An Ostrowski like inequality for convex
functions and applications

Sever S. DRAGOMIR

School of Computer Science and Mathematics
Victoria University of Technology
PO Box 14428, Melbourne City MC
Victoria 8001, Australia.
sever@matilda.vu.edu.au

Recibido: 23 de Julio de 2002
Aceptado: 17 de Febrero de 2003

ABSTRACT

In this paper we point out an Ostrowski type inequality for convex functions
which complement in a sense the recent results for functions of bounded varia-
tion and absolutely continuous functions. Applications in connection with the
Hermite-Hadamard inequality are also considered.
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1. Introduction

In 1938, A. Ostrowski [9] proved the following integral inequality

1 _agp)?
< 4+<$b_;> (b—a) 'l (1.1)

b
|f(x)b_1a/ o

provided f is differentiable and ||f'||_ = sup |f’(t)| < oc.
te(a,b)

The constant % is sharp in the sense that it cannot be replaced by a smaller
constant.

In the last 5 years, many authors have concentrated their efforts in generalising
(1.1) and have applied the obtained results in different fields, including Numerical
Integration, Probability Theory and Statistics, Information Theory, etc. For a com-
prehensive approach in the field, see the recent book [5] where many other references
may be found.
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One direction of generalising (1.1) was pointed out by the author in [2] — [4]. Let
us recall here a couple of the main results obtained in the above papers.

Theorem 1. Let I, :a =29 < x1 < -+ < xp_1 < ) = b be a division of the interval
[a,b] and «; (i =0,...,k+1) be k + 2 points such that ag = a, o; € [x;—1,;]
(i=1,...,k) and agsr = b. If f : [a,b] — R is of bounded variation on [a,b], then
we have the inequality:

b k
f@yde = (g —ai) f () (1.2)
@ i=0
b
< {iy(h) —|—max{ S g““ =0,k — 1}] \a/(f),

where v (h) := max {hli = 0,...,k =1}, hy == 21 —a; (i = 0,....k —1) and \/° (f)
is the total variation of f on |a,b].

The constant % 18 sharp in the sense that it cannot be replaced by a smaller con-
stant.

If one would assume more for the function f, for example, absolute continuity, then
the following result holds.

Theorem 2. Under the assumptions of Theorem 1 for I, and o; (i =0,...,k+1)
and if f : a,b] — R is absolutely continuous on [a,b], then

k
z =Y (aipr — ai) f (@) (1.3)
=0

BT (- =) 7 i e Lol

IN

1
k-1 q
L {Z [(%‘H - -Ti)q+1 + (Tit1 — Oéi+1)q+1H ||f/Hp if f'€ Lyla,b],
(g+1)e Li=0 Lo
p>1 o+5=1

Q41 —

{%I/ (h) + max {

Tit+Tit1
2

ci= 0, k=11

where ||||,, (p € [1,00]) are the Lebesgue norms, i.e.,

[hlle = =ess sup |h(D)],
t€la,b]

b »
(/ h(t)lpdt> , pE[l,00).

12,
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1

1

(g+1)a

In this paper, the case of convex functions f : [a,b] — R is examined. Some

particular cases in connection with the well known Hermite-Hadamard inequality for
convex functions are also considered.

are best in the sense mentioned above.

1
and 5

The constants i ,

2. The Results

The following result holds.

Theorem 3. Let I, :a =29 <z < - < xp_1 < x)p =b be a division of the interval

[a,b] and «; (i=0,...,k+1) be k + 2 points such that ag = a, o; € [x;-1,;]

(i=1,...,k) and a1 = b. If f : [a,b] — R is a convex function on [a,b], then we

have the inequality:
k

|
—

{(xi—&-l —aip1)” fi (i) — (aipn —20)° fL (Oéi+1)} (2.1)

N
<
I
o

(al—&-l*az)f 1‘74_1 /f

M=

<.

> O
[

<

{(Ii-&-l - CVz'+1)2 S (i) — (ougr — Ii)Q fi (xl)} :

=0

| —

The constant % is sharp in both inequalities.

Proof. Using the integration by parts formula, we may prove the equality (see for
example [3]):

k i1
> (i1 — o) f (wiga) / ) dt = Z/ (t — 1) f' () dt (2.2)
=0 x;

for any locally absolutely continuous function f : (a,b) — R.
Since f is convex, then it is locally Lipschitzian on (a,b) and thus the above
equality holds. Also, we have

fh(@) < f1 () < fL(quigr) forae. te [z, o] (2.3)
and
fjr (Oéi+1) < f/ (t) < fL (l’iJrl) for a.e. t€ [O[iJrl,ZL'iJrl] . (24)
Using (2.3) and (2.4), we may write that
fL (i) / h (t—ip1)dt < / - fH(#) (¢ = i) dt (25)

< fh (xz‘)/ - (t —iy1)dt

i
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and

fo) [ - < [ p@0-ama (2.)

i1 i1

IN

fL ($i+1)/ o (t — cviq1) dt.

it+1

Adding (2.5) and (2.6) and taking into account that

Q41 1 9
/ (t —aip1)dt = —5 (@iy1 — @)
xr

i 2
and
Tiq1 1 9
/ (t—ajp1)dt = 3 (Tit1 — @ig1)”,
Qg1
we get
1 2 pr 2 g/
5 [(ﬂfiﬂ —aip1)” fi(@ipr) = (g1 —23)" fL (Oéi+1)} (2.7)
Tiq1
< / (t —aiqr) f(t)dt
1 2 pr 2 pr
< 3 |:($i+1 —aiy1)” fL(@ig1) — (@i —23)” fL (xi)}

— 1.

forany i =0,...,k
7) over i from 0 to k — 1 and use the identity (2.2), we deduce the
1).

If we sum (2.
desired result (2.
The sharpness will be proved in what follows for a particular case. [ ]

It is natural to consider the following particular case.

Corollary 1. Let Ly and f be as in the above theorem. Then we have the inequality

13 i+ y i+
0 < gz {f_@ <a:+29c+1) -/ <a:+2x+1)] (i1 — 1) (2.8)

=0
k—1
< % l(xl —a) f(a)+ Z (@it1 —zi—1) [ (@) + (b —xp-1) f (b)]
\ 1=1
— [ f@)at
1 k—1 ) ) )
S [f2 (i) = 1 (@) (@ipn — @)
i=0

The constant % i both inequalities is sharp.
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Ti—1+T;

The proof follows by the above theorem choosing a; = ==5—, i =1,...,k and

taking into account that (see also [2])
k
> (aipr — i) f () (2.9)
i=0
1 k—1
= 3 (z1—a) f(a) + Z (@iy1 —@i1) [ (zi) + (b — 1) f ()

i=1

The following corollary for equidistant partitioning also holds.

Corollary 2. Let

(i=0,....k)

| .

Iy :zi:=a+ (b—a)-

be an equidistant partitioning of [a,b]. If f : [a,b] — R is convezx on [a,b], then we
have the inequalities

0 < (b8_ng)2 kz_‘j {f’+ [a—i— (z’—i— %) b;a} (2.10)

L rle e
< %.f(a);f(l>>b(f_z)1 N |
+ ka;f{( Z;@"“b] [ rar
< (bgg)zlj:{f’ {a+(i+1)~b_a}f; [a+z b‘“”

The following particular cases which hold when we assume differentiability condi-
tions may be stated.

Corollary 3. If a; € (a,b) fori=1,...,k are points of differentiability for f, then
we have the inequality

k-1

Ti+ Tip1

(Tiv1 — i) (? - Oéz'+1) [ (@ig1) (2.11)

™

E|
o

K3

b
< (g1 — o) f(wig1) —/ f(t)dt.

-
Il
o
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If we denote by v (I,) := max{x; 41 —x;/i =0,...,k— 1}, then the following
corollary also holds.

Corollary 4. If x; (i=1,...,k — 1) are points of differentiability for f then

i=0

1 k—1 b
5 |(@—a)fla)+ Y (@ipr — i) f (@) + (b - J/‘k—l)f(b)] —/ f(t)dt
S (P [ 0) -~ F ()] (212)

3. Some Particular Inequalities

(1) If we choose xg = a, 1 = b, g = a, a1 =z € (a,b), ag = b, then from (2.1)
we deduce (see also [6])

S [0- 02 @) - @ -0 1 @) (3.1)
< (w—a)f(@)+b-2)f /f
< %[(b—x)zf’_(b)—(a:—a) 7 (@)

The constant % is sharp in both inequalities (see for example [6]).

If 2 = 22, then by (3.1) one deduces (see also [6])

s () ()] e
SR IGEY (U N /f

1

< g(b_a)2[f (b) = f. (a) ]

and the constant g in both inequalities is sharp (see for example [6]).

If one would assume that x € (a,b) is a point of differentiability, then

b
o) (3 -2) f@ s e-ai@+b-afo- [ o 63

Revista Matemdtica Complutense 378
2003, 16; Num. 2, 373-382



S.S. Dragomir An Ostrowski like inequality for convex functions and applications. . .

(2) If we choose a = xg < x < 3 = b and the numbers ag = a, a € (a,z], 8 € [z,b)
and a3 = b, then by Theorem 3, we deduce

=0 f @)~ (a0 £ @)+ 0= B 1L ()~ (8- 2)* 1 (8)]

b
< (a-a) @+ @E-) f@+b-0F0)~ [ f@)a (3.4)
< Sle- @ -0 @+ -0 ) - (-0 £ @)

The constant % is sharp in both inequalities.

(a) Note that if we let @« — a+ and  — b—, then from (3.4), by taking into ac-
count firstly that (z — a)® fi(a) < (x— a)? fi () and — (8 — ) fL(b) <
— (8- x)Q 12 (B), we may deduce the inequality obtained in [7]:

Sl @) - -0 £ ()] (35)
b
< [1wi-@-af@
< S [B-eP e+ @ -0 s @],

The constant % is sharp in both inequalities (see for example [7]).

If in (3.5) we choose z = %L, then (see also [7])

0 < ;w@2p40§b>fiCﬁf)] (3.6)

[ r0a-o-ar ()
1

< g0-a)?[1L0) - fi (@)

IN

and the constant % is sharp in both inequalities.

We may state now the following result for convex functions improving
Hermite-Hadamard integral inequalities.
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Proposition 1. Let f : [a,b] — R be a convex function on [a,b]. Then

0 < Lto- >[f+(“+b)—f'_(“;b)] (3.7)
< m/ f(t)dt—f<a;rb>

b
< f(a);f(b) —bia/a £ (t)dt

1

< O=a)[fL0) = fi(a)].

The constant % s sharp in both parts.

If one would assume that z € (a,b) is a differentiability point for f, then we have
the inequality [7]

b
oo (P s rws [ wa-0-0i@. (3.5)

b) If we choose o = 9 and 3 = ZE2  then by (3.4) we have the three point
2 2
inequality:

G R C I
() ()

(@ —a)f(a) + f (@) (b—a) +(b—2) f /f

{@=a [f1 @)~ £ @] + (b2 [f_(b)*f+(:r)}}

IA
oo |

<

O — N —

<

for any x € (a,b). The constant & is sharp in both parts.

If in (3.9) we choose x = %P, then we get
1 2 ’ 3a + b ’ 3a =+ b
< — — 1
0 < oo [r () - (% (3.10)

s () - ()]

a+b b
N CHTC) P
1 / / / b /
< -t ro-n () () - s
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If one would assume that f is differentiable in “T'H’, then we get the following
reverse of Bullen’s inequality

b
< 5 [P () e-a- [roe e
< s - [7(0) - T} ()]

1 .
The constant 55 is sharp.

¢) Now, if we choose a = 32t 5 = 4456 ap( g e [5atl a48b] jp (3.4), then we
6 6 6 6
have the inequalities

IN

IA

(b—a)®
36

Sa+b
6

5a +b
6

1

2

5a +b
6

(-2 (=) (52) o

N (bgﬁa)zf,+ (a—;Bb) - (a—&(—;5b _x>2f,_ <a+65b>
b;a {f(a);rf(b)Jer(m)]_/abf(t)dt
: [(x— 5“6+b)2f/_ @-L=Lp
Lo ) (“*65bz)2f'+<x>].

If in (3.12) we choose = = “T'H’, then we get the Simpson’s inequality

IN

IN

1_8(b_a)2 [fi (5(1;— b) B ifi (5(1;— b) (3.13)
+ifl+ (aJ;E)b) oy (a;5b>}

e (1010 o ()] [

s0-0 |7 (50) - @i - (550
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If the function is differentiable on (a,b), then we get

(52 ()] e

_ b;a {f(a);f(b)”f(a%rb)}_/abf(t)dt
< 20— [7L )~ Fh ()]
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