Critical Neumann Problem with
Competing Hardy Potentials

Daomin CAO and Jan CHABROWSKI

Institute of Applied Mathematics Department of Mathematics
Academy of Mathematics and Systems Science University of Queensland
Chinese Academy of Sciences St. Lucia 4072, Qld — Australia
Beijing 100080 — PR China jhc@maths.uqg.edu.au

dmcao@amt.ac.cn

Received: September 9, 2006
Accepted: March 1, 2007

ABSTRACT

In this paper we investigate the solvability of the nonlinear Neumann problem (1)
involving a critical Sobolev nonlinearity and two competing Hardy potentials in
a bounded domain. We examine the common effect of the shape of the graph of
the weight function, the mean curvature of the boundary and Hardy potentials
on the existence of solutions of problem (1). We are mainly interested in the
existence of positive solutions. We also obtain the existence of sign-changing
solutions.
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Introduction

In this paper we investigate the existence of solutions of the problem

—Aut+ At — e = Q@)|ul* e in

lz—al?

% =0 on 092, u>0 on €,

(1)

where Q C RY is a bounded domain with a smooth boundary, A > 0 and v > 0

are parameters, N > 3, 2* = 1\2,—]_\]2 is a critical Sobolev exponent and @ is a positive
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continuous function on Q. v denotes an outward normal vector to 9. We assume
that 0 and a belong to 9 and a # 0.
A function u € H'(Q) is said to be a solution of (1) if u satisfies

uv uv .

VuVo + \——— — 'y) dzx = / Q(x)|ul* "2uv dx (2)
/Q < [z —al? faf? )

for every v € H(£). Solutions to (1) are obtained as critical points of the variational

functional

1 9 Au? yu? 1 o

Since the terms fQ ﬁ dx and fQ % dz satisfy an Hardy type inequality (see sec-

tion 1) it is easy to see that Jy, is a C'-functional on H'(Q2). We are primarily
interested in the existence of positive solutions. We also establish in one case the
existence of a sign - changing solution. If A = 0 and v > 0 then problem (1) does not
have a positive solution. Indeed, if © > 0 is a solution of (1), then testing (2) with

v = 1 we obtain
- %dwz/@(m)|u
o |7l Q

which is impossible. On the other hand we will show that if v = 0 and A > 0, then
problem (1) has a positive solution which in fact is a least energy solution. This will
be proved under some assumptions on the graph of the coefficient (). In this paper we
discuss the existence of solutions in the presence of two competing Hardy potentials.
The Dirichlet problem involving the Hardy potentials in recent years has attracted a
considerable interest [6,7,12,17,18,25,30]. In these papers the existence of positive
and possibly multiple solutions have been established. A large part of these results
have been extended to a nonlinear critical problem involving the p-Laplacian [20, 23].
However much less is known for the Neumann problem involving the Hardy potential.
Some existence results can be found in the papers [10,19,23]. The paper [10] considers
the case where the singularity of the Hardy potential is in the interior of €2. In papers
[19, 23] the singular points of the Hardy potential belong to 92. As in the case of
the Dirichlet problem, the Neumann problem (1) is more interesting when 0, a belong
to 00 [16]. The paper [23] deals mainly with the critical problem with the mixed
boundary conditions. The authors of [19] prove the existence of positive solutions for
the nonlinear Neumann problem with the Hardy-Sobolev potential.

Let ¢ : X — R be a C! functional on a Banach space X. We recall that a sequence
{zn} C X is a Palais-Smale sequence for ¢ at level ¢ (a (PS). sequence for short) if
¢(xy) — ¢ and ¢'(z,) — 0 in X*. Finally, we say that the functional ¢ satisfies the
Palais-Smale condition at level ¢ ((PS). condition for short) if each (PS). sequence is
relatively compact in X.

Throughout this paper we denote a strong convergence by “—” and a weak con-
vergence by “—7”. The norms in the Lebesgue spaces LP(RY) are denoted by |||,

.
22y de,
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The paper is organized as follows. In section 1 we find the energy level for the func-
tional Jy  below which the Palais-Smale condition holds. Our approach is based on
the P. L. Lions concentration-compactness principle [26]. Lemma 1.1, which extends
the Hardy inequality to functions in H*(2), is crucial in our approach. It allows us
to show that the quadratic part of the functional Jy , is positive definite, despite the
fact that the coefficient (ﬁ — #) is neither bounded above nor below. Section 2
contains the main results on the existence of positive solutions. These solutions are
obtained by the mountain-pass principle. Section 3 is devoted to the regularity of
solutions of problem (1). We point out here that solutions have only a singularity
at 0. The presence of the Hardy potential with a parameter A > 0 does not create
a singularity at a. In section 4 we establish the existence of sign-changing solutions
of (1). The main results of this paper are Theorems 2.1, 2.2, 2.3 giving the existence
of positive solutions of problem (1) and Theorem 4.4 establishing the existence of a
sign-changing solution of problem (1). Unlike in the case of positive solutions, we have
only established the existence of sign-changing solutions in the case (I) (see section 3).
The difficulty arises in estimating a min-max level in Lemma 4.3, which seems to be
possible only in this case.

1. Preliminaries

It is well known that if 0 € 2 then for every u € H1(Q) the following Hardy inequality
holds

2 1
Q‘Z?dx = E/Q|Vu|2dx, ®)

where 1 = (Nf)z is an optimal constant. In this paper we need an extension of (3)
to functions in H'(Q) assuming that 0 € 9Q. For the case 0 € Q we refer to the
paper [10].

Lemma 1.1. Let 0 € 9. Then for every € > 0 there exists a constant C(e) > 0

such that )
U 1
—dr<|(—+4c¢ /Vqum—&—C’e /qux 4

for every u € H(Q).

Proof. We partly follow the argument from [31, Lemma 2.1]. Through translations
and rotations of the coordinate system we may assume that the inner normal to OS2
at 0 is pointing in the direction of the positive zy-axis. Then there exists a smooth
function ¢ (z'), ' = (z1,...,2Nn-1), defined for |2| small with ¢ and V), vanishing at
0" such that A = QNB(0,d,) = {(2',zn) € B(0,05), zn > ¥(2’)} and 02N B(0,d,) =
{(z/,zn) € B(0,05), xny = 9(a’)}. First we consider the case ¢y = 0. For every
u € HY(B(0,6,)) with suppu C B(0,d,) we have

2

/\Vu|2dx2ﬂ/ .
2
A A lz]
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Since the values of u for zy < 0 are irrelevant, we may assume that u is an even

function in z . Thus

1 o 2 2
/\Vu\zd:v:f/ |Vu|2dcczﬁ/ %dmzﬂ/%dm
A 2 /B(0,5,) 2 JB(0.5,) |2l a7l

If ¢ # 0, we use the transformation (see [27]) which straightens the boundary 9
around 0: for |y| sufficiently small we define a mapping z = ®(y) = (®1(y),..., Pn(y))

by
_{yj—yNg;i for 5=1,...,N—1,

v +uy) for j=N.

Since V1(0) = 0, the differential mapping D® of ® satisfies that D®(0) is the identity
mapping. Hence ® has an inverse mapping y = ® () for |z| < 6, § < §,. We use
notation W(z) = ®~1(x). It follows from [27, Lemma A.1] that

det DP(y) =1 — ayn + O(Jy[*), ()

J

where o = A(0) and moreover we have from formulae [27, (A.6)]

ov; B *P(y') 2 —

axj (CI)(y)) _61J+ axlax] yN+O(|y| )? Zaj_la-~-7N_1a
o) )

p (@(y) = e, +O(|yl?), i=1,...,N—1,

W !

Oy 8My)+0(|y|2), j=1,...,N 1,

8xj ( (y)) - aZL'j

O (@) = 1+ 0(1uP?).

Using the mean value theorem we deduce from this that
lyI* = [0 (2)]* < [2]*(1 + e(9)),

where €1(0) — 0 as 6 — 0. By the first part of the proof the function v(y) = u(®(y)),
x € A, satisfies the inequality

v(y)? 1
[ ay < [ 1vutan
Ayl HJa

To change variables y = U(z) in the above integrals we first observe that

DU ()] <1+ ex(d),

where €3(6) — 0 as 6 — 0. Thus

/ Uol e < Ly a@)a+ 62<5))M(5)/ V() de,
QNB(0,6) || 12 QNB(0,6)
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where
maxonp(o,s)|det DY (z)]

M(6) = .
) = inans(o.|det DY)

By (5) we see that M(0) < 1+ €3(d), with e3(0) — 0 as 6 — 0. Given € > 0 we can
choose § = §(¢) > 0 such that

%(1+el<6>><1+62<5>><1+eg<6>>g te

==

Finally, let ¢ be a C(B(0,d)) function such that ¢(x) = 1 for x near 0 and

0 < ¢(x) <1on B(0,6). Then

o[ (ug)? (1—¢*)u?
/szd“/ T [
1— 2
<(3+5) [Ivwopas [ Cia ©

Estimate (4) follows from (6) and the Young inequality. O

~

Remark 1.2. Estimate (6) implies the following refinement of (4): for every ¢ > 0
there exist constants p(e) > 0 and C(e) > 0 such that

2 1
/ u2dx<(j+e>/ |Vu\2d;v+C(e)/u2dx
|z H QNB(0,p(€)) Q

for every u € HY(Q).

Lemma 1.3. Let {u,} C H'(Q) be a (PS). sequence for the functional Jy .
If v < i, then {u,,} is bounded in H*(S2).

Proof. We have

Tno (1) — %(Jf\ﬁ(um)mm} = %/QQ@”%P* dz.

Hence

(Il 1)

/|um\2 < 5- 2Q(gr;)|um|2* dr <

for m > mo, where Q. = min,cq Q(z). From this, using the Young inequality we
deduce that
/ 2
m
Q

for some constant Cy > 0 independent of m. Since Jy (u,,) — ¢ we see that

AuZ, YU,
/(|Vum|2—7 Q)da: /(|va|2+ﬁ 2)dx<cz+o<||mn||bn)
Ed 0 |z |z

al

(| (7)
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where Cy > 0 is a constant independent of m. We now choose € > 0 so that (% + e)fy
< 1. By Lemma 1.1 there exists a constant C'(¢) > 0 such that

(1— (i—ke)”y)/|Vum\2dz§02—|—0(e)/uidaz—!—o(”umHHl).
H Q Q

This combined together with (7) shows that {u,,} is bounded in H* (). O

To proceed further, we put @, = maxzcpn Q(z) and Qr = max,cq Q(z). To
find the level ¢ below which the (PS) condition holds, we use the following constant

S~ (IVul* = %) dx

S_y = in 5
ueD12(RN)—{0} (fRN‘uP* dx)T*

for 0 < v < fi, where DV2(R¥) is a Sobolev space defined as the closure of C>°(RY)
with respect to the norm [|ul|3, . = [zx|Vul? dz. It is known [30] that S_, is attained
by the function (see also [9,24])

N-—2

(4N (5 = 7)(N —2)
a A\ VE
(12177 + o))

where ¥ = /i + /i — v and v = /i — /i — 7. For € > 0 we put
N-2 pN_2
(AN —7)(N —2) T e
2 3 \VE
(e2lal 7% + |al 77 )

U, =

Vyelz) =

The function V; . is a solution of the problem

u(z) — 0 as |z| — oo.

g = e R

We also define Sy, with A > 0, by
Jon (IVuf? + /\‘Z%) dz
2
(fRN|u 2 da:) ’

It is obvious that S, > S, where S is a usual Sobolev constant defined by

S\ =

w12 (BN)— (0}

Jen [Vul? dz

5= D1 2iI]11QN 0
u€D1:2( )—{0} (f]RN|u 9 d.’L‘)z

*""
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In paper [30] it was shown that

Proposition 1.4. Suppose that v < fi. If {um} is a (PS). sequence for Jy . with

vz

, ( 52 ST 8% )
¢ < —=min N_2 N_2° N—2 |
N QQ(O) 2007 QM2

then {u,,} is relatively compact in H'(Q).
Proof. Since {u,,} is bounded in H'(Q) we can assume that

U —u in HY(Q), wupy —u in L2 (Q),
dx

Uy — U n LQ(Q,W
Tr—a

), and Uy, — u inL2(Q, dx).

ER
By the concentration-compactness principle [26] there exist at most countable set 7,

a set of distinct points {z;},j € J € Q — ({a},{0}) and numbers y;, vj, j € T, fia,
Hos Vas YO, Ya, )‘0 such that

V[ de = dp > |Vul* dz + Y 180, + ftada + 1050,

JjET
|um|2* de — dv = \u|2 dr + Z VjOz; + Vala + V000,
JET
and
2 2
U e~ dr = — % et s
[z —al? |z —al?
2 - 2
gy~ d X = 2 dz + Agdo.
|[? |z|?
From the Sobolev inequality we have
2
SvF <y if z €Q, (9)
S 2 .
2—%%-2 <p; if z; € 09, (10)
S
—%)‘1/5* < fta + Ma, (11)
—vE < po — Yo (12)
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As in [6] we show that J is a finite set and
Hj < Q(Q?]‘)Vj, jed. (13)
If v; > 0 and z; € Q, then by (9) and (13) we obtain
N
5 ¥ < V5 (14)
Q(z;)>
If v; > 0 and x; € 0Q, then (10) and (13) yield
gy
- ¥ SV (15)
2Q(zj)=
(16)

On the other hand we have
Ma § Q(a)ya - )\’Ya

Hence, if v, > 0 then using (11) we derive

and o < Q(0)ro + YAo-

S%
% S Vg- (17)
2Q(a)=
Finally, if 19 > 0, then (12) yields
S?
<. 18
2005 1)
We now observe that
1
¢ = Jay(um) — <JA o (Um ) um) + of N/ Q(2)|um|*” dx + o(1)

= ([ @i e+ 3 @ty + @O+ Qo).

JjeET
If there exists j € J such that v; > 0 (with z; € Q or z; € 9Q) or v, > 0 or vy > 0

then by (14), (15), (17), and (18) we get
S7 SZ S% S% )

N—-2"

21200007 20,7 Qi

SE (
N 2Q(a)"=
Since S\ > S and Q(a) < @Q,, we deduce from the above inequality that

1. ( 82, sy s3 >
c Z ~7 N—2> N—2) .
N 20000 20,7 Quf
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This is impossible. Therefore v; =0, j € J, v, = vy = 0. Then (13) yields p; = 0,

j € J. By the first inequality in (16) we get 7, = 0. The second inequality in (16)

combined with Lemma 1.1 and the assumption v < ji yields Ao = 0. This shows that

{t, } is relatively compact in H!(€2). O
We now establish the mountain-pass geometry for the functional Jy .

Proposition 1.5. For every A > 0 there exists vo = vo(A) > 0 such that for v < 7o
there exist constants 3 >0 and p > 0 such that

Iaqy(u) > B for |ullg o) = p.
Proof. Let d = diam 2. We then have

Tar(u) > ;/(WUF )dm—f/ o & /Q YWul? de.

First we make the restriction % < 1. We choose € > 0 so that ’y( + e) < 1. By

Lemma 1.1 and the Sobolev inequality there exist constants C(¢) > 0 and C; =
C(19], @nrr, N) > 0 such that

1 1 Cle
I~ (u) > 2/(|V 1+ 2 )dz;(u+e)/52|Vu|2dx9y/£)u2dx
- </ (IVul® +u?) dm) o
Q

We now choose 7., smaller if necessary, to ensure that C'(e)y < d% for v < .. Hence

*

In~y(w) > / (IVul]® + u?) dz — Cy </ (IVul? + u?) da:) 3 |
Q Q

1 _C )

where ¢; = min(3 — 7( +€), 53 1), Let p? = |lul|%1q,- Taking p > 0 small
enough, the result follows O

2. Existence of positive solutions

We will obtain solutions of problem (1) using the mountain-pass principle. We put

f max Jy(g(t
¢ = Inf max Jhy(9(%),

where I' = {g € C([0, 1], H(Q)); g(0) = 0, g(1) = v}, with v € H*(Q) chosen so that
vl 1y > p and Jy ,(v) < 0. As v we can take a constant function v =t with ¢ > 0
sufficiently large. We set
S5 S5
-2 N—-2) N—-2 )'

S
¢ = — min
N (262(0) 2Qm®  Qf

N
2
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‘We commence with the case

N

I * __ S 2
. C = —N—2-

2NQ,,2

—dn o where dy > 0 is a
(I+]z[?) 2
constant. For a suitable choice of dy, the function U satisfies the equation

To verify that ¢ < ¢* we use the instanton U(z) =

—Au=|u*"2u in RV,

Moreover we have [,y U dz = [,n|VU[?dz = S5. We set

We now check that for y # 0

1 0(62) if N >5,
WUG,y(x)dez O(e’logl) if N =4, (19)
“ O(e) if N=3

Let p > 0. We split the integration
1 N2

Uy (2)*dr = d3 / — dx
olz2 7Y Y anja—yl<p |22 (2 + |y — 37|2)N ’

6N—2

+dy / =
anlz—y|>p |z[?(2 + |z — y|?) °

dr = Jl +J2

It is clear that Jo = O(eV~2). To estimate J; we choose p < |y|. If N > 5, then

letting a = d?\,w we get

Jlgaez/ dixgag/ d7x<oo.
ej<2 (L4 [z[2)N -2 ry (14 [2[2)N—2

If N =4, then

3

1 ¢ 1
_ 2 dr = 2/ - dr = 21 — ).
et [ =0 || = 0(es)

Finally, in the case N = 3 we have

2 2
Ji < a62/ _dr 662/ " dr=0(e),
| 0

o< 14 22 e
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where @ is a positive constant independent of e. We also need the estimate
1 2
k1 < | 75Ueco(x)" dz < ko
a lz|

for all € > 0 and some constants ki, ks > 0. We denote by H(y) the mean curvature
of 0N at y € 9. We put

Bk

E/\,’Y(u) = N-_2
(Jolul>" dz) ¥

fQ(|Vu|2 + % — ﬁ) dx

Suppose that y # a,0, then
AnH(y)elogl +0(e), N =3,

- ANH(y)€+O(62 10g %)7 N = 47 (20)
AnH(y)e+0(e?), N >5,

E>\77(Ue,y) <

[\
2\1\:‘ n

where Ay > 0 is a constant depending on N. This asymptotic estimate has been
established in the papers [31] and [1] with singular terms replaced by u?. Combining
the estimate from [31] (or [1]) with (19) we easily derive (20).

N
Theorem 2.1. Suppose that ¢* = —2 35—, Q, = Q(y), y # a,0 and that
2NQm?
Q@) — Q)| =o(lx —yl)  for x neary, (21)

with H(y) > 0. If v < vo(\), where v5(\) is a constant from Proposition 1.5, then
problem (1) admits a positive solution.

N
Proof. Since ¢* = —2%— and S_, < S we see that y # 0. We derive from (21) the
2NQ’VTL2
following expansion

/QQ(Q:)Ufy dxr = Q(y)/QUfy dx + o(e). (22)
Indeed, for every n > 0 we can find §(n) > 0 such that

1Q(x) — Q)| < mlz —y| for [z —y| < d(n).
Then

/Q Q) — Q) UZ, du

Sn/ |z — y|UZ, da
an(je—yl <5(n))

+2Qum U2, dx
Qn(|la—y25(n))

oco N-—1 N
<C e-}—eN/ r dr):é(e N ),
(77 sy T TSN
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where C' and C are positive constants independent of 7 and e. From this we derive
that
lim sup — /|Q y)|U? dx <Cn.

e—0
Since 7 > 0 is arbitrary, this limit is equal to 0 and (22) follows. It then follows from
(20) and (22) that

vz

1(kovuyp+xaww))
(fQ y)UZ, dx + o(e ))

sup Jy~(tUe ) = —
tzg Ay (tUey) N

for € > 0 sufficiently small.

We now consider the case
%

S

II. c* = =

To show that the mountain-pass level satisfies ¢ < ¢* we use the function V. which
satisfies the equation (8). Since a # 0, we have the following asymptotic estimate

.
/ Mdz< CEvi if 0<y<p—1 (23)
|z —al? Ce>Villoge| if y=p—1.

To show this we take 0 < p < |a| and write
V,.e(z)? V,.(z)? V()2
v ("L‘)2 dx :/ s (‘/L.)Q dfl'—i‘/ s (:E)Q dx
o v —al QN (|z|<p) |z — al QN (|z|>p) |z — al

Vyela)? o
</ de+O0(N=2) = I + O(N2).

siep 2 —al

e
Changing variables z = ye Vi3 in the integral I we get

PR
€ Vi~
I:C/ fd:c.
|| < —5= (‘gj|f +\x|f)

o
ﬂ
2

If n < —1, then
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On the other hand if v = i — 1, then

dx dx 1
o al 3\ 2VE = B Vi—1 NESRCW = O(IOg E)
1<t (ol 77 + o)) Sel<t (o T+ o)
We now recall the following asymptotic relations from paper [23]:

Vi
/|VV%6‘2d33 = / IVV,.|? dz — I, (e) + o(eﬁ) + O(eN72),
Q N

RY

V2 %% N
Ve g 7. /2 N-2
o |7? duv = /RN |z |2 dx — Ip(€) + o(e V) + O(e" %),
+
. . Vi
/ Vﬂiedx:/ Vigdx—lg(e)—ko(ewi‘ﬂ)—i—O(eN),
Q RY

+

where I1(€), Io(e) and I5(e) satisty, respectively,

! /\}/7;7 + !/ 2 /
/ Yy YNy |V7) g(y') dy > 0.
R

A
. 77’\/}7 \/ﬁ
lime Vi Ii(e) =11 = -
Vi

—0 — L/_ 2 41

‘ Yy (|9 + [y 9R) Y
/) !

lim e~ VA= L(e) =1 = / 7/g(y) - —dy’ >0,

0 RN |y 2|y |97 4 [y | 97) PV
__vE !

lim e Vi I3(e) = I3 = / ~ 9') - dy >0,

- BN (| |7 4 Jy | 7)™

and g(y') = %Zfi_ll Aiyi;. Here \; denote the principal curvatures of 9Q at 0. Then

it follows from the above asymptotic relations and (23) that

S_ VE Vi
E\~(Vye) < 2—; — C’lew’bi7 + 0(6 Wﬁv) (24)
N

for N > 5,7 < 7% (A), v < i — 1, and € > 0 sufficiently small, where H(0) > 0 and
C1 > 0 is a constant independent of e. For the computational details we refer to
paper [23].

N

2

Theorem 2.2. Suppose that ¢* = %, ¥ < Y%A), N>5, and v < p— 1.
2NQ(0) "2
Moreover assume that

|Q(z) — Q(0)| = o(|z|) for = close to 0

with H(0) > 0. Then problem (1) admits a positive solution.
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Proof. This follows from (24) and the following formula

VL

/Q(x)Vf;da::Q(O)/ V,f;derO(eJﬂf).
Q Q

We now prove this expansion. Given 1 > 0 we choose d(n) > 0 so that

1Q(z) — QO)| <nlz[  for |z[ < d(n).

Then
/ Q) — QO)|VZ.dr < g / 2| V2 di + 2Qus / V2 do
Q QN(|z|<o(n)) QN (|z[>6(n))
=Jy + Jo.
p

Using the change of variables © = yevi—7 we get

Jl S E]\f,n‘/ - |1’| — dx
R (@Lal F + faf 1)

ﬂ

e

dy = Cine Vi,

B (|| 77 + Jy| 7)Y

where C' and C are positive constants independent of ¢ and 7. For J; we have the
estimate

0 (NpN-1
JQ § QQMC/ 38 dr = O(EN).
6(m) rvE

. . . N . _ .
Since n is arbitrary and 7= < N, provided v < i — 1, our expansion follows. [

Finally, we consider the case

I1I. cr =52 |

In this case it is convenient to seek a solution of problem (1) as a minimizer of the
constrained minimization problem

Au? yu? .
Sx, = inf 2 7——)01' HY (O / 2d:l}.
Ay T {/Q<|VU| * PETERFEY A (). QQ(x)‘ul !
We recall the existence theorem (see [11]) for the critical problem

{—Au-ﬁ-uu = Q(x)[u|> "2u in 9,

% =0 on 09.
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Theorem 2.3. Suppose that Qpr > QﬁQm and N > 5. Then there exists a
constant K > 0 such that for 0 < p < K problem (25) has a positive solution (called
a least energy solution) and no least energy solution for p > K. Moreover, we have
for u>K

CANY fﬁ(|vu|2+”u2)i.

N—2 1 -
Q) OO ([ Qa)|uf* dx)

It follows from the proof of Proposition 1.5 that Sy, > 0 for 0 < v < v (A).
According to Proposition 1.4 there exists a minimizer for S , if

SA;'Y<min< SN727 2 S_’YN727 §2>
28 Q. 2VQ0)F ,F

First with the aid of Theorem 2.3 we deduce the existence result for problem (1) with
v =0, that is,

—Au+ ﬁu = Q(z)|u|* ~2u in Q, (26)

% =0 on 0Of.
Theorem 2.4. Suppose that Qpr > on=e 2Q,, and N > 5. Then there exists a
constant Ky > 0 such that for 0 < A\ < K; problem ( 6) admits a solution (a
least energy solution) and no least energy solution for A\ > K. Moreover we have
Sxo = u for X > K.
QZ\/IN

This follows from the estimate

/Q(VU2+|$_>\G|QUQ) dx > /Q(|VU|2+%U2) dz,

where d = diam (2.
We are now in a position to formulate the existence result for problem (1).

N
S2

Theorem 2.5. Suppose that ¢* = ~——= and N > 5 and let v,(\) be a constant

NQy~
from Proposition 1.5. If v < v, and A < K1, then problem (1) has a solution which
is multiple of a minimizer for S ..

Proof. Let A < K; and let uy be a minimizer for Sy o with fQ |u)\|2 dr =1. We
then have
u? S
/ (Vu,\|2 + | “ E '|yu|;> de = —— / ‘UA dz.
Tr—a x
Q Q.F
This shows that Sy , < % and the result follows. O
QMN
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3. Regularity of solutions
First we consider problem (1) with v = 0.
Proposition 3.1. Suppose v = 0. Then solutions of (1) belong to L>=(1Q).

This follows from the proof of Theorem 3.4 below.

We now consider solutions of problem (1) with v > 0. We now prove a Brézis-Kato
type result for solutions of problem (1) (see also Theorem 2.3 in [28]).

Proposition 3.2. Let d; = min(l, d%) and let S1 be the best Sobolev constant for
the embedding of H'(Q) into L* (Q). If p satisfies
1
v(p+ 2)(5 + 1) < 4d, 51, (27)

then a solution u of (1) belongs to LP(QY). (If v > 0 is small enough we can ensure
that p > 2*.)

Proof. We apply the Moser iteration technique. As a test function we take
¢ = wmin(u, L)P~2 = uub 2,

where uy, = min(u, L), L > 0 and p > 2. We obtain

2, P2
/ \Vul|?ub ™2 de + (p — 2)/ VuVuruh *udz + )\/ el R
Q Q o |z —al?

2, p—2

. _ uu
= / Q@) |ul* 2uul 2dx+’y/ ——L=— da.
Q o |zl

From this we deduce

_ - A _
/|Vu|2u1£ 2 de + (p—2)/|VuL\2u’£ ?dx + = | uPuf % da
Q Q a? Jo

. uuP=?
< QM/ u? 2 2uh dz+’y/ ——=—dx. (28)
Q o ||
On the other hand we have

p_ —2)2
/\V(uuf 1)|2dm:/\Vu\Qu’;de—i—u/|VuL|2u’;4u2dx
Q Q 4 Q

+(p—2) / VuVurul >udz
Q

24
:/\VU\ZUI{Q dz + L2 1 /|VuL\2u’;2 dz. (29)
Q Q
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From (28) we deduce

_ A
/|Vu|2u’£ 2dx—|—(7/|VuL|2uL 2dz+d2 u?ub ™ da
Q
. 2 202
7QM/|u2 _QuZuifzdx—i—p—i_ 7/ 4 uL2 dx.
0 4 o |zl

This, in conjunction with (29), gives

dl/(w(uu?mu (wuf 1)?) da
Q

-2
p—I—QQ / 22,2, 2d +p+2,y/ u2u122 d.
4 o |zl

We now apply Lemma 1.1 with e = 1 and choose v > 0 so that

2 /1
]iv(f + 1) <d
4 f

and a constant K7 > 0 such that

2
. ~
pi—l- 2QM (/ T dm) < 7d257
u> K 2

where dy = dj — pTH’y(l% + 1). With the aid of the Sobolev inequality we obtain that

Sid 2_1,2*
122(/52(1;1% ) dx)

2 .
p+QK2*2/uuL d:c—i—]i C()/uuL dx.
Q 4 Q

Letting L — oo and then iterating the resulting inequality, starting with p = 2*, the
assertion follows as long as v(p + 2)(% +1) < 4d, S;. O

2
3%

By the regularity theory for elliptic equations solutions of (1) are in C*(Q—{a,0}).
We now examine the behavior of solutions around points a and 0. We need a version
of the Caffarelli-Kohn-Nirenberg inequality [8,9]. We recall that if 0 € Q, then for
every u € H1(Q, |x|2* dx) we have

2
/|x|72a|Vu|2 dr > C(;’lﬁ </ ‘$|7ﬂp|u|p dl‘) ,
Q Q
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where —oco < a < %, oz~§ < a+1l,p= W]\M and a constant Cyp. 3 > 0
depends on « and 3. Let H*(Q) = H(, |z|~2* dz) be the Sobolev space equipped

with the norm
fully = [ fal 9 do+ [ o2
Q Q

We need the following version of the above inequality.

Lemma 3.3. Let 0 € 9Q. Then for every € > 0 there exists a constant C(e) > 0
such that

( / x|-ﬁp|u|pdx) ’
Q

< (ca,g+e)/ﬂ\xr%\vuﬁdx+C(e)/ﬂu2dx+0(e) </Qu|pdx> (30)

for every u € HY(RQ).

Proof. The proof is similar to that of Lemma 1.1. With notations from the proof of
this lemma we first consider the case v = 0. Let u € ]~{1(B(0,60)) with supp u C
B(0,0,). Since the values of u for xy < 0 are irrelevant, we may assume that v is an
even function in . Then

caﬁ/|xr2a|vu|2dx: @/ || 72|V ul? da
A 2 JB(0.,s,)

2 2

1 » . P P

> (/ x|2'8p|upd:c) _22—1(/ |”‘B dx) .
2\JB(0,5.) A lz|fP

In the next step of the proof we use the mapping from the proof of Lemma 1.1 that
straightens the boundary 92 around 0 to obtain a local version of our inequality.
Finally, let ¢ be a function in C!(B(0,6)) such that ¢(z) = 1 for z near 0 and
0 < ¢(x) <1 on B(0,6). By the first part of the proof we have

2 2 2

P » P » (] — P »

/ |ul i)’ <231 [ug| AL / Mdm 5
o |z[Ph q |z[P? Q |2[PP

< (Cop 42879 [l 21V ) do + 237 C)( [ o o)
Q Q

Using the Young inequality we derive from this (30). O

Inequality (30) can be reformulated, with the aid of Sobolev inequality, in the
following way: there exists a constant C; > 0 such that

|ul? >’2° </ -2 2 / 2 )
dx <C z| 7|\ Vul?de + | v dx 31
([ 5 ( [lel2=1vup s+ [ (31)
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for every u € ﬁl(Q) This form of the CKN inequality will be used in the proof of
Theorem 3.4 below.

Theorem 3.4. Let N > 3. Then for v < 7, any solution u of (1) satisfies
lu(z)| < Cla|~WEVE=D  for 2 € Q — {0}.

Proof. We follow the ideas from the paper [6] which are modifications of the Moser
iteration technique. We put v(z) = |z|VF=VA=Ny(z). By straightforward computa-
tions we verify that

— div(|$|f2(\/ﬁ*\/ﬁ*v)vv)

_ —2* (VA=) |27 2, v
Q(I)|x‘ |U| v A‘m|2(\/ﬁ_m)|x _ a|2 °

We take as a test function ¢ = nzvvi(s_l), where 7 € CL(B(0,p)) with n = 1 on
B(0,r), r < p, |Vn| < ﬁ. Here s > 1 and L > 0 are constants. We then get

el 2T [ v
Q
+2(s — 1)7]211%(8_1) |Vor)? + QUVanvvi(s_l)} dx
— [ @@lal T 0 da
Q

- )\/ || T2VAVE=) | — a|72772U21)i(s_1) dx. (32)
Q
By the Young inequality for every e > 0 there exists C'(¢) > 0 such that
2/ |x|_2(\/ﬁ_‘/‘ﬁ)Vannvvi(s_l) dx < e/ |m|_2(\/ﬁ_m)n2|VU|2vi(s_l) dx
Q Q
—|—C(e)/Q\x|_2(\/’7_v’1_7)|Vn|2v2vi(s_l) dx.
Applying this inequality with e = § we derive from (32) that
/|x|,2(\/§,\/ﬁ,\/ﬁ) [772WU|2U§(571) +4(s — 1)n2|VvL|2v,%(571)] dx
Q
< QQM/Q|x|f2*(\/ﬁf\/ﬁ)nzvi(s—l)vz* de
! 2N [ 222D
—|—20(§) Q\:L‘| [Vn|“v vy, dx

- /\/ |x|72(‘/’77m) |x — a|72v2n2vi(s_1) dx.
Q
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We now rewrite this inequality in the form

el 2T RT  ds — ipod u
Q
+ APz — a|_2|x|_2(‘/’7_\/ﬁ)vgvi(sfl)t] dx

< C[/ |x\_2*(\/ﬁ_m)ngv2*vi(sfl) dx
9

+ /Qlwl—W—W-”|vm2v2vi<5*”1dw (33)

for some constant C' > 0 depending on @);. By choosing 7, smaller, if necessary, by
virtue of Proposition 3.2 we may assume that u € L(?"~29(Q) with 2 < % < 2%

This guarantees that % < q. We now use this choice of ¢ to estimate the integral
involving the exponent 2*. By the Holder and Young inequalities for every € > 0 we
have

/|:c|—2*<\/ﬁ—m>n%2*vi(5*” i
Q
= [ Je| PV 2 2 oot de
Q

2% -2 — L—/Tl— s—1
= [t e [ Y G 20 A P

777”)2_1 [l L2 (Q)

< 252 0y (el [T

2
— N __ — L— n— S—
+C(n,q)e 7w ||| |~ VEVE s 1L2<n>)

2
%

< Ce2 (/|x|—2*(\/ﬁ—vu—v)|nm}z1|2* dl‘)
Q

JrC’e_?;iVN/|x\*(\/‘j‘7Vﬂ77)|nvvz_l|2d:c.
Q

. . . . . — — N—
The above inequality combined with (33) and (31) with a = 8 = /i— /i — v < £52
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gives
2
* — — * 2%
([ lel T g )
Q

2
* = = * 2%
< Cse? </ 2|72 VEVE=D s =12 da:)
Q
+Cs/\x|_2(*/’7_m)(n2+|Vn\2)v2vi(s‘1) da:
Q
“1‘086_%/Q|{E|_2(\/ﬁ_\’ﬂ_7)|7’]v’l)zil|2d.’IJ.

. o 1 .
Selecting € = Tacs e obtain

(/ \a:|_2 (x/ﬁ—\/u—v)mvvzflp d:v)
Q
SC’So‘/|x\72(‘/’j‘7m)(nz+|V77|2)v211i(5_1) dz, (34)
Q

29 'We now observe that
2g—N

where oo =
/|x|—2*(\/ﬁ_\/ﬁ)|n|2*v2vi*s—2 dr S/|x|_2*(\/ﬁ_\/ﬁ)n2*vz*Ué‘sil)Q* da.
Q o

Hence we derive from (34) that

2
5%

Q
Scsa/|x|_2(\/ﬁ—m)(n2+‘vn|2)v2vi(371) da
Q
SCSQ/|m|_2*(\/ﬁ—m)(n2+|vn|2)v2vi(sfl) de.
Q

From this, we deduce by the choice of the function 7 that

2
(/ |l,|72*(\/17*\/ﬂ*”/)02,vi*572 dx) 2
B(0,r)NQ

< ﬂ/ ‘x|f2*(\/ﬁf\/ﬁfv)v2vi(s—1) do.
~ (p=7)% JB0,pne
We now select s* such that &5 < s* with v(2s* + 2)(% +1) < 4diS (see (27)
in Proposition 3.2) which can be achieved by taking -, smaller if necessary. Put
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Sp = 3*(%)”, n=0,1,2,.... We then obtain
.
</ |$|*2*(\/ﬁ*\/ﬁ*7)02vi5n+1*2 dx) St
B(0,r)NQ

1 1
< _Csn |x|72*(ﬁ7‘/ﬁ)v2v2(8”_2) dx o . (35)
(p—r1)? B(0,p)NQ L

Let po > 0 be small enough so that a & B(0, po) and put r,, = po(1+p2), n =0,1,2,...
Inequality (35) with p = r,,, 7 = r,,11 becomes

1

PR
_o* = e 2 n —2 n+1
(/ || 72 VEZVE=Y) g2y fon dm)
B(07Tn+1)mﬂ

Cs® e - s _o T
(7 ) (gt 707 00) ™ 0
o o/Fo T )0

‘We now notice that

/ | VA=V 2,25 =2 gy < / 2] =2 VE= VI |y 2" i
B(0,r) — JB0,re)N0

< d(25*72*)(\/ﬁ*\/7ﬂ*ﬂ/‘u|25* i< C.
Q

Thus iterating (36) we see that

oLl p2enss (B(0,p0)NQ) = ¢ (37)

for all n. For the computational details we refer to the paper [6, pp. 15, 16]. Letting
n — oo in (37) we obtain

u(w) < Cla| VAV for @ € (B(0,po) — {0}) N

To complete the proof, it remains to show that w is bounded in Q N B(a, p) for small
p > 0. We choose p so that 0 ¢ B(a, p). Again we use the Moser iteration technique.
Let n € CL(B(a,p)) and satisfy n = 1 on B(a,r), r < p, and |Vny| < ﬁ. We take as

a test function ¢ = nzuui(s_l), L >0, s> 1. Testing (1) with ¢ we obtain
/ (2nuui(s_1)V77Vu + 772ui(s_1) |Vul? +2(s — 1)7721&(5_1) Vur|?) dz
Q
A 2(s—1
+ ﬁ/guznzuL ) da

SQM/Q772|U|2*ui(S_1) d:z:+70/ﬂu2772ui(5_1) dez.  (38)
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For every € > 0 we have
2/ nuui(sfl)VnVudx < e/ 772|uL|2(s_1)|Vu|2dm—i—C(e)/|V77|2u2u2L(571) dx.
Q Q Q

Taking € = 3 we derive from (38) that

S— S— A S—
/(nQui( DTuf? + 4(s — DPe2CD|Vug ) de + dQ/UQUQUi( D gr
Q
SC(/ (n* + |Vn|? )u2uis 2 dalH—/|u|2 nQuis D da:) (39)
Q

According to Proposition 3.2 we can choose ¢ with (2* —2)g > 1 and 2 < quql < 2F
such that u € L9 ~2)(Q). We then have

1
Pt e e <l g P

< Null3 200 g (elrruuy ™ o o)

=T

s— 2
+ O(N, Q)™ T |puals™ | 12(0)

2

< Cé (/ [nuui™ das) +Ce TN |77uu Y2 d.

Inserting this into (39) and using the Sobolev inequality we obtain

< Cse? (/ s dz)

+Cs/(772—|—|Vn\ )u2ui(s Y da
Q

2
¥

(fpmi s

— g2 s—12
+ Cse = N/Q|nuuL |“ dx.

The proof is completed using the Moser iteration technique. O]

4. Existence of sign-changing solutions

For 6 > 0 small we we consider the following perturbed problem

At At - = Q@) w0
% =0on 09, u>0 on Q.

The variational functional for problem (40) is given by

_ 1 2 )\U2 FYUZ 1 2% _§
Ix6(u) = 2/Q(|VU| + Z—aP  |2P dx — m/ﬂ@(x)\ul dx
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for w € H'(Q). Since problem (40) is subcritical, the functional J - 5 satisfies the
(PS) condition. In what follows, we will use some ideas from paper [29], where
problem (40) with A = v = 0 and @ constant was studied. Let As be a Nehari
manifold for J) 45

As ={u#0,uc H(Q); (Jﬁ\_’%é(u),w = 0}.
We set
cl,5 = ulen/i Iry,5 ().
If 6 = 0 then Ay becomes the Nehari manifold for the functional Jy , and we set
c1,0 = infyepn, a4 (w). It is known that

c1,0 = JIay(ur) = lél[f Iay(u),
u€Ag

where u; is a solution of (1) constructed in section 3. As in paper [29], we can show
that

lim ¢y 5 = c1,0.
6—0

Since the variational problem of finding a minimizer of Jy 5 s on As is subcritical it
is easy to show that there exists a minimizer of Jy 4 s on As for v < 5., where 7, is a
constant from Proposition 1.5. To establish the existence of sign-changing solutions of
(1), we use the Lusternik-Schnirelmann [3] theory of critical points of even functionals.

We recall the definition of Krasnoselski genus. Let A C H'(Q) be a closed,
bounded set which is Zs-symmetric (i.e., u € A = —u € A). The Krasnoselski genus
is defined by

i(A) = inf{n, there exists an odd and continuous map h: A — R" — {0}}.
For a fixed p > 0 we put S, = {u € HY(Q); |Ju|| = p} and define
H={h: H(Q) — H'(Q); h is an odd homeomorphism}

and
Fs ={A closed, Zs-symmetric; i(h(A) NS,) > 2 for every h € H }.

Au? ~u?
I = Vul? + —— — = | d.
ol = [ (196 + 205 ~ [ ) o

Proposition 4.1. Let v < v,. For every p € (2,2*) and u € LP(Q2) — {0} there
exists v =v(u) € H' () such that

Let

/ Q(x)|ulP~2v* dr = 1, v(z) >0 on Q
Q
and

)= Doy (0) = i { () w € 10, [ Qo2 as =1},
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Since H'(Q) is compactly embedded into LP(2), 2 < p < 2%, it is easy to show
that a minimizer for I, exists. Obviously pi(u) is the first eigenvalue with the
eigenfunction v(u) of the problem

{—Av + ey — e = (W)Q(@)|ulf 2 in Q,

% =0 on 909.

Proposition 4.2. Let v < v,. For every § € (O,ﬁ) there exists a montrivial

solution ugs of the Neumann problem

7AU+ ‘ziZ\Q - % = Q(x)|u|2**5*2u m Qa (41)
% = 0 on 09,
which satisfies
|u5\2*7572u5v(u(;) dr =0, (42)

where v(us) is defined in Proposition 4.1 with p = 2* — .

The main idea of the proof is to construct the (PS). sequence for the lever ¢ 5 =
inf acx, sup,ca Jx,~,5(u). The proof of this fact is similar to that of in [14, Theorem 1’;
29, Proposition 1.2]. Since the problem is subcritical, the Palais-Smale condition holds
and we also have

J us) = ¢ 5 = inf supJ u).
A6(us) = c26 = Inf sup Ay.a (W)

We need the following estimates for U, with y # 0,a

/ ulUf;_‘s_l dr = O(e R ), (43)
Q
/ W2 0L, de = O(e N'A’_z) (44)
Q
and
/ u¥ Wy de =077, (45)
Q

We only give the proof of (44). Let p > 0. It follows from Theorem 3.4 that

/uf*f‘sflUE,ydaj§C/|m|_(\/‘7_v’1_7)(2*_1_6)UE’ydx
Q Q

<C |$|—(\/ﬁ—\/ﬂ—’v)(2*—5—1)Ueydm
B(y,p)n$2 ’
+C |x‘—(\/ﬁ—\/ﬂ—7)(2*_1—5)U67y de = Jy + Js.

RN —B(y,p)NQ
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We may assume that |y| > p. Then

N+42
2

|J1| S/ < N-—2 dx
l21<2 |ze 4+ y|(VE-VE=N@ =0-1) (1 4 [2]2) =

N+2
2

€ N-—2
S/ = dz=0(e"7 ).
1<% (|y| — p)VA—VE=NE =1=0) (1 4 |2[2) =
For the integral J; we have the estimate

| < C€¥/|x|*(\/ﬁ*\/7ﬁ*7)(2**1*5) .
Q

This integral is convergent for 0 < v < ~,. (We may take -, smaller if necessary.) In
a similar way we establish estimates (43) and (45).

N
Lemma 4.3. Let N >5,0 <y <7, and ¢ = —2%—. Suppose that Q,, = Q(y),
2N Q2
y #0,a, and
Q@) — Q)| = ollx —y[) for x near y (46)

with H(y) > 0. Then there exists o > 0 and 6, > 0 such that
o5 <cis+c —o

for § < 6.

Proof. Let A = span{uy,Ue,}. Since A € F» we have

c2,5 < sup Jy y6(w) = sup Jx4,5(su1 +tUe ).
u€EA s,teR

Since limyy|,jt|— o0 Jr,5.6(su1 +1Uc,y) = —00, we can assume that |s|+ [t| < C for some
constant C' > 0. To proceed further we use the following inequality: for a,b € R and
q > 1 we have

la+b]7 > |a|? + [b|* = C(|al* (8] + [al[b]*~),
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where C' > 0 is independent of ¢ and b. We then have

J>\7%5(3u1 + tUe,y)

2 2
s t
= SIVal3+ 5 IV + st | VuaVU, do

As? u? A2 Uz, U,
— | ———=d — dx + Ast <Y d
+ > Jolr—ap T + 5 /Q| —a|2 T + s/| —af? T
2
s u1 7752/ Uy / urUey
- — dr — — dx — sty dx
2 o lzl? 2 Jo lz? o |z?
- ﬁ / Q(z)]sur +tUe,yl2*‘5dx
_st/ Qx u? _1U€ydm+J>\ﬁ, (suq) |u1|2 dx

2
+ Iy (tUey) | / Q(x)UZ, dx
— L/ Q(x)|suy + tU, y|2**5 dx
25 Jg ’
< |st| / Q)ui "'Ueydz + 10+ Jry (tUey)
Q

S [ 0 awe:

Q(a:)Uf;_‘sdac—I—C'/u%*_l_‘SUe,ydx—&—C’/ule;_l_‘S dz.
Q Q Q

‘t|2*_5
2% —§

y (43), (44), (45), (46), and (20) we get

| |2 2 ‘2 -
Q )ul Q
|7f|2 2* |t|2 -0 2" _§
+ o QQ(gc)UE’yd Q U,y dx

for € < €, and some constant ¢; > 0. Since ¢1,5 — 1,0 and the last two differences
tend to 0 for every 0 < € < €, the result follows. O

Theorem 4.4. Suppose that the assumptions of Lemma 4.3 hold. Then problem (1)
has a sign-changing solution.
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Proof. Let {us}, § < d, be solutions of (41). It is clear that |lus| g1y < C for
§ € (0,8,) and some constant C' > 0 independent of §. Let uf (z) = max(0, us(x))
and uy (z) = max(0, —us(z)). By (42) uf # 0 and uy # 0. We also have |[uf ||z,
us [|[zr < C. We may assume that up to a subsequence uj — u® and us — u~
in H(Q). Since ug,ug € As we have J,\mg(u}), Iaqy,5(ug ) > c1,5. Since ¢1.5 — 10
as § — 0, by Lemma 4.3, we have

Do (UE) + Iy s(uy) = Iaq6(us) = a5 < ci5+c* —o.
Hence J)\mg(u}') < ¢* — 0 and moreover
k< llug [l 2 ) < ke (47)

for some constants k1 > 0 and ko > 0 independent of § < §,. We show that u™ # 0.
Arguing by contradiction, assume u™ = 0 on ). By the concentration-compactness
principle (see the proof of Proposition 1.4) we get

|V’u,;r|2 —du > Z Nj5zj + padq + oo
jeJ
and
|uj{|2* —dv = Z Vjbz; + Vaba + Vod0,
jeT
+12 + ~
)" s b and o d = Ao
|z — al? |[?
with g, vj, tas Va, po, and vy satisfying (9)-(12). As in the proof of Proposition 1.4
we show that v,, =0, j € J, vy = vy = 0. This yields lims_ [, Qz)|uf > dr =0
which contradicts (47). In a similar manner we show that «~ # 0. Therefore u is a
sign-changing solution of (1). We show that us — u up to a subsequence in H*(2).
Put ws = us — u. By Brézis-Lieb lemma [4] we have

crs+c —o > Jyys(utws) =cro+ Jxqs(ws)+o(l).

Since lims_.g c1,5 = c1,0 we see that

1 9 w? yw?
- AT
[ (ot + - )
1 N
5/Q(x)|w5|2 Odr < —o+o(l). (48)
—0Ja

2*

Repeating the proof of the previous part, we derive that

lim/ Q(z)|ws|* dz = 0. (49)
Q

5—0
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‘We now observe that

0= (J3, s(us),us) = (Jy - 5(u),u) + (J3 ,, 5(ws), ws) = (J3 , 5(ws), ws) + o(1).

It then follows from Lemma 1.1, (48), and (49) that for every ¢ > 0 small, we have

Aw? 1
2 5 <~(1 2 2
/Q(|Vw5| + |x_a|2)dx_’y(u+e)/g(|Vw5| + C(e)wy) dx
:'y(i—f—e)/|Vw5|2dx+0(e)o(1).
H Q

Since v < 7., we deduce from this that ws — 0 in H'(Q), that is, us — wu
in HY(Q). O
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