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ABSTRACT

Following the ideas of D. Serre and J. Shearer in [16], we prove in this paper
the existence of a weak solution of the Cauchy problem for the second order
quasilinear hyperbolic equation

¢tt - 0/(¢I)¢II + F(¢) = 07 ($,t) €ERx [07—’_00[7

where F(¢) is a suitable source term.
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1. Introduction and main results.

This paper presents a study of the initial values problem for the second order quasi-
linear equation

tht - 0/(¢I)¢xm + F(¢) = O» (*Tvt) €Rx [07 +OO[7 (1)
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following the work of J. P. Dias and M. Figueira, who studied this problem in [4],
considering particular F and o, namely

3

F(¢) = ¢° and o(u) = u + % 2)

Previously, P. Marcati and R. Natalini proved in [9] a result of existence of a
Lipschitz continuous solution to the Cauchy problem for equation (1) with bounded,
compactly supported initial data, in the L> framework, by using an approximating
scheme of Lax-Friedrichs kind, and imposing some restrictions on F'; namely F'(0) = 0
and F’ bounded.

Here, we generalize these authors’ work and we prove the existence of weak solution
for equation (1), with initial data

¢(2,0) = do(z) € H3(R), ¢4(z,0) = ¢1(z) € H*(R).

To this purpose, we follow the method of D. Serre and J. Shearer ([16]), who
proved, by using the compensated compactness method developed by F. Murat,
L. Tartar and R. DiPerna ([11], [18], [5]) and L" Young measures, the existence
of weak solution to the Cauchy problem for the hyperbolic system of conservation

laws
U — vy = 0,
3
{Ut — o' (u)u, = 0. ®)
We consider F' : R — R a smooth function such that F(0) = 0, F'(¢) > 0,
¢
Vo € R, and |F(¢)| < ¢1]|¢P|, for some ¢; > 0, p > 1. We put G(¢) = / F(6)de.
0

The function ¢ : R — R is in the same conditions of [16], a smooth function such
that 0(0) = 0 and satisfying the following hypotheses:

Hl 3¢>0:0'(u) > ¢, VueR;

H2 0”(A) £0,VAER, or 3 A\g €R : 0" (Ng) =0, 0" (\) # 0, Y\ # A\o;

1 " 1 1"

o o 9y, O o o o

H3 7(0/)5/4, 7(0_/)7/4 € L*(R); 7(0/)3/2, —(0/)2 € L*(R);

H4 We define X(u) = / o(s)ds. ;((u)) — 0, |u| — 400 and there are m and g,
u

¢ > 1/2, such that (0 ()7 < m(1 + S(u)).

We point out that, under these hypotheses, G(¢) > 0, V¢, and X(u) > c“;. It is
easy to check that the functions F' and o defined by (2) satisfy all these conditions
and that H3-H4 hold for any ¢ with a suitable polynomial like behaviour.
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The Cauchy problem for equation (1) will be considered in the following equivalent
formulation: we put u = ¢, v = ¢¢; then (1) reduces to the quasilinear system

{ut — v, =0, (4)
v — o' (W + F(¢) =0, ¢(x,t) = [y v(z,7)dr + ¢o(x).

We consider the Cauchy problem for this system with initial data
u(~,0) :¢Oz('70) = uo, v(-,O) :¢1('70) = o, (5)
¢o € H*(R), ug, vo € H*(R). (6)
Let

'U2 X
E(u,v) = /]R % + S (u(x))de

2

be the energy functional and, setting n(u,v) = % + X(u), we consider

L" = {(u,v) € (Lj,.(R))* : E(u,v) < +o0}

the space of functions with finite energy. Let L°°([0,+o0[; L") be the space of
the pairs of functions (u,v), defined a. e. and measurable in [0, +oo[xR, such that
(u(t),v(t)) € L", a. e. t € [0,400], and ess sup E(u(t),v(t)) < +o0.

0,+00[

A pair of functions (u,v) € L*([0,4o0c[; L") is called a weak solution of the
Cauchy problem (4), (5), if

+o0
// (uapt—v<p$)dmdt+/u0<p(:v70)d:c+
r Jo R

+oo
/ / (0 — o (e — F()0)dardt + / votb(z, 0)dz = 0, (7)
RJO

R

for any ¢, € C§°(R x [0, +0o0]).
A pair of functions p,q¢ : R2 — R is an entropy-entropy flux pair for the
system (4), if all smooth solutions (u,v) of (4) also satisfy

p(uﬂ])t + q(”?”)z + VP : (07 F(¢)) =0.
It is sufficient that p and ¢ satisfy
Vp(u,v) - Vf(u,v) = Vq(u,v), V (u,v) € R? ()

where f(u,v) = (—v, —o(u)).
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We call (u,v) a weak entropy solution of (4), (5), if (u,v) is a weak solution
that also satisfies

p(u7 v)t + q(u» U)z + VP(uv U) : (07 F(¢)) <0, (9)

in the sense of distributions in Rx]0, +oc[, for any convex entropy p of flux q.

We present now the main result of this work:

Theorem 1.1. We assume the above conditions for F' and o. If ug and vy satisfy (6)
and (ug,vg) € L, then there is a global weak solution (u,v) of the Cauchy problem (4),
(5) in L>°([0, +oo[; L) that satisfies the entropy inequality (9) for the entropy-entropy
fluz pair defined by

p(u,v) = n(u,v) = 5 + 5w, gluv) = ~vo(u). (10)

To prove this result, we consider a sequence of viscosity functions (ue, ve ), solutions
of the approximated system

Uep — Veg = Oa
’ (11)
{Uet - U/(us)usx + F(¢s) = eAv, d)s(xat) = fo UE(IaT)dT + ¢0(l'),

which is obtained by adding the viscosity parameter eéA¢; to the second member
of (1).

In section 2 we prove the existence of global solution (u.,v:) in C([0,+oo[;
H2(R)?) N C([0, +o0[; L?>(R)?) of the Cauchy problem for system (11), with initial
data

us(,0) = do, = uo, ve(,0) = ¢1 = vo, (12)

In section 3 we derive energy estimates for the approximated solutions u. and v.,
which allow us to conclude that the sequence (ue,v. ). is bounded in L?, (R x [0, +oc[)
and so we may consider a subsequence (u.,v.). converging weakly to (u,v) €
(L7 (R x [0,+00[))% Our aim is to prove that the pair (u,v) is a global weak solution
of the Cauchy problem (4), (5).

If we write the weak formulation of (11), (12),

+oo
// (usgotfvscpm)dxdt+/u0<p(x,0)dx+
rJo R

/R/O+Oo(va¢t — 0 (ue )y — F(¢e)p)dxdt + /RUO W(z,0)dz =

—s/R/;OOUE%x, (13)
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we see that, if (uer,ve) = (u,v), weakly in L7 (R x [0, +00[)?, the linear terms in the
previous equation clearly converge to the correspondent terms in the equation (7).
But the uniform bound in L? is not enough to warrant the strong local convergence
of the subsequence (u.r,v.r)or, and the weak convergence doesn’t allow us to pass to
the limit the nonlinear terms o(u.) and F'(¢.). We use the associated Young measure
to represent the weak limit of the nonlinear compositions g(ue,v.), of continuous
functions g with (ue,v.). Since L estimates are not available in this case, we follow
Serre and Shearer’s method ([16]), who used L7 Young measures and a class of slowly
growing entropy-entropy flux pairs to prove the existence of solution of the Cauchy
problem for equation (3) with physical viscosity. The Young measure gives a criteria
to know when the weak convergence is, in fact, strong, which happens if the measure
is a Dirac mass. The theory of compensated compactness provides the compacity
conditions to conclude the strong local convergence of (uer, ver)or. By applying Murat’s
lemma and div-curl lemma, we derive Tartar’s equation. The results obtained by Serre
and Shearer imply the reduction of the support of the Young measure.

2. The approximated problem.

In this section we consider the Cauchy problem for the approximated system (11),
with initial data defined by (12), where ¢ € H*(R), ¢; € H*(R), and o and F as
described above.

We will prove that the Cauchy problem for the nonlinear parabolic equation

¢tt - U,(¢r)¢rr + F(¢) = EAQsta HAIS Rv t Z Oa (14)

with initial data
QS('a 0) = QSO’ ¢t('? O) = ¢1) (15)

has a unique global solution
¢e € C([0,+o00[; H*(R)) N C*([0, +00; H*(R)) N C*([0, +00[; L*(R)).

In this conditions, if we put ue = ey, Ve = ¢Pgr, we conclude that (u.,ve) €
C([0, +00[; H2(R)?*) N C1(]0, +00[; L2(R)?) is the unique solution of the Cauchy prob-
lem (11), (12).

The proof that we present here generalizes to R the results obtained by J. Green-
berg, R. Mac Camy and V. Mizel ([8]) for the viscoelasticity equations in the interval
[0,1], and follows these authors and J. P. Dias’ ideas, who proves in [3] a result of
global existence of strong solution for a similar problem in two space dimensions,
considering radial symmetric initial data.

By using a classical fix point method, we begin to prove the following result of
local existence:
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Theorem 2.1. Let ¢ € H?*(R) and ¢ € H?*(R). Then, there exists Ty > 0
such that the Cauchy problem (14), (15) has a unique solution in C([0, Tp]; H3(R)) N
CH([0, To); H*(R)) N C*([0, To]; L*(R)).

Proof. For simplicity, we consider ¢ = 1. Let us assume that ¢g € H?(R), ¢1 € H*(R),
and let (S(t)):>0 be the semigroup of operators of H~!(R) associated to the heat

equation in R.
We will use the following result (cf. [2], [13]):

If o € HY(R), there exists ¢ > 0 such that
() = S(t)p € C([0, +ool; H'(R)) N C* ([0, +o0[; H(R))

satisfies
c
Vo)l L2r) < T”‘PHLQ(R% vt >0, (16)
[1AG(E) ] L2 (r) \ﬁIIVsOIILz vt>0. (17)

Let us put, for ¢ > 0,
t
== / S(T)(bldT + ¢().
0
We have

. - t
D= S(t)d1, e = /O S(r)b1adr + dos,

t
¢wm = /() S(T)¢1wacd7— + ¢Ozw

and, since ¢1, € H'(R),
t
Awa: / A ¢1w dT + ¢0a::rw = /O %(S(T)lew)dT + ¢0a::rw
S(t)p1e — 12 + Pozaa  (cf. [2]).
Hence, & € C((0,+ool; HY(R)), § € C([0, +00[; H(R)) and g € C([0, +o0]
H(R)).
Let us consider, for T > 0,
Xr = {y € C((0,T}; H*(R)) N C*([0, T]; H*(R)) : || — ]| x, < M},

where [[9] ., = r[ng%;]cnqﬁ( M igs ) + max||wt( N g2y and M is a positive constant
0,

such that [|¢]| < M. We will prove that there exists Ty > 0 such that the problem
9 /
a(bt —Apy = f(¢)7 f(¢) =0 (¢az>¢ww - F((b)a (18)
d)(vo) :(b()v ¢t(70) :(blv
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has a solution ¢ € X, .
In order to do this, we consider, for a given ) € X, the linear problem in X

0
d)( O) = ¢0; ¢t(>0) = ¢1~
Since (f(¥))z = o' (Vu)pze + 0" (V)02 — F' ()12, and due to the inclusion

H'(R) C L*(R), we conclude that f(v) € C([0,T]; H'(R)) and so (19) has a unique
solution ¢ = 7 (¢) in [0, 17,

t
0= [ oriar + 6o,
0
where .
0ut) = S(t)6r + [ St =) (1) (1)
0
Next, we prove that there exists T' > 0 such that, for each T < T", 7 (X1) C X7.

Let ¢ € Xy and 0 <t <T. For ¢ = T (¢)) defined as above, we conclude from (16)
and (17) that

166(8) — u(0) |1y = H / S(t— 1) (F()) (r)dr

H?(R)

iz wydr < g(®) CAL)  (20)

/ \/T A

and
~ t ~
160 = FOle = | [ (61(r) = Gtyar
H?(R)
< [ 1) = B lair <o), (@1
where ¢ is an increasing continuous function such that ¢g(0) = 0 and C'(M) is a

continuous function of M. B
In order to estimate ||¢5(t) — ¥ (t)| r2(r), We point out that

gt[(gt )¢] _ 9 [(jt )@] = (W),

t
Gur — Ay — /0 (F()), (F)dr + d1s — M.

and so
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As a consequence of the above considerations, we obtain
-~ - t
((bw - "/’w) - A((b:v - %) = ¢w - ¢a:t + (blac - A¢0:p + /0 (f(’(/}»z (T)dT
t
= [ S )radr = b0 + S(t)612 — 612+ B
’ t t
= ¢:c - d)Ow + S(t>¢1z - Qsa:t + / (f(¢))x (T)dT - / S(T)QslwdT
0 0
t
— 62— d0s— [ S(t-7) (f(0), (1)ar
0
t t
dr — S LdT =h
+ [ ), = [ s(eyonar

which allow us to conclude that (¢, — 1) — A(¢y — ) € L2(R), because h € L2(R),
since, again by (16) and (17), we deduce that

||(¢z - 7’/;1) - A(¢z - {/;m)HLZ(]R) = ||h||L2(JR) <
t
< 6w = Goall ey + / (6 =) (£ (Dl
/ 1 F@)), (Pl + / 1SV 10 2y
M), (22)

because

t t
6 = bnal ey = | [ 0usr)tr]| < [ hora(r eyt <

L2(R)
/ 6a() — S()b1all gy dr +/ 1S(r) b1l ey dr

)C(M).

By Fourier transform we obtain
2 = Pl 2y < el(@e = ¥a) = Alde — V) 12z

We can now choose 77 > 0 such that g(T")C(M) < M and, from (20), (21) and
(23), we obtain

< g(t)C(M). (23)

lo(t) =)l e < M, [¢e(t) — e (&) 2y < M,
forall0 <t <T'. Hence, it 0 < T <T', T(Xr) C X7p.
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Now we have that, for given 1,v € X7 (T < T"), ¢ = T (¢) and ¢ = T (¢) satisfy

I o)l 2y + 16:(t) — 6, (D) | r2r) <

¢(t)
/ ||¢t ¢t HH2(R)dT+/ \/ﬁ
<9(T)C(M) (maXIIzb( ) = ()] sy + max [epe () _¢t(t)||H2(R)> :

[0,77] [0,7]

W)(7) = F@) ) s gy

If we proceed in the same way that we did to obtain (22), we get that

162 (t) — G0 (W)l 2wy <

9(T) C(M) I[g%;)](lll/f() ()IIHs(R)JrI[naXHwt() t(t)|H2(]R)>' (24)

Hence

max[|6(t) - Ol s + max | (t) - &)l 2 )

< g(T)C(M) (r[f)l?]( l[(t) — a(t>||H3(R) + I[Blaj“)]( [ (t) — ¢t(t)||H2(R)> )
and we can choose Ty < T” such that g(Tp)C(M) < 1 and so 7 : Xq, — Xp, is a
strict contraction in the complete normed space Xr,, hence it has a unique fix point
¢ = T (¢), which is the unique solution of the Cauchy problem (14), (15). O

Remark. Using the same notations as above, we point out that T, depends only on
M which depends only on the initial data ¢g and ¢1. In consequence, since Ty < 7",
9(To)C(M) < 1 and g(T")C(M) < M, we conclude that there is a minimal instant
Ty > 0 such that the Cauchy problem for equation (14) has solution in [0, 7],
whatever the functions ¢g and ¢, such that ||¢o|| < M, ||¢1]| < M that we consider
for initial data are.

We present now the main result of this section:

Theorem 2.2. Given ¢g € H*(R) and ¢ € H*(R), the Cauchy problem (14), (15)
has a unique solution in C([0, +oc[; H3(R))NC ([0, +oo[; H?(R))NC?([0, +-o0[; L2(R)).

In order to prove this result we will obtain the following estimate for a solution ¢
of (14), (15):
o) 2wy + [10¢() [ 2 r) + | Dee ()| L2r) < e(t), (25)

where ¢(t) is a positive continuous function.
Let ¢ € C([0,T[; H3(R)) n CY([0,T[; H*(R)) N C?([0,T[; L*(R)) be a solution
of (14), (15) in [0, 7.
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By multiplying equation (14) by ¢, integrating in R, integrating by parts and
integrating in [0,¢], (0 < ¢ < T'), we obtain

/R ((b; +X(¢s) + G(¢)> (x,t)dx + /Ot/]R b1a’ (2, T)dxdT = C, (26)

where C' depends only on the initial data ¢y and ¢;.
We now assume that ¢ € C%([0, T'[; H*(R)) (cf. [10]). By multiplying equation (14)
by ¢.., integrating in R and integrating by parts, we get

- [ oo+ [ont = [ S0~ [ Pt =5 ( / ¢Zm2>’

Integrating in [0, ¢], we obtain

Poa” _
/R ) (z,t)dx =

t
- /(¢tm¢w)(x7t)dx +// (d)th - U/(¢z)¢zz2 - FI(¢)¢12) da:d7'+C
R 0JR

Hence, by (26) and since o’(u) > 0, F'(¢) > 0, V u, ¥V ¢,

/R%zzz = */Rgf’tm¢w+C:/R¢t¢m+C

2 2
§/¢t2+/¢xz +C§/¢zm -l-C,
R R 4 R 4

/(bw?(m,t)dx < C. (27)
R

C/R(b;”2 < /RE(%),

from (26) and (27) we deduce that

and so

As we have

16z ( Dl < € andso [¢z(, )@ < C.

t
From (26) we also obtain that ¢(t) :/ @+(T)dT + ¢ is such that ||@|2r < c(t),
0

and then
(-, )l 2@y < c(t). (28)
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Now we derivate equation (14) in order to ¢, multiply by ¢, integrate in R and
integrate by parts. We get

Ci(/n@ qﬁ;f) +/RUI(¢x)¢tz¢ttx = —/RF/(QS)@(M—/R@W

By the previous estimates and from (26) and (28) we obtain

L/‘ (62)9ta Pres 4 /k (62) 2¢m ¢az

< / i ¢ttx

2
] < [ 24 /*2» o
Pu’
< [ el

and, again by (26),

¢’“ /@mm <t +/R¢>tt2+01/R¢tf2'

Integrating the above inequality in [0, ¢], we have

¢tt ¢tw (btt ¢ta:2
/o ( L2 ¢ I/R 2 )

and by Gronwall’s lemma we conclude that

[ @+ [ 2w < o, (29)

Since ¢ is a solution of equation (14) and |F(¢)| < c1]¢|” (p > 1), we have

[E@2<a? [ <

/ Braz’(z,1) < c(t). (30)
R

We estimate now ¢,,,. In order to do this, we use the following result, due to
Gagliardo and Nirenberg (cf. [7]):

and then

If ¢ € H3(R), then ¢, € L*(R) and

I baellzay < clldwesllzm " bwell 2@ ™ *.
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If we derivate equation (14) in order to x, multiply by ¢u.., integrate in R and
integrate by parts, we obtain

- ( /R ¢tm¢m> + /R Gras? /R 0" (62) 620’ Brza

o / 2 / o i ¢a::rz2>
[ oo+ [ F@oon. =5 ([ 257).
and so

4 ( /R “5””;12) <-4 ( /IR ¢>m¢>m)
; /R bres? + /R F(6)u fane — /R 0" (60)bas buze- (31)

Now, from (27) and Gagliardo-Nirenberg inequality, we have

JRCE

< ||J//(¢x)||L°°(R)||¢mfc||2L4(R)||¢mrcz||L2(R)

3/2 3/2
§ C||¢zxm||L/2’(R)||¢mr||L/2(R) § c (1 + ||¢zsz2L2(R)) .
By integrating inequality (31) in [0, ¢], we obtain
Grna’ t
/ T (x,t) < c(t)/ / Goee” (x, T)dxdT + (1),
R 2 o Jr
and, again by Gronwall’s lemma,
¢ 2
[ 25w < et (32)
R 2

From (26), (28), (29), (30) and (32) we deduce (25).

Proof of Theorem 2.2. Let T* = sup{T > 0 : 3 ¢ € Xr, solution of (14), (15)}. By
theorem 2.1, T* > 0, and by the property of unicity we can consider a maximal
solution of (14), (15),

¢ € C([0,T*[; H*(R)) N C*([0, T*[; H*(R)) N C*([0, T*[; L*(R)).
If T* < +o00, from (25), we have that V 0 < t < T,

o)l e ) + [|0¢O) | m2(R) + D0 (D)l 2m) < clt) < M7,
where M* = [maX] ¢(t). According to the remark that follows the proof of Theorem 2.1,
0,1+
there exists Ty« such that, for all 0 < t < Tis«, the Cauchy problem for equation (14)
with initial data ¢(-,t), ¢+(-,t), has a solution in [0,Ths«]. In these conditions, it is
possible to extend the solution ¢ into a bigger time interval, which contradicts the
definition of T*. Hence, T" = +o00. O
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3. Young measures and reduction of their support.

We begin this section with the following energy estimates:

Lemma 3.1. The approzimated solutions u. and v. satisfy, for all t > 0,

/]R (1}22 + S(ue) + G(qba)) (z,t)dr < /R (1’32 + X (ug) + G(¢O)) (x)dz,  (33)

t
8/ /(U,(ue)umcg + 'UEIQ)(QT,T)d.’EdT <
0 JR

3/]R (vgz + % (uo) +G(¢o)> (x)d‘r+52/Ru0x2($)dx. (34)

Proof. By multiplying the first equation of (11) by o(u.), the second by v, and adding
both equations, we obtain, since v, = ¢,

G (%) 4 (2 = o wdon)s + 5 (Glon) = e

Integrating the above equation in R and then by parts, we get

|5 (5 +sw+ae) +e [w =0

If we now integrate this equation in [0, ¢], we obtain

A(@+zmw+m%0@mL (39)

and (33) follows.

In order to prove (34), we follow Serre and Shearer’s ideas ([16]). Since v, = ucy,
we have Av. = u.,; and ¢, = u.,. Hence, if we multiply the second equation
of (11) by u., and integrate in R x [0, ¢], we have

//umvgt—a e )ue,?) //F’ Oe)bes” +€//dt (uE; )

and, since Ue,y = Veyy, We get

t t t
/ / Ue Vet = / /((Ususx)t - Ususact) = / Ususm‘é Jr/ / v6127
0 JR 0 JR R 0 JR
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and then

/'Ueueazlo //an - /uax // (ue)ue,” //F’¢e ey

Since F'(¢) > 0, from the above equality we have

[ [ < [ [ o [ [ oo
(/]RUEIQ(t)>(1/2) (/ Usz(t)><1/2> /vouow / /vm - /u€w2|o
26 UE()""?/UO +E/U/Oz //Um_

t t
1 1
8/ /U/(ua)uszz < */UEQ(t)+*/U02+€2/U0x2+5/ /'UsaaQ-
0 JR 2 R 2 R R 0 JR

The estimate (34) follows then from (35). O

We now present the theorem of existence of Young measures. For the proof and
more details concerning this subject, we refer to [1] and [17].
Let M(2) be the space of finite real Radon measures on €.

Theorem 3.2 (Young measures and representation of weak limits). Let
n : R™ — R be a continuous positive function such that ﬁ — 0, [N = o0,
and Us = (Uig, ..., Une) a sequence defined a. e. in R x [0, 4+o00[ such that, for all
compact set K C R x [0,4+00[, 3 Cx > 0 : [, n(Uec(x,t))dxdt < Cg. Then there
is a subsequence (Ug)er and a weakly measurable famzly of nonnegative measures of
M(R™), {Va,t}(z,t)erx[0,400]; With mass equal to one a. e. (x,t) € R x [0, +00], such
that

(i) For any continuous function g : R™ — R such that 98\3 — 0, |A| = +o0, let

G(z,t) = /m g\ dvss (V).

Then g € L, (R x [0,400]) and g(U.) = g in the weak topology of L}, .(R x
[0,400]) induced by C.(R x [0,400]), the space of continuous functions with
compact support in R x [0, +00].

(ii) If % — 0, |\| = +o0, and if the support of vy, is a point a. e. (x,t) € R x
[0, +oof, then Usr — U(x,t) = [g Adve () in L (R X [0,400]), Vot = 0, 1)
(Rx [0, +00]).

and, if g is in the same condmons as above, g(Usr) — g(U) in L},
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2
Let n(u,v) = % + X(u), ¥V u,v € R. Since the approximated solutions u.,ve

satisfy the energy estimate (33), for all ¢ > 0, we can we apply the Young mea-
sures theorem and associate to a subsequence (u.s, v ). a family of Young measures
{Va,t }o,terx[0,400[ that verify (i) and (ii) of theorem 3.2.

Since ) ) 5
u v 1 v
L7 <2y z
; Fy s RS
it follows from (33) that (u.,v. ) is bounded in L? (R x [0,+00[), and then we

may consider a subsequence, which will still be called (uer,ver)er, converging weakly
in L2 (R x [0,+0oc[) to functions (u,v) € (L? (R x [0,40o0[))?. Now, again from
the above inequality, we see that, if the Young measures v, ; are Dirac measures,
then, by (ii) of theorem 3.2, vz ¢ = O(u(a,t),v(x,t)) a0d (uer,ver) — (u,v), strongly in
L} (R x [0,400]), for all ¢ < 2.

Following [16], we state now Tartar’s equation for two classes of entropy-entropy
flux pairs, solutions of a Goursat problem for system (39). Since we don’t have
L estimates for the approximated solutions (ue,v:), we can only use the above L"
Young measures and, in particular, in Tartar’s equation below, we are restricted to
use entropy-entropy flux pairs (p, ¢) that verify (ii) of theorem 3.2, which means that
lp/nl, la/n| — 0.

Let (p,q) be an entropy-entropy flux pair. We have

Du+qu =0, (36)
o' (w)py + qu = 0.
Since o’ (u) > ¢ > 0, we can define a smooth increasing function
z(u) = / Vo'(s)ds.
0
We change to a Riemann coordinate system (wy,ws) by defining
wy (u,v) = v+ z(u), wa(u,v)=v—z(u).
As in [17] we also consider the change of variables (p,q) — (P, Q), defined by
1,
p=3)(P+Q), (31)
1
q=50)""P-Q) (38)
and rewrite equation (36) in the new coordinates:
P,, =aQ,
{Q b P (39)
w2 T ’
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where a = a(w; — wy) = o” (271 (M1542)) /8(0” (27 (11542)))3/2.
We consider entropy-entropy flux pairs (p, q), given by (37), (38), where P and
@ are solutions of a Goursat problem related to equation (39). The Goursat prob-
lem consists in solving system (39), with data in the lines w; = w; and we = W,
(@1,@2) € R%:
P(@l,wg) = g(wg), Q(’U)l,ﬁg) = h(wl).

If g and h are regular then the Goursat problem has a unique solution (P, (Q)) with
the same regularity and if g has his support contained in the set {wy € R : wy > Wa},
Wy € R, then P and @ have their supports contained in the halfplane {(w,ws) €
R? : wy > Wy }. For details concerning Goursat problem we refer [14] and [16].

We now state Tartar’s equation, which is deduced by applying div-curl lemma to
1 (e, ve), 1 (e, ve), P2(ue, ve) and g (ue,ve), where (p1,q1) and (p2, ¢2) are entropy-
entropy flux pairs associated to P and @, solutions of a Goursat problem for the
system (39) with continuous, compactly supported Goursat data, or solutions of a
Cauchy problem for this system with continuous, compactly supported initial data on
the line wy — wy = &y, & constant.

Let (p,q) be an entropy-entropy flux pair. In order to apply div-curl lemma,
we must prove that (p(ue,ve))s + (q(ue, ve))s lies in a compact subset of H (R x
[0, +00]). Multiplying system (11) by (py(te,ve), Do (e, ve)), we obtain

(p(uea vs))t + (Q(usvvs))z = EPvVegy — va((z)s)
= 5(}%”51)1’ - g(puvusmvaz +pvvvez2) _va(¢a)7

where, in the second member, the derivatives refer to the point (uc,v.).
To use Murat’s lemma (cf. [6]) we need to have the following conditions:

M1 (p(ue,v:) + que, ve))e is uniformly bounded in Lj (R x [0, 4+o0]), for some p >
2;

M2 (e(pyvey)z)e is precompact in Hy, (R x [0, 4+00[);
M3 (£(puplicyVer + PovVes?))e is uniformly bounded in L}, (R x [0, 400]);

M4 (p,F(¢:))e is uniformly bounded in L} (R x [0, +oc]).

loc

We remark that, if M1 holds, then ((p(ue, ve))t + (¢(te, ve))s)e is uniformly bound-
ed in W, P(R x [0, +00[), and, in M3 and M4, the bound in L}, (R x [0, +occ[) implies

a bound in M(w), for any open bounded set w of R x [0, +00[. Then, if M1-M4 hold,
we can apply Murat’s lemma to ((p(ue,v:))e + (q(ue, ve))a)e-

Theorem 3.3 (Tartar’s equation). Let (p1,q1) and (p2,q2) be entropy-entropy
flux pairs, given by (37), (38), where Pi, Q1, P> and Qo are either solutions of
a Goursat problem for system (39), with continuous, compactly supported Goursat
data, or are solutions of a Cauchy problem for the same system, with continuous,
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compactly supported initial data on the line wy — wq = &y, & constant. Then p1, q1,
p2 and qo satisfy Tartar’s equation

<V, p1q2 — p2q1 >=<v,p1 >< V,q2 > — < V,p2 >< V,q1 >, (40)

where v = v, is the Young measure associated to the subsequence (uer,ver)er of the
approzimated solutions, and < v,p >= [ p(A)dv()).

Proof. In the case of entropy-entropy flux pairs solutions of the Goursat problem,
we have to prove M1-M4 and apply Murat’s lemma and then div-curl lemma. The
proof of M1-M3 is the same as in [17]. To obtain M4 we consider a compact set
K CR x [0,+o0o[. If t > 0, we have

t 2
[6: 0l = [ oo <c [ ([ odoriar) +ontas

t
< Cllgoll2ae) +C / / 0.2 (a, 7)dedr

< C +c(t) ?ul}) [[ve (4 )l 2wy -
t

s

Then, from (33) follows that ||¢<(:,t)[[z2r) < c(t), where ¢ is a continuous func-
tion. Since ¢., = u., we also obtain from this estimate that ||¢c,(-,t)||L2@) < c.
Then we have |[¢e (-, )|l 1 (r) < ¢(t) and [|¢e|| o gy < (t). Since F is continuous, we
have

/ |F(2)|dadt < C,
K

hence (F(¢:))c is uniformly bounded in Lj, (R x [0, +0oc[), and, since (p, (ue, vc))e is
uniformly bounded in L>(R x [0, 4o00[) (cf. [17]), we obtain M4.
If M1-M4 hold, then Murat’s lemma and div-curl lemma imply Tartar’s equation.
To prove the case where P and @) are solutions of the Cauchy problem, we refer
to [16]. O

Now, as in [17] for the case where ¢” is never null, or as in [16] for the case where
o” is null only once, we have the following result:

Theorem 3.4 (Reduction of the support of v). The Young measure v, is a
point mass.

For the proof, see the references indicated above.

4. Convergence of the approximated solutions; Proof of theo-
rem 1.1.

Let (ue,ve) € C([0, +oc[; H?(R)*)NCL ([0, +00[; L?(R)?) be the solution of the Cauchy
problem for the approximated system (11), with initial data (12).
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Let us consider ¢ and ¥ € C§°(R x [0, +oc[). By multiplying the first equation of
the system (11) by ¢, the second by v, adding the resulting equations and integrating
by parts in R x [0, +oo[, we obtain that u. and v, satisfy the weak formulation of the
Cauchy problem (11), (12),

+oo
// (uegat—vgapx)dxdt—&—/uogo(x,O)dx—l—
R JO R

/R/O+oo(vs¢t — 0 (ue)hy — F(¢e))daxdt + /]RUO W(z,0)dz =

+oo
- 6/ / Vepgpdadt.  (12)
R JO
We want to pass to the limit the above equation.
From the previous section we have that the support of the Young measures v, ; is
reduced to a point. Let, for (z,t) € R x [0, +o0], (@(x,t),v(x,t)) be the support of
the Young measure v, ;. Let p < 2. Since

[

(u,0) > v u?
n(u, v C— + —
’ - 2 2 ’
we have

|ul? 4 |vf? < |ul? + |vf?

n(u,v) — w2+ u?

0< =0, Ju|l+ |v] = +oc.

Then, from property (ii) of the Young measures theorem, we have

E(I, t) = Alde,t()\la )\2), @(.’L‘, t) = /\Qde,t()\la )\2) S Lfoc
R2 R2

(R x [0, +00[))?. We had previously seen that
a subsequence (u.s, v )or converged, weakly in (L7 (R x [0,+00[))?, to a function
(u,v) € L} (R x [0,40c[)?, and so, by the unicity of weak limit, we may conclude
that (u,v) = (u,v) € (L2 (R x [0, +0o0[))?2.
Since o satisfies H4, we have

(R x [0, +o0])

and (u.s,v.) — (@, ), strongly in (L

loc

— 0, if |u] + |v] = +oo,

loc(R X [07 +OOD
Due to what was exposed above, it follows immediately that

+o0 +oo
lim// (usfcptfvs/goz)dxdt:// (upy — Tep,,)dadt, (41)
R JO R J0

e’'—0
+oo +oo
lim// velwtd:cdt:// vpydxdt, (42)
e'=0Jr Jo R Jo
—+oo +oo
lim// a(ugl)wxdxdtz// o), dxdt. (43)
¢=0Jr Jo rJo

and again from (ii) we conclude that o(ue/) — o(u) in L},
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Now, since

—+o0
5’// Us/qpmda:dt’ < ||z/Jm||st’/ |ver |dxdt
R JO sup(y)

1/2
< e || e (m(sup())) /2’ (/ » ’UE/QdJ?dt> ,
sup

we obtain, provided that, as a consequence of (33), (ver)es is uniformly bounded in
L?(sup(4)), .
lim 5’/ / VertPppdrdt = 0. (44)
e’—0 RJO

To show that (u,?) is a weak solution of the problem (4), (5), we now study the

limit of oo
/ / F(¢er ) dadt. (45)

Let ¢ = / x,7)dT 4+ ¢p and K C [a,b] x [0,T] be a compact set of R x [0, +00].

¢
‘/ der(x,t) (z t)dzdt’ = ‘/ / ver (2, 7) — U(w, 7)dT dadt
K Jo
b T T
§/ / / |ver (2, 7) — O(x, 7)|dT dadt
—T/ / |ver (2, 7) — O(x, 7)|dedT

1
< TTl/(I ) /q||1}51 - U||Lp(ab]><[0 T)) — 0,

and so ¢ — ¢ in L} (R x [0,+00[). Hence, there exists a subsequence, that we
still call ¢/, which converges pointwise, a. e. (x,t) € R x [0,4+00[, to ¢. Since F is
continuous, F(¢. (x,t)) — F(é(z,t)), a. e. (z,t) € R x [0, +0o0].

On the other hand, for ¢ > 0, we show, as we did to obtain property M4 in
section 3, that

||¢E’('7t)HL2(R) < C(t)7 ||¢€’az('7t)HL2(R) <¢

which implies that [|¢e (-, £)]| g1 gy < ¢(t) and [|¢er | oo 0.0y < €(1)-
Now, we can apply dominated convergence theorem to (45) to obtain

lim / / - F(¢e ) dudt = / / T o)) dadt. (46)

From (41), (42), (43), (44) and (46) we have that @ and v satisfy the weak formu-
lation of the Cauchy problem (4), (5), and, from (33), it follows that u. and v. also
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satisfy
2
/ (” n E(u5)> (,8) < C, Vt>0.
R 2

By passing the above inequality to the limit, we obtain

=2
/ (” —|—Z(u)> (,6) <C, Vt>0,
R\ 2
and so (u,v) € L*([0, +o0[; L") is a weak solution of the Cauchy problem (4), (5).

To complete the proof of theorem 1.1, we show that the entropy inequality (9) is
satisfied by the entropy-entropy flux pair defined by (10).

Since Vp(u,v) - Vf(u,v) = Vq(u,v), V (u,v) € R, (f(u,v) = (—v, —o(u))), if
we multiply system (11) by (Vp)(ue,v:) = (pu(te, ve), Dy (Ue, Ve)), since py, = 0, we
conclude that

p(uave)t + Q(usa UE)I +Vp (u67’l}€) : (07 F(¢)) =
E(pv(ua Ue)vsx)l» - 5(171)(“57 ve))wvex = 5(]%(”57 Us)vex)x - EPW(UE, 1}5)1}5332.

Since the second derivative in the equation above is positive, we have that, for
¥ € D(Rx]0, +00), ¢ 2 0,

+oo
/ / (p(ueyﬂs)ql)t + q(uavvs)¢m _pv(ueyva)F((be)dj) dwdt
R JO
—+00
- S/R/O (pv(uavvs))v&‘wwx > 0.

Now, py(te,v:) = ve and €|vove,| = /e ?|vv.,| < 61/2(% + #) Hence,
from (33) and (34) follows that the second term in the above inequality converges
to 0. Since p and ¢ are continuous, by passing both members of the above inequality
to the limit, we obtain

+oo
/R/O (p(w, v)be + q(U, 0)the — po(W, D) F(¢)¢) dedt > 0.

This finishes the proof of theorem 1.1.
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