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ABSTRACT

We show that the range of a contractive projection on a Lebesgue-Bochner space
of Hilbert valued functions L,(H) is isometric to a ¢p-direct sum of Hilbert-
valued Lp-spaces. We explicit the structure of contractive projections. As a
consequence for every 1 < p < oo the class Cp of ¢p-direct sums of Hilbert-
valued Lp-spaces is axiomatizable (in the class of all Banach spaces).
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Introduction

It was a remarkable achievement in the isometric theory of Banach spaces of the
years 1960’s to characterize the contractive linear projections of Lebesgue L, spaces
(p # 2). In the case of L, spaces of a probability space it was done by Douglas [4] in
the case p = 1 and Andd [1] in the case 1 < p < oo, p # 2. They showed that the
range of such a contractive projection is itself isometric to a L, space (for the same p,
but a different measure space); if moreover the projection is positive then its range
is a sublattice of the initial L, space and is lattice isomorphically isometric to a L,
space. This was extended to the non-sigma-finite measure space setting by Tzafriri
([17]). In the case of a probability space, the structure of contractive projections is
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elucidated by Douglas-Andé works: a general contractive projection P on L,(Q, X, i)
has the form R
P=MPM*+V (1)

where M, is the multiplication operator by a function ¢ with |e| = 1, Pisa positive
contractive projection, and V' = 0 if p > 1, while if p = 1, then V is a contraction
from L; into the range R(P) of P which vanishes on the band generated by R(P).
Moreover P is a weighted conditional expectation, i.e. there exist a sub-sigma algebra
B, an element B € B and a nonnegative function w € L? such that E(w? | B) = 1
and R

Pf=wEQ1gf- -wl™|B)

for every f € L, (in particular if P1 =1 then P is a conditional expectation). This
last formula can also be written

Pf=wE,(1pfw™"|B)

where E, is the conditional expectation relative to the measure v = wP - u. If we
denote by S the isometric isomorphism f — w- f of L,(£2,%,v) onto L,(Q2, %, v) and
by Mp the multiplication operator by the indicator function 1g, we have:

P =SMgE,( | B)S~". (2)

The structure of contractive projections in the non-sigma finite case was treated by
Bernau and Lacey ([3]); their main result can be rephrased in saying that if we
assume (as we may) that the measure space (£2, %, p1) is localizable ([7]) then formulas
(1) and (2) are still valid; now w is some Y-measurable positive function, v = w? - u
and B is some semi-finite sigma-subalgebra of 3.

The task of extending these results to various classical spaces was considered by
numerous authors; see the recent survey paper [15] and the references inside. Here
we are more specifically interested in the case of vector-valued Lebesgue L, spaces,
in particular mixed norm spaces L,(L,). Since the survey paper [5] on this specific
subject, several partial results appeared. In particular B. Randrianantoanina ([14])
succeeded in solving thoroughly the complex sequential case ¢,(¢,) using hermitian
operator techniques introduced in the subject by Kalton and Wood. More recently
the case of finite dimensional real Banach spaces with C? norm was considered by the
authors of [12]; under some additional conditions on the dual norm (in particular it is
assumed to be C2 on the complementary set of the coordinate hyperplanes associated
to a distinguished basis) the contractively complemented subspaces are shown to
be necessarily generated by a block-basis of the given basis. This can be applied
in particular to the real spaces £ (£;"), when 2 < p,q < oo (or by duality when
1 < p,q < 2), obtaining the same description of their contractively complemented
subspaces as in the complex case [16].

In the present paper we examine the case of Lebesgue spaces of Hilbert valued
functions L,(H); this is done in the most general case (without any assumption of
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sigma-finiteness of L,-space or separability of the Hilbert space; in fact we have in
mind some applications to the ultrapowers of such spaces, which are neither separable
nor sigma-finite). It turns out that the range of a contractive projection is a ¢,-direct
sum of spaces of the type L,(H). More precisely:

Theorem 0.1. Let 1 < p < oo, p # 2; H be a Hilbert space and L, = L,(2, %, ().
The range of every contractive projection P : L,(H) — L,(H) is isometric to a
lp-direct sum of Hilbert-valued Ly-spaces, i.e.

R(P) =~ (@ Lp(Qz',Bmm;Hi)Lp
iel

where (;); is a family of pairwise almost disjoint members of ¥, each B; is a sub-

sigma-algebra of the trace 3; of ¥ on ;; u; is the trace on €; of the measure p;

and the Hilbert spaces H; have Hilbertian dimension not greater than the Hilbertian

dimension of H.
Conversely a £,-sum (@iel L, (94, %, s Hi))e embeds isometrically into L, (H),
where L, = (@,c; Ly(%, Bi, 1)), and H = (Bic; Hi)éz' Hence a contractively

complemented subspace of a /,-direct sum of Hilbert-valued L,-spaces is still a £,-
direct sum of Hilbert-valued L,-spaces. In other words:

Corollary 0.2. The class C, of €y-direct sums of Hilbert-valued Ly-spaces is stable
under contractive projections.

The structure of the contractive projection P can be easily explained in the case
where the space H is separable (the non-separable case is analogous and will be
described in Section 5). Recall that given two Banach spaces X, Y, a family of
operators T, : X — Y is said to be strong-operator X-measurable if for every z € X,
the map w +— T,z is X-measurable as a map 2 — Y. If moreover Esssup,, ||, | < oo,
such a measurable family induces a bounded linear map T' from L, (£, %, u; X) into
L,(,%, 1;Y) by the equation:

(Tf)(w) = Tw(fw)

Theorem 0.3. Under the conditions of Thm. 0.1, if moreover H is separable, then

i€l

where R 1s a positive contractive projection in LP(Qi, i, 1i); Si is an isomelric em-
bedding of L, (i, 24, ps; Hy) into Ly(, 24, s H) associated with a (strong-operator)-
measurable family (S w)weq, of isometric embeddings H; — H, while Sf 1S associ-
ated with the adjoint family (S}, )weq, of projections H — H;; Mg, @ Ly(S; H) —
L, (Y; H;) is the multiplication operator by the indicator function 1q,; and V =0 if
p > 1, while if p = 1 then V is a contraction of L1(, %, u; H) vanishing on every
L1 (Q4, %5, pi; H) and taking values in the range of P.
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Let us present shortly an application of the Thm. 0.1 which was in fact our main
motivation for starting this study. If X,Y are Banach spaces, we say that X is an
ultraroot of Y if Y is isometric to some ultrapower of X. Recall that a Banach
space X embeds canonically isometrically in every of its ultrapowers X;;, and that
if X is reflexive, then this canonical image is contractively complemented in X;;. As
a consequence of Thm. 0.1 we see that every ultraroot of a L,(H) space, p > 1 is a
member of C,. By Cor. 0.2 the same is true for ultraroots of members of C,. On the
other hand it was proved in [13] that every ultraproduct of L,(H) spaces is isometric
to a £p-direct sum of Hilbert-valued L,-spaces. More generally every ultraproduct of
members of C, is itself isometric to a member of C,. Hence we obtain:

Corollary 0.4. For every 1 < p < oo the class C, of £,-direct sums of Hilbert-valued
L,-spaces is stable under ultraproducts and ultraroots.

In other words the class C, is awiomatizable in the sense of Henson-Iovino [9] in
their language of normed spaces structures (see [9], Thm. 13.8).

The paper is organized as follows: after a section devoted to definitions, notations
and a general result on orthogonally complemented subspaces of L,(H), we have two
sections of preliminary results distinguishing the case p = 1 (Section 2) from the case
p > 1 (Section 3). In these sections it is proved that if f belongs to the range of a
contractive projection P, then the whole subspace Zy := Lo () - f is preserved by P
(i.e. PZy C Zy) which suggests clearly a possible reduction to the scalar case. It is also
proved that the “orthogonal projection” onto Z preserves the range of P. This allows
to find an “orthogonal system” in R(P) which generates Zp := Loo(X2) - R(P) over
L (%) which will furnish the orthogonal bases of the Hilbert spaces H; of Thm. 0.1.
Section 4 is devoted to the proof of Thm. 0.1; a key point consists in proving that
the different subalgebras of ¥ given by the scalar theorem (applied to each Zy) are
induced by the same sigma-subalgebra F of ¥. Finally Thm 0.3 is proved in Section 5
(in a more general version not requiring separability).

1. General preliminaries

1.1. Definitions and notations

Let 1 < p < oo, H be an Hilbert space and (2, X, 1) be a measure space. In the
following we denote (when there is no ambiguity) by L,(H) the Lebesgue-Bochner
space L,(€2,3, u; H) of classes of H-valued p-integrable functions (for p-a.e. equal-
ity). Similarly L., (H) will be the space of classes of Bochner measurable, essentially
bounded H-valued functions. These spaces can be defined directly from the Banach
lattices L, (resp. L) and the Hilbert space H, but we adopt the functional point
of view for the simplicity of the exposition. In the case where (€, %, ;1) is not sigma-
finite, it is preferable to suppose that this measure space is localizable: the measure p
is semifinite (every set in 3 of positive measure contains a further one of positive and
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finite measure) and Lo (£, %, ) is order complete. In particular every family (A;);ecr
in ¥ has a supremum A, denoted by \/,.; A;. The set A is defined (up to a p-null
set) by the conditions:

ADA; for every i € I,
If B €Y and BDA; for every i € I then BDA,

where BDA means pu(A\ B) = 0 (define similarly ACB and A=B). We say that B, C
are almost disjoint if A N B=0.

To every f € L,(H) we associate its “random norm” N(f) € L} defined by
N(f)(w) = [[f(w)|la, its vectorial function support VS(f) = Supp(N(f)) and its

“random direction”, i.e. the element uy of Lo (H) defined by us(w) = % if

weVS(f),=0ifw & VS(f). f M C L,(H) we set VS(M) =V{VS(f)|feM}.
If feLy,H), g€ L,(H) we define their random scalar product ((f,g)) € L, (where
;=3 +3) by (flo)(w) = (f(@)lg(w))u, where (-] ) denotes the scalar product in
H (which we suppose left linear, right antilinear in the complex case). When p, ¢ are
conjugate ( 1% + % = 1), we obtain a sesquilinear pairing

(fq) = /Q (F | ahdp 3)

which gives rise to a canonical antilinear identification of Lq(H) with L,(H)* (if
1 < p,q < oo; the case p =1, ¢ = oo is more delicate); it is the usual duality pairing
in the real spaces case. We have also

Vf e Ly(H), (flug) = N(f).

We say that two elements f,g € L,(H) are orthogonal, and we write f L g if (f |
g) = 0. A related notation is the following. We set

{(flg={wecQ[{f]g)(w)=0}

We have then f L g <= {fLg}=Q.

Let H, K two Hilbert spaces. We say that a linear operator T : L,(H) — L,(K)
is X-modular iff T(p.f) = @.Tf for every f € L,(H) and ¢ € Loo(Q,3, ). It is
modularly contractive, resp. modularly isometric ifft N(Tf) < N(f), resp. N(Tf) =
N(f) for every f € L,(H): it is then automatically ¥-modular (and, of course,
contractive, resp. isometric). If H is separable, then a modularly contractive, resp.
modularly isometric operator T is associated with a measurable family of contractions,
resp. isometries T, : H — K.

Let F be a sub-sigma-algebra of ¥; a linear subspace Z of L,(H) is a Loo(F)-
submodule iff ¢ - f € Z for every f € Z and ¢ € Loo(Q, F, ). To every f € L,(H)
we associate the bounded Y-modular operator:

Ep: Ly(H) — Ly(H), g+ {glus) us.
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We have N(Eyg) = |{{glus)|1vs(r) < N(g), hence Ey is modularly contractive.
We have clearly E¢(f) = N(f)uy = f. Consequently for every ¢ € L, we have

Er((oN(f) -up) = Ep(pf) = of = (¢N(f)) - uy

and by density we deduce that Ef(¢ - ug) = ¢ - uy for every ¢» € L,. In particular
E;(E;g) = Erg, so Ey is a projection (with range R(E;) = L,(Q).uy). It is not hard
to see that R(E[) is exactly the closed Lo (X)-submodule generated by f. Note also
that if f,g € L,(H),

flg < E;g=0 <+ E;f=0.

1.2. Orthogonal projections

We end this section by considering a special class of contractive projections, namely
the orthogonal ones. A projection @ in L, (H) is said to be orthogonal if (f—Qf) L Qf
for every f € L,(H). Such a projection is trivially modularly contractive since

N(f)* =N@QS)* + N((I - Q)f)* = N(@Qf)*.

Note that by polarization we have for every f,g € L,(H):

(f1gh=(Qf [ Qa) + (I -Q)f [ (I -Q)g)

Replacing g by Qg, we have

(f1Qg) = (Qf | Qg)

that is (I — Q)f L Qg; hence kerQ = R(I — Q) L R(Q).

Conversely if f L R(I — Q) then f — Qf L R(I — Q) and in particular f — Qf L
f—Qf, ie. f=Qf € R(Q). Hence R(Q) =kerQ+ :={f € L,(H) | f L kerQ} and
similarly (exchanging the roles of @ and I — Q) we have: ker Q@ = R(Q)*.

If A is a subset of L,(H) then A is a closed L (¥)-submodule of L,(H). In par-
ticular the range of any orthogonal projection in L,(H) is a closed Ly, (X)-submodule.
The converse is true:

Lemma 1.1. If Z is a closed Lo (2)-submodule of L,(Q, X, u; H) there exists a unique
orthogonal projection Qz in L,(H) with range Z.

Proof. Let (fa)aca be a maximal family of pairwise orthogonal non zero elements of
Z. For every family (pq)q in L, () and every finite subset B of A we have

1/2
2
|5 o],y = [N CE pour )], = [ (3 tvsuoleal)
aEB Ly (H) aEB P aeB P
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Hence, by Cauchy’s criterion, .4 @auy, converges in L,(H) iff (3 ,c4 1vs(s.)

| |?)/? exists in L, and

1/2
2

|32 eaure], = (2 tvsirleal®)

a€A Lp(H) a€cA p

If now f € L,(H) and B is a finite subset of A we have

V(X lu) ufm) > 1 flug )]

acB a€B

= (£, (g ur, ) < NON(Y (flug ey, ),

aeB aEeB
whence
N (s ) = (S s b?) " < V().
aEB aEB
SO p
(X 16sturl ) < N(f).
acA

Consequently Qf = > ca(flur.Nus, = D oca By, f converges in L,(H) (with
lQfII < |If]]). Since R(Ey,) is the closed Lo (3)-submodule generated by fq, we
have R(Ey,) C Z for each o and consequently Qf € Z for every f € L,(H). The
map @ is modular for the action of L. (£2), and clearly Qfz = fz for every 5 € A. It
results easily that Qf = f for every f = >, @auy, (when this series converges),
i.e. @ is a contractive projection in L,(H) with range

2@ = { 3 pavs. | (Sl ) en@)

acA
(3 vuto [ (SlalN () e L@},
acA a

Since clearly (Qf|fa) = (f|fa) for every a € A we have (f — Qf) L fo for every
a € A. By maximality of the system (f,) we deduce that

f=Qf for every f e Z

so R(Q) contains Z, hence coincides with Z. Note also that f — Qf L Z for all
f e Ly(H), and so Q is orthogonal.

The unicity of the orthogonal projection onto Z is a consequence of the fact that
its image and kernel are uniquely determined (R(Q) = Z and ker Q = Z1). O
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2. Preliminary results: the case p =1

Lemma 2.1. Let P be a contractive projection in Li(H). Then for every f € R(P)
we have
PE; = E;PE;

Proof. For every ¢ € L1(Q2) with 0 < ¢ < N(f) we have

11 =l - ugll = /N(f) dyi — /N«ouf)dﬂ - /(N(f) —o)dp

= [[(N(f) =) -usll =If = ¢-usll

> P(f = -up)ll = IIf = Ple-uy)ll
> [lFI = [P (e-up)l

> A =Ml - urll-

Hence all the inequalities are equalities, and in particular

1f = Plo-up)ll = 1] - 1P~ up)ll,
that is,
/ N(f — Pl up)) dp = / IN(f) - N(P(g- up))] dp.

Note that the function in the left-hand integral is greater than the one in the right-
hand integral. Thus,

N(f = P(¢-us)) = N(f) = N(P(¢ - uy))
(equality as elements of Ly (2)). Since H is strictly convex this implies that
Plp-us)=a-f
for some o € L (Q). Hence
EgP(p-us) = Ef(a- f) = a-f=P(p-uy).

This property has been proved for ¢ € L1(2) with 0 < ¢ < N(f); it is extended by
linearity and density to every ¢ € L;(2). In particular if we take ¢ = (h|uy)), we
obtain

Vh e Ly(H),  E;PEsh=PE;h,

that is, By PEy = PEy. O

Lemma 2.2. Let P be a contractive projection in L1(H). Then for every f,g € R(P)
we have: Eyf € R(P). In other words EqP = PE,P.
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Proof. We have (f—FE,f) L g, while (by Lemma 2.1) E,f —PE,f = E,(f—PE,f) €
L1(2) - ugy. Hence (f — Eyf) L (Eyf — PE,f). It results that

N(f = PE,f) = [N(f = Eof)* + N((Eyf — PEgf)*]'/* > N(f = Eyf).  (4)
Hence:

If = PEGfI| = |[f — Eqfll
> [|P(f = Egf)ll
= [lf = PEy [l

Hence the inequalities are equalities. In view of (4), the equality ||f — PE,f| =
|f — E,f]| implies

N(f = PEyf) = IN(f = Egf)* + N((Eyf = PE,f)*]'/? = N(f — E, f),

which implies in turn that N(E,f — PE,f) = 0, that is E,f = PE,f. So E,f €
R(P). O

3. Preliminary results: the case p > 1

Notations. Let p, be the conjugate exponent of p. If T : L,(H) — L,(H) is a
bounded operator, we define its adjoint 7% : L, (H) — L, (H) by

Vfe Ly (H), Vg€ Ly(H)  (I"f,9) = (fT9g),

where (-,-) denotes the sesquilinear pairing given by eq. (3).

If fe L,(H), f#0,let Jf € L,,(H) be the unique norm-one element such that
(f, Jf) =If]]. In fact it will be easier to consider the (p — 1)-homogeneous functional
Jp(h) = ||h||P=I(h). We have J,(h) = N(h)P~!-u;, = N(h)P~2h, hence J, is random
direction preserving. Note that p.J, is the derivative of the p™" power of the norm.

Lemma 3.1. Let 1 < p < 0o, p # 2, and P be a contractive projection in L,(H).

Then for every f,g € R(P) the function F(f,g) :=sgn{{g | f)f +vpLlirigN(f)ug
belongs to R(P), where 7y, is a positive constant depending only on p.

Proof. a) Case 2 < p < o0.

Recall that since L,(H) is smooth the duality map J maps R(P) into R(P*) (see
e.g. [6, Lemma 4.8]); hence J,(f + tg) € R(P*) for every t > 0. The derivative
%Jp(f + tg) exists at t = 0 (since the norm to the power p is twice differentiable)
and it belongs to R(P*) too. We have

G0+ 10) = N(f 192+ (P52 LN 1) ) N+ 107+ )
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Hence

A(F.9) = I +19) limo = N(PP g + (0 — ) Re(((F | d)IN(H

(5)
= N(f)"2lg + (p — 2) Re( (us, 9)) ) us] € R(P")
In the complex case, replacing f by if, we obtain
B(f.g9) == N(f)P"*lg —i(p — 2) Im( ({uy, 9)) ) us] € R(P*) (bbis)

adding
N()P~2129 + (0 — 2)(g. us) us] € R(P)
With Erg = (g, us)) uy we obtain

N(f)"~*[2(g — Erg) + pErg] € R(P7).
In the case of a real space (5) is valid without the symbol Re and we obtain
N(f)"~2l(g = Erg) + (p— 1) Eyg] € R(P").

If h € R(P*) then J, h = N(h)P*~'uy, € R(P), hence if we set Tg = a,(9 — Etg) +

Erg, with o, = 2 in the complex case, oy, = —L_in the real case, we obtain:
P p—1

@(9) = N (NP2 N (Tg) ™ Vur, € R(P),

Since T' is ¥-modular we have up(y.u,) = Lsuppy - urn for every h € L,(H) and
¢ € Ly, and more generally upk(y.y,) = lsuppy - Urkp for every k > 1. It is easily
deduced that: urkg(g) = lvs(y) - urr+14 for every k > 0. Then

Ugn(g) = Ua(@n-1(g) = Lvs(s) " Uren-1(g)
= 1VS(f) CUTH(Pn—2(g)) = 1VS(f) “UT2gn—2(g) " " (6)
= lys(y) " urng
for every n > 1. If E¢g(w) # 0 we have

g (@) = ap(g — Brg)w) + Eygw)  EBrglw) _ ) )
e N(an(g— Erg) + Erg)(w)  N(Erg)(w)  7*

(norm convergence in H) while if E¢g(w) =0

wrey6) = s = iy (0) = ) ™

Since g — Eyg L Eyg we have N(Tg) < N(g). Hence

N(®(g)) = N(£)* 7 N(Tg)~ < N(f) 7 N(g)™ . ®)
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In particular
N(®(g)) < max(N(f),N(g)). 9)

Reiterating (8) we obtain for every n > 1
N(@"(g)) < N(f)(%p*)zﬁ;é(pwl)’“N(g)(pwl)" = N(f)1=?-=1" N(g)P-—D",
Since 0 < p, — 1 < 1 we obtain

Tim N(®"(g)) < Lvs() N(f)- (10)

n—oo

We try now to be more precise. If Erg(w) = 0 we have N(Tg)(w) = o, N(g)(w).
Hence

N(2(9))(w) = N(f)(w)* P (apN(g)(w))" .

Moreover, since in this case ugn(4)(w) = ug(w), we have Ey®"(g)(w) = 0 for every n,
and we can reiterate. We obtain

N(®"(g))(w) = (Ofg*_lN(f)(w)(2_p*))2225(17*—1)'“N(g)(w)(p*—l)".

Hence

lim N(@"(g))(w) = a1y ) ()N (f) (@) )
= o}/ "D 1yg () (@) N(f) ().

If now E¢(g)(w) # 0, we have also Ef(®"(g))(w) # 0 for every n > 0. Set

N(Ef®"(g))(w)

) = “N(or (g w)

We have then
N(T2"(9))(w) > Br(w)N(2"(g))(w)

and consequently:
N(@"H(g))(w) = N(f)* 7 (Ba(w)N(@"(g)(w))" . (12)
On the other hand

82(6) = oty 4} )] = ugnigupd )] = L D) )

and since N (T"g) = (af,”N(g—Efg)2+N(Efg)2)1/2 N N(Eyg) pointwise (as o, < 1)
we have 3, (w) /" 1 ontheset {w | Efg(w) # 0}. Reiterating (12) from the step n = ng
we obtain then

lim N(®"(9))(w) = (Buy (@) P 1ys(a,, (9) (@) N(f)(w)

n—oo
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and letting ng — oo, we have, since VS(®,(g)) = VS(g) N VS(f) for every n,

Tim N(@"(9))(0) 2 vs)(@)N (7)), (13
From (6), (7), (7’), and (11), (10), (13) we deduce that
@n(g) — N(f)[uEf(g) + azl)/(;o—2)1{flg}ug] (14)

almost everywhere in H-norm, hence in L, (H)-norm by (9) and Lebesgue’s Theorem.
Hence the right-hand member of (14) belongs to R(P). Since ug,q = sgn{(g | f))uy
the right member of (14) can be written

sgul(g | F)f +liprgyN(f)ug = Fp(f,9) (15)

where we have set v, = a}g/(p&).

b) Case 1 <p < 2.
This case is treated by duality. Set v, = 'y;’:_l and define F,(f,g) by the for-
mula (15). If g = J,.¢', f = J, W with f',¢' € L, (H) we have

sgn{(g | f)) = sen(g" | f')-

Hence
sgnf(g | f)).f = Jp. (sgn((g’ | f)f)
and similarly
N(f)=N(Jpf') = N(f')"~.
Hence
N(f)ug = N(f/)p*ilug =, *(N(f/)ug’)~
Finally, since {f L g} = {f’ L ¢’} and J,, is additive on elements with disjoint
functional supports, and positively homogeneous of degree p, — 1,

Fp(f,9) = Jp. (Fp. (f',9').

Then since f' = J,f, ¢ = J,g belong to R(P*), the function F,, (f',¢')) belongs to
R(P*) too by the case (a), and F,(f,g) belongs to R(P). O

Corollary 3.2. Let p and P be as in Lemma 3.1. Then for every f,g € R(P) the
three elements sgn{(g | f) f, Lipigrf and 1ip1 gy N(f)ug belong to R(P).

Proof. The set A of scalars A such that the set {w € VS(f) | éé?\;;g%ig = -}
has positive measure is at most countable. This set is also the set of A’s such that
{(g + Af) L f} N VS(f) has positive measure. Choose a sequence (g,) of positive
numbers not in A U (—A) which converges to 0. Then by Lemma 3.1

sgn(g £ enf | f)f € R(P)
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for every n > 1. Since

sanllo £ enf | F)() — {sgn«g ) o1 20

we have

sgn((g | F)f + 1190 f = lim sen{(g £ enf | f)f € R(P)

and consequently sgn((g | f))f and 1454y f belong to R(P). Then F,(f,g) —sgn(g |
INF =219y N(f)ug belongs to R(P) too. O

Corollary 3.3. Let p and P be as in Lemma 3.1. Then for every f,g € R(P) we
have 1ygg) f € R(P).

Proof. By Cor. 3.2, h:= G(f,g) := 114 N(f)uy belongs to R(P). Then G(h, f) =
1{fJ_g}1{ug7$O}N(f)uf = 1VS(g)ﬁ{fJ_g}f belOHgS to R(P) too. By Cor. 3.2, f —
L f = Yppgrf € R(P), thus Lvs o) f = Ly f + Lvsonisigf € R(P). U

Remark 3.4. In the complex case, for every f,g € R(P) the elements sgn(Re{(g | f))f
and 1{sgn(Re((g|f))=0}f belong to R(P) too. Indeed, L,(H) is a real Hilbert-valued
L,(K) space, where K is the real vector space H equipped with the scalar product
(z,y)x = Re(z | y)u. As a consequence, the element 1(geqysy=01/ = 5(sgnRe((g |
P+ Lisgn(reqglry)0y ) f belongs to R(P).

Lemma 3.5. Let p and P be as in Lemma 3.1. For every f,g € R(P) denote by Xy 4

the o-field generated by the element éé?ll‘;ii . Then for every ¥y ,-measurable function ¢

such that ¢ - N(f) € L,(2, X, ), the element ¢ - f belongs to R(P).

Proof. Since R(P) is a closed linear subspace, it is sufficient to prove this for indicator
functions of Y ,-measurable sets. The sigma-algebra ¥, is generated by the sets

{Rfflgf‘f > AL (- Re)ﬁf}@ > A}, {Ij;flg]l” > A}, and {— I%fﬁ >AL AeR,. If

Apgr = Reﬁ}lf > A} we have A5 = {Re((g — Af | f)) > 0}, hence 14, , f €

R(P) by Rem. 3.4. The conclusion is the same for the three others kinds of sets
(replacing g by —g or +ig). Now if 15f € R(P) then A;,\ N B = Ay, with
f" = 1pf, hence 14, ,npf = 1la,  f' € R(P). It results that the class C of
the sets A € ¥ such that 14f € R(P) contains finite intersections of sets of the
four preceding types. Since C is closed by complementation and monotone limits, it
contains the sigma-algebra Xy ,. O

Corollary 3.6. Let p and P be as in Lemma 3.1. For every [ € R(P) we have
E;P = PEy;.
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Proof. Let g € R(P). Applying Lemma 3.5 to the function ¢ = égfllji;; we obtain
that Eyg € R(P). Hence for every h € L,(H), we have E;Ph € R(P), i.e. EyPh =
PE;Ph; thus EyP = PE;P. Similarly, reasoning with the contractive projection P*
in L,, (H), and the element J, f of R(P*), we have E; P* = P*E; ;P*. Dualizing
we obtaln PE? T = PE* P We claim that Ef = Ej,5. This will show that
PE; = PE4P = EfP. Let us show this claim. Since uj,; = uy, we have for every
g€ Ly(H)and h' € L, (H)

(Eyo.tt) = [ (9.0 diu= [ (lg.up)us. ) d
— [ . us) ar. ) d
— [ ot ushur) d
— [ (. Baps1) d = (9. Eu 1) =

Remark. The preceding proof of Cor. 3.6 is essentially a real one. In the complex
case it can be replaced by a shorter one, of more algebraic nature, due to Arazy and
Friedman in the context of spaces C), (see [2]). It seemed interesting to us to reproduce
this proof in the Annex (see §6), after simplifying it considerably by eliminating the
unnecessary non-commutative apparatus.

4. The range of a contractive projection

This section is devoted to the proof of Thm. 0.1, which consists in four lemmas.

Lemma 4.1. The closed Lo (X)-module Z generated by R(P) in L,(H) is generated
(as Loo-module) by a family (fo)aca of pairwise orthogonal elements of R(P). We
have in fact a Schauder (orthogonal) decomposition

Z =P Lp(Q) - uy,

a€cA

Proof. Let (fa)aca be a maximal family of pairwise orthogonal non zero elements of
R(P) and Zj be the closed Ly (X)-submodule generated by the family (fo)aca. Let
() z, be the orthogonal projection onto Zy. By the proof of Lemma 1.1 we know that
Qzy = D ueca Ey, (convergence in strong operator topology). Hence, by Lemma 2.2
if p =1, resp. Cor. 3.6 if p > 1, Qz,f € R(P) for every f € R(P). Since Qgz,
is orthogonal and f, € R(Qz,) we have (f — Qz,f) L fo for every o € A. By
maximality of the system (f,) we deduce that

f =Qgz,f for every f € R(P)
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ie. Qz, P = P. Then Zy = R(Qz,) is a closed Lo,-module containing R(P) and gen-
erated by a subset of R(P); hence it coincides with the closed L.,-module generated
by R(P). O

Lemma 4.2. There exists a sub-o-algebra F of ¥ containing the vectorial function
supports of all elements of R(P) such that for every f € R(P) and ¢ € L,(%, X, u),
the product ¢ - uy belongs to R(P) iff 1vs(f)N(f)_1<p 1s F-measurable. In particular
R(P) is a Loo(Q, F, pu)-submodule.

Proof. Since PE; = EyPEy by Lemma 2.1 (if p = 1) or by Cor. 3.6 (if p > 1), we
have P(p - us) € L,(Q) - uy for every f € R(P) and ¢ € L,(Q, %, ). We may write

P(p-uyg) = (Prg) - ug, with Supp(Psp) C VS(f). Clearly Py is linear, ﬁ}g — Py and

1Prellp = [|1P(p - up)ll < llo-upll < llellp,

hence 15f is a contractive projection in L, (€2, X, ). Moreover Isf(N(f)) = N(f) and
]5f1/1 = 0 for every ¥ € L,(Q2, X, u) disjoint from N(f).

It results from Douglas’ theorem (in case p = 1) or Ando’s theorem (in case p > 1)
that Igf is positive and

P 1 upp
Py () = N())EL] <W>

where Efff is the conditional expectation with respect to some subalgebra Fy of
Y containing VS(f) and to the measure vy = N(f)Pdu. (We may assume that
Q\'VS(f) is an atom of Fy). In particular L,(2, %, p) -uy N R(P) = L,(Q, Fr,vp)- f
is a Loo (82, Fy, pv)-module.

Let us denote Efyp = ng(lvs(f)w), we have then P(¢ - f) = Ef () - f for every
1 € Loo(Q, X, 1). Let now f,g € R(P). If g = h-uy with h € LP(Q2) then
Fr-measurable and for every ¢ € Lo (Q, X, 1) we have

h .
N B

- h

E'(9) g = Ploh-us) = N(OB (75

)-ur = hE/(¢) - up =E/ () - g,

Hence
E9(p) = 1VS(g)~Ef(SD) = lgupp th((P)- (16)

Let now g be a general element of R(P). For every ¢ € Lo (€2) the equation

Plp-(f+9)=Plp-f)+Plp-9)

is equivalent to
ET9(0) - (f +9) =EX () - f +E(p) - 9. (17)
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Let g = h-uy + ¢’ be the orthogonal decomposition, i.e. h = (g | uy)) and ¢" L f.
Note that h-uy = Eyg € R(P). Set A = VS(f), B = VS(g) and B’ = VS(¢’).
Taking the images of both sides of (17) by the orthogonal projection I — Ey we
obtain

E9(p) - g =E9(p) - ¢,
hence 15/ Ef9(p) = 15/E9(p). Then by (17) again, 15E/T9(p)f = 15Ef () f and
finally
Lanp' B T9(0) = 1anp B (p) = Lanp B9 (p). (18)

On the other hand similarly to (17) we have
EM79(p) - (h-us — g) = E™ (¢) - huy —E?() - g.
Since h - uy — g = —g’ we deduce that

lQ\B/Ehuf (@) - huy = 1o\ pE?(¢) - g,
hence
1o\ " (¢) = 1p\ 5 E9(p). (19)

We have E"f () = 1gupp nE/ () by eq. (16). Hence since B\ B’ C Supph, eq. (19)
gives
1p\ s B (¢) = 155 B (p)

which together with eq. (18) gives

14nsE/ (¢) = 14nsEY(p)

for every ¢ € Loo(Q, %, ). In particular

Lvs(nnvs(e) = Lvs(nnvso B! (Tvs(g)
= Lvs()nvs(oE (1vs(y)
= Lvs(nnvs) B (Lvs(pHnvs(y):
hence
E! (Lvs(nnvs(e) = Lvs(nnvs(e)

and since Ef is a contraction in L,(Q, S, N(f)P - i) we have in fact

B/ (1vs(rnvs(e) = 1vs(Hnvs(g)s

that is, VS(f) N VS(g) € Fy. In particular 1yg(y) - f = Lvs(pnvs(y) - [ € R(P).
More generally for every A € F, its trace VS(f) N A belongs to F; (as is easily
seen by treating separately the cases A C VS(g) and A = Q\ VS(g)). Let F be
the o-algebra consisting of sets A € ¥ such that AN VS(f) belongs to F for every
[ € R(P). Then for every f € R(P) and ¢ € Lo(£2,%, i) the function lyg s is F
measurable iff it is F-measurable, and the Lemma follows. O
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Lemma 4.3. There is a weight w € Lo(, X, u) with support VS(R(P)) such that
for every f € R(P), w IN(f) is F-measurable.

Proof. a) First we claim that for every f, g € R(P) then 1vsu)% is F-measurable.
Since Eyg = (g | us)uy € R(P) by Lemma 2.2, it results from Lemma 4.2 that
N(f)" g | us) = N(f)~2(g | f)) is F-measurable; hence its absolute value N(f)~2
|{g | f)| is F-measurable, and similarly N(g)~2|{(f | g))| is F-measurable too. Then
the ratio of these functions, that is lgupp(gryN(9)?N(f)™? is F-measurable, and
S0 is its square root ISupp<<g|f>>N(g)N(f)_1. Replacing g by g-. = g +¢ef, ¢ > 0
we obtain that 1Supp<<ga‘f»N(gE)N(f)_1 is F measurable. When ¢ — 0 we have
9e = 9 N(92) = N(g) (in Ly-norm) and Supp((g= | f)) — Supp N(f) = VS(f) (in
probability). At the limit 1yg f)% is F-measurable.

b) Let (fi)icr be a maximal family of non zero elements in R(P) with pairwise
almost disjoint functional supports VS(f;). Then VS(R(P)) = \/,.; VS(fi): if f €
R(P) then, since S = \/,.; VS(f;) belongs to F, so does its complementary set S,
and thus 1g.f € R(P); then, by maximality of the family (f;), we have 1ge.f = 0,
that is, f = 15 - f. Weset w =, ; N(f;) (which converges in Lo(2,%, u)): this
is a X-measurable weight with support VS(R(P)). For every f € R(P) and every
i e, lvs(fi)w’lN(f) = lvs(fi)N(fi)’lN(f) is F-measurable; hence w™'N(f) =
>ier Lvs(gyw EN(f) is F-measurable. O

We can now give the

Proof of the Thm. 0.1. Consider the new measure v = w? - u, which has support
Qp =VS(R(P)) and set T : L,(Q2p,Sp, ) — Lpy(Qp,Xp,v), defined by Tf = w=! f
(we denote by X p the trace of ¥ on Qp). Then T is an isometry; Y := (T'®Idy)(R(P))
is a Loo(Fp)-module isometric to R(P) and for every f € Y its new random norm
N(f) =w 'N(f) belongs to L,(Qp,Fp,v). It results from an argument in [13] that
Y is isometric to (@iel Lp(Qi,ﬂQi,Vlﬂi;Hi))€p7 for some families (£2;) of pairwise

almost disjoint sets in F and (H;) of Hilbert spaces. Set then @; = (E(1gq,-w? | F))'/?,
and define an isometry S; : L, (i, Fia,, Vjo,) — Lp(Qi, Fla,, to,) by Sif = w; - f.
Then each S;®Idy; is an onto isometry L, (24, Flo,, Vja,; Hi) — Ly, Fla,, to,; Hi);
the collection of these isometries induces an isometry of the corresponding ¢,-direct
sums. The proof of Thm. 0.1 is complete. O

Let us finally adapt to the present situation the argument of [13] for the commodity
of the reader (and for further reference in Section 5).

Lemma 4.4. Let (Q,%,v) be a localizable measure space, F be a sub-sigma algebra
such that (0, F,v) is still localizable and H be a Hilbert space. Let Y be a closed
L (F)-submodule of L,(Q, X, v; H) such that for every f € Y its random norm N(f)
is F-measurable. Then there exist a family (;)icr of pairwise almost disjoint mem-
bers of F, a family (H;) of Hilbert spaces (of lower Hilbertian dimension than H ) and
a random norm preserving isometry from Y onto (@iel Lp(Qi,ﬂQi,Vlﬂi;Hi))lp.
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Proof. Note that by an elementary polarization argument all the scalar products
(f | g), f,g € Y are F-measurable. Hence for every f € Y, the projection Ef
restricts to a projection from Y onto L,(€2, F) - uy. It results that for every closed
Lo (F)-submodule Z of Y there is an orthogonal projection from Y onto Z (which is
the restriction of the orthogonal projection from L, (€2, £; H) onto the closed Lo (X)-
submodule generated by Z). In particular Y = Z @ (Z+ NY).

Remark that if A € F is v-sigma-finite and M C Y is a closed Lo (F)-submodule
such that VS(M) D A then there exists g € M such that VS(g) = A: take a maxi-
mal family (g,,) in M of norm-one elements with almost disjoint functional supports
included in A; this family is necessarily at most countable and \/,, VS(g,,) = A; then
set g =13 ,2""gn.

Now we claim that for every A € F, A C VS(Y) with positive measure, there
exists a F-measurable subset B of A of positive measure and a family of pairwise
orthogonal element (f,)aer,, such that VS(f,) = B for every v € I'p, which
generates 1p - Y as closed Ly (F)-submodule. For, let A’ C A be a sigma-finite
F-measurable subset with positive measure, and (gy)yer be a maximal family of
pairwise orthogonal elements of Y with VS(g,) = A’. 1If this family generates
14..Y as closed Lo (F)-submodule we can take B = A’. If not, consider the set
M={feY | fLlg,Vy e} Then M is a closed Lo (F)-submodule of Y,
and VS(M) p A’ by the maximality of (g,)yer (and the preceding remark). Let
B = A"\ VS(M), then (1gg) cr is a maximal family in 15 - Y of nonzero, pairwise
orthogonal elements of 15-Y. Consequently it generates 15-Y as Lo (F)-submodule,
and moreover VS(1pg,) = B for every v € T

Let now (£2;);er be a maximal family of F-measurable almost disjoint subsets of
VS(Y) of positive measure, such that there exists for each i € I a family (f!) e,
of pairwise orthogonal elements with VS( ffy) = (); for every v € T';, which generates
1o, - Y as closed Lo (F)-submodule. By the claim, we have \/,.;Q; = VS(Y).
Every f € 1q, - Y can be written f = Zweri o fr with @, € Lo((i, Fla,,v); then
N(f) = (Z,er, [oaPN(5)*)1? € Ly(Q, Fio, v)-

Note that, by refining if necessary the “partition” (€2;) we may suppose that
each €); has finite v-measure. Then, replacing each ffy by upi = N(f;)*l ;7 we
may assume that N(f!) = 1g,. We have then N(f) = (X er, l4]2)1/2 for each
f=>er, (pvfé in 1q, - Y. Let H; = (*(T;). Then T; : L, (Qy, Fo,, v Hi) — 1g, - Y,

T Pvey T e, Pyugi is an (onto) isometry (preserving the random norm),
and finally Y is isometric to (B,c; Lp(%; Hi)), -

For proving the assertion about the Hilbertiafn dimension of H;, suppose that for
some 4 € I, the Hilbertian dimension dg of H is strictly smaller than that of H;, dy,.
We distinguish two cases:

(i) if H is finite dimensional: select a finite subset I'; of I'; with cardinality dy + 1;
since (f. | f3) = 0 for every v # & € T}, there exists w € Q such that
(f2 ] fi)(w) = 0, i.e. the vectors f!(w), v € I'; of H are pairwise orthogonal: a
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contradiction.

(ii) if H is infinite dimensional: for every x € H the set {y € T'; | ({f; | 1g,z)) # 0} is
at most countable (since ZW|<<f1/ | 1g,2)|?> < N(1q,-7)? = 1q,||z||?), hence if D
is a dense set in H of cardinality dg, theset {y € T; | 3z € D, (f | 1q,x)) #0}
has cardinality dg < dn, = #I';. Hence there exists some v € I'; such that
fi L 1g,x for every x € D, and thus for every « € H, which means f! =0, a
contradiction. O

Remark 4.5. The final argument in the proof of Lemma 4.4 shows indeed that if
L,(R,%,v;H) embeds in L,(Q, X, v; H) by a modularly isometric map then dimH <
dim H.

Remark 4.6. In a forthcoming paper ([10]) it will be proved that contractively com-
plemented sublattices of L,(L,) are isometric to “abstract L,(L,) spaces”, i.e. bands
in L,(Ly) spaces. Let us show how this permits to deduce shortly the essence of
Thm. 0.1 from Lemma 4.1.

As in the proof of Lemma 4.1 let (fo)aca be a maximal family of non zero,
pairwise orthogonal elements of R(P) and Z = @, L,(, %, i) - uy, be the closed
L (¥)-submodule generated by R(P). There is clearly a ¥-modular isometry U from
the closed submodule Z onto a band Y of the Banach lattice L, (£, X, u; H) where H
is the discrete Banach lattice ¢5(A), such that Ue, = N(fq)eq, where (€4)aca is a
Hilbertian basis of H. Then P |z is similar by U to a contractive projection PofY
which preserves the spaces Y, = L,(Aq) - o (where A, = Supp N(f,)) by Lemma
2.1if p=1 and Cor. 3.6 if p > 1, as well as the elements N(f,) - .. By the classical
(scalar) theorem of Douglas if p = 1, Ando if p > 1, P |y, is positive and its image
is a sublattice of Y,. Since Y = @ Y, is a decomposition in disjoint subbands, Pis
itself positive and its range is a sublattice of Y, hence of L,(H). By the analysis of
contractive projections on sublattices in L,(L,)-spaces developed in [10], the range
R(P) is an abstract L,(Ls)-space, hence by [13] it is Banach-isometric to a ¢,-direct
sum @,y Lp(, H;), where the H; are Hilbert spaces. O

5. Structure of the contractive projections

Theorem 5.1. Let 1 < p < oo, p # 2. For every contractive projection P of
L,(H) there exist a family (’U,l)n/e]:‘ of pairwise orthogonal elements of Loo(H), a
positive contractive projection P of L,(2) and, if p =1, a contractive linear operator

Vo Li(H) — Li(H) verifying ket V. D 14L1(H) where A = \/_ . VS(uy), and
R(V)c 3, R(P) - ., such that:
>, PO [ uy))uy ifp#1,
Pf= T 20
g {zﬂ«f e V() =1, 20
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for every f € L,(H).

Conversely for every family (u) er of pairwise orthogonal elements of Lo (H),
every positive contractive projection P of L,(Q) [and every linear contraction V' of
Li(H) satisfying the previous conditions of kernel and range in the case p = 1], the
formula (20) defines a contractive projection P of L,(H).

Moreover if p # 1 the inequality N(Pf) < P(N(f)) holds for every f € L,(H)
[this happens also for a contractive projection of Li(H) for which the operator V of
formula (20) is zero]. (P is a “majorizing L,-contraction” for P in the terminology

of [8])-

The proof of Thm. 5.1 will require the two following Lemmas, the first of which
is specific to the p = 1 case:

Lemma 5.2. Let P be a contractive projection in Li(H). Then Pf = 0 for every
f € Li(H) with VS(f) C VS(R(P)) and f L R(P).

Proof. Assume that f L R(P) and VS(f) C VS(h) for some h € R(P). Then
g:= Pf+1vs(pyf))h belongs to R(P) and VS(g) D VS(f)UVS(Pf). We have for
every t > 0:

[ (V@R 4 NP2 = g + 1]
> |[P(g +t£)] = llg + tPS]
— (14 OPF] + [ Lvscrry - bl
— gl + 1P

Hence:

(g +tfl = llgll [ (N(9)2+2N(f))/2 — N(g)
”Pf”S}EI(l)(gtg):hm/ 9 g

t—0 t

dp=0. 0O

Lemma 5.3. Let P be a contractive projection in L,(H). There exists a positive

contractive projection P on L,(,3, 1) such that P(p - uy) = (ﬁgo) - uy for every
f€R(P) and v € L,(Q, X, 1).

Proof. Let F be the o-algebra of Lemma 4.2 and w be the weight of Lemma 4.3.

Define ﬁf(ap) as in the proof of Lemma 4.2. Recall that for every f € R(P) the
function w™IN(f) is F-measurable. We have then for every h € Lo (Q,F, p):

 PromN Pt = [ B (V) sk NP - d
- / Lys(rye - AN()P~ - dy
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= /(1VS(R(P))U)_1<P) (vs(ph(w ' N(f))P"Hw? - du
= /]EZ;-PM(1VS(R(P))w_1<P)1VS(f)h(w_lN(f))p_lwp'd:u
= /1VS(f)IUE£PM(1VS(R(P))w7190)hN(f)p71dﬂ~

Hence ﬁfgo = 1vs(f)1590 if we set ﬁgp = w]Eip,M(lvs(R(p))w_lgo) for every ¢ €
L,(2,%, 1). Then Pisa positive contractive projection in L, (£, X, 1) and P(p.uy) =
P(p) - uy for every f € R(P) and ¢ € L,(2, %, ). O

Proof of Thm. 5.1. Let @ be the orthogonal projection from L, (H) onto the closed
submodule generated by R(P). It results from Lemma 4.1 that if (f,)~er is a maximal
family of pairwise orthogonal elements of R(P) then @ = >__ . Ey. (convergence for
s.0.t.), hence PQ = Z’yEF PEy . If p> 1 we know by Cor. 3.6 that Ey P = PEy for
every 7y, hence P = QP = PQ. If p=11let Il : L;(H) — L1 (H) the projection defined
by IIf = 1ys(r(p)) - f, then Il and I —1I are contractive. We have QII = TIQ = @ and
it results from the preceding Lemma 5.2 that P(I — Q)II = 0. Hence P = PQ +V,
where V = P(I —1I).

Let us express now PE; when f € R(P). If P is the positive projection in
L,(2,%, 1) defined in Lemma 5.3 we have for every g € L,(Q, %, p; H)

PEsg=P({g | us)-ug) = P((g | us)) - uy
The formula (20) in Thm. 5.1 is now clear if we set u, = uy. .

Conversely given (u,), P and V, let us prove first that P is a contraction. We
have for every finite subset G of T (using the positivity of P):

NS Pt mm) = (S 1wr)
veG
:\/{]Z%P«f|u7>>Hawe<c,Z|av|2s1}

~EG ved
<P(V{|X el 1ud||ar e Y la P < 1})
vEG ved
~B((Z 1 1wr) ).
yeG

Hence |50, cq PGS | un))usl? < J(5,eql(F | w )27 du and the sum Pyf =
> er PU(S | uy)))uy converges in Ly(H). Moreover

NPy < B((S010 1)) ) < BOVGLL- )

yel’
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(see section 1.2 and the proof of Lemma 1.1) and

[PofIl < [11a- [l

where A =\/_ VS(u,). That P} is a projection follows immediately from the fact
that P is. If p = 1 we have to care with the contraction V. Since |V f|| < [|1ac - f]]
we obtain ||[Pf|| < |14 - fl| + |Lac - f|| = [|f]|. Then since VP = 0, PV =V, it
follows clearly that P = Py 4+ V is a projection. O

We can now give the structure theorem for contractive projections:

Theorem 5.4. For every contractive projection P of L,(, 2, u; H) (1 < p < oo,
p # 2) there exist:

e a modularly isometric automorphism W of L,(H);

a family (2;)ier of pairwise almost disjoint X-measurable subsets of 2 of positive
measure;

a family (H;)icr of Hilbert spaces;

o for every i € I a (strong operator) measurable family (U; o)weq of isometric

embeddings of H; into H;

e q positive contractive projection P of Lp,(2, 2, 1) commuting with the band pro-
jections associated with the sets €);;

and if p = 1 a contraction V' from L1(S,¥s,us; H) into R(P), where S =
Q\V,

such that (setting V=10 ifp > 1):

p= WU(Z PMo, ® IdHi)U”W’l +V

where Mgq, denotes the multiplication operator by the characteristic function 1q,; U is
the modularly isometric embedding of @ Ly (2, Xa,, tja,; Hi) into L,(H) naturally
associated with the family (U; . )ierwea by mean of the formula:

Uf)w) =U;w(f(w)) whenw e

and similarly U* : L,(H) — @ L, (%, Yia,» i, ; Hi) is the modularly contractive map
associated with the family (U ,)icr.weq-

i,w

Remark 5.5. In fact the families (U; o)wen may be chosen locally constant, i.e. there
is a partition of ; in ¥-measurable subsets of positive measure on which U;,, is
constant.
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Remark 5.6. In the case where H is separable, it is a standard (and easy) fact that
every modularly isometric automorphism W of L, (H) is associated with a measurable
family (W,,),eq of unitary operators on H; so we recover the Theorem 0.3 of the
Introduction.

Proof. By the proof of Thm. 0.1 in Section 4, there are a sub-calgebra F of X, a
family (£2;);¢r of pairwise almost disjoint elements of F, a positive weight w on Q with
support \/;c; Q;, a family (H;);e; of Hilbert spaces and for every i € I an isometry T;
from L, (€2, Fla,, v |a,; Hi) into Ly, (Q4, Fla,, vjq,; H) such that R(P) = @,; w-R(T})
and moreover N (T;f) = N(f) for all f € L,(, Fja,,V|q,; Hi) (vecall that v = w?-p).
Moreover P commutes with the action of Lo (F), in particular with the multiplication
operators Mg, .

Each T; extends uniquely to a modularly isometric map Tl from L, (24, X|q,, Vjq,;
H;) onto the closed L (3)-submodule generated by R(T;) in L, (2, X, v; H): set sim-
ply T3, oufi) = 2op erTi(fi) when ¢1,..., ¢, € LOO(Qi,Zmi) and fi,...,frx €
Lyp(Qi, Flo,, vj0,; Hi) and verify that N (3, oxTi(fr)) = N3, ¢xfr) (since T; pre-
serves the random scalar products).

Now define S; : L, (€2, X0, , pj0,; Hi) — Lp(2, 35, s H) by Sif = wﬁ(w_lf): the
range R(S;) = wR(T}) is exactly 1q, - Z, where Z is the closed Lo (X)-submodule
generated by R(P). We can glue up the maps S; and obtain a modularly isomet-
ric embedding S from @,.; L,(, X)q,, o, Hi) into L,(Q,%, u; H), with range
R(S)=Z.

By Lemma 5.3 there exists a positive projection P on L,(2,%, 1) such that
P(p.uf) = (Po).us for every f € R(P) and ¢ € L,(Q,%, u). Note that P is F-
modular, in particular it commutes with every multiplication operator Mgq,, 7 € I.

If A € F is a v-integrable subset of Q; and e € H; we have S;(law ® e) =
wl;(1a®e) € R(P), and N(S;(14-w®e)) = N(1a - w®e) =14 -w, and consequently
for f = S;(law®e) we have f = w-uy. Thus for every ¢ € Loo(2, X, 1) N L, (2, 2, 1)
we have

PS;(¥1aw®e) =Py wuy) = Py - wlg,) cup = P -wlg,) w'Si(1aw @ e)
= Si(P(¢-wlq,) w ' Law@e) = Si(P(¥-wlg,)1a ®e),

hence by linearity and density we have for every ¢ € L,(Q4, X|q,, pjo,) and e € H;:

PSi(p®e) = Si(P(p) ®e),

that is, the restriction of P to 1, - Z is similar by S; to the projection P® idy,;
consequently the restriction of P to Z is similar by S to the projection )., PMq, ®
idyy, .

In the case where Z = L,(Q, X, u; H) we have necessarily dim H = dimH; for
every ¢ € I since S; is a modularly isometric map from L,(;;H;) onto 1g,.Z =

i€l
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L,(%; H) (see Remark 4.5). Thus we may assume that H; = H and the conclusion
of Thm. 5.4 is obtained with W = S and U = Id.

In the general case we apply Lemma 4.4 to the L., () submodule Z+. We find a
family (€2}) e, of pairwise almost disjoint members of ¥, a family (Kj);e, of Hilbert
spaces and a modularly isometric map S’ from (D¢ ; Lp(£2}, Eiay, pyay; K ))e, onto

Z+. Note that now the sets Q; have no reason to belong to the smaller o-algebra

F. We have \/; Q) = VS(Z1). For the commodity of the notation we may assume
V; Q; = Q, adding if necessary one extra set 5 = Q\ \/,; Q) for which we set
Ko = {0}, the 0-dimensional Hilbert space. Similarly, up to the cost of adding one
extra set y = Q\ Qp and setting Hy = {0}, we may assume that \/,; = Q. We
may also refine the partition (£2}) by setting Q;; = Q; N Q) and removing the
which are almost void. This operation gives a doubly indexed family (2;)icr;je.,-
Foreveryi € I,j € J;, set L;; = H;®K; (direct Hilbertian sum). Then L (QQJ,H )
and L, (27,5 ;) 1dentify naturally to a pair of mutually orthogonal L., (3)-submodules
of L,(Q;; Lij): if ug; and wjj are the inclusion maps of H;, resp. K; into L;; then
Uioj =id ®u” and U’0 =id® u'g are the corresponding embeddings of L,(€};;H;)
and L,(£2;;;K;) into L (Q”, L;j). Since uf i; and u’(J)* are the orthogonal projections
L;j — H;, resp. Lijj — K;, we see that UOJﬁ and U’?ﬁ are the orthogonal projections

(in the sense given in Section 1.2) onto L, (€2};;H;), resp. Ly,(€2;; K;).

Now define W, : Ly, (S%;; Lij) — Lyp(;; H) by Wi f = S; (Uoﬁf) + 85U, loﬁf)

R 177
have
NWSF)? = N(Si(UF )+ N(SHUZ)? = NUF )2+ NUS)? = N(f)?

since S; and S are modularly isometric and have values in orthogonal subspaces
Z, resp. Z*+. Hence WJ; is modularly isometric and R(W}S) = Lo, Z + 1g, Z+ =

L,(Q: H).

We know by the proof of Thm. 5.1 that P = PQ + V', where @ is the orthogonal
projection onto Z. Since V satisfies the requirements of the theorem, we look only
for a representation of Py = P(Q. From the first part of the proof we know that
PyS; = Si(P ®idy,); on the other hand Py} = 0 since R(S}) C Z* = ker Q. Hence,
for every f € L,(Sj; Lij),

WO f = PoSiUY f + PoS[UL f = Si(P @idyy, )UY f = WEUS(P @ idyy, )ULS f

i.e. Py is similar by Wl-(;- to Ul-oj(ﬁMQ;j ® idHi)U-O-ii
Since L, (Qij; Lij) is modularly isometric to Ly, (Qq5; H) (by W), we have dim L;; =
dim H by Rem. 4.5, so we may identify L;; with H by an 1som0rphism 0;;. This iso-
morphism induces in turn a modular isometry ©;; = Id ® 0;; from L,(€;; Li;) onto
Ly(;; H). Set Wi; = WO ! then W;; is a modular automorphism of L p(Qiys H).
Let also u;; = 0,5 oul J be the embeddmg of H; into H resulting from this identification
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and Uy; = idp (q,;) ®uij = @ijUin be the associated embedding of L,(£;;;H;) into
L,(€4;;H). Since @fjl = ®§j we see that Py is similar by W;; to U;; (]SMQ;j ®idH1.)Ufj.
Finally we glue up the automorphisms W;; to an automorphism W of L, (Q; u; H)

by setting
Wi=> 3" WiiMgqy f

icl jeJ;

and similarly we glue up the embeddings U;; to an embedding U of @, ; Ly (25 H;)
into L,(€; H). The maps W and U are still modularly isometric and Py is similar by

W to U(Y,c; PMo, ® idy, Ut O

6. Annex: a proof of Corollary 3.6 specific to the complex case

The following proof is an adaptation of that of Thm. 4.1 in [2]. We assume that
2 < p < oo (the case 1 < p < 2 follows by duality).

If f € R(P) we introduce besides the projection Ey (defined in §1) the operators
Fy and Gy defined by

Frg=1vspeg; Grg=1vspng — Erg.

Then Ef, Gy and Fy are commuting modularly contractive projections in L,(H) with
Ef+Fr+Gp=1.

Let f,g € R(P), then the elements A(f,g) and B(f, g) defined in §3 (egs. (5) and
(5bis) belong to the range of P*; so do the sum and difference: My (g) := A(f,g) +
B(f,g) and I'y(g) := ;55[A(f,9) — B(f, g)] belong to R(P*). Set

Qrg = ((us, g) uy.
We have then
My (g) = N(f)P*[2g + (p — 2)Eyg]
T(g9) = pN(f)P*Qyyg

Then My, resp. I'y are bounded linear, resp. antilinear operators from L,(H) into
L,.(H), and Qy is a contractive antilinear endomorphism of L,(H) such that Q? =
E¢; moreover:

M;P = P*M;P, T ;P =PT;P. (21)

Consider the positive symmetric bounded bilinear form defined on L,(H) by

(9:h) 5 = (M(g), h) = /N(f)”*2<<(21+ (p=2)Ef)g | h)) dp
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Note that I'y = MyQs = Q, My and Q} = Q,5; then Qy is hermitian for ()f
since

(Qrg, 1)y = (MfQpg,h) = (Qsg, Msh)
=(Qu, s Mysh,g) = (MsQrh,g) = (Qsh,9)s

On the other hand P is hermitian for (-,-)s since (using (21))
(Pg,h)y = (MyPg,h) = (P*MyPg,h) = (MyPg, Ph) = (Pg, Ph)
= (Ph, Pg)s = (Ph,g)s = (9, Ph);

Let Ny be the kernel of the form (-,-)s: we have g € Ny iff (9,9); = 0iff (¢,h)f =0
for all h € L,(H) (by Cauchy-Schwartz inequality). Then PNy C Ny since

(Pg,Pg)s = (9,Pg)y =0 if ge Ny

On the other hand the operator 2-1yg(s) + (p—2) Ef maps L,(H) onto 1yg(s)Ly(H);
hence g € Ny iff (N(f)P~2g,h) = 0 for every h € Lvs(pLp(H) iff N(f)P=2g = 0 iff

We have thus R(Fy) = Ny and consequently

PFy; = FyPFy

Since L,(H) is a strictly convex Banach space as well as its dual, we have by the
auxiliary Lemma 6.1 below:
PFy = FP

Let us show that @ ;P is hermitian for (-,-)y, using eq. (21) again:
(QsPg,h)s = (M;QsPg,h) = (I';Pg, h)
= (P"T'yPg, h) = (I'yPg, Ph)
= (QsPg,Ph)y = (QsPh, Pg)¢
= (QrPh,g)s

Since @y and P are separately hermitian for (-,-)s we have
(QrPg,h)y = (PQyh,g)y,

hence (PQ;—QsP)h € Ny, ie. (I —F;)PQs = (I —F;)QsP. Composing on the left
by Gy and on the right by @, or conversely, we obtain

GyPE; =0=E;PGy.
Since, on the other hand,

FyPE; = PFyE; = 0 = E;F;P = E;PFy,
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we obtain
PE; = EyPE; = E;P. O

We state now and give a proof of the announced auxiliary Lemma.

Lemma 6.1. Let X be a strictly convex Banach space with strictly convex dual, and
P, Q two contractive projections on X. The following conditions are equivalent:

(i) PQ is a projection.
(ii) PQ = QPQ.
(i) PQ = PQP.
If moreover the complementary projection Q- is contractive too then PQ = QP.

Proof. If (ii) is verified then (PQ)? = PQPQ = P- PQ = PQ; while if (iii) is verified
then (PQ)? = PQPQ = PQ-Q = PQ. Hence both (ii) and (iii) imply (i) (without any
contractiveness assumption). Conversely if (i) is verified then for every x € R(PQ) we
have z = Qx = PQux (by [2, Prop. 1.1 (iii)]; only the strict convexity of X is needed)
so z € R(P)NR(Q). Since the converse is trivial, we see that R(PQ) = R(P)NR(Q);
in particular QPQ = PQ and (ii) is verified. Dualizing we have that P*, Q* and
Q* P* are contractive projections in X*; hence Q*P* = P*Q*P*, so PQ = PQP and
(iii) is verified. Now (iii) implies PQ+ = PQ* P, and if Q* is contractive this implies
PQ+ = Q+PQ™* by the preceding. Then

Q=PQ+PQ"=QPQ+Q PQ*

which in turn implies QP = PQ = QPQ. O

Remark. The final assertion PQ = QP of Lemma 6.1 is stated in [2] (for X = C,) as
Cor. 1.7 without the assumption that the complementary projection Q= is contractive.
This statement is not correct: if p # 2 it is easy to construct rank 1 contractive
projections P, @ in X = ¢, or C, such that PQ) = 0 # QQP: choose non zero elements
a,b € X such that their norming functionals Ja, Jb verify (Ja,b) = 0 and (Jb,a) # 0
and set P=a® Ja, Q =b® Jb.
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