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1. INTRODUCTION: INVERSE PROBLEMS AND IMPROPERLY
POSEDPROBLEMS

Tbetypical borm of adirecíprobleniof classicalpbysicsis to determinean
unknownfícíd u which is related lo sornesourcep by an aclion laking place
wilhin amedium,wbo’s constilulion is describedby sornefunclion u; [lis is
achievedby solving an equationthaI we could wrile

L(u,u)=p . [1.1]

Quite often L is a differential operator,u is a set of coeffíeientsof the
differential operator,p 15 líe unknownterrn. Tbe time dependencecould be
inciudedlii [1.1], nr it could bealreadysingledoct by variab/esseparationnr
by bar-monjeanalysis,or also [1.1] could directly refer lo a static problem.

Probably[he mosí ancieníexampleof a problemof [he lype [1.1] is the
determinationof [he gravitationalpotentialu of a bodywilb known density
p, knowing thaI

[L2]

aswe alí know líe solution is given by líe Newton integral.
Many limes equalion[1.1] is nol sufficient lo determinea singlesolution;

buí subsidiarycondilions, on funcíjonalsof u which should be considered
accessible[o measuremení,havelo be usedejíherin Ibe form of asymptotic
conditioris(e.g. radiationconditionsfor Ihe equalionAu + k2u= p) or in [he
form of condilions on Ihe boundaryof a part of space(or time) wbere we
assurnelo haveno informalion (e.g.líe Dirichíel or líe Neumancondilion
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on a surfaceS containing the massestbal generatean exterior harmonic
potenlial): this situation is formalized as

B(a,u»=f (1 known) [1.3]

A typical featureof Ihe solutionsof suchdirecí problemsis tbat relatively
rough funclions (p, a,f) give rise lo smootbersolu[ions u.

An inverseproblemis [he determinalionof (p, a), or funcionaisof such
unknowns,wbenwe know tbe whole u, or possibly a family of func[ionals of
u, for one,more[han one, or allf.

It isexac[ly this kind of problemstbat is mostinterestingin earthsciences,
since in [heir contextwe usually can obtain a good deal of information on
various fields on [he boundaryarid we want to know Ihe distribution of
sources witbin the ear[h’s body and different functions describing its
constitution in relation [o various pbysical phenomena(e. g. electrical
conductivity, 1’ and S waVes velocilies i.e. elastic properlies, [hermal
condúctivity, etc.).

Theseinverseproblemshave,a[ first sigbt,someugly properties,i.e. many
times [hey do nol haveexactsolutioris,when[here aresolutionsIbeseare not
unique and moreover[he solu[ions may bavea wild behaviourwhen small
perlurbationsare given to data, tha[ is alwaystbe casein practiquebecause
of measuramenterrors. Tbis is the unaVoidabie consequenceof [he re—
mark that the correspondence(p, a, f ) — u is smooth, wbal implies that
(u,f)—4p, a) is rough.

In earlbsciencesthe situationis somelimesevenmorecomplicated,since
alreadyal the level of buiiding up tite direcí problemswe are forced, for [he
sakeof simplici[y and computabilily, to simplify significanlly [he model so
thaI equa[ions like [1.1] and [1.3] are violaled not only by observational
disturbances,but also by modelling errors.

We may at [bis poiní first of ah understandthat Ibe trea[ment of
improperly posed problems is a basic bol lo solve inverse problems;
moreover, specially in earth-scienceorientated problems, we cannot rely
completely on our models, so [bat Ihe introduction of stoehasticmethods
becomesnatural to describeour degreeof ignorance.

In [his paperwe sballexaminetbe main approacbesused today lo solve
improperly posedproblemsaud [he acceníwill be pu[ on tite comparisonof
[he differen[ underlying principles.

To simplify matters,we sball treal only linear probleins which xve can
considerasderivedfrom tite correspondingnonlinearonesby a linearization
process,wbicb, as it canbe proved, mostof Ibe times carnesover Ihe main
maíhematicalfealures.

Wbencewe shall treat in a rather abstractform tite equation

y = Ax [1.4]
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wherey representsthe observablefield (i.e. fu or funclionaisof u), while x
is Ibe unknown field (p, a). Tite differencewith mosí of Ibe usual «direct»
problemsis in that Ibe operalorA will be assumedlo displayIhe fealuresof
non wellposedness.

We sitalí furíher assumethaI Ihere is a 1-lilberí spaceX lo which x haslo
belong and anolherHilbert spaceY to which y belongs.

The spaee Y is not completelyarbitrarybut it has[o be chosenin sucha
way as lo conlain alí disturbances8y lhat are likely lo relatetite true fleld y
lo Ihe observedfield

y0=y+.5y [1.5]

Por technical reasoris, thaI are discusseda little more in length in
Appendix 1, if we like [o includeamongdisturbaneesawhite noise,ibis can
be more easily done by starting from L

2 funclions arid by applying Ihe
elassicalconstruclionof the Wiener integral; for Ibis reasonwe shall be
moslly concernedwitb [be caseY~L’.

We must also warn Ihe readerlhat rnany limes Ihe inverseproblem is
stateddireclly in a discrelefinile dimensionalform, so thaI X, Y, are simply
cuclidean spaces;[bis finile dimensional approacbis certainily admissib]e
sinceon oneside y is nalurally diserete,as tite realnumberof observationsis
alwaysfinite, on [he otherharid x canalwaysbe projecledon afinite subspace
of X, since by [1.5] we allow for modelling errors.

Neverthelesswe believelhat it is alwaysinterestingarid sound[o be able
[o describe lite samephenomenonfrom bolh tite fínile and tite infínite
dimensionalpoint of view, because[his gives a much belter control on [he
approximationsintroduced(cfr. [9]).

Whence,though no[ explicite/y síated,mosí of Ihis paperwill deal wilh
tite infinite dimensionalcase,but for a few caseswhere tite transition from
finite to infínile dimensiorisis verycomplicatedor evennol yel achievedfrom
a titeoreticalpoint of view.

Finally we canconcludetitis long introduclionby daiminglhat almos[ al!
of [he materialpresenleditereeis nol new, buíasimplediscussionof exisling
literature,specially[1], [2], [8], [11], [12]; tite only somewhatnew conceptis
thaI of síableestimablefunelional, which as a malter of fact gives a good
introductionlo [he Bakus approacb.

2. IMPROPERLYPOSEOPROBLEMSACCORDINGTO HADAMARD

According lo a elassica]definition of Hadamardlite problem

y=Ax [2.1]

can be non wellposedin threeways.
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a) Non uniquenessof ihe inverseA’: [bis happenswhen the equation

Ax= O [2.2]

itas aselof solu[ions FC, calledtite kernelofA, je. titere isa lack of injectivity.
It is easyto seethaI if A is a linear continuousoperaton,FC is a closed

subsaceof X.
The exisíenceof K#4 implies thaI u Ihe equalion[2.1] hasa solution Y

for a certainy, it admits also [he generalsolution

x={X+k; k e - [2.3]

Titis lack of uniquenessis usually overcome by chosing a particular
representativeof tite class[23]. The natural choice from the geometrical
point of view is tite elementx> = V~±k; x~I~= mini (cfr. Hg. 2.1).

This
rnverse,

citoice, wbich in tite literature is known as [he Moore-Penrose

x=A’ y [2.4]

correspondslo a decomposilion

X= K+ K-<-

and [o consideringtite equation [2.1] only in FC’ wbere it itas a unique
solution.

Fig. 2. 1
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Example 2.1. (Tite inversegravimetrieproblem)

Asume thaI we know tite gravity ficíd u outsidetite body .8 and we wanl
to find a densityp, (p E L2 (fi)) Ibat generatesu.

Wc can wrile

u(P)—f ~ dR
0

‘PQ
VPe fl=B~

Titis problem in generalitas nol a unique solution (*) arid its kernel is
given by Ihe massdistributioris 1< with zero outer gravity field, i.e.

f k(Q) dB0=O

¡PO
V ¡‘e fi

One canprove that Kis given by (cfr. [5])

KE[k=¿Xujue Ht
2 (fi)) [2.6]

whereu E H~» (fi) is defined aceordinglo

u, a,w a,, u e L2 (fi)

¿¿I~=O =>

a
a

U E E 2,2 (II)

This yields tite generalsolution of [2i] in the form

p=p
1+k

witerek e K arid p1 e i.e.

dR—O Vk -

Taking [2.6] lino account,arid applying a Green’sidentity, we seethaI

u dfi=0 V u e H Z2 (fi)

so that Pt itas lo be harmonicin fi.
Titis complelelyebaraclerizesthe inversegravimeírie problemin L’ (fi).

() It is to be noted that there exist also conditionsfot the existence of a solution, i.e. it must
be (dr. (5])

[2.5]

u = O(r ‘), u e LL (ti)
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Example 2.2

Assume [bat y is an N-dimensionalvector of observationson a field
x(Í) e X, so titat we can write

i=l,2,..~ N

our aim is to firid x.
As it is obvious tite observalions[2.7] give

componentsof x ortitogonal lo Span faj (<9;
minimum norm of [2.7] itas lo belong to Span fa,], i.e.

[2.7]

no information on tite
witence [he solution of

The componentsX, aredetermined by tite normal equations

E X~ <a,, a~>~- = Y, -

Example2.3

Tite following is tite one dimensionalversion of [he inverseproblem of
seismology. Let’s considera vibra[ing string, fixed at [he ends, with a
propagalionvelocity y (x) salisfying tite relation

v< (x) 1 +eU(x)

o

[2.8]

X

Assumefurtiter tite trade-offbetweenIheconstant4(l in [2.8]) and U(x) in
lite definition [2.8] lo be fixed by tite position

f,, U(x) dx=0 [2.91

<a>x>x=y,

(*) This is the bubspoace of X spanned by de linear co¡nhinations of a,. í,e, by doc vcctors of tl,e
fon ~ Ka.
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Let’s now assumetital lite observedquantitiesare tite eigenfrequenciesof
the slring, whicit we arrangein a decreasingsequence{a¿fl.

Titose frequenciessatisfy tite eigenfunctionequation

1 u~(0)tu~(1)=O [210]

Upon linearización,[2.10] yields

{w7=c~2(l+n~) (cZ2=n2w2)

a~ v’>+¿4 v’>+e U(x)c74ú,~+d4n3i~=0

v~(0)zrv4l)trO

multiplying by fr, and integrating by parfs one gels tite direct relation U
(x)— {nA, name/y

n’>=2ef’U(x)~dx -

Using 2 sin2nn-x=1 —cos 2 nirx and recalling (2.9), we receivefínally

no>=—ef’U(x)cos2n7rxdx -

Since{<Y cos 2 nn-X} is anortitonormal systemin L2 (0,1), we seelhat
muinversión problem can be viewed as tite solution of tite equation

fl=AU

witit

n4njcL>~Y (JeL2(0,l)~X

Sinceon tite otiter itand 1 2 cos 2 nwXl is nol completein L2 (0,1) (lo
acitievecompletenesswe should addlo it tite sel UY cos(2n+ 1) wX}) we
seethat our problem in an exampleof improperly posedproblemsof type

a) Tite minimumnormsolution isindeedEU±(x)=—2Eo>~ cos 2nv-X

b) Nonexistenceof¿heinverseA’> Uds itappenswhenA is noÉsurjective
on Y, so tital titere are y in Y that do not correspondlo anyAx (xex).

Even of A is a conlinuousoperatorwecannolbe sure lital tite rangeof A
in Y, RA, is a closedlinear subspace,but, since titis casewill be treatedin
lenglb under tite next beading, we shall simply assumelital it is so. The
situalion is titen illustrated in Fig. 2.2.
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As it is apparení[here is no way to useA to go backfrom Y [o X unless
y is citosen in coincidewith jO, a vectorin RA.

Witence, if we aregiven asdatuma vectory,, ~ RA, becauseof [he various
errors íitat enterinto y’>, we mustdefine a iaw that associatesto y,> sornefe
RA, i.e. fl=AL

The simples[ geometricalconstructionof 1 is tite so-called pure least
squaressolution, le. titat 9 whieh is at minimumdistancefrom i”,, namely

As we aH know from simplegeometricalconsideratioristhis .9 exists, is
unique and more preciseiy it is tite projection of y,, on RA: note sitould be
talen titat essentialfor tite existenceof tbe projection9 is that RA is a closed
subspace.

Tite variationalequationassociatedwi[h [2.11] gives [he solution in terrns

of tite «parameten>x, ¡e.

511 5¡~y’>—Ai¡~s=2<—A8x,y,,—Ak>~ ~2<&x~A* (x—AzQ>x=O, VSx

so titat we arrive al lite normal system

>4*>49>4*y - [2.12]

Hereessenlialusehasbeenmadeof [he conceptof [he adjoint A*(YX).
We notice en passanl tital >4* is defined on alí of Y, as, owing to [he
continuily of A,

Fig. 2,2

[213]
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so that<y, Ax>~ ~~(x) can be consideredVye Y, as a linear continuous

functional on x and according[o Riesz’ titeoremwe have

[2.14]

we put by definition

- [2.15]

According to [2.>3] we find

le. >4* is a continuousoperatortoo, definedon alí of Y.
We note also that [he normal operatoris a continuouspositiveoperator

in X, since

<x,A*Ax>xr IIAx¡¡r>0

and lital AtA is inverlible ifA is injeetive;in tite contrarycaseonecanalways
factorize X and fínd a Moore Penroseinversefor A*A.

In conclusiónwe arrive al tite estimalionformulae

{ P¿A(Á*Á<A* y - [2.16]

Ibis approach[o [he inversion of case b) is only partly saíisfactory
bacauseit doesn’t take into account of tite slocitastie structure of [he
disturbance8y=y’>—y. In particular no altention is paid [o the directions
along whieh Itere is more probability that y’> moves away from y. Titis 15
usuallydescribedby the covarianeeoperatorof y0, i.e.

C,•,. =zE{(y’>—y)(y’>—y)’) [2.17]

in a vector notation,or morepreciselydefinedby

E {<u,y’>—y>~<Zy’>--y,v>4 =<u, C,,,v> y , [2.18]

witere tite covarianceoperatoris made to dependexplicilely on tite scalar
product in Y.

An isotropic distribution of y’> implies C,,~ XL so thaI C,~ (!=0)is a
measureof tite departureof y’> from isotropy.

Here it is preferablelo assumeY to be finite dimensional,in order lo
avoid teehnicaldiffieul[ies on wbicb we sitail sborlly commentat lite end of
this section.
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Fot [he isotropic case we expec[ tite probability density of y’> (tite
likeliitood function L(y’>Jy)) [o dependonly on [he distancer= ¡ ¡y’>—y¡ ¡ ,~, so
tha[ he principie [2.11] appearsas a natural extension of [he maxium
likelyhood principie, it we furtiter assume[bat L(r) is adecreasingfunetion of
r (unimodal distribution).

Accordingly wc aeceptlite estimator

9=PAy’>

PÁ=A(A>4) Aoríbogonai projection on RA [2.19]

as goodfor [he (finite dimensional)isotropie case.
To passlo tite uniso[ropic casewe invokea principle of invarianceunder

linear [ransforma[ions; more precisely we say that if

9=5>”> [2.20]

is a good estimateof y derivedfrom y’> and if we want to give an eslimateof

z= Dy, startingfrom z’> = fi>”>, we haveto usetite estimale

[2.21]

defined in sucb a way litat tite estimateof y is again [2.20], i.e.

= Df = D 5>”> = SD z’> = S~ D y’>

Titis relation, laken as an identity in y’>, gives

S,,DSD’ : [2.22]

titis is Ihe law witicit gives tite new estimator5D as a funetion of [he oid 5,
whentite new variablez= Dy is iníroduced.

With titis in mmd we try to solve the estimatorproblem:

find 9=AI from y’>

when we know [bat

XQ , Q#1

we assumethaI Q is strictiy positive definite.

Firsí we take any transformationfi definedin sucit a way that
BQB*=J

for instance,.8 eould be tite syrnmetricalsquareroot of Q, or else .8= (Pf’
where T is the factor of tite CitoleskydecompositionQ= P T.
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Titen we define

z=Ry

so [bat tite observationy’> is transformed¡rito z’> = Uy’>. Owing lo tite law of
propagationof Ihe covariancewe itave

C~ =BC~~R*=XI,

Lez’> follows an isotropic distribution. Since from

9zA1

we derive

2=B5=(BA~~

from to isolropy of z’> and [2.19] we find lite eslimatorfor 2

2= Sz’>=z ~BA ~‘> -

To explicale P04 we nolice titat

BQB
3 = I=~ B~R= Q

wbence

Sz=P54= RA (A*QjA) A*B*

[2.24]

Finally we considerlital

so [bat setting13 = fi> in [2.22] and [2.23] we get

fi=S,¶,y’>=A(A*Q>A< A*Q>y’>

this enatils an estimateof lite unknownx of tite form

= (>4* Q’AfA*Q>y, -

Titis is tite completeand correctsolution of our estimationprob/em,[bat
is known as tite leasísquareseslimatorarid thaI generalizestite simple l.s.
estimale[2.16].

It canbe provedtitat [2.24], [2.25] are lite eslimalesof minimumvariance
amongunbasiedlineareslimalors.

[2.25]

[2.23]
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Wc can also remark that tite result [2.24], [2.25] can be derived from a
variationalprincipIe (leastsquares)as well as [2.16] wasderivedfrom [2.11]:
in fact it is easy[o sitow [hat lite principie

<y’>—Aít, Q< (y,,—A.t)>~=min [2.26]

leadsto tite normal equation

(A*Q’A)írs A*Qj’y

and ul[imalely [o [2.25]

Remark2.1

Usually [be solution [2.25] is completed by some information on tite
stocitaslic behaviourof ~, namely bi i[s covarianceoperator C,1,, -

It vie assumethaI

C =u
2 Q

.1>1,, 0

(£4 pure multiplicative factor) we find from covariancepropogation and
applying [he definition of covarianceoperator,

C,~<=£4(A*Q<A)’ . [227]

when£4 is known [2.27] solvestite problem;if it is unknownit is stifl possible
[o estimateit by [he formula

= <Y,cAtQH&’>Ah>y [2.28]

witere n is tite dimensiónof Y and ni tite dimensionof X.

Remark2.2

Wencanseebrom[2.26] titat it is not trivial to extend[he aboyereasoning
lo infinite dimensionalspaces.In fact let fu,] be [he completeortitonormal
basiscorrespondingto the spec[ral decompositionof lite operatorQ, so that

Qu,= q~u,,

[hen according[o the definilion of Q
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lf we assumefor [he sakeof sirnplicity that y’> is normallydistribuledwitit
mean y, we may conclude thaI <y’>—>’, u<>~, are independenínormal
varaibleswilit zero meanand varianceq~.

Consequentlyif we try lo compute[he quadratieform [2.26] for tite true
avaragey=Ax, we find

<y,,—>’, u.4

whicit is basieally an infinile sum of indipendení x2 witit one degreeof
freedom.

Buí then, [his sum atitainsthe value +00 wilit probabiliíy 1, so [tal tite
axpression[2.26] is meaninglessfor almosíah y’> -

Example 2.3

In a seismicnetworkconsisíingof N(>3) slationslocaledof points(x,,y,),

we observea sequence[i-,j of arrival timesfor a seismic eveníof unknown
coordinates(x,y):

(x
4,y4)

¿A

(x2 ,y~)

(x2 j2)
(x1 ,yD

Fig. 2.3

assumingtite e/asticmediumto bebomogeneusarid
Ihe epicenter(x,y) and lite propagationvelocily y.

Tite observalionequations are

isotropic,we want [o ftnd

T’>¡ ~/[(x—x92+(,y—-y,)2j (1/y) + u<
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whieit sitould be linearizedaroundapproximalevalues(f,9$) lo give

= (X—x) 6x+ t>’~ ay— T

¡

(i3¡= (5—x<)
2+(ip—yJ> , t= ) - [2.29]

As we see [itis is a typical situation in which we have, from [he very
beginning, a small number of parameters[o be estimated and we try lo
acitieve moreinformation titan titat strictly necessarylo determinethem.

Tite ecuatioris[2.29], supplementedby lite information on tite stocitastic
beitaviourof r’>, (e.g.r’>, are indipendeníandob different accuraciesaccording
[o [he receivingapparatus)allow for a leastsquaresestimateby meansof tite
equation[2.25].

Example2.4. (Reductionof tite parameterspace)

Many limes in geophysicalproblems we are in the situation tita[ our
unknown x is a funclion 4í) and X is infinite dimensional,witile Ihe vector
y e Y is finite dimensional,i.e. we itave finiíely many observationson x. It
seems[hat [bis situationshouldbelongto casea);howeverit can very well be
Ihat we itave sornerougb information on x (¡9 saying for instancetital our
funetion is nol likiely lo váry loo mucit over acharacleristicinterval of length
T.

If we agreelital [his variationis negligible wecansubtitulefo instancex(Í)
witb a síaircasefunclion

xQ)=52x, x (¡—u)

1 [2.30]¡í¡>T/2

and our infinite dimensional unknown has been seduced lo a finite
dimensional one fx,, i=—n,..., nl, i.e. tite parameterspace X has been
reduced.Quite often tite experimení is designedin sucit a way thaI [he
numberof observa[ionsis larger [han tite numberof unknownswiticit we iike
[o determine,so lbat we have a control on tite goodnessof our hypotitesis
[2.30], sinceafler solvingby a leasísquaresformulawe canverify wbetiter[he
eslimaled£4 is consistentwitit what we consideras an acceptabieerror.

For insíanceit is usualiy by a similar approacittital applied geopitysical
interpretaíion is performed.
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Remark2.3

Obviously tite reductionof dimensionalityperformedin [2.30] is among
tite mostsimplebeL certainly¡mt tite uniqueusedin practice; for instanee we
could itave reasonsfor titinking íhat in a itarmonie analysisof x(t), only tite
firsí n frecuenciesare of importancearid we could write

x (t)=a’>+it (a, cos /i+b1 sen It)

tite saniereasoningappliesto any basisof indipendenzfunctibns in X.

e) Instabilil>’ (disconlinuil>’) of tite inverse A -t

Titis is tite mosí importaníanddifficult case,witieh will occupyus in tite
rest of [bis paper:we sitail assumediaL tite rangeof tite operatorA, R4, 15 a
dense subspaceof Y. In otiter words we known titat tite observaliony’>,
becauseof variousdislurbances,belongsto a spaceY, but we know lital lite
[heretitical value-y=Ax itas to belong to a subsetdense in Y but noÉ
coinciding witit it.

In Ibis situation A’ is defíned only for a y ERA and titen it cannot
be aeontinuousoperator.Witenceif y’> e Y buíy’> ~ R4, wecanbind asequence

E RA (i.e y’>=Ax’>) sucit thaI y j< y’> becauseRA is densein Y, buí
correspondinglyneititer x,,, nor any subsequence,canconvergelo any vector
it eX, sinceoriterwise,owing [o tite continuityof A, wesitonid bavey’>~ Az i.e

E RA againsíour itypotitecis. It is exactly titis circunstancelitat makesbis
casemorediffículí; in facílite morewe approacity’> wiíit y E RA, tite less may
happentitat we approximatetite titeoreticalx.

In order lo gain abelterunderstandingof whal happensin titis casewe
sitalí lake advaníageof tite spectralrepresenlationof lite operatorA (cfr.
Appendix 1)

Ax=E X, u,<v,,x)’,< [231]

witere:

{v1~ is an ortitonormalsystemin X

{u,j is an ortitonormalsystemin Y

Furtitemoreif we assumeA tobe injeclive, so lital Ax=0—x=0, jvj is
completeiii X; moreoverib R4 hasLo bedensein Falso{u,} is completein ibis
space(*)

In otherwords we never itave X, = O

(*) The casethat tul is not complete falís under the type a) of non weII posedness, while the case
that tul is not complete is of the type 6).
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Under titoseconsitions,arid assuminglo itave ordered<X, — 0, for
otherways A. >q>Oand

so [ha[ A> would be a bounded(continuous)operatordefined on ah of Y.
Titis also says to us, in mathernaticalterminology, that A is completety
continuousbetweenX and Y.

Now assume[ha[ we haveobserved

y’>=Ax+v [2.32]

whereby bipotitesis u < RA; to be definitive assumeu to be a normal«white
noiseni Y», so titat

[233]

are independenínormalvariableswith zero meanand equalvarianceu~.
Now it we take tite product of [2.32] with p>, we finé

</1,, V>V X¡ <v,,x>x + y,

we rearrangeas

</14, X>y <Uy, ,Yo>y — [2.34]
A. • Xi

and interpre[ Ibis equationas lite observationequation of <y,, x>~ with
noise

U1L....— N[O, ] - [2.35]
A. A.4 4

As we see tite knownledgeof y’> correspondslo the observationof the
componenís<v,,x>5 wilh errors of increasingvariance,£4 / Aj +~ -

Titis is also why if we ti-y to sumup

=,<V,,X>x ¡ú

by using [he «observed»

A.
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we gel an íncreasingerror, which eventually causeslite divergenceof the
series.

It is worthwhile [o remark tbat if we bad some rough information on
¡ ¡x¡ I,~ we could limit [he summationso asnol [o exceedwhal we considera
resonablebound. II is any way clearthat what we musí fínd is a suitablerule
to underweigitt tite higb frequenciesto avoid tite inflation of tite error;
furtitemore titis should be done possibly avoiding tite explicil use of the
spectraldecomposition,sinceIbis cannolbe achievedin practicefor largeof
n, without an unfeasible numerical effort. Titis will be lite object of tite next
paragraphs.

Example 2.5

The mosí famous improperly posedproblem is [o firid a funclion x(í)
from observaíionsof its integral

y’> (03 x(r) dr+v - (*)

Por istancey (í) could be a geoid profile derivedfrom altimetry andx (i)
[he correspondingdeflec[ion of tite vertica/along [he track.

lf X E L2 (0,1), we must itavey(0)=0 andy eH’-2 (0,1), but tite observed
y’> (¡9 is in a spaceof less regularfunctions,eg. Y=L2 (0.1).

Here

>4< - dr

is well known [o be a compacíoperaLorin L2 ami lIs inverse is unbounded,
That RA is densein L2 comesfrom noting thaI

<y,Ax>,. = f di y(í) fx (r) dr = f di- x (r) fi y(í) ¿lí=0

for every x E L2, implies y=0.

(*) As usualWc denoteby II” (A) the Sobolev space of funetioní square integrable together with
their derivátives ¡sp te [heorder Son [heset A, endowed w¡th *1w scalar praduc*

<uv>ITO,A,=fÁ {u (¡9 y (i) + ut~ (¡9 y <‘> (¡9 } dí
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Example 2.6

Considera disturbingbody fi of known densityconlrast, like tite one in
Figure 2.4$and assumetitat we known tite gravity anomaly on its upper
face A, -

~~t=kíSJ ai

a~. ~

JA

dB0= -—kp

dS0« +

13PO,,

f5

k~f
.4

‘ dR0

6z0 rp0

dSQ,
D%~, + H¿,

Q»

[2.36]

Titis is a non linear problem,
approximateHa,, lo give

bg~= K6Hz-kp

but it can be linearized starting from an

1 <5 H0,,

(D0, + fi>0 )3

[2.37]

This is a Fredbolmequalion of the firs[ kind and tite relevant integral
operatoris known [o be eompactin L>: wbenceif we lake tite observed8g,, in
L> Ihe solutionof [he problemis non wellposed,of Ihe type c).

we want lo derive S from gp.

A P

.8

5

Hg. 2.4

H(Q)
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Titat tite operalorK definedby [2.37] itas a rangedensein L>(A) is a
somewitatmoredifficult result of witicb we only sketcit lite proof itere.
Assumef(P) e L>(A) lo be oríbogonal lo R(M; liten tite double layer
potenlial

ff(P)( a
u(Q<. —H0,) = —kp [4k aH~ rp0 u,=o ) dS~ =

f [2.38]
-kpl f(P) HO, dS~

JA (D%’>0, + H%,3
3

in sucit as to verify

u(Q
0, —H0,) 6H0, dS0>= O , V 8ff , [2.39]

i. e. lite potentialu is zeroon lite lower faceof lite bodyB. On lite otiter itand

we also itave by tite ‘very definition

u(Q»,
11Q,=O) = O , g A [240]

so tital u is zero on alí of fi.
On the otiter itand u is antisymme[ric with respeet lo so [bat u has [o

be zero on fi’ as well. Titeréfore, due lo tite strong analytie continuation
propertyof harmonicfucíions, u itas lo be zeroeverywitere,excepí for lite
disk A: buí in titis casealso tite densityof tite doublelayer, namelyj(P),itas
lo be zero, as it waslo be proved.

Remark 2.4

We canobserveIbal in bolit examples,[2.5], [2.6] we haveusedlite some
tecitniqueto prove[he denseembeddingob lite rangeob Ihe operatorA mío
tite Hilbert spaceY (actually II).

Titerefore it seemswortit lo remark ils general validity. Tite idea is
essentiallylitat:

ib X -~ Y, with A bounded,

arid ib Y~ X, is invertible, i. e.

A*y=0 =~ y=O, [2A1]

titan tite range of A is densein Y.
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In fact ify e Yand <y, Ax>~ = O Vx. we also have<>4*>’, x>~ = O V
x t A* y O: Ibereforeby [2.41] we can claim tital y=O, i. e. yI ¡«>4)
impliesy=0 or R(A) is denselyembeddedin Y.

3. ON SOME SOLUTIONS OF mE ]NSTAHILITY PROBLEM

In ibis paragrapit we considerseveral proposaisto lake care of tite
instability of tite inverseA ‘, when solving [he equationy = Ax.

Tite discussionis carried along a une running from [he more straight
forward lo lite moresopitisticaledsolution,sbowing lbat eachnew stepcan
be interpretedas a generalizationof tite previousone,englobing its solution
as a particular case.

Tite lasí floor of lite construclion, namely lite so called informatic
approach,leads [o [he problem of defining tite rules to constructsuitable
probability dislributions from [he physical knowiedge of [he process
described.Titis my queslionwill be ralherdiseussedin tite paragrapiton tite
basisof a solulion commonlyused in geodesy.

a) Tychonofregularization

Tite ideais as follows: we havelo solve

y=Ax [3.1]

and we have[he apriori information titat x E X, howeverdue[o disturbanees
of tite model [3.1] tite y we know, le[ us calI it y,>, doesnol beiongto R(A).
On tite otiter harid since R(A) is densein Y wecanvery well firid a y e R(A)
as eloseas we iike lo Yo and[o eachsucity titere will corresponda x= >4>>’,

Naíurally tite closery goes [o y,>; tite larger will become ¡ Ixl 1 and when
eventually>‘ —.y,>, x will ne’ver convergein X as otherwaysit would be Y<
R(A) [oo, contrary [o our former itypotitesis.

Tite idea of Tychonof is essentiallyto compromisebelweentite will of
approachingYo by y audtite need[o control lite blowing of x: this is realized
by tite variationalprincipie

— Ax!¡~,+ú¡~x¡¡>x=min 13271

Tite variation equationis in [his case

(A*A + cxl)x=A*y, [33]

andits uniquesolution

x=z(A*A+aIY >4*>’,> [14]
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lf we usetite spectralrepresentationof A, >4* (seeAppendix 1) it is easy
[o realizediaL (3.4) can be written

x=E
Xi + &

[3.5]

which shows[bat * is indeeduniqueandexistsaselemeníof X sincejyj is an
on. base’ in X, v%/(X1 + c¿) is bounded (rememberthaI <Á— 0),
Z <u,, yr>

2y=IY,>112y<+2c.
It is instructive lo compare [3.5] witit the straightforward solution

2zrA ‘yo, witich has meaning only if y,> e R(A): in terms of spectral
represenlationwe have

[3.6]

Tite comparison is grapbicafly representedin Hg. 31 br tite case
X~= 1ff, choosingfor insíanee& =0.01.

Fig. 3.1

As we see al low frequenciestite specírumof tite regularizedsolution
bo//owsclose/y[bat of tite pure inverse.boweverwhena/Á~ becomesof lite
order ol [he unily lite regularizedspeetrumis downwarpedsmootiting tite
effect ob tite noise componeníspreseníin y,>, witere as [he raw inverse 1/ X~
would magnify ítem.

Naturallycrucial [o gel an «optimal» solution is to makelite rigbt citoice
of tite smootitingparametera.

\/7¡ (A +cr)

1~0
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Ihis canbe acitievedeititer on tite basis of deterministieinformation on
[he norms of tite relevant vectors (hard constrainís)or using a stocbas[ic
information (soft conslraints).

Useful lo this aim is tite foliowing lemma.

Lemma3.1. iet x begiven by [3.5], titen ¡ ¡y,> — Ax] ¡ y,
increasing,respectivelydeereasing.functions of a.

Tite proof is immediatelyachievedby inspecling
spectralrepresenlation,namely

= ~, (
i!xIIt=

¡x¡ j~ are monotonousiy

tite íwo func[ions in [he

X¡-$a )2<u,,yo>}

[37]

More preciselylooking at [3.7] we find that while a rengesfrom O [o oo,

we itave

with tite lastbound meaning +oo witenevery,> E R(A).
Witit [be help of titis lemnia it is not difficul[ lo solve constrained

problemslike

Mm ¡ ¡y,> — Ax~ 2~ [39]

provingthat its solution is equivaleníto tite Tyehonobregularizationwith tite
constanta determinedby tite value ‘j.

1w fact first of alÁ, if y,> ~ R(A), whieh is theinterestingcase,tite funetional
¡ ¡y,> — AxH >~ cannot acitieve an unconditionedminimum for a finite x, as
oliterways we would havey,> e l«A) Witence tite minimum[3.9] is acitieved
on [he boundaryand canbe localized by minimizing

jfy,>~ AxII%+ aIIxiI2~ [310]

aud titen computedby imposing

rx¡r~= ti [3.11]

Tital [3.11] is satisfiedfor one ami only one value& descendsfrom [he
lemnia [3.1] andfrom the remark titat ¡ ¡xl it is acontinuousfuncíion of a.
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In a very similar way one canseetital itard constrainíslike,

¡ y,> — >4x¡ ¡2 =

or

¡¡y,> —

ix¡12x

can be imposed and hre capable of determinig uniquely tite smoothing
parametera.

Remark3.1

According lo tite previous discussionwe see lital inequality conslraints
canbe imposedon norms or norm ralios: titis «itard» approacitlurns out lo
be also very stiff, as it is only seldomIhal we canmaintain to itave such a
reliableinformalion on litese norms as lo imposelo tite estimalesto satisfy
íhem execíl>’.

Titings becomebelterif we ratiter considersomestochastieinformation
on y,>, x.

Namely y¿ is assumedlo be affected by a noise u witicit we know
E! ¡ v¡ 2~J; íbisexciudesLite hypothesisthat ubeawitite noiseon Y. Simu]ary
we can conceiveíitat x is somecorrection, lo be estimated,of a previously
known approximatevalue of our unknown function: Ibis can come along
with tite knownledgeof a measureof tite approximation,in tite borm of
E{¡ x¡ ¡2~4 - If two averagesare given, we can interpret [3,2] as a kind of
generalizedleast squaresprincipIe and [his implies the citoice

_ EIj¡xH2~I [3.12]

Remark31

Sometimesinsteadof controlling directly ¡ ¡x¡ ¡K it is preferreda more
generaleriterion which leadsto tite minimum principIe

¡¡y,> —Ax¡¡2~+ a¡¡ Cx¡¡%< mm , [3.13]

with C a suitable (oflen unbounded)operator. In. titis casetite estimation
formula is modified accordingto

x (A*A + aC*C)< >4* yo. [3.14]
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The inverseexistsand is boundedon condition that tite nuil spaceof>4,
N(>4), itas a void intersectionwith N(C9,

b) Dual Tychonof

We proposeiterean approachwhich canbe consideredas the dual point
of view of tite Tychonofregularization;witat we gain is insigbt mío tite effect
of tite disturbancepresen[ in », in tite ase([he mostcommon) in which [his
is a while noise. Tite first point itere is [o define tite concept of siable
estimablefunetional.

Let us start again from [he observationequation

y,> ax + y,

and let’s assumelital ratiter titan looking for an estimateof ah x, we are
searcbingfor an estimateof one functional only < ck, x>

We will say [bat < ~t, y,,> ,. is an unbiasedstableestimatorof <4, ir >x if

E{<&y,>>~}<4,x>~,u’(<~t,y,>>~)=O(U2,,) [3.15]

To identify tite síable estimablefunctionals let’s multiply
functional 4¡ on Y, so get[ing [he “weak form”

[3.14] by any

[316]

if we canput

A* 4¡ =4 [317]

we seeat oncetitat a suitable estimableof

ni fact from [316], recalling tite definition of witile noise

¡4< & y,> >4 <>4* 4, x >~ <4, x
[3.18]

t.e. lite definition of unitiasedsíableestimaloris satisfied if 4¡ 1 2 < -Fc-,
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We see titerefore tital lite condition for ~ to be a stably estimable
functional is

¡HM¡ ¡[(>4*)> ~¡¡ < [3.19]
Le. ~ e R44*).

In particular in spectral[erms, condition[3.19] reads

<v~, ~>2 - [3.20]

Xi

The problemtiten, at first sight, is tital with tite informalion y,> affectedby
[he while noiseu, wecanonly itave anunbiasedestimatewilh finite variance
of < ~, x > ,~- if condition[319], or [3.20], is fulfilled: everyíimeíitat WC find
instabilily, it is becausewe try to estimatea forbiddenfunctional.

Example31

The elemenlary but typical example of Ibis fenomenon is in tite
inversion of

y,>(í) x (r) dr + u

witen we considerAj - di asan operatorfrom L2 (0.1) mío L2 (0,1).

Note titat in titis case u is the usualwitile noise (namelylite derivaliveof
a Wienerprocess)so titat tite varianeeof a poiní valuey (í) is unbounded
o2 (u(o) = -

Titen, notonly x(¡) for a given Lis not estimable,witat is veryreasonable
sineetite func[ional of evaluationatt is i[self unboundedon L 2, buínot even
a functional like ¡ x (r) dr

is estimablein a síableway. In fact titis could happenonly if lite equalion

=1<1
=1<7+1A*~=J~(r)dr=~={1 k

itad a solution ~‘ EL2 (¡¡qs¡¡ L> < oc)
Buí litis is nol so, as we know lital derivativesof slrongly discontinuous

funclions arenon-squareintegrabledistribulion.
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The reasonwhy [bis itappensis essentiallythat tite “natural” estimator

y,>(i+>5)—y,> (7)= 3
itasan infinite varaince,as we remarkedaboye

So witat can we do if tite finctional we needto estimateis unstable?The
answeris that we must relax tite requirementof unbiasedness.

If we go back [o [3.16], we see[bat if A*¡/s !=4, lite estimaleis biased,
namely

b = ¡4< g’, y,>> j —<4>, ~ >¿ <>4* q -4>, ir

so tha[ he total meansquareerror of < q.t, y,> >,. is

~ E{[< ¡4,y»>>,—<4>, x>~]
2 } = b2 ±u2{< 4, V>>~~ [3.21]

— <>4*4,41 ir >2 + 02 ¡ 4,¡¡ 2

Wc cannol minimize directly [3.21] as otiterways we wolud gel an
eslimalor 4, dependingon ir: itoweverby [he Scitwarzinequality we seethat

so tha[ it becomesmeaningful, thougit suboptimal,[o minimize [he second
member.

Ihis results in tite variational equation

(>4>4* + al) ~ = >44> [3.23]

(o = u~¡¡x[ ¡2)

ue. in tite estimate

[324]

formula[3.24] is Ibereforeequivalentlo estimateir by [he biasedestimatori
given by

x = >4* (>4>4* + aIg’ y,> = (>4>4* + aY’ >4* y,> [3.25]

Tite secondidentily in [3.25] is purely algebraicandcarnesus back[o [he
Tychonof formula witb a choice of [he parametera that is essentially
identicalwiíit [3.12], aititougit we itave ‘now justified i[ for a wititenoise u,
[ño.
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c) Pie Bayesianapproach

Titis approacit is well known since several years and applied in botit
geopitysicalandgeodetieproblems.Amonggeopitysicistsmany aulitorsitave
coníribuledlo it and as lite mosí represenlaliveswe want lo cite O. Bakus;
among geodesiststitis titeory has been througitly developped,specially in
conjunctionwilit lite approximaliontiteory in Hilbert HarmonicSpaces,and
we want lo mentionlite work of T. Krarup aud H. Moritz.

We approachit starlingfrom lite dual formulationwhicit we itavealready
workedout al tite poiní b), in arigorousway, up to [he formula of lite mean
squareerror [3.21].

Pleasenolice in thaI formula thaI tite avarageitasbeentakenonly on tite
populationof [he notse ir

In tite Bayesianapproaeitalí variablesarestocbaslieandsubjeetto some
apriori distribution and lite problem is to fínd tite a posterioridistribulion,
conditional lo tite observationy,>.

In [bis approacbLiten x is alio a stocitastieproeesswitíeb we assume[o
have a priori meanequal to zero:.titat correspondslo consider ir as tite
“correction” to tite besí a priori known solulion. Furtiteron, as minimal
stoebastica priori information on ir, we assume[o know tite covariance
operalorC~ of ir.

Moreover ial is assumedlital ir and y are slocitastically independení
varaibles.

We remind that by lite very definition

E1<4,,x>~<w,x>1=<4>, C~w>~ [3.26]

andtitat tite case

c~= <2 1 [3.27]

eorrespondslo a witite noise,ir.

From lite pitysical poiní obview [3.27] meansthaI we want to representa
situation in whicit we itave information(tite same)on tite variability of tite
coefficientsof ir on an ortitonormal basis,

021< V~ ir>) = 02x [3.28]

and we taveno correlation inforination asnongítem.
In titis situation lite proper defínition of mean squareerror, will be,

like [3.21]

= E~<, [(4,, y,»~—<4>. x>~]21 =

= E~{<A* 4,—4>, x>24 + a% ¡¡4,¡¡2~
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witere however tite average has now lo be taken indenpendentlyon both ir
and y popul.ations.

The resulí, using [3.25], is

[3.29]

Minimazationof [3.29] isa straighíforwardexerciseof algebra,leadinglo

,1’ = (>4C~A” + 024< >4C,~ 4>; [3.30]

in the light of anotheralgebrie,idenlity [his can be writlen

4, A (A*>4 + a2Cj’< 4> [3.31]

It is interestinglo observethaIwriting Iheestimationequationin theform

one fealizestitaí a global estimateof ir is implied, witit estimator

x=(A*A+cs2,C~ H Y’ >4*>’,> - [3.32]

itis alsoinstrucíl-velo computelite meansquareerrorfrom [3.31]: afíer sorne
manipulationsonegets

¿:2 = <,2 <4> (>4*A±u=C~ -)-i 4»~ [333]

Indeed [3.3371.eorrespondingto tite unique solution of [he variational
equalion,gives a realminimum if it is finile, sineea posilive definite bilinear
fuctional can haveal most one minimum as slationarypoiní.

ThaI [3.33] is finite canbe seenfi-orn tite inequatily (<9

aC~,«-‘=u2 C~ ‘H±>4*>4

witicit, inverted, showstitat

(A*A+02Cv1)I= C~, [3.34]

t.e. thaI [his is a boundedoperator.

(<9 We are here iruplicitely supposing that 15 invertible.
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Remark3.3

As we see from [3.32] we are back again to some kind of Tycitonof
regularization,morepreciselylo formula [3.14] if the rigitt correspondences
are set up. However in the Bayesianapproacittite nature of lite operator
ej appearingin tite estimationequation[3.3271,as well as tite valuea%are
strictly fixed by our optimality principIe, witile in tite delerministieapproach
they were lefí to somesubjectiveinterpretation.

Titis is a typical featureof stochasticapproacites.
Naturally [he equivalenceis limited to tite simplest case treated itere,

witereah compu[ationswereperformedby minimizing aquadratieoperator:
Ibis correspondsto a minimum a priori knownledgeon ir eonsislingin tite
mean(=0) and tite covarianceoperatorC~.

It is well known litat ourminimum principie is equivalentlo amaximum
likelyitood, wbenah tite relevantdistributions are, e.g.,normal witereasfor
moregeneraldistributionstite estimationequationswould becomenon linear
and titereforenon equivalent[o lite Tychonofapproach.

Remark14 (Tite infinile norm paradoxproblem)

Tite eslimationerror computedby [3.33] is by defínition

Q=E[<4>,x —x>24,

i.e., so to say,tite projeelionof tite vectorerrore = x — ir in tite direclion 4,.
Onecouldaskwitat is tite total amountof error measuredby E{ ¡ el ¡ >,~ }.
Wc obsviouslyitave

E~ ¡¡e¡ ¡ 2x1x E[<v>, ir ~ir>2y.1 02,<v,, (A*A+
02C -1)4 ~ 2p

= u
2 Tr(A*A+u%e~j)A;

from [3.34] we seetital witenevertite covarianceoperatorof ir is nuclear,
Tr C~<”’ , also lite total error is bounded.

However if we set Q~ u2), correspondinglo an isolropic priori
information (witite noise), we see thaI ¡4 ¡ ¡ el ¡ 2,~ } becomesinfinite as tite
eigenveluesof tite operatorof which we are lo computetite trace,are

«‘U )‘= «2

(X,+ const.
02x

On lite otiter itand titis resulísitould nol be surprisinga[ aB sincee ir —ir
and if ir is witite noise on X, tite reahizalionsof rl (asa stoeitaslicprocess)
do not belong lo X, with probabilily 1,
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On [he conlrary [he regularized solution x, Le. our a posteriori
knownledgeof tite unknownfield asapposedto tite a priori knownledgeir, is
in X. In fact using [320] unsteadof [3.31] and

ir=C >4* (Ae,~A* + «2~¡ y,>

insteadof [3.31] aud tite fact that lite covarianceoperatorof y,> = >4x+ u is

Ci’ = ACtA<~ + «2f

dueto lite stocitastichypolhesison ir, u, we find

= Tr ~ (Ae~A* + u¼<>4Q~

witich is bounded even if e = «2,), as faras «2,> u and SX1<’~ (*)
So tite estimationprocessusing tite fresh information y,> itas indeed

regularizedlite a priori witite noise{xj trasformingit into a regularprocessin
X; tite error e titerefore cannol be in X bimself.

Titis is not loo bad howeverbecauseevenif E [¡ ¡e~ ¡ 2>~ ~is infinite, the
eslimationerror of every singlefunclional is finite according[o [3.33]: titis is
a price one itas lo pay if one wants to play wi[it wbite noises.

Tite lastquestiononecanpose is whether,undertheseconditions,it is of
any use[o supply tite apriori information on ir in [be form of a witi[e noise.

Tite answergoesalong with observingwitat itappensto ¿« whenwe leÉ
C~ o2~ tandu’x — =, sineetitis seemsa’ geod model of non infoi-mative a
priori information.

From [3.33], setting ~ = «2 ,f and going lo [he spectralrepresentation
we find

~ X,> + («2/ «2)

as it is apparent,[his is amonotonousincreasingfunctionof «2 tendingto

t 2...«2~

wben«2 —.+,~ Titis expressionis in general if 4> g R(A*j, i.e. in alí [he
inlerestingcases.
Titis proves lite ebfectivenessof lite a priori information introduced by
assumingir as awitite noise with variance«density»«

2x -

(*) Thiscondition nicaus that A is so «srnoothing» as to send a white noise on X into
a regularpTocess in Y.
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Remark3.5

la alí our formulaswe itave takenu as a purewitite noise.
More gnerallyonecould considerthaI u itas its own covarianceoperator

C: in Ibis casetite meansquareerror[3.29] is citangedmío

Minímization of this, leadslo tite estimationequations

<4>, x>,~, = < (AQA* + (3)4 AQ~p,YOY [3.35]

= Cix >4* (Ae51A*+ e)-’ y,> = (4’ (7-A + (7~)4 A*(3<y,<,

lite lasí step being of purely algebrienature.

d) The informatic approach

Titis approacitis tite more reeentand probably tite more defíned:it is
related lo [he namesof Vellelte and A. Tarantola.

It canbe numerizedin a «quick version»titrougb sornepeculiarsteps.In
order lo avoid tecitnicaldiffieulties we sitale assumein witat follows litat a
andy are fmnite dimensionalvectors.

1) Tite pitysical síateof a systemis alwaysdescribedby a «síatespace»
witita measure,giving tite degreeof Iikelyitood of eacitsinglesíatepoiní; titis
measurecan be or noÉ a probabiflty distribution. For instaneean equal
ignoranceof síateson an unbounded(*) set can be representedby a conslant
measurebu[ noÉ by a probabili[y disíribution.

2) If we cali X tite síatespaceand .v jts eleinenís,a state of perfect
knownledge is represented by a ditribution of tite fon C~ (ir — x,>)<

t>. On tite
contrarya perfect/ynon-informatives[ate is given, for cartesianVariableslike
tite caríesiancoordinalesof a particle, by a constanímeasureover aH tite
enclideanspace:Ihe sameis true for aH cartesianvectors.

More difficult is the situation witit «non cartesian»variables. Tite
following exampleis proposedfor comparison.

Example3.2

Let g (ir) dx be a measureof tite informalional contentof tite interval dx
located al tite point of eoordinate ir; we understandtitat by eitanging
coordinateswith a transialion

ir = ir + a

we achievea new picture, describedby Ihe new functjon jY (X)

(*5 More preusely of infínite cuclidean measure.
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Ifx—i~=x+a and dx — dx= dx defines tite sorne set in tite ¡wo
coordinale systern, we stipulate that tite information content must be the
same

(Y)diiF=g(x)dx=g(i-a)JX [336]

We say tital ¡4x) is nol informative lar lite carlesianvariable ir if lite
actionof [he transíationis none on ji, i. e. if j(x) = ji (ir), what entails

ji (ir) = ji (S) ji (x - a),

i. e.

ji (ir) = const. [3.37]

In titis way we itaveclarified lbat ji (ir> is non-informativewitit respectto
tite group of ti-ansformationsof ir of tite type transiation. In an analogous
way assumenow lital we like to considera statefor a variablewhich is tite
modulusof a vector, e. g.

dx

¡

¡ di ¡
furtitermoreassumewe like [o describeastatewhich is non-informativewith
respecí[o tite modulus of ¡dx¡/¡dol, i. e. wbicit is [he samefor y and for
1~ = ev -

Again we have(y, dv) —c- (V = ev. dV = e dv).

7i&)diY=ji(v)dv=ji(±) ÉL.

If we stipulate[bat ji is non-informativeon [he sca/echange

ji~7) = g~5)

we find

ji(V) = ji ~2) 4-,

í. e.

p(v) const [3.38]
y

(*) Thís essenti-alIvmneans that
givenby L {g(xfl=cg(x,>).

the avarage or every continuousfunction of the state x. g(x> is
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Tisis sliows that, for example, from y we can construct a «carlesian»
variable by defining

y

w = log

in fact

gw(W)r~jiy(V) dv = const/v =consí
dw l¡v

The aboyeexamplesitould serveto clarify thata non-informativestate,is
specifiedby tite transformationgroup witit respectlo witicit tite síateitas be
invariant, or non-informative.

3) Tite following 3 axyoms define [he operation of «combination of
informative sta[es» witich itas [o be applied lo representtite improved
information witicit is oblained by combining two independeníinformation
sources.

Let P» 1% represenítwo information statesand M tite non-informative
state: 1’, © 1% is an operalionof combinationof tite two sIalesif

1) P,©P2=F2©P,
II) P1(A)=0r~P,©P2(A)=0

III) P,©M=P,

We want lo representtitis compositionin termsof measuredensilies.
From II) weseethai ~>1 © 1% is obsolutelyconlinuouswilit respect[o P,;

so if P~ has its own densityf~(ir) we cansay tital, for every measurable>4

1% © P,(A) dx -

Moreover,consideringtite proper[y 1) we itave aswell.

J%© P1(A) zzf 4>(x)f/ir) dir=f 4,2(x)f,(x) dx

1. e.

4> 4>,

Consequentelywe canwr¡te

_________ dx3
¿o (ir)

1% © J’2(>4) =



182 FernandoSansó

non exploiting lite property III) we find

P2©M(>4)=J f4x)ji(x) dx = J%(>4)=Jf(x)dx -

Tisis implies

w(x)ji(x) -

and we fínally get [he generalform of tite «combined»densities

P1©PÁA)=J L(x)f2(x) dx . [339]

4) Tite syslemunderobservationand analysisis describedby a coupieof
variables(y, x) oneof witicit is accesibleto tite observalions,i. e.y, theo[her,
ir, is our unknown.

We want lo describeitere [he informalion, that is given by tite model
relaling y [o ir: tisis is essentiallydescibedby tite conditional distribulion
O (x¡y), while tite model itself doesnot give, any specific information on ir.

Henceforlbwe can write for tite densitywe are looking for:

O(x;y) = O(x¡y) ji/ir) . [3.40]

Tite mostcomnionmodel,titroughnol unique,is onewherey’dependson
ir only titrough its conditionalmean,so that

y = g(x) + ~s,

wilit £ independeníform ir.

We sitafl assumedial g(x) is for canbe approximatedby a linearrelation.

y = kv + .s [3.4 1]

with s distributedas Os(s).
In tisis way s appearsas Ihe «modelerror» of [he simple linear model

y=Ax -

Summarizing,lite mos[ commonly encountereddistribution [3.30] is of
lite form

O(x;y¡>4)=O}x-Ax)ji/x) [3.42]
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wheretite conditioning[o >4 stressesthat tite information containedin [3.42]
comes from tite model, A, and tite stochasticbeitaviour of [he «model
error» s.

5) Tite observationalprocess18 not a direcí samplingof y, by ratiter thaI
with a disturbaneey added,

y,>=y+v ; [3.43]

u is assumed[o be independenífrom y and its distribution is consideredas
known, 0N(~). In many insíancesy is modelled by a witite noise.

By applying tite Rayesliteoremwe canwrite

0N(YOY) O>~Oi 0N(YO Y) Oy(y)
JON(y,>—Y) O

7~jdy

witerewe neglecíproportionality factorssinceah litese’will be eliminaledby
a final renormalization.

Weincludein tite processof observationanypossibleapriori information
on ir describedby tite distribution O~(x) andweassumetitis tobeindependení
from tite observaliony,> -

Under titese itypoliteses tite information coming from tite overail
observationprocessis deseribedby a síateof tite form.

O(x, y¡y,>)
0N(YWÁY) 0,4v) O~(ix). [34.4]

Note that in [bis way anypossibleapriori information on X itasenlered
into tite síale (3.44] and not mb [3.42]. Naturahly in lite casewe itave no
priori information on x we sitahl pul also in [3.44].

O~(x) = ji/ir) -

6) Tite information state[3.42] is now «combined»,witit tite information
síale[3.44] comingfrom[he observationprocess,accordinglo tite rule [3.39],
lo give lite density.

.0(x, y¡y,>;A) 0N(YOY)0~Q’) Ox(ir) 0
5G’—Ax)gÁir

)

Sinceour aim is lo know tite posteriordisíribution of x,f~(x) we sitould
ratiter computetite marginaldensiíyof [3.45]

f~(x) 0,,-(x) ,f ~N Cv’»—>’) 0~(y—Air) 0>4v) dy . [3.46]
gy(Y)
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To gel directly the «bestestimate»of ir, given alí Ihe information,we can
avarageir over [3.46]; before doing [hat itoweverit is necessarylo normalize
LCr) by dividing tite secondmemberby its integral. The final result is

J dxx6~Cr) íd>’ O~(y,>—v)65(y—>4x)O~(y

)

•1 ji y (y)

J dx (h(x) Jd.v ji (.y)

Remark36

In [he most common case,in which xve assumeto haveno specialprior
informalion on y, xve can put O~4y) = jiy(jy) andsimplify [3.46] aecordingly.
Tite resulíis a typical Bayesianformulafor tite averageof ir on tite posterior
disíribution of (ir, y) given y,> -

UÑen more we want [o sitow [hat if ah tite distributions are normal, [he
eslimatesbecomelinear andidentical xvith lliose diseussedundertite poiní e.

In fact assume[bat

= const e-’
12c- c

= cons[ e-I/2sc~c

[hen

J dyOÑ(y,>—y) 0
5(y—>4x)

can be consideras the convolution of lwo normal distributions,one with
meanO andcovarianeee, tite o[her wilh meanAxaudcovariance~ Tite
result is anotiter normal, in [he outgoing variable y,>, wilh mean>4x and
covarianceC C~ + C~, ¿e.

J dy ~,/yo —y) 05(y— Ax) const e-112tt—dx>c ty,—Ax)

Assume now thaI also ir is normally distributed, with mean zero and

covarianceexx: whencelite posteriordistribution of ir has[he form
f~ (ir) e-~ /2x C~ x !/

2(y — lx>’ c’ ~ — Ax> -

This is again a normal distribulion ami its mean coincides xvith lite
maximum likelyitood estimate,¡e. [he £ oblainedby minimizing

Ci’; + (y,>—Ax~ e-’ (y,>—Ax) = mini
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tite result is

witicit proveslo be identical with [335].

Example3.2

Wewill nol fail alo discussIhe solutionat leasíof tite problemformulated
in Example3.1, also becausetitis is oneof lite fewexamplesof witich we are
able to give [he solution in closedform.

So we síartwilh lo observationequation

y,> ~ =J¿<rdr±u(o), 0<1<1

andwe assumethat y is a white noise of variance«2 on tite interval[0,l]and
that following aBayesianapproacit,tite a priori covarianceoperatorof ir is
(7xx x —

Tite estimaleir (o) xve are looking for, givenby [33 1], is tite solutionof lite
-equation

(AtA + al) ir(o) = >4*>’,>, [3.47]

witit

and A*=J.do.

as discussedin lite Example3.1. It is not a trivial Remarktital >4* depends
from tite scalarproducí of tite spaceon witieh>4 is defined andin particular
ils defínition dependsfrom Ihe inlerval [0,1] on witich our processesare
defined.

Equation [3.47] is explicite]y writlen as

1 drJdYi~ez) + a &ÁÓ=J y,),r) di-. [3.48]

Titis equalioncanbe solved,fírsí by assumingtital y,> is as mild a funclion
as we need,Ihus geííing an explicil representationformula, liten exlending
Ibis formula lo a processy,> of tite type we are interestedin.

Titen, assumingsuitable regularity, we differenliate lwice [3.48] [o gel

1— 1
& &
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[he generalsolution of tisis equationis

2 ¡ ¡ e 1i7”’1y¿ (y) d-¡- + Ae 1W + Be ~7 =
[349]

‘U 1

jsgn(o~~~eC¡¡h¡ ~•‘a

The second fon wilI be used itere. The two conslants A, fi are
determinedby imposingtwo condiíionswisich the solution of [3.48] hasto
satisty if it is regular, namely

t—0 &

Tite final result canbe written, for instance,in tite form

J 3 sgn(o~r)e 5’ r¡y(T)dr+

+ ~ [e i~ 3’ Ch ( ~;I ) y,> (-r)d’r + [3.50]
2a0

la

±e 1v”’> ¡ ~ ~)yjioa’r ] -

This is one possibleanalytical fon of [he solutionof [3.48]: sincey,> («)
appearsin it only underan integral sign wi[h squareintegrable(asa matters
of fact continuous) functions, xve can exlend lisis formula [o processes
containingwhiíe noisesatoo, like y,>.

We canremark titat tite «regularized»solution x (o) is in fact a square
tntegrable, even a continuous, function with probabili[y 1: tisis is due, as
pointed out in Remark3.4, [o tite fact that

Av ¡ v(t)dI = w (o)

Is in deedarealizationof a Wienerprocess,and this is evencontinuouswitb
pi-obability 1.

Anotiserpointinleresling[o remark,isthat it weanalyzetite beitaviourof
[3.50] for & —0, we seethaI [he termsin squarebracketsíend lo zero,xvitereas

sgn(o— r) t—,-,
e Vn

so that we would get x (o) —cy,/í) for a regular>’,>.
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A final commenton tite dependenceof lite solution on tite interval of
definition.

Por instanceif we extendit to lite witole real axis, with lite observation
equation

[3.51]

we canrepresenttite problemof deíermininga probability densilyfrom tite
empiricaldistributionfunetion. Fortitis specifícproblemitoweverwe sitould
itavey,> (o) — 1 for o —~ loo: lo expresstisis problemin a Hilbert space,e.g. in L’
(-.oo, loo), we needonly lo subíracífrom [3.51] a known relalion of tite íype

F(t) da,

to get

(x—f)dr+v.

Por titis equalionwe canassumefor instancetital botit, tite unknownx—f
andtite observabley,, — F belonglo L’ (—oo,±oo).

Afíer noting Ibal in titis case

A* dr,

onecanfollow Lite saniereasoninga aboye,itoweverariving at tite solution

1’ ———-——It—rl_ sgn(o—-r)e 5
2a -~

as Ibis is lite only funetion in tite family (3.49) wicit 15 bounded for
botit o —~ +

4. TElE COLOCATION APPROACH:
A CONTRIBUTION FROM GEODESY

Geodesy, considered as a separalediscipline from geopitysics, itas
undergone Ihe same (or may be a parallel) evolution as sister sinces,
concerninglite eslimationtiteoryfor solutionsof improperlyposedproblenis.

Howeverthe specific geodeliccontributionlo tite applicalionof melhods
presentedin § 3), is related mainly to tite way in witieit lite «a priori»
informalion canbe supplied.

In particular ]et’s go back lo tite obserizalionmodel.

y,> = >4x + u [41]
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ni order lo apply a Bayesianestimationformula, in eitber form

= <~txA~ (>4e~A* + u%) y,> [4.2]

or

= (AtA + «2 <j~~ ) ‘>4*>’,> , [43]

we mustknow cxx, beforehand
We will show thaí in suitabkcasesunderthe a priori hipothesisthat tite

process [r} satisfies some invariance principie, its covariance operator
becomesaccessiblefrom [he estimablecovarianceof>’,>, C, ., on condition
thaI we know Ihe form of ec-c-, e. g. as in [4.2], [43] wc itave eU,=«

2L~ í.
Tite síeps[o achievetisis result are:
1) Let o,~ be a coordinatetrausformationgroupaud T,~ [he corresponding

transformationgroup in X, definedby

T,x(t) = <0,1) , xc X ; [4.4]

leí us further assumethat IQ, is unitary in X, i. e. that [he X-scalarproducí
is invai-iant under T,.

<7>, T~v>x <u(oooo),y (Ooot)>x = <U, V>~< ~ 7’*T = 1

As examplesone can titink of [he transíationgroup for t functions
definedoverah [be euclideanspace,or the rotation group and tite U scalar
producífor funclions defined on [he unit sphere,u -

2) Le[ us define a íransformation group in Y, more precisely in
R(A) (3 Y, witit tite rule

de]’

V,-,Air=ATc-X; [4.5]

lital V~, is a representationof tite saniegroup follows from

T=T~4V,,*c=ATwc=A7?,I>= ~t>4~7,<= VJ V
2AX4V,z= k3’2.

Generalyspeakingonecannotbe suretisat Vc- is aboundedoperatorin Y
as it is nol definedon alí of Ybuíjusl on tite densesubsetR(>4). As a mather
of fact 1 VJ is unitary on R(A) endowedwith tite graphnormof tite operator
A’, manely -

= ¡¡A<Ax¡k = ¡¡Ax¡¡R(Á) = HYÑR(/l) -
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However[he group [VJ is boundedandevenunitary when Y = X and Tm

eommuteswitit A; in [his casehaveindeed

[>4,721 = 0 4 = 7Q.

Examplesof [his type are

X= Y=LÁ-oe,+oo),

Ax=jA(o-1iX(-r)dr~

a convolution operatorand {Vj tite transíaliongtoup,or X = Y L2(«)

and T~ tite rotation group.

3) Wc assume,¿mdohLv is our real a priori hypoohesis,titat Xis stalionary
andergodiein tite covariancewitit respecí[o tite group (JQ}. In orderlo give
a precise meaning[o tisis staíementalso witen lite covarianceoperalor Cxx 15
nol representedby an ordinary functionn, we use Ihe weak definilion,
namely:

—we say ~xxlo be síationarywilit respecíto 1 T~} if tite coVariance

of<x, T*4,>x, <ir, Tj’4,)>~ is lite sanieas that Lo <ir, 4»~, <ir, 4,t,-,

V 4>, 4,tX.

Accordingly we musí itave

E[<x, T1*&~~ <ir, 7~ }=<Tj~ Cxx T~*4,~Z>~=

<4>, (7xx4,> = E{c-Cx, 4>~’~ <ir, i~} -

Since T,1’ =7’,», we find

7’,,Q 7’* = Crx 4[L,, ‘½ = Wc-Ca - Cst = O

(*) This is tic-e inverse of the Neon,an operator <o <he sphere, siso known as the Hotine operator in gendesy,
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— We say litat X is ergodic in tite covarianceif tite empiricaleslimate

as 1 t

“¡rn ji(fl) Jo

coincidesalmostsurely with tite lime covarianceoperator~x. -
To explain [4.6] we must specify [hat tite measureji sitould be [he l-Iaar

invariant measureon Lite group G, i. e. sucis tbat for any set fi c G

ji(tc- fil) = ji(fl o,,) = ji(O) : [4.7]

Ihis is also called tite uniform measureon G.
Tite limil in [4.6] is takenovera family of compac[ se[s fi, suchtitat §2/G.
Tisis when tite group G is nol itself compact, as in tisis lasí case

oc~ Porinstancetite transíationgroupor R is omomorphicto R too:
witenceji is simply [he Lebesguemeasure,and ji(G) = +oc. On [he con[rary
if G is the rolation group it is weli known lital ji(G) = 8n-2.

4) Furíhermorewe assume[bat y is stationaryandergodicwitit respectLo
y,,]: titis essentiallyimplies that ¡7V,»] is unitary, so [bat V» vis againa noise

on Y. As it itasbeenremarkedaboye, Ibis itappensfor instancewhen {~J
communitieswititA so that y,, = T,,.

5) Finally we assume[hat, as a consequenceof tite hypolbesisof
independencebetweenir and u, tite following cross-covarianceestimate is
zeroalmosí surely

hm ¡¿¡ji <ir, 1”)’ 4>Z>~ <~, 7’* vZ>, = 0 [4.8]
(‘l/c) ji(O) n

Under ah theseconditiotis it is possibleto estimatefrom onerealization
only, y,>, lite covariancefunction of [he process

In litis way we find

1 1’

(a/O> ¡¿(fi) Jo

.<>4*4>, (3~~>4*4,>~ + «S4>,4,>,~ —

—<4,, >4 C~~>4*~>~+£4<4>,4,>y,



6. Qn ohefoundaoionsof various approaches... 191

wbicit is indeedanoliserwal of writing tite well known covariancerelalion

(7y~Y, = A exxA* + «]1 - [4.9]

However tite imporlaní point itere is lital titese quantities are now
accessibleby an empiricalestimate.

Onewayof proceedingin our approachis lo solve [4.9] for C’xx: fírsí of aH
«2 is estimatedeiliter from tite speclralschaviourof (7w, or by representing
C~ by a Kernel (‘(/,, t

2) and]ooking at thejurnpalong tite diagonalí, = o>
Subsequentlywe cometolite estimateof ~xÁ usuallya simpleparametric

sohutionis sougitl,in sueha waythat by fixing a smallnumberof paramelers,
lite beitavourof (3,> is, al leasíroungly, reprodueed.

Remark4.1

It might seemcontradicíorylo lry lo fínd a solution of [4.1] with some
regularizationtecitnique,avoiding a sitarp inversion of A, and lo ,titis aim
proposingto solve [4.9], wbat implies an inversion of botis A and >4*

Tite poiní itere is thaIwecanfínd a «rougit»solution 7 of [4.9] andtitan
use it in [43] wititout affectingtoo mucit tite eslimale X.

¡ti otiter wordstisis metitod is a slepwisenon linearsolutionof tite original
problem,witere Cxx is only rougitly estimated,neverthelessproviding a fíne
estimateof 1, due [o its robustnessagainst errors in ~‘xx~

In particularlitis is lrue witen ir is closenin sucit a way thaI it is only a
«correetion»to tite best a priori known fíeld.

To see tisis we can simply differenciate[4.3] lo gel tite hinearizederror
relation

89 = —(A<>4 + «2 Cxx~~Y’ £4 <5LCx<] (A
TA 4 «J ~xx’Y’ A’>’,> =

= (A’A + «2 ~xx~Y’ £4 ex;’ a e~, Cx~ ~ [4.10]

For Ihe sake of simplicity, lel’s assumetite error ¿cxx to be only
proporlional to ~xx

8 ~xx = flCrx

in tisis vvay wc find from [4.10]

89= igA’A+«J Gxx« «J~xx~ -

x
and,since by an elemenlaryposilivi[y argumení,

¡¡(AYA + «2 ~xx’~’ «j~xxt¡ < 1
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we evenlualhyget

Tisis seenis an acceptableamount of error when £ is itself a small
correction.

Remark4.2

It might also seemlisal ahí lite bypo[heses wc stipulatedfrom 1) [o 5)
migbt be exlremehycunibersomeand never met in practice.

Wewonl lo stressthat our apriori hypotitesisof invarianceandergodicity
of ir witit respecílo 7’,», reflecís essentiallyour decisionLhat [itere is no a
priori evidencein tite dataof particularfeaturesin one part with respectlo
anotiter in [he areawhere [he information is suppiied.

Wben Ibis basic «stalistical regularity» is mel, we creale a stocitastic
processby applying lo a singlereahizationir a randomc£ementof tite group
7’,,. If correspondinghywe find wc are able lo compute C,,,. from on e
i-ealizationonly, wc canassumetitere is onesuchprocesswhieh admits(3,.,,,,,
as covariance and witis sucis a di=tribution [hat it can be estimated
consistently.An exampleof [bis kind is met in tite lrea[ment of [he global
anomalousgravily field: Ibis examplecannotbe workedouthereandwe send
[he interestedreader[o [8].

Anotherexamplehoweverwilh be presenledbereafter.
By tite way lite dehicatestepin [his approacbis in assuming[ha[, apart

from lite correlated signal >4»r, oníy a white noise y is present in the
observalionmodel [4.1]. Titis hypothesisis crucial sinceit is lhrough it titat
we can separate[he identity from de compac[ componentin [4,9] and [hus
reachlite sougitl estimateof C~.

In otiter words xve musíassumea priori lbat [4.h] is correct.
In Ibis respecíit is tobes[ressed that an isolated model error in [4.1] (i.e.

anerror~hicit alfecis tite datain á srnall parí of liteir domain),migití nol be
sodangerousin lital it migbt not affec[ so mucb tite covarianceequation[4.9]
becauseof tite avaragingprocess.

In Ibis caselite estimationof ~xx is suffieentely robusí and tite whole
procedurecan be applied.

More dangerouswould be tite presence,beyondu, of anotisercorrehated
signaldistributedoverthe wbole area,as,duetomismodelling,Ibis wouid be
ascribed[o the beitaviour of y.

Example4.1

LeÉ us considera simple exampleof very chassicalnature, nameiy tite
solution of lite equation

=JA(t - r) ir(r)dr + [4.11]
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on tite real line; itere u(o) us a white noise, i. e. the derivative of a Wiener
process.

Moreover wc wont lo study [411] taking X Y=L”(—00, +00).

LeÉ is assumefurtiter tisal by inspectionof tbe functiony,>(o) we find no
evidence of unhomogeneousbeitaviour so litat it becomesreasonableto
define [be invariancegroup lQ as

iQir(o) = x(o + <4: [4.12]

[bis is obviouslyunitary on fi andcommuteswith A, so tital wc havealso

V,»,= - [413]

Now Ictus computean empiricalcovariancefunction of>’,,, s. e.

C,. (r)=lim - ¡ dwy»Ú)yÁÍ+i-) di. [4.14]

Tite correspondencebetween[4.13] and tite definition [4.6] is as follows:
fi bere is tite iníerval (—>4, >4) atid wc canwrite

í~j»~ jÁ~a> ¡ y,,(o+w)~4o)do

= fi do do’4> (¡9 4, (o’) hm -..L 1 da> y (o + a>)>’,> (é<+ a>) [4.15]
Ji 2>4tA

= ¡¡do do’4> (0)4, (o’) C,4o - o’) = <4>, C~ 4,>~ -

Tisis sitowsthat [4.14] is tite kernelof tite interpol operatorel,. It is lo
be stressedtital being statically itomogenousy,> cannolbe an 13 funclion so
[bat the !imit in [4.15] is tite classieal limil for processesstationary and
ergodiein the covariance(cfr. [8]).

lf we compute[4.14] on a discretedaLa set,we n>ayexpecta covariance
for instancehike tite onein Fig. 4.1, with more or less largefluctation of tite
empirical values around a smooth funetion. We interpret Ihis as a
decompositioninto a processgeneratedby lite compacíoperatorA, giving
risc lo tite smootitpan of tite covariancefunclion,plusa noiserepreseníedby
the jump at tite origin. ¡lis lo be noticedthaI tite finile jump «Jis rehatedLo
tite discretizationlag A atid it canbe assumedto teud to infínily like 1/ A.
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Fig. 4.1

Ihe samereason¡ngas in [4.15] can be applied [o tite integral

¡ >4(0 — r) ir(r)dr

sitowing thaI lite correspondingoperatoris

<4>, Ac->4~4,> = ¡¡di do’4>(¡9 4,(i’). ¡7 .I’¡~i- [416]

A little more of tecbniqueis invoived in proving that we have almosí
surely

2A ¡-~ ¿¡¿a¡4> (o—a>) dv(o)J~(o—a>) di-(o’) = «~<4,, 4,>. [4.17]

Esscntially[4.17] in firsí proved for stepwisefunctions 4>, 4, wbich are
consíantover inlervals of lengtit 8: in Ibis way we can wri[e integrais in tbe
fon

3 4,(t—w) dv(t) X4,[ W(t,~1 +w)— W(01—úO]

á

e

e

e’

e
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witere w is tite Wienerprocessof witicit y is tite derivative.Subsequentlywe
canparlition tite interval (—A, A) mío 2N inlervalsof widlit 8 andtrasform
hm mío hm - Witence [4.17] in transíaledmío lite simpler proposition

(¿XW= WQ,~)— W(o))

y
lini
N” 2N zjSk4>,4,kA~t+

3AWk±J¡fl~NSi4>t4,I
8«U [4.18]

-N

Tisis, in turn, is seenlo hold true by exploiting tite well known properties
of tite Wiener process,te.

Ef AW AW~ } = 8 «~ 8k

«21 AW AH’? } 8 «~(1 + 8,~)

accordinglyonecan easilyprovethaI

E [~ 1 = 8 « > 4>~ ~‘,

«2 [‘‘} —.o (N~..oo)

witat enlajís almost sure convergency.
From [4.18] we can go baeklo [4.17] by taking advanlageof lite dense

cmbedding of stepwisefunclions in L2.
Crucial lo tite suceess of titis approaeit is lite capabihily of modelling

covariance funclions, hike lite one in Fig. 4.1, by a suilable citoice of lite
covariance ~xx

Tisis is specific for cacisoperatorA atid depends from tite nature of lite
problem underanalysis.

Example 4.2

Tisis is in a sensea particular caseof tite example4.1, on/y it is two
dimensionalratiter titan onedimensional.

so

H PO
<P)

£

-ql
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Tite problem is classical in gravity interpreta[ion witit tivo layers of
constanídensityp0 and p1. Tite separationsurfaceis assumedLo be of tite
form

z (P) = II + 4171)

wberc P spans[he horizontal plane. Tite observed quantity is [he gravity
anomalyAg on IbeuppersurfaceSc-, itere-afíerassumed[o be a planefor [he
sakeof simplicity.

The linearizedrelation between4 and Ag is

[4.19]

2 + H=]3:2

Ap = p1 —

Dk (ir,,. XQ)+ Cy~—y0)
2

Pleasenote tisal tite equation[4.19] is tite sameas [236]; iterehowevera
stationarybebaviourof S is considered,whereasin tite example[2.6] the
separationsurfaeewas assumed[o form a closed body.

Equation[4.19] is analogouslo [4.11] in [bat it is a convolutionintegral
equation,it is moregeneralin [bat it bolds on aplaneratiter [han on a line.

Moreoverwe seenthaI tite kernel[4.19] dependson tite planedistance
D~ only so tital it naturally comniuleswitb the rototransíationgroup.

[bis cásetiterefore tite macisineryof bomogeneous-isoíropicfields in
2D can be applied. In particularwe canexpécílite covarianceof ág -asid of
4, lo be functions of D loo

A good trick [o builá up suitablecovariancefunctions in [bis case,arises
fi-orn remarkingthaI if we pul 4 = ¡u» (CitY) iii [4.19] wc receive(*7>

¿Xg h e>’” J,> (<ir) -

Accordingly if we assume ~xx lo bavea kernel

Cix = h 2 J (a r)

wegetasAQ~>4*anin[egral operatorwith kernei

AC>4* h2 e~CCJ» (<ir) . [4.20]

By combiningdiffcrení .1» futictiotis, like in a Fourier-Besselseries,with
posilive coefficicnts

(3xxS Xh’J,>(o,r),
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Wc get Ibe correspondingcovariancefon

>4(3>4* S h~e2%”J
0 (ctr) . [4.21]

Titis seemsto be a fairly good model wisicit itas prover lo be useful in
praetical cases:as a matíer of fact many times even a single J,> itas been
perfecLly adequaLeLo perform tite interpolationof tite enipirica]covarianeeof
real gravity data.

Remark4.3

In order to makethe comparisonbelweenIbe prediction formula [4.2]
and lite collocation formula more straightforward, one can titink of
discretizing tite operalor A in sucis a way titat it becamesa vector of
funetionalsapplied to tite unknown «signal»ir (~j:

Lix

In tisis way we can identify

~ >4 * f <x, Lix 1

>4(3xx>4* t ~ux Lix 1

sothat [4.2] becomes

~
2 ex, Lix 1 ~Lix¿ Lic, + « u <51k 1—~ >‘Ok

wbicit is indeedtite classicalcollocationformula.

5. CONCLUSIONS

Naturally no definilive conclusioncanbe known on to whetitera metitod
is «betíer»titan anotiter: Ibis is evena wrong queslion.

It seems lo tbe aulitor titat solving improperly posed problems is a
«neverendingstory» like many otherbasicprob]ernsof matitematicalpbysics.

(*) This is nothingbat [hesolution of the Laplaceequationin cylindrical coordinates;
in fact it is everyto verity Lhat [4.19]is essentialiynothingbat thesolationof tite Dirichlet
probleni for the half-space.

(**) This is in anyway Ihe naturalform in which real rneasurementsan received.
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So what we can do is [o sumniarizetite sta[e of tite art and try to trace
back tite titeoretical relation betweendifferent approacbes,wisieh was [be
main [argel of this paper.

In particular we itave analyzed tite transition from [be classical
determinisíicTycbonovapproacit[o tite slocitasíicapproacb.

Tite firsí is found to be suilablelo work wilit -itard conslraintsbuí ratiter
sliff in its conclusions;tite secondis more suppleand can treatin a natural
way a largevariety of disturbances,iike white noises.

In Ibis environmenítite informatieapproacitseemsto be morecomplete
¡ti [he senseof being able [o describein a very fine way alí [be possible
deviaíionsfrom [be elementarymodel y = Ax.

Apart from tite tiseoretical basis tite informatic and tite Bayesian
approacitesare quite ciose one anotiter: bolb of ítem require titat some
valuablea priori information be supplied,for instancein tite form of oneor
morecovarianceoperators.

Whenlitese arenol availableatid only tite size of tite variousprocessesis
roughly known, it is customary [o use covariance operators simpiy
proportional [o tite identity: [bis leedslo [he sameestimationformulas as
wilb Titycbonov’s melitod.

However [bis choice in by no meansneutral atid altbougit [bere is a
certainsíability of tite estimatewitit respecílo errorsin [he covariance,many
times a simple ((diagonal»approximaíioncan be too rougb.

In ibis respec[ a itelp comesfrom collocationlheorywheresuggestionsare
madeas bow lo deriveeslimatesfrom lite datatiteniselves andsomea priori
bypolbesesof invarairice: in [his way [be metitod becomesa mixture of a
Bayesianand a non linear approach.

The drawbackhereis in tital it seemsimpossiblelo discriminatebetween
anapriori covariancestrucíureof theunknown ir andlite possiblecovariance
síructureof tite mismodellingerror, unlesstite latíer is alreadyknown, for
¡nslanceit is assumed[o be of tite white noisetype.

Appendix 1

Wewantlojustify briefly [be spectralrepresenta[ionsof>4 and>4* utilized
ni § 3.

To tisis aim we slart from one of tite bestknown tbeoremsof functional
analysis.

TheoremA El

Leí K be a linear, selfadjoiní,compacíoperatorin tite Hilbert spaceY,
[ben its speclrumis realposilive, it is doneby isolaledeigenvalues¡7 Xc- j with
ortitogonalfinite dimensionaleigenspaces,Ihesequence[Xc- accumulaleson

(<9 Ihis would mean tha[ he stochasíic process x has its reaíizations in X aimost
smaly.



6. Qn ohefoundaoionsof various approaches... 199

o atid if O ~ ¡7 X,, j Itere is an ortitonormal complete sequencesof
cigenfuncliotis ¡7v }

If ¡7 X jis suitablyorderedadmitting repeliliotis, we itave X’> \ O atid witit
eacit X’> we associateonly one eigenfuncliony’>.

Now let usassumetisal A is continuousatid compactfrom X mío Y witit
R (A) denselyembeddedin Y; leí us furtiter assumethat

[A.L2]

¡e. A is invertible.
Under sucb conditions diere is a sequence[A’>1 and a complete

ortitonormalsystem(in A’) ¡7v’>] sucit thaI

(,4*A) y = X’> y’>. X \ O - [A.L3]

In fact if A is bounded,>4* is definedon alí of >7 atid litereforebounded
too; if A is compací, AtA is compací loo; moreover >4*>4 ~5 clearly
selfadjoint; finally X’> = <y’>, A*Av’> >»~. = ¡ I>4v’>¡ i; atid A is invertible.

Therefore[AA 3] follows from Theorem>4.1.1.
- Now let us observetitat underlite aboyeconditiotis >4* is invertible loo:

in fact

A*y0=><>4*y, ir> <y,Aúr>~0(VirY’&y0

(since U(A) is densein Y).

Wc can titereforedefine

A’> u’> >4v; [A.1.4]

applying to botis memberstite operator>4* we fínd tite sister relation

>4* u = A’> y’>; [AJ.5]

Tite syslem¡7v’>] is otisonormalandcompletein Y. In fact

A’> X,» < u’>, t4~>y=<A’V’>~AV,,>y =<Vn~A*AVoo>x=X <5nm

[A.1.6]

moreover,usinglite invertibility of >4*

x/X’><y,u’»<y,>4v’»y=<A*y, v’»~ =0, Vn

=>A*y=0 =>y=0.
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Accordingly we see thaI

>4x=AZtgv’»~ y’> Z <x <ir, v’»~ u’>
>4*>’ = >4* Z <y, u’»>. U’> = ~ \/X’><y, u,». y

[A.I7]

[Al. 8]

as we wantedto prove.

Appendix 2

Wc will use titese appendix lo define and construct second order
stochasticprocesseson a Hilberí spaceX.

Let us be given a basis {u’>} of X atid, just [o be simple, assumeit is
orthonormal: let’s assumefurtiter thaI a slochastieprocessis definedby [be
sequenceof variables,

¿a,=<ir, u,>; [A.2. 1]

that [be symbol<< u,> is a real scaiarproducí(*) it is no[ possible[o say
al Ibis stageand evenfalse in general.

Weassume[a>,] tobe asequenceof 13 variableswith zeroaverageandwe
pul

E ¡7 a>,] = O Vi
[A.22]

E¡7w, ¿o,] = (3,,.

Let us now make Ihe hypotitesis tbat íhe matrix (3 is bounded in U
norm, ¡e.

N y
SC u u~(3Su%

‘-1 J
y N, V ¡7 u, } -

Under[beseconditiotis [be processcanbe extendedlo
space X, since we can put

dcf N
a>c-=<ir, u>= hm Z, u, <ir, u,>:N—’c-

Tite huí in [A.24] exisís in L2 (¡7w,]) since

A’

Er=kul<ir~Ul>}=O

[A2.3]

tite whoie Hilbert

[A.24]

‘+1 AP
F[Zu,<x,u,>]>}=>2< (3,, u u=(3~,uk’O

5



6. Qn thefoundations of various approaehes.. 201

Once we bave verified tite consisteneyof [A.2.4] wc seetbat tbe span
u e X} coincides as a matíer of fact witit Ibe original L2 (fa>,]).

In particular wc can always define tite covariancebetween two sucis
varaibles,corresponding[o Ibeir L’ (¡7w,]) product,

E fa>, a>}=lim >2,, Ci’,, u, v~. [A.2i]

Since

we fiud thaI Lite JimiO in [A.2.5] is acontinuoushumearfunctional in u,v, so

that a boundedoperatoris defined,sucit thaI

E¡7a>,, a>UI=E¡7 <xtu> <x,v> I=<U,(3xxV> [A.26.]

witis

¡¡Pxx¡l SC - [A2.7]

Since ¡7e~~ is a symmelricaloperalorwe itave

<u, ex. 1’> = <~, Cix u>

Le. ~‘xx is selfadjoint.Sinee

<U,Cxu>=E[a>~]= O

Ccx is positive definile. mis is by definition lite covarianceoperatorof Ihe
processir.

At titis point onecould askwitetiter Ihe realizaíionsof ir belongto X or
nol.

Ibe answeris containedin íbe foJJowing LemniaA.2. 1: x be]ongsLo X
almos[ surely if ~xx is a nuclearoperalor, i.e.

TrCi?xx<+Oo [A.28]

Tite proof lies essentiallyin lite following citain of identities

Tr ~xx= Z,<u,, (3xxu¿>=X, E{<ir,u,>’2]=E{ X<x,u=21=

witich imply essenliallytitat tite ¡ ¡x¡ ¡~ is finile witit probability 1.
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Definition: we define a white noise on X any processwith zero meanand
isotropic covariancefutiction, ¡e.

(3«2 1 [A.2.9]

RemarkA.21

According [o our LemmaA.2. 1 we seetbat [o wbite noiseon X canhave
reahizationsin X.

RemarkA2.2

Tbe definition of Qx, and accordingly [bat of wbite noise, depetid
essentiallyon [be topology of [bat space.Porinstanceif Xis a reproducing
Kernel Hilbert space,titen [be identity operatoris associated[o [he Kernel

K(t,t’)=Z1 u, (o) u, (o’)

<K ([,t’), u (t’7)>=u (o)

tite seriesin [A.2 10] being convergentin X and also absolutelywhen K is a
continuousfunclion.

Witence awbite noisein such an X itasa covarianceoperalorassociated
with tite Kernel [A.2.l0], wicb appearsas [be covariancefunction of tite
process.

Different spaceswill give rise to completehydifferent processes,according
to tite characteris[ics of lite futiction [A.2.10].

RemarkA2.3

A sírong warning sitould be given to [be reader,titat [he definition of
witile noiseadopteditere, is no[ completehycuslomary.As a matterof factwe
couldbaveratisersmootitfunelionsrepresen[inga witite noise,becauseof tite
smootbnessof K (t,t’); neverthelesstitese are white noises with respect to X
atid Ibeir realizalionsdo not belong[o it.

lo fund tite relation [o Ibe usual constructionof a wbite noise via tite
Wienerprocessxve sitouldonly iook [o tite casein witicb X = U. In fact, if we
make [he hypotitesis [bat our processis normal so tital it is completehy
defined titrough its covariancesíructure, we see lital for tite system of
cisaracterislicfuctiotis

Ocí

tc0
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wbicit is completein L2, [he covariancestrucluregives

Ef <ir,~%> <.‘~t Xc>] = ~J» <Xi, ,X=v =

= «2Ix~ (‘) Xc (t)dt = «ji (~ ~ ‘2) . [Allí]

This is also lite propertycharacterizingWienerprocesses,so lital we can
identify

<irj>4ff(o)dW(t)

It is lo be stressed[bat it is Litis type of noise tbat usually is considered[o
representexperimentalmeasuringerrors,dueLo tite martigatepropertyof lite
Wiener precessaccording Lo wisicis two áW refering [o non overlapping
iníervais are independení.

We may conchudeIbal, wisen it is Ibis properly thaI we need[o represent
a pisisycal pitenomenon,we are forced also to choice e as 13.
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