e ]=h.
Lemma 3.1. Let v € s1(2,C) be an element given by
v=Kih+ Ke; + Kse~
for some K1, Ko, K3 € C. Then we have
o(v) = (—2K1z — Ko + K32%)0

with 0 = d/dz.
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Proof. For the basis vectors in (16) we see that

—t
(et 0 et (1 —t e (10
¢ (o et>’ ¢ <o 1)’ ¢ <—t 1)

From these relations and (15) we obtain

d

o(h)¥(z) = @lll(e_%z)‘tzo = —2e‘2tz(9\11(e_2tz)‘t:0 = —2209(z),
o(eM)W(z) = %\If(z —t) T —0¥(z—1t) T —0%¥(z2),

2

=0 (—tzz+ 1)23\I,<_t;+ 1) ‘t:o = 20U(z)

o9t = ()

for all z € H. Thus we have
o(h) =220, ole") =0, o(e”)=20; (17)
hence the lemma follows by linear extension. O

Lemma 3.1 shows in particular that each o(v) with v € s[(2,C) may be regarded
as an element of WD(F) itself. On the other hand, the noncommutative complex
algebra WD(F) has the structure of a Lie algebra whose bracket operation is given by

[Ty, Uy)? = Ty Wy — Up

for all ¥y, Uy € End(PD(F)). Thus we see that the map o may be regarded as the
Lie algebra homomorphism

o:5l(2,C) — ¥D(F).
Given £ > 0, we now set
ox zﬁfoa :sl(2,C) — Fl[X]], (18)
where C? is as in (7).

Lemma 3.2. The map ox in (18) is a Lie algebra homomorphism, where the Lie
algebra structure on F[[X]] is given by the bracket in (13).

Proof. f u,v € 5l(2,C), using (14), we see that
[(ox (1)) (2, X), (o () (2, X)I* = L[((LE 0 0x)(0))(2), (££ 0 ox) (w)) ()]
= Loe[(0(v))(2); (o(w))(2)]?
= (L3¢ 0 0)([v,w])(2) = (ox ([v, w]))(z, X);

hence the lemma follows. O
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From Lemma 3.2 it follows that the Lie algebra sl(2,C) acts on F[[X]] by the
adjoint representation, so that

v-F(z,X)=ad(v)F(z,X) = [(oxv)(z,X), F(z, X)]X (19)

for v € sl(2,C) and F(z,X) € F[[X]]. The next proposition provides formulas for
this representation for basis vectors.

Proposition 3.3. Given a formal power series F(z,X) = Y 72, fu(2) X" €
Fl[X]]s, we have

h- —fzz( (D)) + U + 6 + ) fi(2)) X*+, (20)
et F(z,X) == (0fs)(2) X", (21)
k=0
e F(zX) = 3 (0f)E) + 20k + 0+ Ofu(2) = fra(2)) X (22)
k=0

with f_1 =0, where h,e™, e~ € 51(2,C) are the standard basis vectors in (16).

Proof. Consider an element of the form h(z)0* € ¥D(F) with w € Z. Then, us-
ing (17) and (19), we have

5 2o (W) (h(2)0°) = [20, h(2)0"] = 20(h()0°) ~ (=)0 (=0)
= 0¥ 4 zh(2)0°T! — h(2)20“T — wh(2)0*
) - oh
~ad(o(e)(h(2)0°) = [0, h(=)0°] = A(A()0°) ~ h(z)0+)

= (O)(2)0° + h(2)0*"! — h(2)0°! = (9h)()0".

ad(a(e_))(h(z)a“’) = [220, h(2)0*] = 220(h(2)0) — h(2)9* (2%0)
22(0h(2))0* + 22h(2)0* !
— h(2) (220 + 2020% + w(w —1)0*71)
= (22(0h(2)) — 2wzh(2))0* — w(w — 1)h(2)0* L.

Revista Matemdtica Complutense
473 2007: vol. 20, num. 2, pags. 463-481



Min Ho Lee Lie algebras of formal power series

IFU(2) =307 ()07 " € UD(F), with n > 0, from the above relations we obtain

ad(o(h) = —22( (00)(2) = (1 = V) (2)) 0", (23)
ad(o (e ™)) (¥(2)) = — f;)(awy)(z)a"—% (24)
ad(o(e 7)) (¥(2)) = i(z%awy)(z) —2(n— 1)z (2)

v+ Diby-1(2)) 0" (25)

with ¢_; = 0. We now consider a formal power series
Z Fil2) X450 < )
with § > 0. Then, given £ > 0, by using (6) we may write

L2 (F( ch+6+§fk( )o~E0E,
k=0

where Cis4¢ is as in (8). Thus, using (23), (24), and (25), we have

~ 5 ad(o (W) (L2(F Z Crvsre (20F)) + (b +5 +6)fel2)) a7+,
— (o ELF (X)) = 3 Chasre(0F) (205
k=0
ad(o(e ) (L(F (= X))
Z Chro+¢2° (1) (2) + 2Ck 1516k + 8 + &)z fi(2)

k=
— (k6 + &)k + 6+~ 1)Chysre 1 fu1(2))07 ¢

= Z Ck+5+£( (0fx)(2) +2(k + 6 + &)z fir(2) + fk,1(2)>a—k—6—£

Revista Matemdtica Complutense
2007: vol. 20, num. 2, pags. 463—481 474



Min Ho Lee Lie algebras of formal power series

with f_; = 0. From the above identities and (7) we see that

o0

5 (£E o nd(o()) 0 LD(F (2, X)) = 3 (20F)(2) + (k5 + ) ful2)) X4,
k=0

—(£X 0ad(o(eh)) 0 L(F(z, X)) = S (0fi) (:)X*+,
k=0

(Eg( oad(o(e™) o E?)(F(z, X))
= 3 (BORE) + 20k + 5+ O frl2) + fioa(2)) X,
k=0
Thus the lemma follows by comparing these identities with (20), (21), and (22). O

4. Equivariant splittings

For each formal power series F(z, X) € F[[X]]; with 6 > 0, by taking its coefficient
of X% we obtain a surjective linear map from F[[X]]s to F. In this section we obtain
a right inverse of this map that is equivariant with respect to SL(2, C).

If {h,et, e} is the standard basis in (16) for s[(2,C), using the inner product

(v,w) = tr(v,w)

for v,w € s((2,C), we see that

(hyh) =2, (h,et)y=0, (h,e)=0, (eT,e”)=1.
Thus the corresponding dual basis {h*, (eT)*, (¢™)*} is given by

h*=h/2, (e")* =e", (e ) =et,

and the associated Casimir operator C belonging to the universal enveloping algebra
U(sl(2,C)) of s[(2,C) can be written as

C=hh*+et(e") +e (e7) = %hz +efe” +e et (26)

The action of s[(2,C) given by (19) induces the action of C on F[[X]]s.

Proposition 4.1. If F(z, X) = > ;2 fu(2)X*° € F[[X]]s with § > 0, then we
have

oo

C-F(2,X) =23 ((+6+E)(k++€ = Dfi(2) - (0fp1)(2) X (27)
k=0

with, f,1 =0.
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Proof. Using (20), (21), and (22), we have
2. F(z, X) _4Z(za (Ofi)(2) + (k + 6+ &) fu(2))
(k4 8+ O(EOf)(=) + (k +6 4 ) ful2)) X+
=42( (0£1)(=2) + 2(D% i) (=) + (k + 8+ ) (2))

(k0 + €)2(Dk)(2) + (K + 8 + )2 fu(2) ) X+,
(¢Te)- Za( (Ofi)(2) + 20k + 0+ ©)2f(2) + fr1(2) ) X7

= —Z(?z (0F1)(2) + 2202 1) (=) + 2k + 6 + ) ful2)

Lok 46+ 6)20f)(2) + (8fk_1)(z))Xk+5,

o

(e7e) - F(z,X) = = 32 (202 f)(2) + 20k + 6 + ©2(0/1)(2) + (fie-1)(2) ) X*+7

k=0

with f_; = 0. Thus we see that

C-F(2,X) = Y (20 + 6+ €)2fu(2) = 20k + 6 + ) ful2) — 200fp-1)(2) ) X=,
k=0
which coincides with (27). O

We now define the linear map = : F[[X]]s — F by
E(F(2, X)) = (EF)(2) = fo(2)
for F(z,X) = Y3, fu(2) X" € F[[X]]s. Then we see that the sequence
0 — F[X]s41 > F[X]Js = F >0 (28)

is exact, where ¢ is the inclusion map. If f: H — C is a function on H and « is an
integer, we set

(f la M(2) =3(7,2)""f(72) (29)
for all z € H and v € sl(2,C), where J(v, z) is as in (1). Then |, determines a right
action of sl(2,C) on F, and from (3) and (29) we see easily that

E(F |§ 7) = (EF) |254a 7
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for F(z,X) € F[[X]]s; hence = is SL(2, C)-equivariant. We now assume that there is
an SL(2, C)-equivariant splitting n : F — F[[X]]s of =, meaning that n a linear map
satisfying

Emf)=f, af lzseay) = @f) 137 (30)

for all f € F and v € SL(2,C).
Proposition 4.2. If n: F — F[[X]]s satisfies (30), then

s (k)
(nf)(z X) ,; k+6+§)f(k:(+)5+§1)!Xk+6 (81)

forall f e F.
Proof. Given f € F, since 7 satisfies (30), we have

n(v- f)=v-(nf)
for all v € s[(2,C) with respect to the action in (19). In particular, we obtain

n(C-f)=C-(nf), (32)
where C is the Casimir operator in (26). Thus we see that

C-f=(Eon)(C-f)=EC-(nf)):
If nf is given by
(nf)(z, X) Z fu(z) XkF°

with fo = f, then from (27) we obtain
(€ ()2, X) =20+ + € - 1)f(2)X°
+ 23 (b 0+ )k +8+€ = Dfiul2) = (0fi-1)(2)) X540 (33)

k=1

Hence we have
C-f=20+&0+E-1)f.
From this, (32) and (33) we see that

0= ((C- f))(zX) =26 +E)(6+E — 1)(nf)()X°
Z(k+5+§ (k+ 6+ € = ) fu(2) = (0fi-1)(2)) X**7,
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which implies that

= Ofr—1 B f*
PRk +E-1) (B +(k+I+E 1)
for all £ > 1. Hence the proposition follows by recursion. ]

Remark 4.3. Results similar to those of Proposition 4.1 and Proposition 4.2 were
discussed by Cohen, Manin, and Zagier in [4, section 2] in terms of pseudodifferential
operators.

5. Lie algebras of Jacobi-like forms

In this section we apply some of the results obtained in the previous sections to the
case where the coeflicients of the pseudodifferential operators and formal power se-
ries are holomorphic functions on the Poincaré upper half plane. We are interested
in pseudodifferential operators and formal power series that are invariant under ac-
tions of discrete subgroups of SL(2,R), which leads us to the notion of automorphic
pseudodifferential operators and Jacobi-like forms.

Let H be the Poincaré upper half plane on which SL(2,R) acts as usual by M&bius
transformations, and let R be the complex algebra of holomorphic function on H. We
denote by R[[X]] the space of formal power series with coefficients in R and by YD(R)
the space of pseudodifferential operators over R. Then the formulas (3) and (4) for
z € H and v € SL(2,R) determine right actions of SL(2,R) on R[[X]] and UD(R),
respectively.

Definition 5.1. Let T’ be a discrete subgroup of SL(2,R), and let A be an integer.

(i) A holomorphic function f € R is a modular form for T' of weight X if it satisfies

(f A n(z) = f(2)

for all z € H and v € I', where f |5 7 is as in (29). We denote by M (") the
space of all modular forms for I' of weight .

(ii) Given an integer \, a formal power series ®(z, X) € R[[X]] is a Jacobi-like form
for T of weight X if it satisfies

((I) K 7)(Z7X) = (I)(Z7X)

for all z € H and v € T, where ® |{ v is as in (3). The space of all Jacobi-like
forms for I' of weight A is denoted by J,(I").

(iii) A pseudodifferential operator V(z)UD(R) is an automorphic pseudodifferential
operator for T'if it satisfies

(Toy)(z) = ¥(z)
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for all z € H and v € ', where W o is as in (4). We use ¥D(R)" to denote the
subspace of WD(R) consisting of all automorphic pseudodifferential operators
for T'.

If , 8 € Z with a > 0, we set
R[[X]]o = X“R[[X]],

and denote by YD(R)g the subspace of UD(R) consisting of elements of the form

o0

U(z) =) vu(2)0"F

k=0

with ¢, € R for each k¥ > 0. Then we see that the formulas (6) and (7) determine
C-linear isomorphisms

£2: R[X)|s — WD(R)s-¢, LE:UD(R)-. — R[X]lose

for integers 0,6 > 0 and ¢ > 0. Similarly, as in Theorem 2.1, the formula (13)
determines the bilinear map

[, 1%« RIX]s x RI[X]]e — R[[X]]s+e (34)

satisfying
‘ng([F(ZvX)vG(Z7X)]X) = [‘C?(F(ZvX))7‘C?(G(Z7X))]8 (35)

for F(z,X) € R[[X]]s and G(z, X) € R[[X]].. Thus we see easily that [ , ]¥ is a Lie
bracket on R[[X]]; hence R[[X]] is a complex Lie algebra.
Given a discrete subgroup I' of SL(2,C), we set

(D)o = () NR[X]la, ¥D(R); = YD(R)" NYD(R)s
for a, B € Z with o > 0.

Proposition 5.2. The space J(I') of Jacobi-like forms for T is a complex Lie algebra
with respect to the bracket operation in (34) whose formula is given by (13).

Proof. As in Proposition 1.1, it can be shown that the two relations in (9) hold for
F(2,X) € Joec(D)5, ¥(2) € UDO", and v € SL(2,R). In particular, we have

(L2F) oy = LYF |J v) = LIF,
which shows that CgF € ‘I/DOI:(;,E. Similarly, the second relation in (9) shows that
(LEW) g v =LE (o) = LTV,
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and therefore L'?\I/ € J2e(T')e—e. Thus we obtain the isomorphisms
Ly Joe(T)s — DO, L : WDOY, — Joe(I)o_¢
for each pair of nonnegative integers § and €. We now consider elements F(z, X),
G(z,X) € J2e(T')5, so that
L2(F(z,X)), L2(G(2,X)) € UD(R) .
However, from (35) we see that
[F(2,X), G2, X)I* = (£5) 7 [LE(F (2, X)), £2(G (=2, X))’
Thus it follows that
[F(Z7X)7 G(Z7 X)]X € jQE(F)257

which proves the proposition. O]

Given § > 0, as in (28) and (30), there is a short exact sequence
0= R[[X]lst1 — R[X]ls = R =0, (36)
where the linear map = : R[[X]]s — R satisfies
E(F [ 7) = (EF) |2sx 7

for all v € SL(2,R). By taking the I'-invariant elements of the terms of the se-
quence (36) we obtain the short exact sequence

0 — JA(D)ss1 — Ta(T)s = Massn — 0.
If n: R — R[[X]]s is the linear map given by(31), then it satisfies

Emf)=f, n(f lassr) = 0f) |1~

for all f € R and v € SL(2,R). Hence, if f € Masix, we see that nf is a Jacobi-
like form belonging to J\(I')s, so that the resulting map 7 : Masyin — Ja([)s is
a splitting for the short exact sequence (36). Thus 1 may be regraded as a lifting
map from modular forms to Jacobi-like forms considered in [4]. On the other hand,
considering the relations (9) over R, we obtain

(L2F)oy=LUF [§ev), (LEV) |fev=LE(Wor)

for F(z,X) € R[[X]]s, ¥(z) € YD(R)_. and v € SL(2,R). Thus we see that there is
an isomorphism between Ja¢ (I')s and WD(R)_.; hence the lifting 7 induces a lifting 1’
from modular forms to automorphic pseudodifferential operators.

Using the liftings of two modular forms via n? and the fact that the product of two
I'-automorphic pseudodifferential operators are I'-automorphic, we obtain noncommu-
tative products of modular forms known as Rankin-Cohen brackets (see [4,15]). The
Rankin-Cohen brackets can also be interpreted in terms of classical transvectatnts
(see, e.g., [11,12]).
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