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LOW-DIMENSIONAL FILIFORM LIE
SUPERALGEBRAS

Marc GILG

Abstract

The aim of this paper is to give a classification up to isomor-
phism of low dimension filiform Lie superalgebras.

1 Introduction

There exists a lot of work concerning Lie superalgebras. But less of
them are interested in nilpotent Lie superalgebras, although, the case of
nilpotent Lie algebras has been well studied, see for example [1]. This
fact is a consequence of the development of deformation theory. In this
paper, we will focus a particular class of nilpotent Lie superalgebras. We
recall some definitions from [3]. We point out the definition of filiform
Lie superalgebras. This definition is analogue to the definition of filiform
Lie algebras given by Vranceanu [10] and Vergne [9]. The classification
of this super-algebras is still a problem, as the classification of filiform
Lie algebras over an algebraically closed field of characteristic zero is
only done up to dimension 11 [4]. In this paper, we will give a first
classification for filiform Lie superalgebras in low dimensions.

2 Filiform Lie superalgebras

A Zs-graded vector space G = Gy € G over an algebraically closed field
is a Lie superalgebra if there exists a bilinear product [,] over G such
that

(G, G8) € Gats mod 2

90, 98] = —(=1)*"[93, ga]
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for all g, € G, and gg € G and satisfying Jacobi’s super-relation:
(_1)%0([147 [Bv CH + (_1)06.6[B¢ [Ca AH + (_1)/6.7[07 [A7 BH =0

for all A€ G,, B € Ggand C € G,.
For such a Lie superalgebra we define the lower central series by

cG) =g,
C(G) =G,CY(9)]

A Lie superalgebra G is nilpotent if there exists an integer n such
that C"(G) = {0}.

This definition is not easy to use. Therefore we define the following
sequences for a Lie superalgebra G = Gy ® Gy:

C°(Go) = Go, C™(Go) = [Go, C"(Go)]

and

C%Gy) = Gy, C(G1) = [Go, CY(G))]

Theorem 2.1. Let G = Gy & Gy be a Lie superalgebras. Then G is
nilpotent if and only if there exist (p,q) such that CP(Gy) = {0} and
C9(G1) = {0}

Proof. If the Lie superalgebra G = Gy & G; is nilpotent it is easy to
prove that there exist (p, ¢) such that C?(Gy) = {0} and C4(G;) = {0}.

For the converse, we use the classical Engel’s theorem. Let G =
Go @ Gy be a Lie superalgebra. Assume that there exist (p,q) such that
CP(Gp) = {0} and C%(Gy) = {0}, then ad(X) with X € Gy is nilpotent.
We have for Y € Gy:

ad(Y)oad(Y) = %ad([Y, Y))

As [Y,Y] is an element of Gy, then ad([Y,Y]) is nilpotent. This implies
that ad(Y’) is nilpotent for every Y € G;. Hence ad(X) and ad(Y) is
nilpotent, using Engel’s theorem given in [6], G = Gy @ G is a nilpotent
Lie superalgebra. L

Definition 2.1. Let G be a nilpotent Lie superalgebra, the super-nilindex
of G is the pair (p,q) such that: CP(Gy) = {0}, CP~Y(Go) # {0} and
C(Gy) = {0}, C171(Gy) # {0}. It is and invariant up to isomorphism.
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Definition 2.2 (Filiform Lie superalgebras). Let G = Gy © G; be a
nilpotent Lie superalgebra with dimGy = n + 1 and dimG; = m. G is
called filiform if it’s super-nilindex is (n,m). We will note F,, , the set
of filiform Lie superalgebras.

Let’s define the set A3, of Lie superalgebras with dim Gy = n + 1,
dim G; = m and with super-nilindex (kg, k1) such that kg < p and k1 < q.
It is obvious that this set can be define by polynomial relations given by
the Jacobi relations and the nilpotency relations. This prove that it is a
Zariski-closed set of the algebraic variety of nilpotent Lie superalgebras
denoted by N, .

The set F, ., of filiform Lie superalgebras can be written as the
complementary of a close set:

Foim = Non \ (NG UNR)

n,m

Hence the set of filiform Lie superalgebras is an open set of the variety
of nilpotent Lie superalgebras (see [5]).

3 Classifications of filiforms over C in low
dimensions

3.1 Adapted basis
Like for the filiform Lie algebras [9], there exists an adapted bases of a
filiform Lie superalgebra:

Proposition 3.1. Let G = Gy & Gy be a filiform Lie superalgebra with
dimGy = n+1 and dimG; = m. Then there exists a bases
{Xo0, X1,... X, Y1,Ys,... Y} of G with X; € Gy and Y; € Gy such that:
[X07Xi] = X’i-‘rl 1 S { S n— 17 [X07Xn] = 07
[Xl,XQ] eCXy+C X5+ ---+C.X,;
[(X0,Yi]|=Yi1 1<i<m-—1, [Xo,Yn,]=0.
Such basis are called adapted.

Proof. Let grG € F;, », be a graded filiform lie superalgebra. The lower
central series implies the following graduations:

grGo =Wy e Wi e e W, ,
grG =WioWya---awl
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with dile0 = 2, dimI/ViO =1for2<i<n-—1and diijl =1 for
1 <j <m—1. Then we have [W?, W] = W, | and [W?, W} =W}, .
Let z; € I/ViO and y; € le be non zero elements, then if w € W},

7%‘] (w) Tit1
[w, 5]

(W) yj+1

[w, 2] = ]
_ 1
= )‘j
the maps w — A?(w) and w — /\jl-(w) are non zero linear forms on W},

because [W7, W] = W, and [WY, le] - Vleﬂ-

As the field is C, there exists zo in W{ such that \?(w) # 0 for 1 <
i1 <n-—1and )\}(w) # 0 for 1 < j < m—1. Hence it exist a bases
Xo, X1,..., X, and Y3,Ys,...,Y,, with X; ( resp. Yj) multiple of x;
(resp. y;) such that:

[X(),XZ‘] = Xi—l—l for 1 S 7 S n—1

(X0, Y] =Yjpifor1<j<m-—1

[Xl,XQ] =a Xz foraeC
Substitute X by X1 —a X we get the adapted bases of grgG:

[Xo,Xi] = XiJrl for 1 S 7 S n—1

[Xo,Y'] :}/j-i-l for 1 S] <m — 1

[X1,X5] =0

If the Lie superalgebras is not graded, then we introduce a graded Lie
superalgebra, as it was done for Lie algebras in [9]. ]

3.2 Adapted changes of basis

Definition 3.1. Let f be a graded change of bases of a filiform Lie
superalgebra G. f is an adapted changes of bases if f is Lie superalgebra
homomorphism and if the image of an adapted bases of G is an adapted
bases.

Proposition 3.2. Let G = Gy ® Gy be a filiform Lie superalgebra. Let
f = fo+ f1 be an adapted change of basis of G. Then fo is an adapted
change of bases of the filiform Lie algebra Gy and f1 satisfies:
{fl(Yl)—dl Yi+dy Yo+ +dp Vi
[Y) =[fo(Xo), A(Yim1)] 2<i<m
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with the condition:
m—1

d [T 45 #0
j=1
where the A;’s are defined by:

7—1 n—k
Aj=ag+ ) (- Y airitkark
k=0 =1

and the product of G is given in the adapted bases by
X%)ﬁ }:725 s 1<e<n

Proof. The proof can be found in [3]. We give a sketch of it.
First, we establish that fy is an adapted change of bases for Lie
algebras as in [4]. The we set:

fO(XO):CLO Xo+ar X1+ ...a, X,
fl(Yl):dlyl-i-dg Yo+ ...dw Y

and assuming f(Y;) = [f(Xo), f(Yi—1)] for 2 < t < m we prove by
induction on ¢ that:

Yt_d1HA Yt—i—ZdY

p>t+1

This implies that f1(Y,,) = d1 [5 ' A, Y;,. For this vector to be
non zero, we must have d; Hp: = 0 This prove that

f(Yy) —d1HA Yt—i—ZdY

p>t+1

start we a non zero componant on Yz, and then the images of the vectors
Y; by f form a bases.

Conversely, let fy be an adapted change of bases of filiform Lie alge-
bras. Then the map f = fo + fi, with f; given by:

fl(YI):dl Yi+dy Yo+ ...dy, Yo
(Y5 = [fo(Xo), 1(Yic1)] 2<i<m
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and the condition:

m—1
d [T 45 #0
j=1
is an adapted change of basis. |

3.3 Classification in low dimensions

We have a description of the products of the filiform Lie superalgebras
on Fi . There exists two types:

(1)
[X07}/ji]:}/:i+la 1§Z§m71
[Yi,}/}]:(—l)%am Xy, ifi+jevenand 2<i+j<m+1
2

the other products vanish.

(2)
(X0, Yi] =Yip1, 1<i<m—1
m
[X1,Y,] = ZTSY;+7"*1 with s+r—1<m
s=2

the other products vanish.

Using adapted changes of bases, like it was done for Lie algebras in [4],
we can eliminate the parameters @iy, .
2

Theorem 3.1. Every filiform Lie superalgebra of F1 ,, which is not a Lie
algebra is isomorphic to one of the following filiform Lie superalgebras:
(X0, Vi = Yies, 1<i<m—1
[Yi, Yop—i] = (=) 'X; 1<i<k
withl <k<z4+1lifm=2z4+1and1 <k<zifm=2z
Proof. We can assume that every non trivial filiform Lie superalgebra
with 1 <p < k — 1 is isomorphic to:
(X0, Yi] =Yip1, 1<i<m—1
Y;, Yop—i] = (D" "Xy 1<i<k
imj

Yi, Y] = (=1) 2 aw; X1, ifi+j even and 2 < i+ j < 2(k — p)

2
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for 1 <p <k — 1. The other products vanish.
Using this change of adapted bases:

(X} =X
X =x;
ap—
Y11 =Y — (-1 1Y2zo+1

2

ag—1
Yklfp =Yip — (=1 5 Yitp

ak—1
Vi e = Yiopys — (—1)P 5 Yiip+s

we can reduce to
{XO,}/;']:)/H,L 1<i<m-1
Yi, Yopoi] = (-1)F "Xy 1<i<k
Y, Y] = (=1) 2 ai; X1, ifi+jevenand 2<i+j<2(k—p—1)

2

The other products vanish.
By induction on p, we have a complete classification. [

By using adapted changes of bases, we established the following clas-
sifications:

X1,V =Y;

[X()vyl} = }/2

) { [Y1,Y1] = X1
f173:

(1) { Xo,Vi]=Ys, [Xo,Yo]=Y;

) { {;(o,;ﬁ]_:n, [Xo, Ya] = Y3
L, =X
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(3) [X()v Yl} = }/Qa [XOa 16] - Y3
[}/27)/2] = X17 [Yh){’)} = _Xl

@) (X0, Y1]=Ys, [Xo,Y2]=Y3
X1,V =Y, [X1,Y5]=Y3

(5) [X07 Yl} = }/27 [X07 Yé] = Y3
(X1,Y1]=Y3

(6) [X07 Yl} = }/Qa [XOa 16] - Y3
[leifl}:)é—’—l/})a [X17Y2]:}/3

Fia

(1) { [X()ayl] - 1/’27 [X07Y2} = Y37 [XOaYé] = Y4

(2) [X07 YI} - }/27 [X(]7 YQ] - Y37 [X()7Y3] = YZL
Y1,Y1] = X4

(3) [Xo,Yﬂ - }/27 [XOaYQ] = Y37 [X07Y3] = }/4
Yo, Yo] = Xy, [Y1,Y3]=—-X;

(4) [XO7Y'1} _}/27 [X()a}/é] :Y?)a [X07Y3] :Y;L
X1,V =Ys, [X1,Y5]=Ys, [X1,Y3]=Y)

(5) [X(),Yﬂ - }/27 [X07Y2] = Y37 [X07Y3] = YZL
(X1, V1] =Y3, [X1,Y2] =Y}

(6) [(Xo, V1] =Ya, [Xo,Yo] =V3, [Xo,Y3]=Y)
(X1, Y1 =Y,

) (X0, V1] =Ys, [Xo,Ya]=Y3, [Xo,Y3]=Y)
[X17Y1}:}/2+Y37 [X17Y2]:}/3+Y47 [X171/3]:}/4

(8) [X07Y1} = }/27 [X07Y2] - Y37 [X07Y3] = YZL
X,V =Y+ Yy, [X,Yo] =Y [X,Y3]=Y)

) (X0, V1] =Ya, [Xo,Y2]=Y3, [Xo,Y3]=Y,
X,V =Yo+Y3+2Y,, [X,Y2]=Y5+Yy, [X,Y3]=Y)

Fa2

(1) { [Xo, X1] = Xo,

[Xo, V1] =Y,
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[Xo, X1] = X, [Xo,V1]=Ys
(2) 1
[Ylaifl] = Xla [Y17}/2] = §X2
3) [Xo, X1] = X2, [Xo,Y1] =Y>
Yl,Yl
(4) X07X1 X27 [X07Y1] :}/2
(X1, 1] =
5) [Xo, X1] = X, [Xo,Y1]=Y>
X17Y1 }/2, [Ylvyl} :X2
Fas
(1) { X07X1 X27 [X07Y1] :YQa
©) [Xo, X1] = Xo, [Xo,Y1] = Yo,
lei/l )/27 [Xla}/Q] :Y3
3) [Xo, X1] = X27 [Xo, V1] = Yo,
leyl
(4) X07X1 X?a [X())Yl] :)/27
[(X1,Ys] = —Y;, [Xp, V1] =Y3
(5) [Xo, X1] = Xo, [Xo,Y1] =Ya,
X17Y1 }/2 +Y37 [X17Y2]
(6) X07X1 XQ& [X())Yl] = 1f27
leifl )/27 [XQaYI] :Y3
) [Xo, X1] = Xo, [Xo,Y1] =Ya,
X17Y1 _2}/27 [X17Y2} :Y37
(8) XOle XQ, [X07Y1] = }6,
Y17Y1
[Xo, X1] = Xa, [Xo,Y1] = Yo,
9) (X1, V1] = Y2, [X1,Y3] = Y3
Y17Y1
471

=Y,

[(X0,Y2] =Y3
[(Xo,Y2] = Y3
[X0,Y2] =Y3
[(Xo,Y2] = Y3
[X0,Y2] =Y3
[X0,Y2] =Y3
[X0,Y2] =Y3
(X2, V1] =Y5
[X0,Y2] =Y3
[Xo,Y2] = Y3
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[Yla Y3] - _X27 [Y27 Y2} - X2

REVISTA MATEMATICA COMPLUTENSE

(X0, X1] = X, [Xo, V1] =Y, [Xo,Y2]=Y3
(10) [X1,Y1]=Y;
[H,Yl] - X2
[Xo, X1] = X2, [Xo, V1] =Yz, [Xo,Y2]=Y3
(11) [Xl,Yl :Y2+Y37 [X17Y2] :YS
[Ylaifl] = X2
(12) (X0, X1] =Xo, [Xo,Y1]=Y2, [X0,Y2]=Y3
[Y17Y3] = _X27 [}/27}/2] = X2
[XO?Xl] = X27 [XOaYI] = Y27 [XOa)/2] = Y3
(13) (X1, ] =Y, [X1,Y2]=Y3
[Y17}/3] = _X27 [}/vaYQ] = X2
[(Xo, Xu] = X, [Xo, V1] =Y, [Xo,Ya] = Y3
(14) 1
[E?Yi]lea [}/17}/2]25)(2
[Xo, X1] = X, [Xo, V1] =Ya, [Xo,Y2]=1Y3
(15) [XI)}/Q] - _}/3) [X271/1] - Y3
1
[Yhyl] = le [Yh}/Q] = §X2
(X0, X1] = X, [Xo, V1] =Y2, [Xo,Y2]=Y3
(16) 1
[Ylvyl] = le [Yla}/?] = §X27
.7'-3722
(1) { [Xo,X1] = X2, [Xo,Xo]=X3, [Xo,Y1]=Ys
[Xo, X1] = Xo, [Xo, Xo] = X3, [Xo,Y1]=Y2
(2) 1 1
[iflﬂyl] = Xl? [Y17}/2] = §X23 [Y27}/2] = §X3
[Xo, X1] = Xo, [X0,Xo] =X3, [Xo,Y1]=Y3
(3) 1
[i/laYVI] — XQa [}/17}/2] - §X3
(4) [X07X1] - X23 [X07X2} = X33 [X07Y1] = }/2
Y1, 1] = X3
(5) [X07X1] - XQa [X07X2} = XSa [X07Y1] = }/2
X1,V =Y;
472
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[X()le] = XQ,
©) { X1, Y1) = Y,
Fap
(1) { [Xo,X1] = Xa,
) [Xo, X1] = Xo,
@ Y1, V1] = Xo,
[Xo, X1] = Xo,
(3) [Yhyl] - X37
[X07X1] - X27
@ { Vi Vi) = X,
[Xo, X1] = Xo,
®) { X1, Yi] = Y
[Xo, X1] = Xo,
©) { (X1, Y1) = Ya,
[Xo, X1] = Xo,
0 { X0, Xs] = X,
[Xo, X1] = Xo,
8
®) (X1, X5] = Xy,
[Xo, X1] = Xo,
& { X0, Xs] = X,
[Xo, X1] = Xo,
(10 { (X1, Xo] = Xy,
(X0, X1] = Xo,
(D { (X1, Xo] = Xy,
Fs2
[Xo, X1] = Xo,
M { [Xo,Y1] = Y5
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[X07X2} - X3a
[Ylvifl} = X3
[Xo, Xo] = X3,
[Xo, Xo] = X3,
1
Y1,Ys] = §X37
[Xo, Xo] = X3,
1
[Y1,Ys] = §X4
[XOvXQ} - X37
(X0, Xo] = X3,
(X0, Xo] = X3,
[Ylvyl} = X4
(X0, Xo] = X3,
[Xo, Xo] = X3,
[Y1,Y1] = X3,
(X0, Xo] = X3,
Y1, 1] = X4
(X0, Xo] = X3,
(X1,Y1] =Y,
(X0, Xo] = X3,
[(X1,Y1] =Ya,
[Xo, Xo] = X3,
473

[XOaYI] - Yé

[Xo, X3] = X4,
[Xo, X3] = X4,

1

Y5, Y] = §X4
[Xo, X3] = X4,
[Xo, X3] = X4,
[Xo, X3] = X4,
[Xo, X3] = X4,
[Xo, X3] = X4,
[Xo, X3] = X4,

1
Y1, Yo] = 54

[Xo, X3] = Xy,
[Xo, X3] = Xy,
[Xo, X3] = X4,
Y1, V1] = X4
[Xo, X3] = X4,

REVISTA MATEMATICA COMPLUTENSE

Xo, V1] =Y,
X0, 1] =Y,
(X0, V1] =Y>
(X0, V1] =Y,
[Xo, V1] =Y,
X0, V1] =Y,
[Xo, V1] =Y>
[X07}/1] - Y2
[Xo, V1] =Y,
[Xo, V1] =Y,
[Xo, V1] =Y,
[Xo, X4] = X5
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(2)

— N —— ——/

[X07X1] = X27
[Xo, Y1] =Y>

D/layrl] = X3a

[Xo, X1] = Xo,
[X07Y1] = }/2

[Y17 Yl] = X47

LOW-DIMENSIONAL FILIFORM LIE SUPERALGEBRAS. ..

[Xo, Xa] = X3,
1
Y1,Ys] = §X4,
[XOaXQ] = X37
1
Y1,Ys] = §X5
[Xo, Xo] = X3,
[Xo, Xo] = X3,
[Xo, Xo] = X3,
Y1,Y1] = X5
[Xo, Xo] = X3,
[Xo, Xo] = X3,
[Y1,Y1] = X3,
[Xo, Xo] = X3,
[Ylv Yl} = X47
[Xo, Xo] = X3,
[Y1,Y1] = X5
[Xo, Xo] = X3,
(X1, Y1) =Y,
474

(X0, X3] = X4,

1
[Y2,Ys] = 5Xs

[X03X3] = X4a

[Xo, X3] = X4,

[X07X3] = X4a

(X0, X3] = X4,

[Xo, X3] = X4,

[X07X3] = X4a

Y1, Y] = £ X4,

[Xo, X3] = X4,

[Y1,Y2] = - X5

(X0, X3] = X4,

[Xo, X3] = X4,

REVISTA MATEMATICA COMPLUTENSE

[Xo, X4] = X5
[Xo, Xu] = X5
[Xo, X4] = X5
[Xo, Xu] = X5
[Xo, X4] = X5
[Xo, X4] = X5
[Xo, Xu] = X5

1
[Ya,Yo] = 5%s

[Xo, X4] = X5
(X0, X4] = X5
(X0, X4] = X5
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Xo, X1] = Xo,  [Xo, Xo] = X3, [Xo,X3] =X4, [Xo,X4]=X5

(12) ¢ [Xo, V1] =Y2

X1, X0l =X5, [Xi,1] =Y, [V1,Y1]=X;5

Xo, X1] = X,  [Xo, Xo] = X3, [Xo, X3] =Xy, [Xo,X4]=X5
(13) Xo,Y1] = Y2

X1, Xo] = Xy, [X0,X3] = X5, [X1,X4] =—X5, [X2, X53]=X5

Xo, X1] = X,  [Xo, Xo] = X3, [Xo,X3] =Xy, [Xo,Xu]=X5
(14) Xo, V1] =Ys

X1, Xo] = Xy, [X1,X3] = X5, [X1,Xu]=—X5, [Xo, X3]=X5

Yi,Yi] = Xs

Xo, X1] = Xo,  [Xo, Xo] = X3, [Xo, X3] =Xy, [Xo,X4]=X5
(15) Xo, V1] =Y

X1, Xo] = Xy, [X1,X3] = X5, [X1,Xu] = X5, [Xo, X3]= X5

X1,V =Y,

Xo, X1] = Xo, [Xo,Xo] = X3, [Xo,X3] =Xy, [Xo,X4]=X;5
(16) Xo, V1] =Ys

X1, Xo] = Xy, [X1,X3]=X5, [X1,Xy]=—-X5, [Xo, X3]=X;5

X1,V =Ys, [Vi,V1]= X5

Xo, X1] = Xo,  [Xo, Xo] = X, [Xo, Xs] = X4, [Xo, Xa] = X5
(17) Xo, V1] =Y

X1, X4 = —X5, [Xo,X3]=X5

0, X1] = Xo, [Xo,Xo] = X3, [Xo,X3] =Xy, [Xo,X4]=X;5

1L, Xy] = X5, [Xo, X3]=X;5, [Y1,1]=X5
0, X1] = Xo, [Xo,Xo] = X3, [Xo,X3] =Xy, [Xo,X4]=X;5

al=—Xs5, [Xo,X3]=X5, [X1,V1]=Y,
0, X1] = Xo, [Xo,Xo] = X3, [Xo,X3] =Xy, [Xo,X4]=X5

4l = X5, [Xo, X3]=X5, [Xi,V1]=Ys, [Y1,Y1]=X;5
0, X1] = Xo, [Xo, Xo] = X3, [Xo,X3] =Xy, [Xo,X4]=X5
0, Y1] = Y5

X1, Xyl = X5, [Xo, X3]=X;5, [Xi,Y1]=-Y;

_
L
—_— N —— —— —/
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(22)

(23)

(25)

(26)

(28)

(29)

[X()aXl] :X27
[Xo, Y1] = Yo,
[ X2, X3] = X5,
[XOaXl] :X27
(X0, V1] =Y,
[X17X4] = _X57
[Xo, X1] = Xo,
[X07Y1] :}/2
(X1, Xo] = X5,
[Xo, X1] = Xo,
[X()aYl] _}/2
(X1, Xo] = X5,
[Y1,Y1] = X5
[Xo, X1] = Xo,
[X()aYl] :}/2
(X1, Xo] = X5,
(X1, Y1) =Y,
[Xo, X1] = Xo,
[Xo, 1] =Y,
(X1, Xo] = X5,
[Xlayl] _Y27
[Xo, X1] = Xo,
[Xo, V1] =Y,
[XlaXQ] _X57
(X1, 1] =-Y,
[X07X1] _X27
(X0, V1] =Y,
[XlaXQ] _X57
[Xl,Yl] - _}/2)

LOW-DIMENSIONAL FILIFORM LIE SUPERALGEBRAS. ..

[Xo, Xa] = X3,
(X1, X4l = —X5
[Xla}/l] = _}/27
[Xo, Xo] = X3,
[X27X3] = X57
[Xo, X2] = X3,

(X1, X4] = — X5,

[Xo, Xo] = X3,

(X1, X4] = — X5,

[Xo, Xo] = X3,

(X1, X4] = — X5,

[Xo, Xo] = X3,
(X1, X4] = — X5,
Y1, V1] = X5
[Xo, Xo] = X3,
[XI;X4] = _X57
[Xo, Xo] = X3,
[XlaX4] = _X57
[Y17Y1] = X47
476

[Xo, X3] = X4,
[Y1,Y1] = X4,
[Xo, X3] = X4,
[X1,Y7] = —Y5,
[X03X3] = X45
[Xo, X3] = X5
[Xo, X3] = X4,
(X2, X3] = X5
[X07X3] = X4a
(X, X3] = X5
[XOaX3] = X4a
[Xo, X3] = X5
[Xo, X3] = X4,
[Xo, X3] = X5
[Xo, X3] = X4,
(X2, X3] = X5
1
[Y175/2] = §X5

REVISTA MATEMATICA COMPLUTENSE

(X0, X4] = X5

1
[Y1,Ys] = §X5

[Xo, X4] = X5
Y1, 1] = X5
(X0, X4] = X5
(X0, X4] = X5
(X0, X4] = X5
(X0, X4] = X5
(X0, X4] = X5
[Xo, X4] = X5

(2001) vol. XIV, num. 2, 463-478
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[(Xo, X1] = Xo, [Xo,Xo] = X3, [Xo,X3] =Xy, [Xo,Xu]=Xs
[Xo, V1] =Y>

(X1, Xo] = X5, [X1, Xy = X5, [X2,X3]=X5

(X1, V1] = =Ys, [V1,Y1] = X5

(30)

(X0, X1] = X, [Xo,Xo] = X3, [Xo,X3] =Xy, [Xo,X4]=X5
(31) [Xo,Y1]=Y;

(X1, Xo] = Xy + X5, [X1,X3] = X5, [X1,Yh]=-2Y

[Xo, X1] = X, [Xo, Xo] = X3, [Xo,X3] =Xy, [Xo,X4]=X5
(32) [Xo,Y1]=Y>

(X1, Xo] = Xy + X5, [X1, X3] = X5, [ X1, V1] = =2Y5, [V, 1] = X5

[Xo, X1] =X, [Xo,Xo] = X3, [Xo,X3]=X4, [Xo,Xu]=2X5
(33) [X()aYl] = }/2
(X1, Xo] = X4, [X1,X3]=X5, [X1,X4]=—-X5, [Xo,X3]=X5
[Xlayl] - _}/2
[XOa Xl] = X27 [XOaX2] = X37 [XOaX3] = X4; [X07X4] - X5
(X0, V1] =Y,
(34) (X1, Xo] = Xy, [X1, X3] = X5, [X1, Xu] = X5, [Xo, X3]= X5
1
(X1, Y1) =-Y,, V,i]=X,, [V,Y2]= §X5
(X0, X1] = X, [Xo,Xo] = X3, [Xo,X3] =Xy, [Xo,X4]=X5
(35) [Xo, V1] =Y,
[X17X2] = X47 [XI;XB] = X57 [X17X4] = _X57 [XZ;XS] = X5
[Xlayl] :*Y'?; [Ylayl] :X5
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