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ON THE SINGULAR NUMBERS FOR SOME
INTEGRAL OPERATORS

A. MESKHI

Abstract

Two-sided estimates of Schatten—von Neumann norms for
weighted Volterra integral operators are established. Analogous
problems for some potential-type operators defined on R™ are
solved.

Let H be a separable Hilbert space and let 0. (H) be the class of
all compact operators T' : H — H, which forms an ideal in the normed
algebra B of all bounded linear operators on H. To construct a Schatten-
von Neumann ideal o,(H) (0 < p < 00) in 0s(H), the sequence of
singular numbers s;(7') = A;(|T]) is used, where the eigenvalues \;(|T])
(|T| = (T*T)"/? ) are non-negative and are repeated according to their
multiplicity and arranged in decreasing order. A Schatten-von Neumann
quasinorm (norm if 1 < p < 00) is defined as follows:

/
Thoyan = (3o 52) " 0<p< o0,
J

with the usual modification if p = co. Thus we have [T, ) = [T
and ||T'[| 5, () is the Hilbert- Schmidt norm given by the formula

Tl = ([ [ 17160 Pdsdy) ™ )

for an integral operator

Tf(x) = / Ty (2, y)f (4)dy.

We refer, for example, to [2], [6], [7] for more information concerning
Schatten-von Neumann ideals.
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In this paper necessary and sufficient conditions for the weighted
Volterra integral operator

K, f(z) = v(z) /0 " f)k(x.y)dy, = € (0,a),

to belong to Schatten-von Neumann ideals are established, where v is a
measurable function on (0,a) (0 < a < 00).

Two-sided estimates of Schatten-von Neumann p-norms for the weighted
Riemann-Liouville operator

Runf(t) = v(x) /0 ") (@ — 0,

when o > 1/2 and p > 1/a, were established in [13] (for @ = 1 and
p > 1 see [14]). Analogous results for the weighted Hardy operator

Hyuf () = v(2) /O " () £ (y)dy

were obtained in [3]. Similar problems for the Riemann-Liouville oper-
ator with two weights

Reonf (2) = () /0 " u(t) f(8) ( — 1),

when o € N and p > 1, were solved in [4]. Further, upper and lower
bounds for Schatten-von Neumann p-norms (p > 2) of certain Volterra
integral operators, involving Rg ., only for o > 1, were proved in [4]
and [18].

Our main goal is to generalize the results of [13] and [14] for
integral transforms with kernels and to give two-sided estimates of the
above-mentioned norms for these operators in terms of their kernels.

We denote by L, (), & C R", a weighted Lebesgue space with
respect to the weight w defined on ).

Throughout the paper the expression A ~ B is interpreted as ¢ A <
B < 9 A with some positive constants ¢; and co.

Let us recall some definitions from [10] (see also [8]).

We say that a kernel k: {(z,y) : 0 <y < x < a} — Ry belongs to
V (k € V) if there exists a positive constant d; such that for all x,y, 2
with 0 < y < 2z < x < a the inequality

k(z,y) < dik(z, 2)
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holds. Further, k € V) (1 < A\ < o0) if there exists a positive constant
dy such that for all z, x € (0,a), the inequality

/ KN (2, y)dy < doxk™ (z,2/2), N =—"—.
z/2

is fulfilled.
For example, if ki(z) = 2*~!, where % < a < 1, then k(z,y) =
ki(x —y) belongs to V NV, (for other examples of kernel k see [10], [8]).
First we investigate the mapping properties of K, in Lebesgue spaces.

The following statements in equivalent form were proved in [10] (see
also [8], [11]).

Theorem A. Let 1 <p < g <o0,a=00 andlet kc VNV, Then
(a) Ky is bounded from LP(0,00) into L1(0,00) if and only if

27+1 1
D, = sup D (j) = sup (/ kq(x,x/2)xQ/p,\v(x)|qu) ! < oo,
JEZ JEZ 27
Moreover, ||Ky|| = Doo.
(b) K, acts compactly from LP(0,a) into L1(0,a) if and only if Doo <
oo and lim Do (j) = lim Dy (j) = 0.
J—+00 J——00

Theorem B. Let 1 <p<g<oo,a<oo andletkecV NV, Then
(a) K, is bounded from LP(0,a) to L4(0,a) if and only if

274a 1
D, =sup D,(j) = sup (/2 ]v(x)|qk:q(x,x/2)xq/p/d$> ! < oo

>0 >0 \Jo-GHng
Moreover, ||K,|| = D,.

(b) K, acts compactly from LP(0,a) into L9(0, a) if and only if Dy <
oo and lim D,(j) = 0;
J—+00

Analogous problems for the Riemann-Liouville operator for o > 1/p
were solved in [9] (For boundedness two-weight criteria of general inte-
gral operators with positive kernels see [5], Chapter 3).

Let 0 < a < oo, k:{(z,y) : 0 <y <z <a} — RL be akernel and
let ko(x) = zk?(z,2/2).
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We denote by IP(L (0,a)) the set of all measurable functions g :
(0,a) — R! for which

B on+1 2 . p/2\ 1/p
gl (2 (0.00)) = > l9()|"ko(z)dz <

nez "

if @ = oo and

I 27"a ) p/2\ 1/p
ooz 0o = (3 ([ la@)Phoalds) ) < oo

"0 (n+1)q

if a < oo, with the usual modification for p = oo.

We shall need the following interpolation result (see, e.g., [19], p
147 for the interpolation properties of the Schatten classes, and p. 127
for the corresponding properties of the sequence spaces. See also [1],
Theorem 5.1.2):

Proposition A. Let 0 < a < oo, 1 < po,p1 < 00, 0 < 0 < 1,
1 _ lp;oe + pil. If T is a bounded operator from lpi(LiO(O 2)) into
(Lk,

; (0,a))

0p,(L?(0,a)), where i = 0,1, then it is also bounded from [P
into o,(L*(0,a)). Moreover,

%
||THlP(L2 )—op(L2) = HTHlpo L2 ‘)Upo(L2)||T”lpl(LiO)4)o.Pl(L2)'

The next statement is obvious when p = co; and when 1 < p < oo it
follows from Lemma 2.11.12 of [15].

Proposition B. Let 1 < p < oo and let {fi}, {gr} be orthonormal
systems in a Hilbert space H. If T € o,(H), then

/
Tloyiiry 2 (31T Fusgnl?)

Now we prove the main results.
In the sequel we shall assume that v € Lio (27, 27+ for all n € Z.

Theorem 1. Leta =00, 2 < p < oo and let k € VNV, Then K,
belongs to a,(L?(0,00)) if and only if v € lp(LiO (0,00)). Moreover, there
exist positive constants by and by such that

blH”le(Lgo(o,oo)) < HKUHO'p(L2(O,OO)) < b2HUHZP(L§O(0,oo))-
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Proof. Sufficiency. Note that the fact £k € V N V5 implies

I(z) = /0 " (@) dy < cho(z) (2)

for some positive constant ¢ independent of x. Indeed, by the condition
k eV NVy we have

/2 T
I(z) = / k:Q(x,y)dy + // kz(x, y)dy < crko(x) + coko(x) = csko(x).
0 x/2

Consequently, using the Hilbert-Schmidt formula (1) and taking into
account (2), we find that

o prx 1/2
1Kol oy (22(0,00)) = </0 /0 kg(fv,y)U?(ﬂU)dﬂ?dy)

([ el o[ Homin)

1/2
ZC4<Z/2n 02($)k0($)d$> =C4HUHJ2(L§O(0,OO))-
nez

On the other hand, in view of Theorem A we see that there exist
positive constants cs and cg such that

csllvlliee (2 0.00) = Hollons(z2(0,00)) = Collvllioe (2 (0,000)-
Further, Proposition A yields
1ol (22 0,000) = erllvllin((22, (0.00))-

where 2 < p < 0.
Necessity. Let K, € 0,(L?(0,00)) and let

fulz) = X[mnﬂ)(x)z—”/?,

gn(x) = U($)x1/2X[3~2n—1,2n+1)(x)k(% 55/2)04;,1/2,
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where
2n+1

= /3 o (y)ko(y)dy.

,277,71

Then it is easy to verify that {f,} and {g,} are orthonormal systems.
Further, by virtue of Proposition B (for p > 1) we have

1/p
50 > [ Kolloy (z2(00) > (ZrKfn,gn )

ne”L

:< (/:;1 </x ”/2l<:(x,y)dy>v (2)zk(z, z/2)a 1/2da:) >1/p

€Z
antt p\ 1/p
>c < ( _1/2 2_”/2k(:c,x/2)v2(x)(az—2")x1/2daz) >
nez 2n71

2ntl P\ 1/p 1/p
( < _1/2 ko($)1}2(ﬂ§)dl‘) > =y ( Z aﬁm) .
nez 3 2nt

nel
Now let
fa() = X[g.on-2 g.9n-1)(x)(3 - gn—2)1/2
and
(@) = v(2)2" Y20 g.on-1y (2)k(2, 2/2)3, "2,

3.2n—1
B = / v*(y)ko(y)dy.

n

where

Then it is easy to verify that {f},} and {g/,} are orthonormal sys-
tems. Further,

1/p
00> [ Ko o 22000 (Z\ (Kol gl )

nel

(S ([

nel

xv?(x) 2 2k(x, 2/2)3 de) )1/p
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.2n71

2@0(2 <ﬁ;1/2 /n 9~ (n=2/212(5 1 /9)0% ()

ne”L

p\ 1/p
X(zx—3- 2”_2)x1/2dm> )

> (X (502 o to(oa)dc ) ) R () "

n
nez nez

where p > 1. Consequently
ontl p/2\ 1/p 1/p
(Z ([ com@a) )" < (S +ar?)
nez " neZ

< c12l| Kollo, (£2(0,00)) T 12l Kol (22 (0,00)
§;CI3HJ(U

’gp(m(o,oo)) < 0.
]

Let us now consider the case a < co. We have the following state-
ment:

Theorem 2. Let 0 < a <00,2<p<oo andletk €V NV, Then K,
belongs to o,(L*(0,a)) if and only if v € IP(LE (0,a)). Moreover, there
exists positive constants by and by such that

blHUHZP(Lgo(o,a)) < | Kollop(z2(0,0)) < bQHUHZP(LiO(O,a))'

Proof. Sufficiency. The Hilbert— Schmidt formula and the condition
ke VNV, yield

</0avz( )ko(:v)dgg>1/2

00 92-"g 1/2
—a(X [ Pem@d) = alde oo
n=0

("+1)a,

<

¢

1
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In view of Theorem B (part (a) ) we arrive at
Hollo s (z20,0)) 2 10l (22 (0.0))-
Using Proposition A we derive
1Kl (22(0,0)) < C2H”||zp(Lg0(o,a))
when p > 2.
To prove necessity we take the orthonormal systems of functions

defined on (0,a):

(@) = Xpo-i1) g 9-ngy () (27T a) 72

and
gn(x) = v(w)xl/zx[i’:a—(n+2)a,2*"a) (l’)k(x, x/Q)O‘;l/za
where
27 "a
O
3.2=(n+2)q
and n =0,1,2,---. Consequently Proposition B yields

too 1/p
00 > 1Kol 22001 (Z |<van,gn>|p)
n=0

(B

n

T N\ 1/p
x(/ (2("+1)a)1/2k(x,y)dy>an1/2dx> >
2—(nt+1)q

0 1/p
> C3<Zaﬁ/2> .

n=0

If we take the following orthonormal systems:

fula) = X[3-2=(n+3)g,3.2-(n+2)q) (2)(3 - 27(n+3)a)71/27

1/2 —-1/2

gn(z) = v(z)z X[2*<n+1>a,3~27("+2)a)(x)k(x7x/2)/8n )
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where

3.2=(n+2)q
8, = /2 o (y)ko(y)dy,

—(n+1)q

then we arrive at the estimate

o0 1/p
1 Kollo,(£2(0,0)) = C4<Zﬁﬁ/2> :
n=0

Finally we have the lower estimate for || Ky |5, (22(0,a))- |

Remark 1. It follows from the proof of Theorems 1 and 2 that the
lower estimate of || Ky ||, (£2(0,a)) holds for 1 <p < oco.
Now we formulate and prove the next statement.

Proposition 1. Let 1 < p < oco. Then
HUHlp(LgO(o,oo)) ~ J(v,p),

where

e =[] / v2<y>k2<y,y/2>dy)p/2xp/2—1dm> "

Proof. We have

antt ) p/2\ 1/p
loloisz,omn = (X ([ oatalas) )

neL "

2n+1

< <Z (/ vQ(:c)kQ(x,x/Q)dx>

ne”L

p/2 1/p
2(n+1>p/2>

2n+1

_ 01<Z < / ) v2(:n)k:2(:c,:z:/2)dm>p/22”p/2>l/p

nez
2n+1 2n+1

SC?(% /2 y”/21< / vQ(x)kQ(x,x/2)d:c>p/2dy>1/p

2n+1

- 2y ) ) p/2 1/p
<o Yy V(@) (z,x/2)de ) dy) = cad (v,p).
21’L
neL y/2
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To prove the reverse inequality we observe that

2n+1

> / ) yp/21< /y jin(a:)k:Q(x,x/2)da;>p/2dy> v

nel

J(%p):(

2n+1 2n+2

< (Z < / ) yp/Q—ldy> < /2 v2(x)k2(x,x/2)dx>p/2)l/p

neL

n

< ¢ < > 2 ( /;1 v (@)K (x, x/2)dm>p/2> "

nez
2n+1

+03<22"P/2< / ) v2(m)k2(m,x/2)dm)p/2> v

nez
2n+2

) ) ) p/2\ 1/p
+C3(sz’/ ( | e <x,x/2>da:) ) < sz 000

neL
[ |

From Theorem 1 and Proposition 1 we easily derive the following
statement:

Theorem 3. Let 2 <p < oo andletk € VNVy. Then

1Kol (£2(0,00)) = J (V5 D).

A result analogous to Theorem 1 was obtained in [13] for the Riemann-
Liouville operator R, ,, assuming that o > 1/2 and p > 1/a (see [14]
fora =1 and p > 1).

Let us now consider the multidimensional case. In particular, we
shall deal with the operator

B ()=o) [

ly|<|=|

a—f(y)dy, o>0,

where v is a Lebesgue-measurable function on R with v € L?({2" <
ly| < 27F1}) for all n € Z (for the definition and some properties of
B, ., where v = 1, see, e.g., [16], Chapter 7, and [17], Section 29).
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Let w be a measurable a.e. positive function on R™. We denote by
IP(L2(R™)) a set of all measurable functions ¢ : R” — R! for which

el (12 @) = (Z ( / soZ(x)w(x)dw)W)l/p < oo.

REZ "ok 2] <2k +1

The next result is from [19] (pp. 127, 147).

Proposition C. Let 1 < pgy, p1 < oo, 0 <0 <1, % = 17—09_'_ p%. If T is
a bounded operator from IPi(L2,(R™)) into oy, (L2,(R™)), where i = 0,1,
n

then it is also bounded from IP(L2,(R™)) into o,(L*(R™)).
)

In the sequel we shall use the notation lp(Lfm‘B(R”) = lp(L%(]R”)).
First we formulate some statements concerning the mapping prop-
erties of BY .

Theorem C ([12]). Let 1 < p < ¢ < o0, a >
boundedly from LP(R™) into L1(R™) if and only if

%. Then B, acts

1/q
F =sup F(j) = sup ( / \v(x)|q|x|q(2a_n/p)dx> < 00.
jez jez

27 <|x|<2i+1

Moreover, HB?(_’UH ~ F.

The following result can be obtained in the same as Theorem 5 from
[12], therefore we omit the proof (see also [11]).

Theorem D. Let 1 < p < q < coand let o > %. Then BY ,, acts com-
pactly from LP(R™) into LY(R™) if and only if F < co and lim F(j) =
j——00
lim F(j) = 0.

jFoo
Now we state and prove the following Theorem:
Theorem 4. Let 2 < p < oo and let oo > n/2. Then BY , € o,(L*(R™))

if and only if v € IP(L2,,_,,(R™)). Moreover, there exist positive constants
b1 and by such that

billollwzz @ey) S 1B ulloyz2@ny) < b2llvllmze — @ny)-
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Proof. For sufficiency, we use the Hilbert-Schmidt formula (1) and the
condition o > 5. Thus,

2 2\ 2 1
. ) (1o = [y12) :
182 oz = ([ ) [ St

R |yl <|=|
1
<o fupr@( [ lo-slem2ay)a)
R |yl <|z|
3 o 1
§02</|x’4a%2(;c)dx> :02( Z ai>27
B k=—o0
where
1/2
ap = |z[* " % (2)da

Moreover, using Theorem C we arrive at the following two-sided inequal-
ity:

c3l[vllio(zz @)y < HBi,UHUm(Lz(Rn)) < callvllioo(zz _ (mmy),
By Proposition C we conclude that
HB—?—,UH%(Lz(Rn)) <cs HU”lP(Lia_n(R")) ’ 2< D < 0.

Now we prove necessity. For this we take the orthonormal systems { fx}
and {gx}, where

[N

fe(z) = X{Qk—2<|y‘<2k—1}(x)2_(k_2)n/2 AL

D=

201 -
gi(z) = X{QkS|y|<2k+l}($) 2|72 v(z)ey, 2,

An = (2" — 1)7/2/T(n/2 4+ 1) and

ap = / 02 (2) |x[** " d.

2k < || <2k+1
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Then in view of Proposition B we have

o0 > ||B$,’L)||JP(L2(RTL)) > 66<Z (ak1/2 / v2($)‘$|2a*%

kez 2k < || <2k+1

1
" ( / (|z]? — |y\2)a2_(k_2)n/2dy> d$>p) »

|z —y["
2k—2<|y‘<2k—1

1/p
2
> e (Z o/ ) = crllvll ez, @)

kEZ
which completes the proof. [

The following result is also true:

Theorem 5. Let 2 < p < oo and let oo > n/2. Then B, € o,(L*(R™))
if and only if

p/2 5
I(v,p,a) = </< / v2(y)]y|4°‘_2”dy> |x\”p/2_"dx> < 0.

n
R Ll cjyl<2fal
Moreover,

cal(v,p,a) < HBiUH < el (v,p, )

op(L2(R™))
for some positive constants c1 and co.

Proof. Taking into account Theorem 4, the statement will be proved if
we show that

[0llwrz, @y = I(v;p,a).
Indeed, we have

p/2 .
loloiss, o < (X ([ colalteac) 2tz

da—n

KEZ "ok <|g] bt
/2 ) s p/2 1/p
np/2—n Q—2n
—n(X [ ([ R )
kEZ
2k <Jy| <2k gl <lal<2lyl
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=bi1(v,p, ).
The reverse inequality follows similarly. [
Remark 2. Some results of this paper were announced in [11].
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