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Abstract
Monte Carlo method was used to simulate precise and accurate critical values (with 2 to 7 decimal places) of Fisher´s F test for 

degrees of freedom (ν1 and ν2) of up to 2000 and confidence levels of 20% to 99.9% for two-sided or two-tailed test (or equivalently 
to 60% to 99.95% for one-sided or one-tailed test). Unlike the existing literature, we present 15 new critical value tables along with 
15 additional tables of the error estimates of individual values. For the two degrees of freedom – horizontal (ν1) as well as vertical 
(ν2) –the critical values orrespond  to  1(1)30(5)100(10)160(20)200(50)400(100)1000 and 6(1)30(5)100(10)160(20)200(50)400 
(100)1000(200)2000, respectively, where the numbers before and after the parenthesis are the initial and final values for which 
critical values were simulated and the numbers in parenthesis indicate the step size how the initial value of degrees of freedom 
approached to the final one.  Thus these critical values consist of 62x62 values for each of the eleven confidence levels. Even though 
a large number (3844 for each confidence level, amounting to a total of 42284 values for all confidence levels) of new values of 
F were simulated, values do not exist for many different degrees of freedom in the range of 1-2000. This problem of unavailable 
critical values was resolved by evaluating regression models based on simple polynomial functions as well as those involving log-
transformation of the independent variable. New best-fit equations were thus proposed to estimate the not-tabulated critical values 
as well as for the estimation of probability of calculated F value. This methodology of log transformations should be useful also 
for other kinds of applications involving polynomial fitting. We compared these simulated results with commercial as well as fre-
ely available software. The new precise and accurate critical values were used to illustrate the application of analysis of variance 
(ANOVA) and Fisher´s F tests to geochemical data for international geochemical reference material granite G-2 from U.S.A. We 
also present the methodology to statistically compare geochemical data for ultrabasic, basic and intermediate magmas from eight 
regions of the Eastern Alkaline Province of Mexico and U.S.A. Finally, we use these as well as the discordant outlier-free data for 
ultrabasic and basic rocks in multi-dimensional discrimination diagrams to explore the tectonic setting for this volcanic province, 
which was inferred to be mainly an extensional zone or a continental rift.
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1. Introduction

Any experimental measurement should be characterised 
by at least two statistical parameters - central tendency or 
location and dispersion or scale (e.g., Ebdon, 1988; Bar-
nett and Lewis, 1994; Jensen et al., 1997; Bevington and 
Robinson, 2003; Miller and Miller, 2005; Verma, 2005). 
The use of sample mean value for the former and sample 
standard deviation for the latter is common in geologi-
cal literature. In geological or geochemical discussion, 
it is frequently necessary to compare measurements of a 
given geochemical parameter from two geological areas 
or rock formations, for which two mean values are sim-
ply compared visually, and inference in made about one 
mean value is higher, lower, or different from the other, 
without any reference to the corresponding dispersion 
estimates. This is a statistically erroneous practice and 
should be replaced by the proper so called significance 
tests (e.g., Verma, 2005, 2012a, 2013a), although these 
tests should be strictly applied to log-transformed com-
positional data (e.g., Aitchison, 1986). These significance 
tests are as follows: Fisher´s F test, Student´s t test, and 
ANOVA (ANalysis Of VAriance). The simulation of new 
critical values for the t statistic and their applications are 

extensively discussed in the companion paper by Verma 
and Cruz-Huicochea (2013) in this Monograph.

The Fisher´s F test is generally applied for the compari-
son of variances of two statistical samples drawn from 
a normal (or Gaussian) distribution, which allows us to 
choose the appropriate equation for the application of the 
Student´s t test (e.g., Ebdon, 1988; Verma, 2005). More 
importantly, the ANOVA test is a powerful procedure to 
evaluate if three or more statistical normal samples are 
drawn from one or more populations (e.g., Jensen et al., 
1997; Bevington and Robinson, 2003; Miller and Miller, 
2005; Verma, 2005). 

Evaluation of hypotheses by these tests (F and ANO-
VA) requires that the calculated statistic be compared 
with the corresponding critical value at the chosen confi-
dence or significance level. At present, critical value ta-
bles are available for confidence levels of 95% and 99% 
(or equivalently, significance levels of 5% and 1%, or 
a of 0.05 and 0.01, respectively, and for horizontal de-
grees of freedom (ν1 for the numerator of the statistic) of 
1(1)12(3)15(5)30(10)50, 100, 1000 and ∞, and for verti-
cal degrees of freedom (ν2 for the denominator of the sta-
tistic) of 1(1)30, 35, 40, 50, 60, 80, 100, 200, 500, 1000 
and ∞, and have the precision of two or three decimal 

Keywords: Monte Carlo simulation, significance test, polynomial regressions, natural logarithm-transformation, discrimination 
diagrams, discordant outliers.

Resumen
El método de Monte Carlo fue usado para simular valores críticos precisos y exactos (con 2 a 7 puntos decimales) de la prueba 

F de Fisher para los grados de libertad (ν1 y ν2) hasta 2000 y niveles de confianza de 20% a 99.9% para la prueba de dos colas o 
ambos lados (o en forma equivalente de 60% a 99.95% para la prueba de una cola o un sólo lado). A diferencia de la literatura 
existente, presentamos 15 nuevas tablas de valores críticos junto con otras 15 tablas adicionales con las estimaciones de errores de 
los valores individuales. Para los grados de libertad, horizontal (ν1) y vertical (ν2), los valores críticos corresponden a 1(1)30(5)100 
(10)160(20)200(50)400(100)1000 y 6(1)30(5)100(10)160(20)200(50)400(100)1000(200)2000, respectivamente, donde los núme-
ros antes y después del paréntesis son los valores iniciales y finales para los cuales los valores críticos fueron simulados y el número 
en el paréntesis indica el escalón cómo el valor inicial del grados de libertad llega al valor final. De esta manera, estos consisten en 
62x62 valores para cada nivel de confianza. A pesar de que un gran número (3844 para cada nivel de confianza, lo que equivale a 
un total de 42284 valores para todos los niveles de confianza) de nuevos valores de F fueron simulados, no se dispone de valores 
correspondientes a muchos grados de libertad intermedios entre el 1 y 2000. Este problema de valores críticos no-disponibles fue re-
suelto mediante la evaluación de modelos de regresión basados en métodos convencionales de polinomios así como aquellos con las 
transformaciones logarítmicas de la variable independiente. La metodología de transformaciones logarítmicas debe ser útil también 
para otros tipos de aplicaciones de ajustes polinomiales. Se proponen nuevas ecuaciones para la estimación de los valores críticos 
no tabulados, así como para la estimación de la probabilidad del valor de F calculado. Así mismo, comparamos los resultados con 
software comercial y de libre acceso. Estos nuevos valores críticos más precisos y exactos fueron usados para ilustrar la aplicación 
de las pruebas de análisis de varianza (ANOVA) y F de Fisher a los datos geoquímicos de material internacional de referencia 
geoquímica granito G-2 de E.U.A. También presentamos la metodología de comparar estadísticamente los datos geoquímicos para 
magmas ultrabásicos, básicos e intermedios de ocho regiones de la Provincia Alcalina Oriental de México y E.U.A. Finalmente, 
usamos estos datos y los libres de valores extremos discordantes para rocas ultrabásicas y básicas en diagramas tectonomagmáticos 
multi-dimensionales para explorar el ambiente tectónico de esta provincia volcánica, mismo que fue inferido principalmente como 
una zona de extensión o rift continental.

Palabras clave: Simulación Monte Carlo, pruebas de significancia, regresión polinomial, transformación logarítmica natural, 
diagramas de discriminación, valores extremos discordantes.
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places (e.g., Neave, 1981; Morrison, 1990; Kanji, 1993; 
Miller and Miller, 2005; Verma, 2005; Walker and Madd-
an, 2005). Note in the above sequences that the numbers 
within the brackets “()” represent the step size and those 
outside them are the initial and final values of the de-
grees of freedom. Thus, critical values are available for 
all degrees of freedom ν1 from 1 to 12, but for higher ν1 
only for ν1=15, 20, 25, 30, 40, 50, 100, 1000, and ∞. For 
critical values not tabulated, interpolations are required 
such as those proposed by Verma (2009). Nevertheless, 
software systems have been developed to generate more 
precise critical values from the density function of the F 
distribution; this is the case of the R Development Core 
Team (2009).

Multivariate techniques, such as linear discriminant 
analysis, require the data to be drawn from a multivariate 
normal distribution (e.g., Morrison, 1990). Barnett and 
Lewis (1994) and Rencher (2002) provided details on the 
Wilks´ statistic (Wilks, 1963) for detecting single or more 
outliers in a multivariate normal distribution. They also 
indicated that the critical values by Wilks (1963) are only 
approximate. Jennings and Young (1988) simulated more 
precise critical values for one or more outliers in such 
multivariate distributions. However, these critical value 
tables are limited to sample sizes of 5(1)10(2)20(5)50, 
100, 200, 500 (where the numbers before and after the 
parenthesis are the initial and final values and the num-
bers in parenthesis indicate the step size). Thus, the ex-
pression “5(1)10(2)20” means that the critical values are 
available for multivariate sample sizes of 5, 6, 7, 8, 9, 10, 
12, 14, 16, 18, and 20. In the absence of critical values 
for sample sizes not tabulated in any existing work, for 
example, for sample size of 11, 13, or 15, the Wilks´ test 
cannot be easily applied, beause precise interpolations 
are required. Rencher (2002) also presented the equations 
to convert the Wilks´ statistic to the F test statistic. There-
fore, in the absence of a complete set of critical values 
for all sample sizes, in spite of the fact that Jennings and 
Young (1988) had simulated more tables in addition to 
the approximate values by Wilks (1963), the new critical 
values for the F test can be advantageously used for iden-
tifying and separating discordant outliers in multivariate 
normal distributions. 

In this work, we developed an alternative Monte Carlo 
method to simulate precise and accurate critical values for 
ANOVA and F tests and natural logarithm-transformation 
based polynomial regressions for the interpolation of sim-
ulated values and calculation of sample probabilities. Our 
results are favourably compared with the commercially 
and freely available software systems. We illustrate the 
use of these critical values for the evaluation of the geo-
chemical reference material granite G-2 from U.S.A. and 

of geochemical data for volcanic rocks from the Eastern 
Alkaline Province (EAP) of Mexico and U.S.A. Finally, 
the geochemical data for ultrabasic and basic rocks from 
the EAP were also used in multi-dimensional tectonomag-
matic discrimination diagrams to infer its dominant tec-
tonic setting of extension or continental rift. 

2. Alternate procedure

2.1. Simulation of critical values for the ANOVA and F tests

Monte Carlo method has been used in Mexico to simu-
late precise and accurate critical values of discordancy 
tests (Verma and Quiroz-Ruiz, 2006a, 2006b, 2008, 2011; 
Verma et al., 2008) and Student´ t test (also known as t-
statistic; Verma and Cruz-Huicochea, 2013) as well as for 
other applications such as the evaluation of nuclear reac-
tor performance (Espinosa-Paredes et al., 2010) and error 
propagation in ternary diagrams and alternative proposal 
of bivariate diagrams based on log-ratio transformations 
(for advantages and requirements of such transforma-
tions, see Verma, 2012a and references therein). Our pro-
cedure is similar to that described by Verma and Quiroz-
Ruiz (2006a) and Verma and Cruz-Huicochea (2013); 
therefore, only the differences of the present approach 
will be specifically mentioned.

2.1.1. Optimum simulation size or repetitions

The mean critical values for 95% and 99% confidence 
levels and associated standard errors were calculated for 
degrees of freedom ν1 of 5 and 10 and ν2 of 10, 20, and 
30, using seven different simulation or repetition sizes of 
10,000 to 5’000,000 and 100 independent streams of nor-
mal random variates IID N(0,1). The standard error of the 
mean significantly decreased with increase in the repeti-
tion sizes from 10,000 to 1’000,000, but remained practi-
cally constant for higher repetitions (from 1’000,000 to 
5’000,000). Therefore, for routine simulations we used 
the repetitions of 1’000,000 and 100 independent streams 
of random normal variates.

2.1.2. Calculation of the statistic

The F statistic was calculated for each set of degrees 
of freedom ν1 and ν2 where ν1 =(nx-1) and ν2=(ny-1), for 
which 1’000,000 samples of sizes nx and ny were simu-
lated from each of the 100 streams. The ANOVA statistic 
was calculated for each set of ν1 and ν2 where ν1 = [k-1] 
and  ν2 = [N-k], k–number of samples and N–total number 
of data in all k samples, for which k samples for appropri-
ate combination of sizes were simulated, each of them 
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1,000,000 times. For example, for ν1=4 and ν2=20, k=5 
samples had to be simulated with the total number of data 
N as ν2+k=25 and the number of data in each sample as 
N/k=5. 

2.1.3. Calculation of the critical values

The simulated values correspond to the following de-
grees of freedom: horizontal ν1 of 1(1)30(5)100(10)160(
20)200(50)400(100)1000 and vertical ν2 of 6(1)30(5)100
(10)160(20)200(50)400(100)1000(200)2000. The confi-
dence levels (two-tailed or two-sided) were as follows: 
20%, 40%, 50%, 60%, 70%, 80%, 90%, 95%, 96%, 98%, 
99%, 99.5%, 99.6%, 99.8% and 99.9%, which correspond 
to the significance levels α = 0.80, 0.60, 0.50, 0.40, 0.30, 
0.20, 0.10, 0.05, 0.04, 0.02, 0.01, 0.005, 0.004, 0.002, 
and 0.001, respectively (two-tailed or two-sided). These 
values correspond respectively to the following confi-
dence levels of one-tailed or one-sided test: 60%, 70%, 
75%, 80%, 85%, 90%, 95%, 97.5%, 98%, 99%, 99.5%, 
99.75%, 99.8%, 99.9% and 99.95%, which correspond 
to the significance levels α = 0.40, 0.30, 0.25, 0.20, 0.15, 
0.10, 0.05, 0.025, 0.02, 0.01, 0.005, 0.0025, 0.002, 0.001, 
and 0.0005, respectively (one-tailed or one-sided).

Finally, the mean and standard error of the mean of the 
100 values for each ν1 and ν2 and each confidence level, 
were estimated and reported.

2.2. Interpolation of critical values for the ANOVA 
and F tests

As in Verma (2009) and Verma and Cruz-Huicochea 
(2013), for estimating the interpolated critical values (not 
tabulated) the natural logarithm-transformation of both ν1 
and ν2 was a necessary step before the polynomial regres-
sions. A computer program was written in Java that ena-
bled us to evaluate 28 different regression models based 
on simple polynomial fits as well as single, double and 
triple natural logarithms of ν1 and ν2, all up to 8th order 
polynomial terms. The best-fit equation was chosen from 
the criteria of the multiple-correlation coefficient (R2) 
and the averaged sum of the squared residuals (SSR/N 
where N is the total number of residuals).

2.3. Polynomial fits for the estimation of confidence lev-
els for the ANOVA and F tests

Computational packages, both commercial and freely 
available, do calculate the confidence level that corre-
sponds to a given set of statistical samples, but the ac-
tual method used is not clear. Therefore, we developed a 
similar polynomial fitting method as for the interpolation 
of critical values. This consisted of the natural logarithm 

transformations of degrees of freedom as well as polyno-
mial terms up to 8th order.

3. Results of Monte Carlo simulations

3.1. Critical value tables

We simulated 100 sets of critical values for 62 values 
of  ν1 as 1(1)30(5)100(10)160(20)200(50)400(100)1000 
and also 62 values of ν2 as 6(1)30(5)100(10)160(20)20
0(50)400(100)1000(200)2000 and for confidence levels 
(two-tailed or two-sided) of 20%, 40%, 50%, 60%, 70%, 
80%, 90%, 95%, 96%, 98%, 99%, 99.5%, 99.6%, 99.8% 
and 99.9%.

The standard error of the mean calculated from these 
100 sets of values was used as the criterion for reporting 
rounded critical values (Bevington and Robinson, 2003; 
Verma, 2005). The newly simulated critical values, al-
though more precise than the tabulated critical values in 
the literature, are consistent with the literature values as 
well as with those generated from the language R (R De-
velopment Core Team, 2009). Abridged form of the mean 
values for the most frequently used 95% and 99% confi-
dence levels (two-tailed and one-tailed) are presented in 
Tables 1-4 (Appendix A - Supplementary material), re-
spectively, and the respective standard error values in Ta-
bles 5-8 (Appendix A - Supplementary material). These 
values are for the horizontal ν1 of 1-11 only, but for all 
vertical degrees of freedom ν2 simulated in this work, i.
e.,6(1)30(5)100(10)160(20)200(50)400(100)1000(200)2
000.

 The complete simulated critical values for all confi-
dence levels and all ν1 and ν2 (360 pages of tables; Tables 
ES1-ES15 and ES16-ES30, respectively, for mean values 
and their standard errors) are available on request to any 
of the authors as a supplementary file in pdf format. The 
complete critical value tables for all simulated ν1 and ν2 
corresponding to partial Tables 1-4 are, respectively, Ta-
bles ES8, ES7, ES11, and ES10. Similarly, the complete 
standard error tables corresponding to Tables 5-8 are, re-
spectively, Tables ES23, ES22, ES26, and ES25.

3.2. Critical value equations

For the critical values not tabulated, the regression 
equations based on 28 different models were tested for 
the most frequently used confidence levels of 95% and 
99%. The best models were obtained in this work (i.e., 
with the lowest R2 and SSR/N; for more details on these 
criteria, the reader is referred to a companion paper by 
Verma and Cruz-Huicochea, 2013, in this Monograph). 
A few regression equations are presented in Tables 9 and 
10 (Appendix A - Supplementary material) for one-tailed 
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DODESSYS. We also note that our application examples 
were processed in an earlier version of a computer pro-
gram for the application of significance tests, which used 
our earlier less precise critical  values for F. This is the 
reason why the critical values in our examples may not 
totally match with those in Tables 1-4 (Appendix A - Sup-
plementary material).

Two application examples are presented as follows: (i) 
geochemical data for international geochemical reference 
material granite G-2 from U.S.A. and (ii) geochemical 
data for volcanic rocks from the Eastern Alkaline Prov-
ince (EAP) of Mexico and U.S.A. For the application of 
significance tests, strictly speaking only logratios should 
be used (e.g. Aitchison, 1986; Verma, 2012a, 2013). 
However, we present the examples of chemical composi-
tions, as is still customary in the geological literature.

4.1. Evaluation of geochemical data for international 
reference material granite G-2

We used an unpublished compilation of geochemical 
data for G-2 as done by Verma and Cruz-Huicochea (2013) 
in a companion paper of this Monograph. This applica-
tion therefore will allow the user to compare the results 
of application of ANOVA (this work) with the combined 
application of F and t tests (Verma and Cruz-Huicochea, 
2013). Although it is customary to present major-element 
data as oxides, we have shown them as elements, because 
the compilation by Gladney et al. (1992), which lists the 
data as elements, was used initially. Thus, because these 
authors had compiled the major-elements as elements 
(%), we continued their “unconventional” approach in 
this work. 

The method grouping was the same as that proposed 
by Velasco-Tapia et al. (2001) as follows: Gr1–classi-
cal methods; Gr2–atomic absorption methods; Gr3–x-
ray fluorescence methods; Gr4–emission spectrometry 
methods; Gr5–nuclear methods; Gr6–mass spectrometry 
methods; Gr7–chromatography methods; and Gr8–mis-
cellaneous methods.  

In the processing of reference materials, the geochemi-
cal data from different analytical methods should only be 
combined after ascertaining that these data were drawn 
from a single or equivalent normal population (Verma, 
1998). Therefore, we maintained the identity of differ-
ent analytical method groups (Gr1 to Gr8) and applied 
the significance tests of ANOVA or the combination of 
F and t, to first evaluate the similarities and differences 
among these data arrays. When these tests suggested that 
a certain number of groups were drawn from the same 
population, i.e., they did not show statistically significant 
differences, they were combined to propose final mean 
values for the granite G-2 under evaluation.

95%, to estimate, respectively, the missing values of ν2 
for given ν1 of 1-11 only and the missing values of ν1 for 
given ν2 of 6-17. Similar equations for 99% confidence 
levels and similar ν1 and ν2 are summarized in Tables 11 
and 12 (Appendix A - Supplementary material). A large 
number of equations are summarised in Tables ES31-
ES35 (now 25 pages of tables; more tables for other de-
gress of freedom are being prepared; all will be available 
on request from any of the authors). 

3.3. Equations for probability estimates

In an analogous manner, 21 regression models were 
evaluated to propose equations (as examples in Table 
ES35 (available from any of the authors) for estimating 
probability of statistical samples for the ANOVA and F 
tests. In fact, here we converted the probabilities to con-
fidence levels in order to make the probability estimates 
more understandable to scientists working in different 
disciplines (other than mathematics or statistics). In the 
teaching experience of the second author of this paper, 
most students and researchers, if not all, do not fully un-
derstand the use of commercial or freely available soft-
ware, being the reason why he clarified these concepts 
in Verma (2005), and we converted the estimates to con-
fidence levels. For using these equations, the parameter 
“cv” should be replaced by the calculated value of ANO-
VA or F statistic (Fcalc) for the set of statistical samples, 
for which the probability estimate or confidence level is 
desired.

4. Applications

It is important to use statistical tests for processing 
geochemical data to evaluate similarities and differenc-
es among several compositional variables. The errone-
ous practice of simply comparing only the mean values 
without any reference to the standard deviation estimates 
should be abondoned (Verma, 2012a, 2013). 

We exemplify the application of the ANOVA (for three 
or more statistical samples) and Fisher´s F and Student´s 
t (both for two statistical samples) tests, using the new 
critical values for F (this work) and t (Verma and Cruz-
Huicochea, 2013). These significance tests also require 
that the individual data arrays (statistical samples under 
evaluation) be drawn from a normal distribution (Mor-
rison, 1990). To ascertain this assumption, we used only 
the multiple-outlier type tests (Barnett and Lewis, 1994; 
González-Ramírez et al., 2009; Verma et al., 2009) pro-
grammed in DODESSYS (Verma and Díaz-González, 
2012) for identifying and separating discordant outliers 
at the strict 99% confidence level. We applied the ANO-
VA and F tests both before and after the application of 



18 Cruz-Huicochea and Verma /  Journal of Iberian Geology 39 (1) 2013: 13-30

Table 13 (Appendix A - Supplementary material) 
presents ANOVA results for 10 major-elements (Si to P, 
all in %), 13 rare-earth elements (La to Lu), and 33 other 
trace elements (B to W). The calculated F value (Fcalc) 
and critical F value (Fcrit) for the corresponding degrees 
of freedom (ν1 and ν2) and the total number of groups for 
a given element can be used to test the null hypothesis 
(H0) that the data from all method groups were drawn 
from a single population at the 99% confidence level, as 
compared to the alternate hypothesis (H1), according to 
which the data from all method groups did not arise from 
the same population. Although in some books such as 
Miller and Miller (2005) ANOVA is applied in conjunc-
tion with the one-sided critical values, we opted to apply 
this test using two-sided values, because for the alternate 
hypothesis to be true or accepted the mean or variance, 
or both for one or more samples under evaluation can be 
either smaller or greater, i.e., different from the remaining 
samples. It is only for the other significance tests, namely 
F and t, that a suitable hypothesis for one-sided values 
can be proposed, for example, for F test the alternate hy-
pothesis could be that one sample has a smaller or greater 
variance than the other sample, and for t test, one sample 
has a smaller or greater mean than the other.

We illustrate this methodology for three elements (Si, Ti, 
and Al; Table 13- Appendix A - Supplementary material) 
as examples.

 For Si (%), Fcalc = 5.64635769 was compared with the 
critical value (two-sided 99% confidence level, 99%ts; 
where ts means two-sided or two-tailed) for ν1=6 and 
ν2=143 (obtained from interpolation of critical values 
in Table 3) cv99%ts, (ν1=6, ν2=143) = 3.25498. Because Fcalc > 
cv99%ts, (ν1=6, ν2=143), we concluded that H0 is false (F), i.e., 
all method groups for Si (%) did not come from a single 
population, i.e., some sample(s) originated from a popu-
lation having different mean or variance, or both. 

Another case would be Ti (%), for which Fcalc 
(3.1966244) < cv99%ts, (ν1=6, ν2=162) = 3.234068, correspond-
ing to ν1=6, ν2=162, making H0 to be true (T), and we 
would conclude that all method groups were drawn from 
the same population. Note this inference is different from 
that for Si (%).

The third example is for Al (%), with Fcalc (1.8238030) 
< cv99%ts, (ν1=6, ν2=150) (3.24457 from Table 3), correspond-
ing to ν1=6, ν2=150), making H0 to be true (T), and we 
would conclude that all method groups were drawn from 
the same population. Note that this example does not re-
quire the use of interpolation equations, because the criti-
cal value can be found in Table ES11 (available from any 
of the authors).

Thus, for 45 elements H0 is true (identified by T–true– 
in the last column of Table 13), i.e., data from different 
method groups can be combined to process them further. 

However, because significant differences were inferred in 
the data from different method groups for 11 elements 
(identified by F–false– in the last column of Table 13; see 
also Table 14, Appendix A - Supplementary material), the 
results of only those method groups that do not show sig-
nificant differences among them, can be combined (Table 
14). For example (see Table 14), for Si (%), the data from 
all method groups (Gr1, Gr2, Gr3, Gr4, Gr5, and Gr8), 
except Gr6, can be combined to calculate the central ten-
dency and dispersion parameters. 

Nevertheless, because the significance tests (ANOVA, 
F and t) require that the data in individual samples be 
normally distributed, all samples were first processed by 
DODESSYS and after that the ANOVA test was applied 
to discordant-outlier-free data (Tables 15 and 16, Appen-
dix A - Supplementary material). Twenty elements (when 
ANOVA was applied after the use of DODESSYS) in-
stead of eleven (when ANOVA was applied without 
the use of DODESSYS) showed significant differences 
among method groups (compare Tables 15 and 16 with 
Tables 13 and 14, respectively). This implies that the 
application of ANOVA does depend on the presence of 
outlying observations, and it is recommended to assure 
that the samples under evaluation are free from such data. 
Further, it appears that for most elements the mass spec-
trometry methods (Gr6) provided results different from 
the other methods (Table 16).

4.1.1. Comparison of the ANOVA with F-t tests and the 
two standard deviation method (2s) for G-2

After the application of DODESSYS and ANOVA as 
explained above, the combined geochemical data for G-2 
from those analytical methods that showed no significant 
differences, were processed once again in DODESSYS 
(using multiple-outlier tests at 99% confidence level) to 
separate any other discordant outliers and obtain the final 
statistics (see the three columns marked ANOVA test in 
Table 17, Appendix A - Supplementary material). Note 
that the identify of the geochemical data from the ana-
lytical method or methods that showed significant differ-
ences from the remaining methods was maintained, and 
their statistics were presented separately in Table 17, 
for example, note Ti (%) is listed two times in Table 17. 
Thus, for seven cases (Ti (%), Ca (%), Na (%), La, Sm, 
Sc and Th; Table 17), the ANOVA test had shown that 
the data from one method group (e.g., Gr3, x-ray fluores-
cence spectrometry for Ti) should not be combined with 
the other methods. 

These results were compared with those reported by 
Verma and Cruz-Huicochea (2013) from the t test and 
by Gladney et al. (1992) from the 2s method. We note 
that the comparison of the ANOVA, F-t, and 2s methods 
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should, however, be better or more objectively performed 
if the ANOVA and F-t tests were applied at a less strict 
95% confidence level. 

Although we have not applied significance tests for 
this comparison, the mean values obtained from ANOVA 
showed some differences from the F-t tests for 42 cases 
and from the literature for 57 cases (Table 17). Out of 60 
major and trace elements (Table 17), the standard devia-
tion values obtained from the ANOVA test were lower 
than the F-t tests for 37 elements, equal for 10 elements, 
and higher for the remaining 13 elements. Similarly, the 
standard deviation values from ANOVA were lower than 
the literature data (2s method) for 28 elements, equal for 
2 elements, and higher for 30 elements. Such differences 
in the mean and standard deviation values, irrespective 
of whether statistically significant or not, may affect the 
calibration of instruments or the evaluation of analytical 
methods (e.g., Santoyo and Verma, 2003;  Guevara et al., 

2005; Verma et al., 2009; Verma, 2012a).
Although as done in our companion paper (Verma and 

Cruz-Huicochea, 2013) we have presented only one ex-
ample (granite G-2), this kind of application will be useful 
for evaluating geochemical data for all other rock refer-
ence materials (e.g., Gladney and Roelandt, 1988; Imai et 
al., 1995; Verma, 1997, 1998; Velasco-Tapia et al., 2001; 
Marroquín-Guerrra et al., 2009; Pandarinath, 2009a) or 
water reference materials (e.g., M.P. Verma, 2013). 

4.2. Evaluation of geochemical data from the Eastern 
Alkaline Province (EAP) of Mexico and U.S.A.

We compiled data for 575 rock samples of all igneous 
rock types from eight regions in the Eastern Alkaline 
Province (EAP; Rg1 to Rg8; see Figure 1 for more details 
on regions). The region numbering is arranged approxi-
mately from north to south as follows: (1) Rg1–U.S.A.; 

Fig. 1.- Schematic location of the Eastern Alkaline Province (EAP) in Mexico and U.S.A. (modified after 2011 Google Earth and Europa 
Tecnologies). The abbreviations are as follows: Region 1 (Rg1: AM–Alamo Mountains; CD–Cerro del Diablo; MP–El Muerto peak; CM–
Cornuda Mountains); Region 2 (Rg2: SP–Sierra Pichaco); Region 3 (Rg3: SSC–Sierra San Carlos; SSCC–Sierra San Carlos-Cruillas); 
Region 4 (Rg4: ST–Sierra Tamaulipas); Region 5 (Rg5: NVA–Northern volcanic area; PH–Pachuca-Huejutla; PRT–Poza Rica-Tantimo; 
TP–Tampico plain; also designated as consisting of Hidalgo and northern Veracruz states); Region 6 (Rg6: SVA–Southern volcanic area; 
N–Naolinco; EMVB–Eastern Mexican Volcanic Belt; PS–Palma Sola; X–Xalapa; also designated as consisting of central Veracruz state); 
Region 7 (Rg7: VC–Volcán Citláltepetl; CP–Cofre de Perote); and Region 8 (Rg8: LTVF–Los Tuxtlas volcanic field). 

Fig. 1.- Localización esquemática de la Provincia Alcalina Oriental en México y E.U.A. (datos de localización tomados de 2011 Google 
Earth and Europa Tecnologies). La abreviaturas son las siguientes: Región 1 (Rg1: AM–Montañas de Alamo; CD–Cerro del Diablo; MP–
El pico del Muerto; CM–Montañas Cornuda); Región 2 (Rg2: SP–Sierra Pichaco); Región 3 (Rg3: SSC–Sierra San Carlos; SSCC–Sierra 
San Carlos-Cruillas); Región 4 (Rg4: ST–Sierra Tamaulipas); Región 5 (Rg5: NVA–Área volcánica del norte; PH–Pachuca-Huejutla; 
PRT–Poza Rica-Tantimo; TP–plano de Tampico; también se le designó como el estado de Hidalgo y la parte norte de Veracruz); Región 
6 (Rg6: SVA– Área volcánica del sur; N–Naolinco; EMVB– parte este del Cinturón Volcánico Mexicano; PS–Palma Sola; X–Xalapa; 
también se le designó como la parte central del estado Veracruz); Región 7 (Rg7: VC–Volcán Citláltepetl; CP–Cofre de Perote); Región 
8 (Rg8: LTVF–el campo volcánico de Los Tuxtlas). 
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Rg2–Sierra Picacho (Nuevo León); Rg3–Sierra San 
Carlos (Tamaulipas); Rg4–Sierra Tamaulipas (Tamauli-
pas); Rg5–various locations in the Hidalgo and Veracruz 
states; Rg6–various locations in the Veracruz state; Rg7–
two volcanic regions in the Veracruz state; and Rg8–Los 
Tuxtlas (Veracruz). The magma and rock types were au-
tomatically determined from the computer program SIN-
CLAS (Verma et al., 2002). 

The literature sources were as follows: Robin (1976), 
Robin and Tournon (1978), Demant (1981), Kudo et al. 
(1985), Negendank et al. (1985), Nick (1988), Morton 
Bermea (1990), Elías-Herrera et al. (1991), Nelson and 
Gonzalez-Caver (1992), Verma et al. (1993), Nelson 
et al. (1995), Orozco-Esquivel (1995), McLemore et 
al. (1996), Potter (1996), Ramírez-Fernández (1996), 
Carrasco-Núñez (2000), Siebert and Carrasco-Núñez 
(2002), Gómez-Tuena et al. (2003), Treviño-Cázares et 
al. (2005), Rossotti et al. (2006), Verma (2006), Orozco-
Esquivel et al. (2007), Espíndola et al. (2010), and Ro-
dríguez et al. (2010).

For comparing compositional data, although it is not 
customary to apply the ANOVA test, this test for three or 
more statistical samples or the F-t combination for two 
statistical samples should always be applied for statisti-
cally correct comparisons. However, ANOVA requires 
that the data for each region be normally distributed 
(Jensen et al., 1997; Verma, 2005). Therefore, in order 
to evaluate the effects of the fulfillment of this condition 
of normal distribution, we compared the data from these 
eight regions both before and after the application of DO-
DESSYS (Verma and Díaz-González, 2012), which helps 
identify possible discordant outliers for each parameter. 
The results of application of ANOVA are summarised in 
Tables 18-23 for ultrabasic, basic, and intermediate mag-
mas (Appendix A - Supplementary material). The sym-
bols used in these tables are presented in Table 24 (Ap-
pendix A - Supplementary material).

After the application of DODESSYS, the statistics of 
compositional data (number of samples, mean, and stand-
ard deviation) from each region are summarized in Ta-
bles 25, 26, and 27 for ultrabasic, basic, and intermediate 
rocks, respectively (Appendix A - Supplementary mate-
rial). If we were interested to know the average compo-
sitions of this entire area (Eastern Alkaline Province of 
Mexico and U.S.A.), the results of ANOVA will have to 
be taken into account (Tables 19, 21, and 23, respective-
ly) to combine the regions with no significant differences 
for a given parameter. This has not been specifically done 
in this work; we have simply summarized the statistical 
data individually for each region.

4.2.1. Ultrabasic rocks

Ultrabasic rocks are present in five of the eight regions 
compiled in this study. The ANOVA test was applied to 
these data to determine if these rocks showed statistically 
significant differences (Table 18). When DODESSYS 
was applied to these data before ANOVA, the results are 
summarized in Table 19. The statistics of compositions of 
these ultrabasic rocks are presented in Table 20.

For the major element (SiO2)adj, ANOVA did not iden-
tify any three regions (out of five) that have similar con-
centrations. Therefore, all five regions are listed in the 
last column of Table 18. On the other hand, for two ma-
jor elements (Al2O3)adj and (MnO)adj all regions could be 
grouped together because none of them showed signifi-
cant differences. For other seven major elements (adjust-
ed TiO2, Fe2O3

t, MgO, CaO, Na2O, K2O and P2O5; Table 
18) one or two regions showed significant differences 
with respect to the remaining regions. For example, for 
(TiO2)adj two regions (Rg4 and Rg8) showed significantly 
different concentrations as compared to the remaining 
three regions (Rg3, Rg5, and Rg6). For two parameters 
(salic and femic minerals) based on major elements, all 
regions could be grouped together, because no region 
showed significant differences. For other such parame-
ters, one or two regions showed differences with respect 
to the remaining ones. 

One trace element (Sc) showed significant differences 
among the three regions under study. For seventeen trace 
elements (Pr, Dy, Ho, Er, Tm, Lu, Co, Cs, Cu, Ga, Pb, Sr, 
Th, U, V, Y, and Zn), none of the regions showed signifi-
cant difference. For the remaining trace elements (Table 
18) at least three regions did not show any significant dif-
ference.

Thirteen ratio parameters, such as (LREE4)NOE and 
(HREE3)NOE1, were statistically similar for all regions 
listed in Table 18 (for the explanation of these parame-
ters, see Table 24 in Appendix A - Supplementary materi-
al). For most other parameters, one region (Rg4) showed 
significant differences as compared to the remaining re-
gions (Table 18). 

The application of DODESSYS showed that for (Na2O)
adj, in addition to Rg3 (Table 6), Rg4 also showed sig-
nificant differences in comparison with the remaining re-
gions (Table 19). Similarly, total iron values expressed as 
(Fe2O3

t)adj for only one region (Rg8) were different from 
the other regions (Table 18), but the prior application of 
DODESSYS rendered that for this parameter two regions 
(Rg6 and Rg8) were different from the remaining regions 
(Table 19). The results for all other major-elements re-
mained unchanged.
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Two trace elements (Rb and Zn) showed additional sig-
nificant differences for one more region (Rg3 and Rg4, re-
spectively). For Sc, significant differences were observed 
in all groups. Solidification index (S.I.) showed signifi-
cant difference for only one region (Rg4). Finally, five ra-
tio parameters – (LILE4)NOE1, (LILE3)NOE2, (LILE3)NOE3, 
Ba/Nb, and Nb/Nb* – also showed differences for one or 
more additional region–Rg3, Rg3, Rg3, Rg4, and Rg4-
Rg5, respectively. Note that some chemical parameters, 
such as (K2O)adj in Rg3 or (P2O5)adj in Rg8, are represent-
ed by a lesser number of samples (Table 25), because a 
few data were identified by DODESSYS as discordant. 
For some trace elements in some regions, for example, 
REE (La to Lu) in Rg3, the data are absent because these 
samples were not analyzed for these elements by the orig-
inal authors. 

Further, as is customary in geochemical studies, not all 
samples analyzed for major elements were studied for 
trace elements, being the reason that the number of sam-
ples for trace elements is equal or smaller than that for 
major elements. 

Table 25 (Appendix A - Supplementary material) 
presents the statistical synthesis for all major elements, 
12 lanthanides and 20 other trace elements in ultrabasic 
rock samples for only five regions, because only for them 
information was available in our database. 

It is important to note that the number of samples listed 
along with the central tendency (mean) and dispersion 
(standard deviation) parameters can, in future, be statisti-
cally evaluated, for example, estimation of total uncer-
tainty or comparison with other geological areas involv-
ing significance tests (ANOVA or F-t). Student t values 
would be required for the estimation of total uncertainty 
(Verma and Cruz-Huicochea, 2013). Therefore, we stress 
that in all studies, the statistical synthesis should consist 
of at least these three statistical parameters (n, mean, and 
standard deviation; Table 25); a fuller statistical report 
would present the total uncertainty as the upper and lower 
confidence limits of the mean.

4.2.2. Basic rocks

Basic rocks are present in six of the eight regions com-
piled in this study. The ANOVA test was applied to these 
data to determine if these rocks showed statistically sig-
nificant differences (Table 20). When DODESSYS was 
applied to these data before ANOVA, the results are sum-
marised in Table 21. The statistics of compositions of 
these basic rocks are presented in Table 20.

For (MnO)adj all regions could be grouped together be-
cause ANOVA did not identify any significant difference 
for this parameter. For other nine major elements (adjust-
ed SiO2, TiO2, Al2O3, Fe2O3

t, MgO, CaO, Na2O, K2O and 

P2O5; Table 20) one, two, or even three regions showed 
significant differences with respect to the remaining re-
gions (Table 20). For example, for (SiO2)adj two regions 
(Rg8 and Rg6) showed significantly different concentra-
tions as compared to the remaining four regions (Rg2, 
Rg3, Rg4, and Rg5). For all parameters based on major 
elements, one, two or three regions showed differences 
with respect to the remaining ones. For example, Mg# 
values for Rg8, Rg3 and Rg6 were different from Rg2, 
Rg4, and Rg5 (Table 20).

One trace element (V) showed significant differences 
among all four regions for which data were available. For 
ten trace elements (Ce, Pr, Nd, Sm, Eu, Gd, Er, Tm, Ga, 
and Zn), none of the regions showed significant differ-
ences. For the remaining trace elements (Table 20), at least 
three regions did not show any significant differences.

Three ratio parameters, (LREE4)NOE, (LREE3)NOE1 and 
LILE4/LREE4, were statistically similar for all regions 
listed in Table 20. For other parameters, one, two, or three 
regions showed significant differences as compared to 
the remaining regions (Table 20). 

The application of DODESSYS showed significant 
differences for (MnO)adj from one region (Rg6) in com-
parison with the remaining regions (Table 21); note that if 
DODESSYS was not applied before ANOVA, no differ-
ences existed (Table 20). For (K2O)adj, in addition to Rg2 
and Rg8 (Table 20), Rg3 also showed significant differ-
ences in comparison with the remaining regions (Table 
21). The application of DODESSYS prior to ANOVA 
also resulted in different results for (MgO)adj (Na2O)adj 
and (P2O5)adj as well as for Talk, FeOt/Mg, Salic, Femic and 
A.R. (compare Tables 20 and 21). For C.I., significant 
differences were observed in all groups.

As a result of DODESSYS, seven trace elements (Ho, 
Er, Ba, Cu, Nb, Rb and Th) showed additional significant 
differences for one more region (Table 21). In four trace 
elements (Lu, Cs, Hf, and Pb), the results showed dif-
ferent regions with significant differences in comparison 
with the previous results (compare Tables 20 and 21). For 
V, significant differences were observed for all groups. 
Finally, for one ratio parameter, significant differences 
were observed for all groups and the other eight ratio pa-
rameters, also showed differences for one or more ad-
ditional regions (compare Tables 20 and 21). For ten pa-
rameters, the results (Table 21) showed different regions 
with significant differences in comparison with the previ-
ous results (Table 20).

Table 26 (Appendix A - Supplementary material) 
presents statistical parameters for basic rocks from the 
individual regions of the EAP in the same way as done 
for ultrabasic rocks (Table 25), and all earlier comments 
for the subsection of ultrabasic rocks are valid for basic 
rocks.
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Fig. 2.- Application of the set of five discriminant function multi-dimensional tectonic diagrams based on major-elements (Verma et al., 2006) 
to basic and ultrabasic rocks from the different regions of the Eastern Alkaline Province (EAP) of Mexico. The symbols used for the differ-
ent regions of the EAP (for more details see Figure 1) are explained as inset in Figure 2 (a); filled symbols are used for discordant outliers as 
inferred from DODESSYS (Verma and Díaz-González, 2012). The names of x-y axes in the different diagrams explicitly show the tectonic 
field discriminated in that particular diagram and the subscript m2 stands for the second set of such multi-dimensional diagrams based on 
major elements. (a) Four-field diagram IAB-CRB-OIB-MORB; (b) Three-field diagram IAB-CRB-OIB; (c) Three-field diagram IAB-CRB-
MORB; (d) Three-field diagram IAB-OIB-MORB; and (e) Three-field diagram CRB-OIB-MORB. The abbreviations used are as follows: 
IAB–island arc basic (and ultrabasic) rocks; CRB–continental rift basic (and ultrabasic) rocks; OIB–ocean island basic (and ultrabasic) rocks; 
and MORB–mid-ocean ridge basic (and ultrabasic) rocks.

Fig. 2.- Aplicación del conjunto de cinco diagramas multi-dimensionales tipo funciones discriminantes basados en elementos mayores (Verma 
et al., 2006) a rocas básicas y ultrabásicas de las diferentes regiones de la Provincia Alcalina Oriental de México. Se explican los símbolos 
usados par a las diferentes regiones de esta provincia (para mayores detalles ver la Figura 1) dentro de la Figura 2 (a); se usan los símbolos 
rellenos para valores extremos discordantes como ha sido inferido por DODESSYS (Verma y Díaz-González, 2012). Los nombres de los ejes 
x-y en los diferentes diagramas contienen los campos tectónicos discriminados en ese diagrama en particular y el suscrito m2 significa que se 
trata del segundo conjunto de diagramas multi-dimensionales basados en elementos mayores. (a) Diagrama de cuatro campos IAB-CRB-OIB-
MORB; (b) Diagrama de tres campos IAB-CRB-OIB; (c) Diagrama de tres campos IAB-CRB-MORB; (d) Diagrama de tres campos IAB-
OIB-MORB; y (e) Diagrama de tres campos CRB-OIB-MORB. Las abreviaturas usadas son las siguientes: IAB–rocas básicas (y ultrabásicas) 
de arco de isla; CRB–rocas básicas (y ultrabásicas) de rift continental; OIB–rocas básicas (y ultrabásicas) de islas oceánicas; y MORB–rocas 
básicas (y ultrabásicas) de crestas mid-oceánicas.

4.2.3. Intermediate rocks

Intermediate rocks are present in all regions compiled 
in this study. In order to determine if these rocks showed 
statistically significant differences, the ANOVA test was 
applied to these data (Table 22). When DODESSYS was 
applied to these data before ANOVA, the results are sum-
marized in Table 23. The statistics of compositional data 
for these intermediate rocks are presented in Table 27 
(Appendix A - Supplementary material).

For major elements, in all cases (adjusted SiO2, TiO2, 
Fe2O3

t, Al2O3, MnO, MgO, CaO, Na2O, K2O and P2O5; 
Table 22) ANOVA identified one or more regions that 
showed significant differences with respect to the re-
maining regions. For all parameters based on major ele-
ments, at least one or more regions showed differences 
with respect to the remaining regions.

For six trace elements (Sm, Tb, Ho, Tm, Co and U), 
none of the regions showed significant differences. For 
the remaining trace elements (Table 22) one or more re-
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Fig. 3.- Application of the set of five discriminant function multi-dimensional tectonic diagrams based on trace elements (Agrawal et al., 2008) 
to basic and ultrabasic rocks from the different regions of the Eastern Alkaline Province (EAP) of Mexico. The symbols used for the differ-
ent regions of the EAP (for more details see Figure 1) are explained as inset in Figure 3 (a); filled symbols are used for discordant outliers as 
inferred from DODESSYS (Verma and Díaz-González, 2012). The names of x-y axes in the different diagrams explicitly show the tectonic 
field discriminated in that particular diagram and the subscript t1 stands for the first set of such multi-dimensional diagrams based on trace 
elements. (a) Three-field diagram IAB-CRB+OIB-MORB where CRB and OIB fields are clubbed together; (b) Three-field diagram IAB-
CRB-OIB; (c) Three-field diagram IAB-CRB-MORB; (d) Three-field diagram IAB-OIB-MORB; and (e) Three-field diagram CRB-OIB-
MORB. The abbreviations used are as follows: IAB–island arc basic (and ultrabasic) rocks; CRB–continental rift basic (and ultrabasic) rocks; 
OIB–ocean island basic (and ultrabasic) rocks; and MORB–mid-ocean ridge basic (and ultrabasic) rocks.

Fig. 3.- Aplicación del conjunto de cinco diagramas multi-dimensionales tipo funciones discriminantes basados en elementos mayores (Agrawal 
et al., 2008) a rocas básicas y ultrabásicas de las diferentes regiones de la Provincia Alcalina Oriental de México. Se explican los símbolos 
usados par alas diferentes regiones de esta provincia (para mayores detalles ver la Figura 1) dentro de la Figura 3 (a); se usan los símbolos 
rellenos para valores extremos discordantes como ha sido inferido por DODESSYS (Verma y Díaz-González, 2012). Los nombres de los ejes 
x-y en los diferentes diagramas contienen los campos tectónicos discriminados en ese diagrama en particular y el suscrito t1 significa que se 
trata del primer conjunto de diagramas multi-dimensionales basados en elementos traza. (a) Diagrama de tres campos IAB-CRB+OIB-MORB 
donde los campos CRB y OIB se encuentran juntos; (b) Diagrama de tres campos IAB-CRB-OIB; (c) Diagrama de tres campos IAB-CRB-
MORB; (d) Diagrama de tres campos IAB-OIB-MORB; y (e) Diagrama de tres campos CRB-OIB-MORB. Las abreviaturas usadas son las 
siguientes: IAB–rocas básicas (y ultrabásicas) de arco de isla; CRB–rocas básicas (y ultrabásicas) de rift continental; OIB–rocas básicas (y 
ultrabásicas) de islas oceánicas; y MORB–rocas básicas (y ultrabásicas) de crestas mid-oceánicas.

gions showed significant differences compared to the re-
maining regions. 

For ratio parameters, five (LILE5/HFSE6, LILE5/HF-
SE5a, LILE5/HSFE5b, LILE4/HFSE4b, and LREE3/
HFSE4a) were statistically similar for all regions listed in 
Table 22. For most other parameters at least three regions 
did not show any significant difference.

For three major elements (adjusted SiO2, MnO and 
MgO), the application of DODESSYS showed different 
results than those obtained without DODESSYS (com-

pare Tables 22 and 23). In the same way, Talk, A.R. and 
salic parameters showed additional significant differences 
for one and two more regions (Rg3, Rg3 and Rg3, respec-
tively). Six trace elements (La, Sm, Ho, Ga, U, and Zn) 
showed additional significant differences for one or more 
regions. For three trace elements (Ba, Cs and Sr), the re-
sults showed different regions with significant differences 
(Table 23) in comparison with the previous results (Table 
22). Finally, six ratio parameters (LILE5/HFSE6, LILE5/
HFSE5a, LILE5/HFSE5b, LILE4/HFSE4a, LILE4/HF-
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SE4b, and LILE4/HFSE4c) also showed differences for 
one additional region (Rg1) and for six parameters the 
results showed different regions with significant differ-
ences in comparison with the previous result (Table 22).

Table 27 presents the statistical parameters for interme-
diate rocks from the individual regions of the EAP, and 
the comments made in the subsection of ultrabasic rocks 
are also valid. 

5. Application of multi-dimensional discrimination 
diagrams

New multi-dimensional discrimination diagrams have 
been recently proposed for tectonic discrimination of ba-
sic and ultrabasic magmas (Agrawal et al., 2004, 2008; 
Verma et al., 2006; Verma and Agrawal, 2011) and for 
acid magmas (S.K. Verma et al., 2012). New diagrams 
based on all major elements, selected immobile major 
and trace elements, and immobile trace elements have 
also recently put forth for intemediate magmas (Verma 
and Verma, 2013) and for acid magmas (Verma et al., 
2013a), which can be used in future to better understand 
the tectonic setting and their relationship to magma com-
positions.

These multi-dimensional diagrams have been positively 
evaluated and used by the original authors as well as sev-
eral workers (e.g., Rajesh, 2007; Sheth, 2008; Aparicio 
and García, 2009; Polat et al., 2009a, 2009b, 2011; Ram-
akrishnan, 2009; Verma, 2009, 2010, 2012b, 2013; Bai-
lie et al., 2010, 2012; Slovenec et al., 2010; Wang et al., 
2010; Zhang et al., 2010; Pandarinath and Verma, 2013; 
Verma and Verma, 2013). Importantly, the proposal of 
these newer diagrams (Verma et al., 2006; Agrawal et al., 
2008; Verma and Agrawal, 2011) and their use fully com-
plies with the statistical requirements for handling com-
positional data (Aitchison, 1986; Agrawal and Verma, 
2007; Verma, 2012a). Computer program TecD (Verma 
and Rivera-Gómez, 2013) greatly facilitates the use of 
these diagrams. More significantly, the log-transformed 
ratio variables and not the crude compositions should be 
processed by DODESSYS to identify discordant outliers 
(Verma and Díaz-González, 2012), as also suggested by 
Verma (2012a).

5.1. Application of ANOVA and DODESSYS 
to log-transformed ratios

As a statistically coherent procedure, we computed 
natural logarithm of element ratios and compared the 
transformed compositional data for ultrabasic and basic 
rocks (taken together) from different regions of the EAP 
(Tables 28, Appendix A - Supplementary material). The 

combined ultrabasic and basic rock data from a given area 
are required because the new diagrams are meant to be 
used for both types of magma. The first set of log-trans-
formed ratios (Table 28) are used in the discrimination 
diagrams of Verma et al. (2006) for ultrabasic and basic 
rocks, whereas the other two sets are employed in the dia-
grams by Agrawal et al. (2008) and Verma and Agrawal 
(2011), respectively, both of which also proposed for ul-
trabasic and basic rocks. Then, we applied the ANOVA 
test to statistically compare these parameters at the strict 
99% confidence level. Even in the log-transformed ratios, 
significant differences exist among the regions of EAP 
under study. For example, for ln [(TiO2)adj/(SiO2)adj], two 
regions (Rg6 and Rg8) are different from the remaining 
five regions (Table 28). 

After the application of DODESSYS and separating the 
discordant outliers from the main data, ANOVA provided 
the comparisons summarized in Table 29 (Appendix A 
- Supplementary material). Although the conclusions of 
ANOVA about most ratio parameters remained practi-
cally the same as without the prior application of DO-
DESSYS, they were different for two parameters (com-
pare Tables 28 and 29), which are the following: (i) for 
ln [(Al2O3)adj/(SiO2)adj]  two regions (Rg2 and Rg8) were 
different from the other regions without the application 
of DODESSYS, but with this prior application, ANOVA 
showed that only one region (Rg8) is different from the 
remaining regions; and (ii) for ln [(K2O)adj/(SiO2)adj]  two 
regions (Rg3 and Rg4) were different from the other re-
gions without the application of DODESSYS, but with 
this application, ANOVA showed that three regions (Rg3, 
Rg4, and Rg5) are different from the other regions.

5.2. Application of new multi-dimensional discrimination 
diagrams for tectonic inferences

These diagrams therefore can be used for inferring the 
tectonic setting of this area. We plotted the samples from 
our study in Figure 2 – the set of five diagrams based on 
log-transformed ratios of major elements (Verma et al., 
2006) and in Figure 3 – the set of five diagrams based 
on log-transformed ratios of immobile trace elements 
(Agrawal et al., 2008). The results of application of these 
diagrams are summarized in Tables 30 and 31, respec-
tively (Appendix A - Supplementary material). 

Finally, instead of plotting the samples in the set of 
five diagrams (Verma and Agrawal, 2011), we decided 
to compute probabilities for individual samples as sug-
gested by these authors. Note that in a given diagram, 
a particular sample will plot in the field for which the 
probability is the highest. Therefore, it is unnecessary to 
plot the samples in diagrams, and it is better to identify 
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for any given sample the highest probability for a tectonic 
field. The samples along with their respective probabili-
ties are summarized in Table 32 (Appendix A - Supple-
mentary material).

As stated earlier, the log-transformed data used in the 
three sets of multi-dimensional diagrams (Verma et al., 
2006; Agrawal et al., 2008; Verma and Agrawal, 2011), 
were also processed in DODESSYS (Verma and Díaz-
González, 2012), which separated the discordant outliers 
and rendered the bulk of data as discordant outlier-free. 
We also indicate the usefulness of this additional ap-
proach in the use of new discrimination diagrams.

We discuss first how these different diagrams are inter-
preted using the example of Rg2 (Sierra Picacho, Nuevo 
León, Tertiary rocks; Fig. 2a-e and Table 30). These 
diagrams can discriminate four tectonic settings of IAB 
(island arc basic rock; field or group no. 1), CRB (conti-
nental rift basic rocks; field or group no. 2), OIB (ocean 
island basic rocks; field or group no. 3), and MORB (mid-
ocean ridge basic rocks; field or group no. 4). 

For the first diagram (1-2-3-4) of Verma et al. (2006) 
for basic and ultrabasic rocks, 14 out of 16 samples from 
Rg2 plot in the continental rift (CRB) field and the re-
maining two samples in the MORB field (Fig. 2a; see the 
first row of data in Table 30). Thus, a large proportion or 
percentage of these samples indicates a continental rift 
setting for Rg2. 

The other diagrams (1-2-3, Fig. 2b; 1-2-4, Fig. 2c; 2-3-
4, Fig. 2e; see also Table 30) also show that 14 of these 16 
samples plot in the continental rift field. Given the con-
sistency of these diagrams (Fig. 2a-c, e), the remaining 
diagram (1-3-4, Fig. 2d, in which the field no. 2 is absent) 
should be considered as the inapplicable diagram (see 
the asterisk mark after 1-3-4 in Rg2 of Table 30) for this 
case study. In such inapplicable diagrams, samples will 
plot in the tectonic field that has characteristics similar to 
the inferred tectonic setting from other diagrams; in this 
case, most (10+1) samples plot in the ocean island field, 
which is very similar to the continental rift tectonic set-
ting. Thus, the success rate for Rg2 discrimination as a 
continental rift is about 88% (14 out 16 samples). 

It is interesting to note that the multiple-outlier type dis-
cordancy tests applied at the strict 99% confidence level 
identified two samples as having discordant data and in-
cidentally both samples plotted in a field different from 
the continental rift, that is, they represent mis-discrimina-
tion (see solid diamond symbol in figure 2a-e and number 
enclosed in [] in Table 30). Thus, if we consider only the 
fourteen discordant outlier-free samples, the success rate 
for the continental rift setting would then be 100% (14 
out of 14 samples were correctly discriminated)! 

The other regions (Rg4, Rg5, Rg6, and Rg8) were also 
discriminated as an extensional or a continental rift set-

ting in these diagrams (Fig. 2 and Supplementary mate-
rial: Table 30), whereas one region (Rg3) likely indicated 
an ocean island setting. The discordant outliers for these 
regions were also a few in number and generally plotted 
in a tectonic field different from the inferred setting (Sup-
plementary material: table 30).

The application of Agrawal et al. (2008) diagrams (Fig. 
3a-e; Table 31, in Appendix A - Supplementary material) 
also indicated a continental rift setting for Rg2, Rg5, Rg6, 
and Rg8, whereas the remaining region (Rg4) is likely an 
ocean island setting. No discordant outlier was observed 
for four regions (Rg2, Rg4, Rg5, and Rg8), and only one 
discordant observation was present in Rg6 (Table 31).  

The third set of diagrams (Verma and Agrawal, 2011; 
Table 32, in Appendix A - Supplementary material) indi-
cated a continental rift setting for Rg3, transitional from 
continental rift to ocean island for Rg4, transitional from 
continental rift to MORB for Rg6, and inconclusive re-
sults for Rg8. No discordant outlier was observed for two 
regions (Rg3 and Rg4). One discordant observation was 
present in Rg6 and two in Rg8 (Table 32).  

In summary, from all three sets of diagrams the results 
of an extensional or a continental rift setting for this area 
can be inferred, which is fully consistent with earlier con-
clusions by Verma (2006) for Rg8 and S.K. Verma et al. 
(2012) for Rg8 and some other regions of the EAP from a 
limited compilation of data.

6. Additional considerations

The ANOVA test is a powerful method to statistical-
ly decipher similarities and differences among three or 
more statistical samples drawn from normal populations. 
The computer program DODESSYS (Verma and Díaz-
González, 2012) is useful to identify and separate dis-
cordant outliers in such samples. This procedure should 
be applied prior to the ANOVA or F-t tests as well as for 
the use of new multi-dimensional tectonomagmatic dia-
grams. The F test has an additional application to know 
which version of the Student t test should be applied to 
evaluate the mean values of two statistical samples drawn 
from normal populations.  Sometimes, the t test is ap-
plied probably without the prior explicitly stated applica-
tion of the F test. For example, Wani and Mondal (2011), 
although presenting a rare example of statistical applica-
tion in the geological literature, compared the composi-
tions of calcareous and non-calcareous shales, through 
the t test at 95% confidence level. We suggest that the 
t test should always be applied in combination with the 
F test, and preferably at the strict 99% confidence level. 
Furthermore, it is very important that prior to the appli-
cation of ANOVA or F-t tests, DODESSYS (Verma and 
Díaz-González, 2012) should be advantageously used at 
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for the comparison and evaluation of geochemical data. 
The geochemical data for ultrabasic and basic rock sam-
ples from the Eastern Alkaline Province of Mexico used 
in discriminant-function based multi-dimensional dia-
grams suggest an extensional or a continental rift setting 
for this volcanic province.
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