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ABSTRACT

Sharp estimates are obtained for the rates of blow up of the norms of embeddings
of Besov spaces in Lorentz spaces as the parameters approach critical values.
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Introduction

Our concern is with embeddings of Sobolev type and more particularly with the be-
haviour of the corresponding embedding constants as the various parameters approach
critical values. To provide some background and motivation for this study we begin
with classical Sobolev spaces on R™: all the spaces we shall consider in this paper will
consist of real-valued functions. Let k € N, 1 < p < oo and denote by ||-[|, the usual

Ly(R™) norm. Let w} be the (homogeneous) Sobolev space given by the completion

of C§°(R™) with respect to the norm

£l ==Y 1D llps

|a|=k
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in standard notation; let W; be the corresponding inhomogeneous Sobolev space,
with norm

1w = 11 llp 4 1w

Given any r € (0,00) and g € (0,00], let L, 4 be the usual Lorentz space, defined by
the quasinorm

T (Jo At ()} %)1/(1, 0<q< oo,
rq
Sup0<t<oo{t1/rf*(t)}’ q = 0.

Here f* is the non-increasing rearrangement of f, given by
@) =mf{Ax>0: pur(N) <t} t>0,
where py is the distribution function of f, defined by

pA) =z e R" : [f(z)] = A},
|| denoting Lebesgue n-measure. Then it is well known that

wg 7 'Ly, p, where 1/, =1/p—k/n and 1<p<n/k. (1)
Here by X — \Y, where X and Y are quasi-Banach spaces and A > 0, we mean that
there is a constant C' > 0, independent of A, such that for all f € X, A|f|ly < C||f|lx;
by X < Y we mean that X is continuously embedded in Y. We refer to Talenti [23]
for the case k = 1; when k& > 1 the results can be derived by induction (see [11]). It
is also a familiar fact that if ¢ > p, then

(/)N fllrg < @/T) 21 F |l (2)
see [22, p. 192]. Together with (1) this gives, under the conditions of (1),
wp = /P L, 3)

We see that the embedding constants in (1) and (3) blow up as p — (n/k)—,
k < n. It is natural to ask whether or not these rates of blow up are sharp. Such
questions were considered in [9,10]. To analyse them, we introduce the embedding
constants

wy = Supl| fllry o/l fllw
f#0

and
wy := SUP|| flr,, /([ f -
F#£0
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We use the notation ¢ < d or d 2 ¢ to mean that ¢ is bounded above by a multiple
of d, the multiple being independent of variables in ¢ and d; also ¢ ~ d means that
¢ <d and d < ¢. Then, with this notation, it turns out that

wy ~rpasp— (n/k)—, k<n. (4)
A simple proof of this follows from the result (see [10, p. 90, Theorem 2.7.2]) that

hy = iilgllf\\q/llfllH;/p ~ ¢t TVP as g — oo (5)

(here Hy, with s > 0 and 1 < p < oo, is the usual Bessel-potential space; see [24])
and from the embeddings

Hg/pC—>WI’f<—>w§, 1<p<n/k. (6)
Combination of (6), (2) and (5) gives

1
wi Z P Swp || f e /1 f s 2 s
f#0 P

from which (4) is immediate in view of (1). Analogously,

wy A r,ifl/p asp— (n/k)—, k<n. (7)

The same results hold for the inhomogeneous Sobolev spaces WI’f:

Wy = sup||fllr o/ fllws = 7k
10

and ,
1-1
Wy i= sup|[ flr,. /| fllws =P
f#0

This analysis explains what happens when the integration parameter p approaches
the critical value n/k from below. However, a question which has attracted much
recent attention concerns blow up when the smoothness parameter approaches crit-
ical values. To explain this we introduce the (homogeneous) Besov spaces b; . For
0<s<k 1<p<ooand0 < g < oo these may be defined as the completion of
C§°(R™) with respect to the norm

o] d 1/q
o= ([ e )

(suitably interpreted when ¢ = co), where w}’; (t, f) = supp, < HA,";pr is the k'"-order

I

L,—modulus of continuity of f, AF being the k" —order difference operator with step
length h; see after (10) below. It is well known (see [21]) that

bpg = Lrq ifl/r=1/p—s/n, 0<s<n/p,
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and we wish to find sharp rates of blow up of the embedding constant as s — (n/p)—.
Let

by = SUpr||nq/||f”b§,q "
f#0

and

b 2= sup| /11 s, Y
1#0

Since s — n/p and 0 < s < k, we must have n/p < k; it turns out that the results are
different for the two possible cases n/p < k and n/p = k. When n/p < k it is known
that (see [11])

bpg =71 “Lrg, 1/r=1/p—s/n, 0<s<n/p<k, c=max(l,1/q),
and we show that as s — n/p < k, with 1 < p < co and 0 < ¢ < o0,
by ~r¢, by~ r("YD+ g, = max(a,0).
If k = n/p the results are different since || f[[p; = may tend to infinity as s — n/p = k.

Putting s = ok, 0 < 0 < 1, we show that if 1 < p < o0, kK =n/p and 0 < ¢ < oo,
then, as 0 — 1—,

ko —a+tc
bpog = (1-o0) L,

where
1/r=(1-0)/p, a=min(1/p,1/q), c¢=max(1,1/q).

When k£ = 1, ¢ = p > 1, these results were proved by Bourgain, Brezis and Miro-
nescu [5], Maz’ya and Shaposhnikova (see [18,19]) and Kolyada and Lerner [15]; the
cases k =n/p > 2, ¢ > 1 and k # n/p, ¢ > 0 are covered by [11] if p > 1. In this
paper, not only do we establish results for wider exponent ranges, but we also provide
different proofs for the aforementioned cases: as in [11] we use real interpolation, but
we make substantial use of the (nonlinear) spaces L, 4) defined to be the set of all
functions f € Ly + L such that f*(c0) = 0 and

{9 (F(8) — ()7 2} 0 < g < oo,

1l =
DT suprao 47 (£ () — F4(1), P

is finite (see [2,17,20]). Here f**(t) = ¢t~! fg f*(s)ds. For the embedding constants by,
bs of (8) and (9) we show that if 1 < p < 0o,k =n/p,1 <g<oocand1l/r=(1-0)k/n,
then as r — oo,

by o TP by T2

Inequalities of the type

P = 1) S 2A ST - £} S R )
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(feCyR"), keN,1<p<n/(k—2)if k>3,1<p < oo otherwise) enable the
proofs to be streamlined and may have independent interest. Similar inequalities are
given by Kolyada in [13,14] in the cases n = 1, k = 1,2; see Remark 1.3.

The paper concludes with a brief discussion of the supercritical case of embeddings
of Besov spaces; that is, when the target space is L.

1. Preliminaries

1.1. Real interpolation and Besov spaces

We recall briefly the construction of real interpolation spaces. Let A= (Ao, A1) be
a pair of quasi-Banach spaces that are compatible in the sense that both Ay and A;
are continuously embedded in some common quasi-Banach space. The K-functional
for A is defined, for t > 0 and f €A+ Ay, by

-,

K(t, fi A) = K(t, f; Ao, A1) = _inf {||folla, + t]l f1lla, }-
f=fot+f1

For 0 < 6 <1 and 0 < ¢ < 00, the real interpolation space /Yga = (Ao, A1)p,q is the
set of all f € Ag + A; such that

-,

1/q
(0K (¢, f; A))? @)
||f||A'97q = (fO (t (ta f’ 1) n s 0< q < 00,
suppso t UK (. £: A), 1=oo,

is finite. It is well known (cf. [3, p. 341]) that

<t

where Aﬁ denotes the k" difference operator defined recursively by
Anf(z) = M f(a) = fla+h) = flz), A =AAT" (k>2).

The homogeneous Besov spaces b, , on R", with £ € N, 0 < s <k, 1 <p < o0

and 0 < ¢ < oo, are defined as the completion of C§°(R™) with respect to the norm

S 1/q
I£1hg,, = ([ b §)

interpreted appropriately when ¢ = co. We shall write b, instead of by, ,.
From (10) we see that for 0 < s < 1,

bgs)],cq = (LP’ w];)sﬂl'
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Moreover (see [11])

1/p
K(t, f; Ly, wh) ~ {tn /h< Ahf||gdh} .
<t

Together with Fubini’s theorem this shows that

y|p 1/P
(/ L |x—y|n+sp dmdy) ’ (1D

with constants of equivalence independent of s. In fact, in [15] it is shown that

1/p
(nwn)l/PQ—n—2||f|| (/ ) / . y|n+sylp dad ) < ((n+ p)wy)

where @ denotes the volume of the unit ball in R™. Hence our norm on by, is equivalent
to that used in [5,6,18], namely the right-hand side of (11).

1.2. The spaces L(r,q)

These spaces will play an important technical réle in our arguments. For 0 < ¢ < oo
and —oo < 1/r < 1 the (nonlinear) space L(r, q) is defined (following [2,17,20]) to be
the family of all f € Ly + Lo such that f*(co) =0 and

- de) Ve
I fllLerg) = {/0 9/ (£ (t) —f*(t))q?t} e

(with the natural interpretation when ¢ = co). Here f**(t) =t~} fo . Since

4 pee(t) =t Y f*(t) — £ ()}, it follows that

=[G s e =0 (12
t
Note that an application of 'Hépital’s rule to f**(¢) = ¢t=! f f*(s) ds shows that the

condition f*(co) = 0 is equivalent to f**(oc0) = 0. Note also that
L(00,1) = L.
We shall need the following embedding result.
Lemma 1.1. Let 1 <r < oo, 0 < g < oo and put ¢ = max(1,1/q). Then

L(r,q) — v~ L, 4.
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Proof. First suppose that ¢ > 1 and recall that replacement of f* by f** in ||f|l,4
gives a quasinorm equivalent to || f]|,4 (see [3, p. 219, Lemma 4.4.5]). Then from (12)
and Minkowski’s inequality we have, for all f € L(r, q),

/]

S [ = P
1 S
< i ds
S [T Wb T =1 e

If 0 < ¢ < 1, we integrate by parts and obtain,

18,5 [ 0o F = Sl - o wnear

where
h(t) = f(t), W)=t (f" ()~ [*(1))-
To handle the integrated terms, first note that since

K () — £ () = /f i) 115(s) ds

(see [7, equation (6)]), t(f**(t) — f*(¢)) is increasing. Thus

K () — £7(0) ( A ds) " ( | e - s ds> "

and so
e = s (e - e ds)l/q.

This shows that
o(t™Y/7) ast — oo,

= {O(t_l/r) ast — 0.
It follows that

gy JET LT (s) = f7(5)) % >0 ast — oo,
r (t)‘{ou) et 0.

Hence the integrated terms may be ignored and we have

q > q/r( pEx * q dt
IF1I7g S 7 |t = fH ()7
0
as desired. The lemma is proved. O
167 Revista Matemdtica Complutense
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1.3. Pointwise estimates for the rearrangement

Lemma 1.2. Let k € N and suppose that 1 < p < 25 ifk >3, 1 < p < oo if
k=1,2. Then for all f € C°(R™),

Fr) = e SeVroketn ), o<t < o (13)

Note that for n = 1, similar estimates are proved in [13, Theorem 1], in the case
k=1 and [14, pp. 149-150], for k = 2; see Remark 1.3 below.

Proof. Let t > 0 and let By, be the ball in R™ with centre 0, radius i and measure 2¢.
Let uw € R™, |u| < h. Since

[f(@)] < |[Auf(@)] + [f(z +u)l,

we have, integrating with respect to u over By,

2t
2t| f ()] < : [Auf(x)]du + ; [ (s)ds.

Now integrate with respect to x over a subset E of R"™ with Lebesgue n-measure ¢t and
take the supremum over all such sets E. This gives (see [3, p. 53, Proposition 2.3.3])

2 () — [ (20)] < / (Duf)™ (2) du

Bp,

1 K . 1
—i [ [ edsaus [ 1aud
B, JO By,

<2 sup [AuSf| =201 (2t/wn) 0 ). (14)
lul<(2t/on )t/ ™

In view of of [4, (5.4.5), p. 332] and the fact that w{ is an increasing function, we see

that (13) follows immediately if p = k = 1. If p > 1, we apply Holder’s inequality
and obtain (13) for k = 1. To cover the case k = 2 we use the inequality

@) < 5182 — ] + 5[+ )] + 1@~ )]

which follows directly from the definition of AZ f(z — u). Integration of this with
respect to u over By gives

1 2t
21lf(@)| < 5 [ |ALfe - wldus [ 55 ds
2 g, 0
Hence as before we have

21(f7°(0)~ £ (20) < [ (@21 (@) du (15)

By,

Revista Matemdtica Complutense 168
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As above we obtain from this the estimate (13) for the case k = 2.

To deal with the situation when k > 3, we proceed by induction. Suppose that k
is even (when it is odd the argument is analogous) and that (13) holds for this k; let
p < n/k. Then (12) and the inductive hypothesis show that

k(l/n
77(t) S /OO s ) ds _ /Oo 8—1/p+k/nM @
t

~ i s sk/n s

Since t — tilK(t,f;Lp,w;f) is monotonic decreasing (see [3, p. 294]), this gives,
with the help of (10),

Fr) SPap ),k <a/p.
Apply this estimate to A2 f: we obtain
(AL) () STPwp(/ ™ AL F), k< n/p.
From Lemma 5.4.11 of [3] and this we see that

sup  sup [|AFAZfll, S whtA (" f)
o] <E1/7 Jul<ctl/n

and

(AL () St PR ), k <n/p.
Together with (15) this gives (13) with & replaced by k+2. The proof is complete. [
Remark 1.3. When n = 1, it is proved respectively in [13, Theorem 1] and [14, pp. 149—

150], that

F) = () StV Pw(t f) (16)
and

F2() = () St VPwp(t, f) (17)
These results are equivalent to the cases k = 1,2 respectively of (13), as we shall now

show. Since p
W= () — £}

we have that 0
f) = f(2t) = /t sTH(s) = [7(s)} ds.

Hence, from (16) and [3, p. 332, (4.5)],

2
) = 72 5/ ts_l_%wé(s,f)ds St Vw2t f)
t

StVrwl(t, f),

169 Revista Matemdtica Complutense
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whence (13) with k = 1. In (26) below we prove that
f@) = £ <207 (@) = 7 (20}

and so (13) with & = 1 implies (16). Similarly (17) is equivalent to the case k = 2
of (13).

2. Sharp embedding constants for Besov spaces, the subcritical

case
Here we consider the well known embedding (see [21])
byg = Lrg, 1/r=1/p—s/n, 0<s<n/p,

and aim to find sharp rates of blow up for the embedding constants as s — n/p. As
explained in the Introduction, this means that n/p < k, and the cases n/p < k and
n/p = k give different results. We introduce the embedding constants

ra/ lf and by := sup|| f[|./[lf
f#0

s s .
bpvq bpyq

by := sup|| f
f#0

2.1. The case n/p < k

Theorem 2.1. Let 1 <p< o0, 0<g<o0,0<s<n/p<k,1/r=1/p—s/n and
put ¢ = max(1,1/q). Then as s — n/p,

by ~r° and by~ YO+ (18)
Proof. From [11] we know that b; , < r~“L, ,. This implies that
bl S r¢ (19)

and
by < ’/‘C_l/q.

Suppose that 0 < ¢ < 1. Choose f € C§°(R"™) such that f =1 in a neighbourhood of
the origin and [supp f|, > 2. Then f*(s) 2 1 for 0 < s < 1 and hence

1fllrq 2717 as 7 — oc. (20)

On the other hand,

k
w’“(t,f)s th, 0<t<,
P 1, t>1.
Thus
. <
||f b;,yq ~ 1a
Revista Matemdtica Complutense 170
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and from this, (19) and (20) we obtain the required estimate (18) for by, when
0<qg<1.
Next let 1 < ¢ < oo. Consider the inhomogeneous Besov space B, with quasi-

P
norm
1flBg, == IFllp + 1fllsg -
We have
Bg,{zp — By, —b,, if 0<s<n/p<k,
and

p,q

b1 2 SUp|| fllva/ I £l grso Z 7 < supl| fll /1| F Il o/ (21)
f#0 ’ F#£0 p.q

Now we choose a test function f in a way similar to that used in [25]:

!
f(z) = Zw(ij), l~r,
=0

where ¢ € C§°(R™) is non-negative and ¢ (z) = 1 when |z| < a, for some a > 0.

Then [|f[|, 2 r. However, as in [25], we see that ||f| ;n/» ~ r1/4. Together with (21)
this gives by 2 r, from which (18) follows for by, when 1< q < 0.
The proof of (18) for by is analogous. O

2.2. The case k =n/p

Here the results are different as [|f||ps ~may tend to co as s — n/p = k. We write
s = ok, 0 < o < 1. Our initial aim is to obtain upper estimates for the embedding
constants by and bs; to do this it is convenient to establish some preliminary results.

Lemma 2.2. Let f € C5°(R™). Then

PR = £ 20) S VL) (22)

and
FE) = 7 (28) S D2 1), (23)
where D?* = > laj=2 D

When n = 1, the estimate 22 is equivalent to one given in [12, Lemma 5.1] (see
also [1]); see Remark 2.4 below.

Proof. From (14), if ¢t > 0 then

CETACTES Y NES RO
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where By, is the ball in R™ with centre 0, radius h and measure 2t. To estimate the
right-hand side of this, we note that

1 1
[(Auf)(@)| = /O Vi(x+su)-uds S/O IV f(z + su)[ul ds

(see [16, V,4]). Integrate with respect to x over a subset E of R™ with Lebesgue
measure ¢ and take the supremum over all such subsets E. Then by [3, p. 53, Propo-
sition 2.3.3],

(Auf)™(t) < / IV 11 ()l ds = [V (0)]ul-

Hence )
FrO -y < o | IVATOlldu s IV F (),
By,

as required. The proof of (23) is similar, starting from

(A2 f)(2)] < / D% £z + su)|[uf? ds

(see [16, V,5]) and using (15). O

We shall also need to generalize the Sobolev spaces we have been considering to
those built up over the Lorentz scale. If in the definition of w’; we replace the Lebesgue

space L, by the Lorentz space L, ,, we obtain a space that we shall denote by w*L,,_,.
A consequence of Lemma 2.2 is

Proposition 2.3. Let 1 < p < 00,0 < ¢ < o0, k€ {1,2} and as in (1) define r by
1/ry, =1/p —k/n. Then for all f € C(R™),

I lleerg) S I llw Ly, (24)

Proof. From (12), if ¢ > 0 then

() — f(2t) = / () — f () . (25)

-
Since the function g given by

g(t) =t(f(t) = [7(1)
is non-decreasing, (25) implies that

2t
fro-rren= [ - s o

T
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that is,
Jr) = 1) <207 — £ (20)) (26)
Suppose that & = 1. Then using (26) and (22), we see that if p, ¢ < oo, then
>~ *ok * dt > r *% *% dt
1 = [ @ = @0 G s [ oo - e
0 0
< >~ 1/p *% q dt <
S| @men o) § i,
If either p or ¢ is infinite the proof is adapted in a natural manner.
The proof when k = 2 is similar, using this time (23) instead of (22). O

Remark 2.4. In [12, Lemma 5.1], it is proved that
Fr@) = £72t) S V). (27)

This is equivalent to (22). For, it follows from

o= L[ ros [ ron)

that
) <2f7(2t) — f7(2t)
and hence, on using (26), if (22) holds, we have
FH0) — 1720 < 2720 — 17 (20)
< 4{f(2t) — fr(4)}
SV (20)
< V().

Conversely, (27) implies that
t
£ - e = / (F*(s) — F*(25)} ds
0

t
< t—l/ SV 7 (s) ds
0
< tl/n'vf'**(t)
since s|V f|**(s) is non-decreasing,.
Proposition 2.5. Let 1 < p < oo and let vy be defined by 1/r1 = 1/p —1/n. Then
for all f € C°(R™),

I t{/too 2T () — F ()P d_T}l/p Swit, f).

n T
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Proof. Let
t t
sl =t [ [ pa ) di ey,
0 0

Then

rsef rlne) - ey

n

<t /too I ((F — 90 () + 687 () — 7 (2r) O (28)

n

We claim that
g: (1) < (7).
To justify this, note that

Gy <t / / £ @)y - dyn = (7).

Then (28) gives

PN -l [ o) - g eny . (29)
Moreover, from (25) we have
2t
) - fren) st ; {7 () = f*(r)}dr. (30)

Together with Minkowski’s inequality, (29) and (30) give
IS = gellp + tlgell i)
and using (24) this shows that
IS = gellp + tlgellw; -
Since || f — g¢ll, < wp(t, f) and lgellws < wy(t, f), the proof is complete. O

A basic result concerning the embeddings of the spaces w*L, , is given in the
following Lemma (see also [20]).

Lemma 2.6. Let k € N, 0 < g < 0o and suppose that 1 < p <n/(k—2) if k > 3,
and 1 < p < oo otherwise. Let ry, be given by 1/ry, =1/p —k/n, as in (1). Then

kaM — L(rg, q)-
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Proof. The cases k = 1,2 follow directly from Proposition 2.3. For the remaining
cases, we use induction and suppose that the Lemma is true for some k, with rp > 0.
By the inductive hypothesis applied to the second-order derivatives of f € w**2L, ,,
we have

ID*fllL,, .0 S Ifllwrszr,

and hence, by (26) and (23),
1f L trirana) S N fllwrver, -
The proof is complete. O
After this preparation we can give the promised embedding result.
Theorem 2.7. Let 1 <p<oo,0<qg<oc and k=n/p. Then aso — 1—,

W s (1—0) "L, (31)

p,q

where
1r=@1-0)/p
and
a=min(1/p,1/q), ¢=max(1,1/q).

Proof. First suppose that k = 1. From Proposition 2.5, with f € b

P
0o oo d q/p dt

191, 2 [ eod [T - paop S
P4 0 tn U t

To estimate I from below, first suppose that ¢ < p and apply Minkowski’s inequality:

> > du " dt
rz [T eonnd [Taopin e - pror 21
0 1 u t

t U
e} (1 ) / d'LL ‘I/P p
> —(1—0o)p/n
< </1 U w > Hf”L(Thqy

b, 2 =) P f i)y a<p. (32)

p.q "™

Thus

If ¢ > p, we integrate by parts. Let h(t) :== [ u?/™ (f**(u) — f*(u))? 2. Then
I> / t=)a/npalp () % > (1— 0)71/ t(=aa/npla/P)=1 () B! (t)dt.
0 0
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Since t — g(t) := t{f**(¢t) — f*(¢)} is non-decreasing, we have

h(t) = /too u_p/”(£;))pdu > gP(t) /tOO PPy,

and so
h(t) 2 8P () = fr ().
Hence -
T2 =0t [ - )
and so
I £llog, Z (L =) U fllLir g a>p. (33)

The Theorem for the case k = 1 now follows immediately from (32), (33), and
Lemma 1.1.
Now suppose that k > 2. We claim that

b’;: — (w];*%w’;)gl,q, 1l—o1=(1-0)k. (34)
In fact, using the embedding
(Lp,w];)g,l — w];_l, 0=1-1/k,
we obtain (34) by reiteration (see [11]):
b];f; - ((vawl,f)e,hw’;)ol,q — (w];;il»wg)m,qv l—o1=(1-0)k

Moreover, since we know the theorem to be true when k£ = 1, we have

bl — (L—01)" "Ly, 4 1/76, =1/p—01/n. (35)
Now (34) and (35) lead to

byo = (L—0)“w* 'L,

which together with Lemma 2.6 and Lemma 1.1 give (31). The proof is complete. [

As observed earlier, when k = 1, ¢ = p > 1, these results were proved in [5], [18]
and [15]; the cases k = n/p > 2, ¢ > 1 and k # n/p, ¢ > 0 are covered by [11] if
p > 1. The proof here is different. Note also that when p = 1 and k = n the following
better result is proved in [11]:

Theorem 2.8. Let k=n and put 1/r, =1—0,0< o0 < 1. Then

no
1,9 Ly,

Revista Matemdtica Complutense 176
2006: vol. 19, num. 1, pags. 161-182



D. E. Edmunds/W. D. Evans/G. E. Karadzhov Embedding constants for Besov spaces

Now we can give the promised sharp estimates for the rates of blow up of the
embedding constants b; and by, defined in (8) and (9), for the case k = n/p.

Corollary 2.9. Let1 <p<oo,1<q¢<p, k=n/p,0<o<landl/r=(1—0)k/n.
Then as r — oo,
b1 %7“171/}7

and
by 17207,

Proof. The estimates from above follow from Theorem 2.7 and (2). For the rest, we
use the test function f, where f(z) = ¢(|z|*=*), 0 < A < k = n/p, A\ — k, where
¢ is a smooth function supported in {¢t € R : [t| < 2} and ¢(¢t) = ¢t for [¢| < 1.
Then we have (20); and the derivatives of f of order k behave like (k — \)|z|~* for
0 < |z| < 2Y/*=N_ In particular,

1l S (k=AY

Hence
th(k— NP i 0<t<1
g tETNT
1 if ¢t>1.
Thus
1Flly, S (k=)' e/, (36)
Taking A = ok we see that (36) and (20) give
by 27V by > 7P asr— 00, if k=n/p. (37)
This finishes the proof. O

Note that (37) holds for 0 < ¢ < oo and 1 < p < co. This is needed in the proof
of Corollary 2.13 below.
When p = 1 we have a complete result, valid for all ¢ > 0, due to Theorem 2.8:

Corollary 2.10. Letk=n,p=1,0<g¢< o0 andl/r=1—0,0< 0 < 1. Then as
r — 00,
bi~1 and by~rt
It follows that when 1 < ¢ < p, the results are sharp. We now try to improve
Theorem 2.7 for the case ¢ > p > 1, interpolating the sharp result given by that
Theorem for ¢ = p. To this end we need the following uniform reiteration theorem.

Theorem 2.11. Let (Ag, A1) be a quasi-Banach pair. Let

0<Op<br<1, ANi=0 —Og~1—0y~1—6 (38)
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and suppose that 0 < o <1, q>p > 1. Then

(A’f)o,pv Ealvp)g7q - Al/qil/p/i’@,qv (39)

where 0 = (1 — )by + o6y, uniformly with respect to X — 0.
Proof. Step 1. Here we show that the usual reiteration formula of Holmstedt (see [4,

p. 52]) for the K-functional is uniform with respect to A — 0 under the conditions (38):

/A [e%e}
- - d d
Kp(t7 f; A907P7 A917p) ~ / u_eopr(u’ f) = J’_ tp / u_elpr(U’? f) u? (40)
0 u $1/A u

where K (u, f) = K(u, f; Ao, A1). Indeed, if f = fo + f1, then

£/ d
u
Ig C = / U_eopr(uaf) o
0 U
S/ /A
d d
S v ) T [ ek ) o
0 u 0 B
and so
Io $ Wollg,,, + il s, -
Analogously,
0 d
17 = t”/ uOPEP (u, f) S
L1/A u
satisfies

Lo, A, -

The upper estimate implicit in (40) now follows.
For the reverse inequality, choose a representation f = fo + f1 such that

K2, f) = (| follag + /2] full s -
Then

K(s, fo) < [lfollag S KV, f) and  K(s, fi) S st™ KV, f).

~

It follows that
/A $1/2 du

d
||f0||%9 < / ’UJ*90PK1"(u7f) au Jr/ u*eopKP(u’ fl) -
0P 0 u 0

u
t u

1/
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Since
(/A FRVAN
/ uw PP KP (u, f;) du < / w100 g=p/A gep ($1/A ] py du
0 u 0 u
5 (1 - 90)_1t_60p//\Kp(t1/A7 f)’
we see that
1foll, <15+ {6o(1 - 00)} 1t PR (2 f). (41)
0P
Analogously,
Pl ST+ {01(1—60)} P ARP (A, ). (42)
01,p

Noticing that
IP > (1 — 0g) "Lt 0P ARP (/2 f),

we see that under the conditions (38), the estimates (41) and (42) become
P o< qp P £ P, < P 4 TP
Ifolly, ST and @Il ST+

This completes the proof of (40).
Step 2. Here we prove (39), assuming that ¢ > p. By (40) we have

o dt e dt
A= / tod — = A/ tAage/p ()=,
0 t 0 t

where ¢(t) := fg u” %P KP(u, f) %“. Integrating by parts and using the facts that
g(t) =t " PRI, f), g(t) = (1—6o) 't~ "PKP(L, f),
we obtain
1A= 1ty oy, 2 Q= )Y f L 6= (1= o)+ oty (43)

7,9

For the reverse estimate, we write

o0 1 q/p
A= )\/ tAoa (/ (tu) ~%P KP(tu, f) d—“) &
0 0 u

t
By Minkowski’s inequality (see, for example, p. 530 of [8]),

1 S dENP'Y qu\ VP
A< —00q pcq —Xogq 2 -

_)\</0 (/0 (tu) (tu, f)t t) u)

1 S do\ P/ q/p
= A(/ (/ v YK (v, f) —U> uA”p_ldu>

0 0 v

1 - a/p

— q op—
Al ([ et

= (op) V7|7 AT (44)
6.9
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Let /
o) 1 q/p
B:)\/ =002 (/ (tu)_glpr(tu,f)%> a,
0

t
0
By Minkowski’s inequality again,

< \1-q/p q
BN £

Together with (44) this gives
A S AP f D 5, (45)

Finally, (39) follows from (43) and (45). O

Theorem 2.12. Let 1 <p<qg<o0,0<o<1,1/r=(1—-0)/p and k =n/p. Then
as o — 1,
ko 1-1
ke s (1— o)7L, .

Proof. Let 6y =20 — 1, 61 = (1 + 0)/2. Then Theorem 2.7 gives

(vawg)%,p — (1- 0)1_1/p(Lp7L00) J=01

Gj )
Applying Theorem 2.11 with o = 2/3 we have

(vawlzj)o,q — (1 - U)l_l/p(LpaLOO)

o,q°

Since (see [11]) (Lp,Loo)o,q = Ly g, uniformly with respect to o ~ 1, the desired
embedding follows. O

As a consequence of this we have

Corollary 2.13. Let 1 < p<oo,p<gq, 1 <g<oo, k=n/p, 0 <o <1 and
1/r=(1—o0)k/n. Then asr — oo,

by~ YP and by A TR

The case 0 < ¢ < 1 remains to be settled.

3. Sharp embedding constants for Besov spaces, the supercrit-
ical case

It is well known (see [24]) that if s > n/p, then

B® — L,

p,q

where By  is the inhomogeneous Besov space, defined by means of Fourier decomposi-
tions. The problem of finding sharp rates of blow up for the corresponding embedding
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constants as s — (n/p)+ was considered quite recently by Triebel [25]. In fact, he
dealt not only with Besov but also with Lizorkin-Triebel spaces, both types of spaces
being considered on bounded Lipschitz domains. Here we consider the same problem
for the slightly larger Besov spaces E;q (1 < p < o), defined by means of the norm

! . AN
19155, = ([ ek @ L) e, s <beL

Note that using monotonicity, we can replace the above integral by a sum and then
conclude that the scale l;;),q is increasing with respect to ¢. It is also decreasing with
respect to s. It turns out that the results concerning the embedding constants are
the same as in [25]. Let

bs = sup|| flloo /Il fllg; -
f#0 v
Theorem 3.1. Let 1 <p<oo,0<qg<o0,n/p<k+1ando>0. Then aso — 0,

g;/qp+a — o=V
Proof. Using (12), (26) and Lemma 1.2, we have

1
d

@) < / u_l/pw;;“(ul/",f) ;u + (1), k<n/p+1.

t

From this and monotonicity the result follows for the case ¢ < 1. If ¢ > 1 we also

have to apply the Holder inequality. O
As a consequence we have

Corollary 3.2. Under the conditions of the last theorem,

b3 ~ G_(l_l/Q)+.

Part of this follows from [25], since B, , — bs ., uniformly with respect to s —

(n/p)+ (see [24, p. 110]). P
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