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Abstract

We extend to the case 1 < p the results obtained by Geymonat
and Krasucki for p = 2 on the characterization of the traces of
W 2,p(Ω) for a bounded Lipschitz domain.

The object of this note is to give a characterization of the traces
of the Sobolev space W 2,p(Ω) when Ω ⊂ R

2 is a connected bounded
Lipschitz domain (possible not simply connected). Denote with γ0 the
trace operator (see its precise definition below) and with ∂n the normal
derivative on the boundary Γ of Ω. When Γ is smooth it is known that
the range of the operator ψ �−→ (γ0(ψ), ∂nψ) is W 2−1/p,p(Γ)×W 1−1/p,p.
In the Lipschitz case, Geymonat and Krasucki [4] considered the case
p = 2 and proved that (g0, g1) ∈ H1(Γ) × L2(Γ) is in the range of this
map if and only if (∂tg0)n− g1t ∈ H1/2(Γ), where n is the exterior unit
normal and t = (−n2, n1) is the tangential unit vector on Γ, which are
defined almost everywhere since Ω is Lipschitz. In this work we extend
the result of [4] to the case 1 < p. Our argument is different from that
in [4] and is based on the existence of a continuous right inverse of the
divergence operator on W 1,p

0 (Ω) which is a known non trivial result.
Let Γj , j = 0, . . . ,m be the connected components of Γ, where Γ0

is the exterior component. For a scalar function ψ we write
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curlψ = ( ∂ψ
∂x2

,− ∂ψ
∂x1

). We recall that the trace operator ψ �−→ ψ|Γ, de-
fined for regular functions ψ, has a continuous extension γ0 from W 1,p(Ω)
onto W 1−1/p,p(Γ), where

W 1−1/p,p(Γ) = {φ ∈ Lp(Γ) :
∫

Γ

∫
Γ

|φ(x) − φ(y)|p
|x − y|p dx dy < ∞}

Moreover, γ0 has a continuous right inverse that we will call E, i.e.,
γ0(Eφ) = φ (see [2, 7]). To simplify notation we will also write γ0(v) =
(γ0(v1), γ0(v2)) for vector fields v ∈ W 1,p(Ω)2.

If Ω is multiply connected,

W 1−1/p,p(Γ) =
m∏

j=0

W 1−1/p,p(Γj)

For 1 < p < ∞, the space

W−1/p,p(Γ) =
m∏

j=0

W−1/p,p(Γj)

is the dual space of W 1/p,q(Γ) = W 1−1/q,q(Γ), where q is the dual expo-
nent of p.

The linear map v �−→ v|Γ·n defined for smooth vector fields v admits
a continuous extension

γn : W p(div , Ω) −→ W−1/p,p(Γ)

where
W p(div , Ω) = {v ∈ Lp(Ω)2 : divv ∈ Lp(Ω)}

Indeed, given φ ∈ W 1−1/q,q(Γ) we set

〈γn(v), φ〉 =
∫

Ω
Eφ divv +

∫
Ω
∇Eφ · v

For v ∈ W p(div , Ω) given, the right hand side defines a continuous
linear operator on W 1−1/q,q(Γ) and, by density, it is easy to see that it
does not depend on the extension use. Therefore γn(v) is well defined.
For the sake of clarity, we will write v · n = γn(v) also for functions in
W p(div , Ω).
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A basic tool for our results is the existence of a stream function for
a non smooth divergence free vector field on a Lipschitz domain. This
will be proven in Theorem 1 below. The existence of a stream function
is easy to prove for a divergence free vector field with compact support
defined in R

2. This is shown in the next lemma.

Lemma 1. Let 1 ≤ p ≤ ∞. If v ∈ Lp(R2)2, v has compact support and
divv = 0 then, there exists ψ ∈ W 1,p(R2) such that

curlψ = v

Proof. Let G be the fundamental solution of the Laplace operator and
define ψ as

ψ(x) = curlG ∗ v =
∂G

∂x2
∗ v1 − ∂G

∂x1
∗ v2

Observe that, since the first derivatives of G are locally integrable
and v has compact support, the convolution is well defined. On the
other hand, by Young inequality, it follows that ψ ∈ Lp(R2) and so, if
curlψ = v, ψ ∈ W 1,p(R2).

In order to check that ψ is the desired function one can proceed by
density. Indeed, for regular functions it follows immediately by differ-
entiating the convolution and using that divv = 0. On the other hand,
any v ∈ Lp(R2)2 such that divv = 0 can be approximated by regular
divergence free vector fields obtained by convolution with a standard
approximation of unity.

The next lemma will allow us to show that a divergence free vector
field satisfying appropriate boundary conditions can be extended to R2

still with vanishing divergence. For p = 2 this result is proven in [6] by
using a priori estimates for the Neumann problem which do not hold in
general for arbitrary p on a Lipschitz domain.

Lemma 2. Let 1 < p < ∞ and φ∗ ∈ W−1/p,p(Γ) be such that 〈φ∗, 1〉Γ =
0. Then, there exists v ∈ Lp(Ω)2 such that,

divv = 0 in Ω

and
v · n = φ∗ on Γ
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Proof. Since the trace operator γ0 is surjective from W 1,q(Ω) onto
W 1−1/q,q the statement of the lemma can be equivalently written in
the following way. There exists v ∈ Lp(Ω)2 such that

〈φ∗, γ0(ψ)〉Γ =
∫

Ω
v · ∇ψ ∀ψ ∈ W 1,q(Ω) (1)

Now, to show the existence of this v, observe that, since 〈φ∗, 1〉Γ = 0,
the map

∇ψ �−→ 〈φ∗, γ0(ψ)〉Γ (2)

is well defined on the subspace of Lq(Ω)2 defined as

G = {g ∈ Lq(Ω)2 : g = ∇ψ for some ψ ∈ W 1,q(Ω)}

Moreover, by using the continuity of the trace operator and the Poincaré
inequality, we have

〈φ∗, γ0(ψ)〉Γ ≤ C inf
k∈R

‖ψ − k‖W 1,q(Ω) ≤ C‖∇ψ‖Lq(Ω)

Then, (2) defines a continuous functional on G which can be extended
to Lq(Ω)2. Therefore, the existence of v ∈ Lp(Ω)2 satisfying (1) follows
from the Riesz representation theorem for functionals in Lq.

We can now prove the existence of a stream function for divergence
free vector fields v ∈ Lp(Ω)2.

Theorem 1. Let 1 < p < ∞, v ∈ Lp(Ω)2, divv = 0 in Ω and
〈v · n, 1〉Γj = 0 for j = 0, . . . ,m. Then, there exists ψ ∈ W 1,p(Ω) such
that curlψ = v.

Proof. Let us show that the vector field v can be extended to a field
ṽ ∈ Lp(R2)2 in such a way that div ṽ = 0 in R

2 and supp ṽ ⊂ B where
B is a ball containing Ω.

For j = 1, . . . ,m, let us call Ωj the domain with exterior boundary
Γj . Let ṽ ∈ Lp(Ωj) be such that div ṽ = 0 in Ωj and ṽ · n = v · n on
Γj . Note that such a ṽ exists in view of Lemma 2 and the hypothesis
〈v · n, 1〉Γj = 0. In the same way we define ṽ in the subdomain of
B with boundary ∂B and Γ0 with vanishing divergence and satisfying
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ṽ · n = v · n on Γ0 and ṽ · n = 0 on ∂B. Finally, we extend ṽ by zero
outside of B.

In view of the continuity of the normal component across Γj , j =
0, . . . ,m and ∂B it follows that div ṽ = 0 in R

2. Therefore, the existence
of the stream function ψ ∈ Lp(Ω) follows from Lemma 1.

Our next lemma is a simple consequence of the following known
result which can be found in [8]. See also [5] where a different proof of
a dual result is given.

Let 1 < p < ∞. Given a function g ∈ Lp(Ω), with vanishing mean
value, there exists u ∈ W 1,p

0 (Ω)2 such that,

divu = g in Ω

It is interesting to remark that this result does not hold in general if
the domain is not Lipschitz. If the domain satisfies the segment property,
this result is equivalent to the so called Lions lemma stating that if f ∈
W−1,p(Ω) and ∇f ∈ W−1,p(Ω)2 then, f ∈ Lp(Ω). That this Lemma does
not hold in irregular domains is shown in [3] by giving a counterexample.
For the case p = 2 this can be deduced also from the results of [1].

Lemma 3. Let 1 < p < ∞ and f ∈ W 1−1/p,p(Γ)2 be such that
∫
Γ f ·n =

0. Then, there exists v ∈ W 1,p(Ω)2 such that,

divv = 0 in Ω

and
γ0(v) = f on Γ

Proof. Let w ∈ W 1,p(Ω)2 be such that γ0(w) = f . Since
∫
Γ f · n = 0

then,
∫
Ω divw = 0. Therefore, there exists u ∈ W 1,p

0 (Ω)2 such that
divu = divw and then, v = w − u is the desired function.

Remark 1. Clearly we could have used Lemma 3 instead of Lemma
2 in the proof of Theorem 1 when the vector field v is in W 1,p(Ω)2

(which will be the case of interest for our arguments). However, we
prefer to include Lemma 2 because its proof is simpler and it provides
the existence of a stream function for divergence free vector fields which
are only in Lp(Ω)2, a result that can be of interest in itself.
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Our next theorem gives a characterization of the range of the map

ψ �−→ (γ0(ψ), ∂nψ)

which is linear and continuous from W 2,p(Ω) into W 1,p(Γ)×Lp(Γ). The
result generalizes to the case 1 < p < ∞ that obtained in [4] for p = 2.
We recall that, when Γ is smooth, the range of this map is W 2−1/p,p(Γ)×
W 1−1/p,p(Γ).

Theorem 2. Let g0 ∈ W 1,p(Γ) and g1 ∈ Lp(Γ). Then, there exists
ψ ∈ W 2,p(Ω) such that

γ0(ψ) = g0 and ∂nψ = g1

if and only if
(∂tg0)n − g1t ∈ W 1−1/p,p(Γ)2

Proof. Let us call f = (∂tg0)n− g1t. Given ψ ∈ W 2,p(Ω) let g0 = γ0(ψ)
and g1 = ∂nψ. It is easy to see that ∂tg0 = curlψ · n and ∂nψ =
−curlψ · t. Therefore, f = γ0(curlψ) ∈ W 1−1/p,p(Γ)2.

Assume now that f ∈ W 1−1/p,p(Γ)2. Since f · n = ∂tg0 we have that∫
Γj

f · n = 0, for j = 0, · · · ,m. Then, from Lemma 3 we know that
there exists v ∈ W 1,p(Ω)2 such that divv = 0 and γ0(v) = f . Therefore,
it follows from Theorem 1 that there exists ψ ∈ W 1,p(Ω) such that
curlψ = v. But, since v ∈ W 1,p(Ω)2, it follows that ψ ∈ W 2,p(Ω).
Finally, observe that

∂nψ = −curlψ · t = −f · t = g1

and
∂tψ = curlψ · n = f · n = ∂tg0

Therefore, ψ − g0 is constant on each Γj and so, ψ can be modified by
adding a smooth function which is constant in a neighborhood of each
Γj in order to obtain the desired function.
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