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Aformalisation of the “stepforward-
stepbackward” reasoning
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Resumen

Pareceque nuestrorazonamientocotidianoconsisteen dos pasos.Uno
“adelante”extendiendonuestrascreencias,el segundo“atrás” reduciéndolas.
La lógicadeductivaformalizael primero,perolas lógicasqueformalizanel
rechazode sentenciasno sirvenaquí.Necesitamosdos lógicas:unatrabajan-
do con conjuntosde sentenciasaceptadasy otra consentenciasrechazadas.
Dadoquetrabajamosconlamismaclasede conjuntos,el segundoes un con-
junto de sentenciasaceptadasquees reducidoporel razonamiento.

Palabrasclave:Lógica, razonamientocotidiano,lógicadeductiva,lógica
no-monótona,consecuencialógica.

Abstract

Our everydaythinking consistsof two steps: “forward” extendingour
beliefs, “backward” reducingthem. Tite “forward” step is formalized by
deductivelogic, but existing logics formalising“rejectedsentences”reaso-
ning are unvalid for tite “backward” reasoning.We needtwo logics: onefor
tite setof acceptedsentences,anotiterfor tite setof rejectedsentences.They
work on tite sameclassof sets,sotite secondcomponentof tite pair mustbe
areasoningdecreasingsetsof acceptedsets.

Keywords: Logic, everydayreasoning,deductivelogic, nonmonotonic
logie, logical consequence.
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1. The reductíveclassicaleliminationoperation

Tite logic inferring trae sentencesftom the setof true sentenceswill be
itere calledtite ¡ogicof trutit. Analogously,tite logic inferring falsesentences
ftom tite setof falsesentenceswill be called tite logic of falseitood.It seems
titat ftom tite syntacticalpoint of view it is impossibleto talk on tite logic of
trutit as well as on tite logic of falsehood.However, evensyntacticalappro-
acit enablestite relativedistinctionbetweenbotit logics. Ifa givenlogie will
be understoodas a logic of trutit, titen tite logic dual to it sitouldbe interpre-
ted as tite logic of falsehoodandvice versa.

Let tite languagefor tite classicallogie is an algebra

L =

Let assumethat X is asetof acceptedsentences.Titen L-X is a set of
rejectedsentences.IfC’ isa ftrnction dualto the classicalconsequenceope-
rationC, thenC’(L-X) isasetof al! thesesentenceswhicit sitouldbe unders-
toodas falsebecauseof falseitoodof tite sentencesftom L-X. Although L-X
a C’(L-X), L-C’(L-X) a L-(L-X) = X. It meanstitat usinga logic of falseito-
od it is possibleto reducetite setof acceptedsentences.Indeed,our givenat
tite beginningset X sitould be decreasedby alí sentencesftom C’(L-X).
Titus,ourfirst problemit to reconstructtite function dual tothe classicalcon-
sequenceoperation.

In [7] Wójcicki definedCd an operationdual to tite given consequence
operationas follows:

a E Cd(X) ¿/Jn{C(~): ½Xf}a C(ct),for sornefiniteXfc X

for any Xci. Of course,Cd is a finitary and structuralconsequenceopera-
tion. Moreover, Cd can be semanticallydefined by tite matrix (((0,1},—

,n,u,~j,{0}), witit tite well known classicalconditions interpretingnega-
tion, conjunetion,disjunctionandimplication. Let H be a classof classical
valuationsit: L —+ {0,l }. Titen,

a e C(X) ~tfV~eH (it(X) ~{l} implies it(a) = 1)
a e Cd(X) &VneH (it(X) c{O} implies it(a) = 0)

OperationsC andCd itave axiomatizationsexpressingoneand tite same
thinking. Fortite bettercomparisonlet us recaí!tite we!l knownaxiom set for
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1+0 Oea—*(¡3—*a)

2+D Oe(a—*Q3—*y»--*«a—fl3)--*(a—*y»
3+0 0e(ctAI3)—*a
4+D 0e(aAf3)—*f3
5+D Oe(a—*43)—-*«a—*y)—*(a—-*Q3Ay)»

6+0 0ea—*(avf3)
7+D 0e13—>(av13)
g+D Oe(a—*y)—+((13-->y)—+((av13)—*y))
9+0 0e(a—*—43)—*q3—*—~a)

10+00e —<a —* a) —*13
11+0 Oeav—,a
MP+D {a, a —* 13) e [3

Tite syntaxof Cdis tite following:

1-0 Oe-1(--.(a—>13)-*a)
20 OCm(—,(n(y—*a)—>m(13--*a))--*m(-i(y+13)4a))
3-0 0e—<(aAI3)—*a)
4-D 0e—,((aÁj3)—*j3)

6D 0Cm(a—*(av13))
7-0 0e—,«3-—>(av13))
8-0 0C—,(m(m((av[3)—*y)—*-(j3-+y))-4m(a--*y))

9-0 0 e -<-,(a —* -‘13) —* —<13 —* -~a»
IO-D 0 e —<13 —* (a —* a))
11-D OeaA—,a
MT~D{fr~<a~~*I3)1Ca

At first let usnoticethataxiomsfor Cdarewritten in tite “opposite”diree-
tion in comparisonwith axiomsfor C. Titanks to titis differencebothopera-
tions canwork on tite samesetsof sentences.Tite form oftite miesMP+D and
MT-o enablesto usethemfor tite sameimplicationa—*13. Indeed,if—,(a--->13)
is false, titen a—*13 is true,andso tite trutit of a meanstite tmtit of 13 as welI
as tite falseitoodof 13 meanstite falseitoodof a. Rememberingon tite factof
tite mutualíy oppositetranscriptof formulasfrom axiomsfor C andfor Cd let
us successivelycompareal! of titem.

1+0 and í-
0on tite baseof two-valuedlogie stateanobviousfact, titat if
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a itas a given logie value, true in tite caseof C andfalse for Cd, witatever
otiter circunistances(expresseditere by [3),a alwaysitastite sanievalue.

2±0can be understoodas foílows: if tite trutit of a implies titat tite trutit
of [3impliestite trutit of y, titen if tite trutit of a implies tite truth of a, titen
the trutit of a implies tite trutit of y. However, it is sufflcient to replacetite
word “truth” by “falseitood” andsucit obtainedsentencewill interpret2-a.

It is easyto seetitat nextbotit six axionisdefinetite sanieconnectivesof
conjunctionand disjunction. Obviously, in comparisonwitit 3±D~8+0, tite
conjunetionis replacedby tite disjunctionand tite disjunctionby tite con-
junction in 3-D~g-0, witicit resultsfrom tite duality of botit connectives.

In tite caseof 9+D and 9-D tite situationis especiallyclear. Hotit axioms
expresstite samethought: if tite truth of tite first sentenceimplies titat tite
secondsentenceis false,titen tite truth of tite secondsentenceimpliestite fal-
seitoodoftite first sentence.

10+0 and I0-D are obviously dual. Tite first one saystitat if we accept
sorneabsurdsentence,ten we itave to acceptevery sentence.Accordingto
tite secondaxiom: if we rejeel someobvious sentence,we haveto reject
every sentence.Titus both axiomstakentogetiterorder us to esteemlogie
expressedby its setof tautologiesandtite setof counter-tautologies.

Similarly, 1 I~D and11.0 itaveadualcitaracter.On tite groundoftite two-
valuedlogie botit axionistogetitersaythat if onesentenceisanegationoftite
otiter one,ten exactíyoneof titem is true (¡5 false).

Titus, it seemsthat bothaxiomatizationsexpresstite samelogic: tite first
syntaxfrom tite point of view of tite trutit, while te secondsyntaxfrom tite
pointof view of tite falseitood.

After tite reconstructionof tite classicallogic of falsehoodwe can define
tite operationof tite classicalelimination E.

ForanyX~L:

E(X) = L~Cd(L~X)

Let us noticetitat sucit definedeliminationoperationE is uniquefor C.
Indeed,usinga dual to tite Wójcicki’s definition onecan defineEd:

a e Ed(X) ~ftE(L-a) a U{E(L-[3): [3eX~f},for sorneco-finite Xc Xcf

for anyaeL andXcL. Titen, tite nextdefinition

C(X) = L- Ed(L~X)
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closeste cirele.

Bot eliminationoperationsE andEd satisf~conditionsdual to tite well
knownTarski’sconditionsfor tite consequenceoperation([6]):

E(X)~X
X c Y impliesE(X) a E(Y)
E(X) a EE(X)

Titus every eliminationoperationis nionotonic.Moreover, te classical
eliminationoperationis co-finitary andstructural,ifrespectively:

E(X) = n{E(Y): XcY andY isa co-finiteset}
e(L-E(X)) a L-E(L-e(L-X)),for oir>’ endomorphismeofthelanguageL

Naturalíy,differencesbetweendeductiveandreductivepartsof tite logie
should be appropriatelyexpressedby titeir axiomatization.Indeed, as an
axiom of deduction(D-axiom) sayswiticit formula itasto be acceptedeven
witennotiting itasbeenacceptedattite beginning,titusanaxiomof reduction
(R-axiom)sitouldinformedwiticit formulaitasto berejectedevenwiten not-
iting itas been rejectedat tite beginning.Titus, axiomsof deductiveand
reductivepanof logic itave respe&tiveíytite following fon:

0 C a andL -l a

Tite caseof rules is similar. Tite deductionmíe (D-ruíe) is oftite formO
+ {aj a,<} C [3,in sitort

{al,...,aK} C [3

tite reductiverules (R-míes)sitouldbeof tite sitape

aje-j13

Tite senseof tite R-ruíe is intuitive: a removingof sentences{a¡ aK}
from any set reniovesftoni tis set.New sitapeof axio¡nsand rules for tite
eliminationoperationmeanstat it is necessaryto formulatea notion dualto
tite notion of proof:
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Let A.~ be an axiorn setfor elirnination ¿md&j be a setofrulesofelirní-
nohon. Theformulois calledfo be disprovableforX by meansofrulesfrom
R.~, ~fandonly ~/thereexists ¡ti LX afinite sequenceofformulasaí,...,aK,

calleda disproofoffor X bymeatisofR< suchthat
1. a = <

1k atid
2<foranyforanyi cfi ,..,k}, cdc A-¡u(L-X)orforsomeYc <a

1 ,...,ak
}, L-Y -I a¡ is an instanceofsorneruleftom&~

Aformulois calledfo be confirmedforX bymeatisof&j, II in L-X there
existsno disproofofforX bymeatisofR<

Titus, tite reductivepafl of tite classicallogie of trutit E is given by tite
following R-axionisandR-rule:

í±R L -I -«--‘(a —->13)—-> a)
2+R L -I -‘(—-41-’(y —> a) —-* -<13 —* a)) —> —‘(-<y —* [3)—>a))
3+R L-¡--«aAP)—*a)
4+R L -l —-‘((a A [3)——* [3)
5+R L -f —~(—n(—n(y —* (a A [3))—>-<y —> 13)) —* —-4 —* a))

6+R L -~ —<a —* (a y [3))
7+R L -I —‘([3 —* (a y [3))
g~R L -I -~(--~(—-<(a y 13)—> y) —* -~(P~—-> y)) —-* —~(a —* y))
9+R L -I —<-~(a —* —,[3) —-. —<[3—-> -ma))

lO±RL-I —‘(13—--> (a——> a))
1 í

1”L -! a A —~a
MT+RL~ {j3,-’(a—* [3)}-¡a

Especiallyeasytask is to forniulatean axiomatizationof tite reductive
pafl of tite classicalJogic of falseitoodEd:

l-R L-ja—>([3—>a)
2—R L-[(a—*Q3—*y))--*((a——>13)--*}a——*y))

4-ti L-¡(aAP)—*13
5-R L-¡ (a——> [3)—>((a—-->y)-->(a—>([3Áy)))

6-R L-¡a—-+(av[3)
7—R L-jjl——>(avf3)
g-R L-J (ay)—>(Q3—>y)—*((av[3)—>y))
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lO-RL -I -<a—> a)—> [3
11-RL -~ a y -‘a
MP-RL~~ {a,a—*13} -¡13

Analogouslyto tite deductiontheoremwe haveitere tite reductiontiteo-
rem.For E it is of tite following form:

e E(X) &a e E(X-j3)

andfor Ed:

(a—>13> e Ed(X) &a E Ed(X~13)

Fromnow, alogic in its completeform wiIl bea pair of triples:

(L,C,E) and(L,Cd,Ed)

witere tite first triple is tite deductive-reductivelogic of trutit andenablesus
to exanithe setof true sentences:deductivelyandreductively;citeckingif X
eontainsah sentencesfollowing as true fi-orn X, and if X doesnot contain
sentencesfollowing as false ftom L-X. Tite secondtriple is tite deductive-
reductivelogic of falseitood,andenabíesusa similardeductiveandreducti-
veexaminationof tite setof falsesentences.

A setX sucittitat X=C(X) (XCd(X)) will becalledaD-theory(aD’1-the-
ory). Similarly, everyX sucittitat XE(X) (XEd(X)) wiíl be calíedaR-the-
or>’ (aRd~theory).If R-titeory (Rd~titeory)F !=0, titen F is calledsufficient.
Obviously,E(X) ~ X a C(X) andEd(X) a X a Cd(X), for anyXci. It is not
diff¡cult to citecktitat therearesucitsetsX, for witicit inclusionscan berepía-
cedby equalities in tite expressionsaboye.Let us noticetitat tite following
proofoftitis fact itoldsalsofor tite intuitionistic logic (see[5]).

For everyD-titeoryT:

a e Tandf3e T&aA 13e T

and

a e T or 13 e T impliesa y 13 E T
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andfor everyR-titeo¡y F:

a e F and[3e F ifa A [3e F

and

a e F or 13 e E ¿(fay [3e F

Titus, D-titeory T andR-titeory E areprime if respectively:

a e T or 13 e T 1/a y [3eT

and

a e F atid [3e F impliesa A [3e F

PrimeR-titeoriesof tite classical,andalso intuitionistielogic existbecau-
se titere existrelatively minirnal R-theories.Let us recailthat T is relatively
maximalD-titeo¡y, if it is maximal relatively to sorneS,Le. iffor sorneSoT:
BeC(Tu{13}), for any [30T.Titus, E is a mininial relativelyR-teory, 1fF is
niininial relativelyto some5, Le. iffor someSeF:5oE~F—{[3}), for any13eF.

Assumethat F isa R-theoryminimal relatively to 5. Let moreover,aeF
and [3eF.Then,5 0 E(F—{a}) andS~ E(F—{[3}). So, by reductiontiteorem,

o E av5—-<~—>13) O E. By 5+R andMT+R, —-4¿5—>(aA13)) E F.Since
SeF,titusar43 e E. It rneanstat E is prime R-titeory.

Let E be a prinie R-theory such titat aeF and a—>13 e E. Since
(a—>13)A—~(a—-->[3) ~ F, so —‘(a—-->13) o E. Titus, [3oF implies aoF,by MT+R.
By assuniption13eF, andsoF isaD-theoxy. It provestitat eve¡-yprimeR-the-
ory is aprinie D-titeory. It is alsoeasyto sitowtitat everyprinie D-titeory is
a prime R-theory. Similarly, everyprime Rd~titeory (Dd~theory)is aprime
Dd~titeory (Rd~titeory). Titus maximal classical D-theoriesand Dd~titeories
are closedalsoon tite elirninationoperationsE andEd, respectively.

Tite aboye notion of tite relatively rnaxiniality and minimality can be
easiíyextendedto tite following:

Let C be a consequenceoperationon L, al~..,czk eL atidTcL. T isaD-
theory maxirnal relativel>’ fo theforrnula set <a1 ak}, 1/diere are satisfied

¡wo followingconditiotis:
(a)a1 cT,foranyie{1,..,¡,j.
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(b) a1 e C(T±[3)forsorne¡ e{1 ,..,k),provided[30t.

Le! E beaconsequenceoperationatt L, a¡ ,..,Uk eL andFcL.Fis aR-
theory maxirnalrelat¡vely to tite formuloset {aí ~..,ak}, 1/itere aresatisfied
twofollow¡ng conditiotis:

(a)a1 e F,foranyi e{1,..,k).

(b) a1 0E(F-13)forsorneie{í,~,ú,provided¡3ÉT.

Of course,aD-theorymaxirnalrelativelyto theset {a1 ,..,ak} is maxinial
relatively to aIv...vaK andviceversa.Titus, aD-titeoryT maximalrelatively
to is maxinial relatively to tite set {a}UY, for anyY suchthatYnT=0; but
not conversely.Similarly, aR-titeoryminimal relatively to tite set <aí ctk}
is minirnal relativelyto alwNaK andviceversa.A R-titeory F minimalreía-
tively to a is mininial relatively to tite set {a}uY, for anyY suchthatYczT
but not conversely.

An analogousto tite deductiveLindenbaumlemmais a reductivedual-to-
Lindenbaumlenima:

Let E bea co-finutar>’ elñn¡nadonoperadonon L. For att>’ suificíeníR-
iheor>’ T andfor att>’ aeT tit ere exisisa R-theoryT0 minimal relativel>’ fo
suchthai T0aT.

Aproceduredecreasingsufficient R-theoryto tite R-tbeorymininial reía-
tively to sorne formula is analogousto te construction,known ftom tite
proofoftheLindenbaurnlernma(eg. [8]), extendingconsistentD-teory to
te D-teory rnaximal relatívelyto sorneformula.

Naturally, both lemnias can be also extendedto tite rnore generalcase
witit te set <a1 ,...,ak} insteadof a.

Directly froni theproofs of botit lemmas,it is easyto seetitat for anycon-
sistentD-titeory T and for any forniula aC, titere exist inf¡nitely nianyO-
theoriesincludingT andmaxirnal relatively to as well as for any sufficient
R-titeory F andfor any formula aeF,titere exist infrnitely manyR-teories
includedin E andminimal relativeíyto a. It meansthat, “a C-titeory maxi-
nial relatively to” and “a R-titeory minimal relatively to a” nanie infinite
classesof objects.Let us distinguisit somesubclassesof classesmentioned
aboye.
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Le! C and E be, respectivelya consequenceatid ehininationoperatiotis
on L, aeL, X,YcL.

1. A D-theoryT maxima! relativel>’ to is for the setX, 1/ T contaitis a
maximalamountofformulasfromX;

2. A R-theoryF mínima! relatively to is agains the setX, 1/F containsa
mínima!amountofformulasfromX.

Let C atid E be, respective!>’, a consequenceatid elbninationoperatiotis
ofihe classicalpropositionallogic on L, aeL, X YcL

3. A D-theory T maxima!relativel>’ to Ls againstthe setX, 1/ T contains
a mínima!amountofformulasfro¡nX;

4. A R-theoryF mínima!relativel>’ to isfor tire setX, 1/F contaitisa maxí-
mal amountofformulasfromX.

Ad. 1,2: In orderto constructamaximal relativeiyto a D-theo¡-y for tite
setX includingconsistentD-titeoryT sucittitat a0T,it is sufflcientto rnodiI~
aproofof Lindenbaurnlernma, presentedwitit ah detailsin [8]. Titis cons-
tructionbeginsftom tite ordering, in tite fon of tite sequence,of ahí formu-
las of tite setL-T. Building a maximalrelatively to a D-theoryfor tite setX,
titis sequenceis formedin sucita way titat everyformulafrom X proceedsah
formulas froni (L-T)-X. It rneanstitat alí formulas ftom tite set X will be
alwaystakeninto accountas flrst in procedureof extendingof tite D-titeory
T.

An analogous,smali correctionof tite proofof tite dual-to-Lindenbaurn
lemniaresultsin tite constructionof minimal relatively R-theoriesagainsta
given set X. For a given sufficient R-theory F, tite initial sequence
aj,a2,.,[3,,[32,.. is sucit tat a1eXandbeF-X foranyij.

Ad. 3,4:An appropriateconstruetionfor tite relativelymaximalD-titeory
againsta given set X is tite repetition of tite constructionpresentedaboye
witit tite differencetitat in tite initial sequenceof formulas ftom L-T, every
formula ftom X” proceedsalí formulas from (L-T)-X’, whereX’ = <—a;
aeX}. In sucitaway, ah forniulasfrorn tite set X-’ wihl be alwaysfirst taking
into accountin tite procedureof extendingof te D-titeory T. Since every
obtainedD-theory is consistent,it is inipossibieto addsorneformulaaeX
duringa construction,if—’a itas alreadybeenadded.

Simularly, for a given sufficientR-teory F, aconstructionof tite relati-
vely minimal R-titeoryincludedin F for tite setX usestite initial sequenceof
forniulas ftom F sucittitat everyformulafrom X” proceedsah formulasfrorn
F-X~ in titis sequence.It meanstitat at first we wiil removeftom F ah titese
formulas whicit beiongto the setXi Since,br any aeL, oneformula from
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tite pair (a,—-1a) itas to belongto everyR-titeory, it is impossibletat sorne
forniula aeX will be removedduringaconstruction,if —a itas alreadybeen
removed.

Let usnoticethatin tite proofof tite point 3 tite set L-X cannotreplaced
tite setIt-’. Indeed, let X = {p—*q} and T be anyconsistentD-titeory witícit
doesnot containanyformulawititp, q or wit t. Of course,X’ = {pA—-’q}. If
formula ftom X—’ proceedsah formulas ftom (L-T)- X’, ten tite maximal
relativelyto t D-titeory ‘I’o againsttite setX doesnot containp—*q.Now assu-
metitat L-X plays tite role of X~’, Le. everyforniula ftom L-X proceedsah
formulas ftoni (L-T)-(L-X). Titen, if q0X wiil be tite f¡rst formula in tite
sequenceof ahí formulas from L-T, ten p—*q wiil belongto tite maxirnal
relatively to t D-titeory T0 againsttite set X. Titen,a D-titeory aginsttite set
X becomede factoa D-theoryfor tite setX. Siniilarly, tite set X— cannotbe
replacedby tite setL-X in tite proofof 4. Titis is areasonfor tite restriction
of 3 and4 to tite case of tite Jogie with tite classical negation.

Sernanticsfor C, E, Cd andEd is definedby oneclassof CL-niodelsfor
te classicalpropositionallogie.If A (A,—,n,u,=’) is an algebrasimilar to
tite languageL andD is anon-emptysubsetof A, titen tite matrixM=~ (A»)
is a CL-niodel, if

(-) -aeD a~D
(n)anbeD ~if t2EDafldbCD
(u)aubeD {if aeDorbeD

!if -aeDorbeD

for any$a,beA.CL-rnodelMis abasefor definingfour operationsCM, CdM,

EM and EdM.

a e CM(X) ~(fVhEHOm(L,A)(Vl3eX 1413)eDimp/íesb(a)eD)
a E CdM(TX) ~ifVitEHom(L,A) (V[3eX it([3)~D implies it(a)ED)
a e EA¿X) &Bheflorn(L,A) (V[3~X it(13)0D andit(a)eD)
a e Ed11,/X) fifBheHom(L,A) (V13~X h(¡3)eDandh(a)0D)

Let M be a classof ahí CL-rnodels.Titen, tite matrixconsequenceopera-
tion, tite matrixdualconsequenceoperation,tite matrixehiminationoperation
andtite matrixdualelimination operationare fohlowing:

a e CM(X) &a e CM{X),for «ver>’ CL-mnodelM
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a e CdM(X) ifa e CdM<X),for ever>’ CL-rnodelM
a e EM(X) ifa e EM{X),for sorneCL—¡nodelM
a e EdM(X) ifa e EdÁÁX),for sorne CL—model M

Titus,

a ~ EM(X) ifa e CdM(L~X)

a e EdM(X) ifa e CM(L-.X)

Obviously,cornpletenesstiteorernsare following:

a e C(X) ifa e CM(X)

a e Cd(X) ifa e CdM(X)

a e E(X) íffa E EM(X)

a e Ed(X) ifa e EdM(X)

2. “Step forward- stepbackward”reason¡ng

As it was alreadymentioned, a logic in its completeform, Le. adeducti-
ve-reductivelogic of truth togetiterwith a deductive-reductivelogic of false-
itood enablesto fornialise a non-monotonicreasoning.Indeed, let assume
titat toda>’wehavean appointnientin tite restaurantwit somebody.Ifwe get
a new prernise“it is coid toda>”’ beitindof tbe fact of tite nieetingwe know
titat we itave to takean overcoat.If weget anotiterinfonnation“it is raining
today” we additionahlyknow titat we Ixave to takean umbrella.Up to now,
we were making only stepsforwardpernianentlyexpandingour set of con-
clusions.Titus, anextensionof tite setof prernisesextendstite setof conclu-
sions. It meanstitat wecould twice useaconsequenceoperation.

1-Iowever, it is sufficientto assunxethat ournextnewpremiseis an jofor-
rnationunsayingte rneeting.Titen, weitaveto makea stepbackward,i.e. to
cancel sorne(rnaybeahí?) so far obtainedconclusions.It appeartitat a for-
mahisationof titis step is possibletitanksto tite elimination operation.Titus,
a logic given in tite deductive-reductiveform can be a tool for tite formal
expressionof tite “stepforward - stepbackward”reasoning.

Por tite systematicpresentationlet usbeginfrom tite expcrnsionoftrutir
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beingaclosureof tite set of tuvesentenceson tite consequenceoperationC.
LetassuniethataD-titeory T~ is oursetof beliefs.Let moreover,A1,..,A~ be
our new behiefs.Titen,atanew set of beliefs is againa D-tbeory andit has
tite fohlowing fon:

T~@ <A,,..,A~} = C(T~u{A1 A~})

Usualí>’, our opinionsconsistalso of beliefs expressingnegative facts.
Sentencesrepresentingthesebeliefs are for us falsesentences,e.g. “dwarfs
exis!”. Naturahly,we infer anotiter false sentencesfrom titesebeliefs: ‘we
can rneetdwarf’, “we can expecta dwarf’s help” etc. A logic in complete
form enablesus to formalisealsotitis reasoning,an expansionoffalsehood
beinga closureon te consequenceoperationCd. Now, assumetitat Dd~tite~
ory T- is a setof our negativebeliefs. Titen, if we add next falsesentences
A1 A~ our newnegativebehiefset is as folhows:

re <Aí ~ = Cd(T~YJ{AI ,.-.,A~})

Botit expansionsrepresentstepsforwardin tite reasoning.In tite f¡rst case
it is deveJopedtite set of true sentences,while in tite secondcasetite setof
falsesentences.Now, letusconsiderafornialisationof tite thinkingreducing
tite set of behiefs.

As previously,let D-titeory T~ be a setofourbeliefs.Assumetitat becau-
se of somereasonsentencesA1 A~ becamefor usalreadyfalse. It rneans
titat we haveto reduceT~ by titesesentences.Titus, we sitouldmakea step
backwardin tite reasoningi.e. acontractionof¡ruth of tite fxrst kind:

(T~ (~) {A1 A~})
1

81 Bk = T~ n ET+81,.,Bk(L-{AI A~})

or niaybeof tite secondkind:

(T~ e <A, Afl})
2B1 ,..,Bk = T~ n nET+Bí ,..,Bk(L-IAI ~

Hk(L-{AI ,..,A~}) is a R-theory for Tt mininial reiatively to tite
setEí,...,Bk. Assume titat A

1 eT follows frorn Z<C, C~}, andA1 doesnot
follow ftoni an>’ propersubsetofZ. A rejectionofA1 from T rernovesa dis-
junction Civ’...vC~. Unfortunately, al> sentences from Z still belong te E(L-
<A1)). It meanstitat a closureofE(L-{Aí}) on tite consequenceoperationC
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gives aD-titeory to witicit A, belongsagain.Titus, it is necessaryto replace
E(L-{A1}) by its relativel>’ mininial decreasing.In view of A2,..,A~, E(L-
{A1 A~}) shouldbe replacedby its sornerelatively minimal subtheoxy.It
rneanstitat tite set T~ is reducedby sentencesA1,...,A~ in sucit a way that ah
sentencesB~ ,..,Hk remainstill ourbehiefs.Moreover,both contractionspre-
serve as rnany sentences frorn T~ as possible. Of course,

8k as well as (T~®{A ,..,An})
2

81 8k areD-titeories,
becauseas it was alreadyshowed,eveiy relatively rninimal R-theory is a D-
titeor>’.

Thernaindifferencebetweenbotit contractionsis the following: if tite set
A1,..,A~ fohlows ftorn tite set W = {BI,...,Bk, Bk±l Bml and tite set
{A1 A~} doesnot follow frorn an>’ propersubsetofW, titen {Bk±í,...,Bm}fl

Bk(L-{AI A~}) = 0 while tite setET+8, Bk(L-<AI ,..,A~}) can
containevenm-(kH—l) sentencesftom te set {Bk±í,...,B~}.Titen, tite setof
beliefs (T~®{A1 ,..,Afl})íBí 8k ís mn sornesenseunknown: it is impossible
to know witicit sentencesfrorn tite set {

8k+I Bm} remainour beliefs. We
only surelyknow titat {Bk+¡ ,..,Bm} ~ (T~®<Aí A~})’B1 8k-

Tite nextdifferencebetweenborit contractionsis titat, if {A¡ A~} inde-
pendently follo-ws f’roni tite set {B

1 Bm} ami from {C1 C4, titen
{C, ,...,C~} n nET±81 Bk(L-{A, A~}) = 0 witile ET±8, Bk(L-

{A1 A~}) can containevens-1 elernentsftom tite set {C1 C~}.

Let us noticethat in both casesif <Aí ~ = 0, thenT~ remainsa
setof our beliefs.Moreover,aremovingof anytautologyftom T convertsT
into tite emptyset.Titesepropertiesare anaiogousto thosefor tite expansion
of trutit. If we will addto T anysentencefrom T, then T wiIl not change.If
we wihl addan>’ counter-tautologyto T titen T wihl be convertedinto tite set
of alí sentencesL.

Analogouslyto the caseof expansion,aNo itereone can consideracon-
tractionoffalsehood.Indeed,ifT- isa setof ournegativebeliefs,andbecau-
se of somereasonsentencesA1,..,A~ becomefor tis aIread>’ true, titen our
new setof negativebeliefs is either:

(T- e {A1 An})’81 8k = ~ n Ed T81 ~ ~

or:

(T- ® <A1 A1,})281 8k = T— n IiEdT8, Bk(L{AI A~})
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witere Ed T
81 ,..,Bk(L-{AI A~}) is a Rd~titeory for T- minimal relativel>’ to

tite set {B1 Bk}.

UsualI>’ togetiterwitit expansionandcontractiontite titird kind of reaso-
ning is consider(cf [1], [2], [3]), a revision,Le. a procedureaddingto tite set
of behiefsasentenceinconsistentwitit sornesentencesfrom titis set. In our
approacittite revision is aix exanipleof two successivestepsof reasoning.
Titus, tite fxrst stepoftite revisionof trutit (falseitood)is acontractionoftrutit
(falseitood),andtite secondstepis an expansionof trutit (falseitood):

(T~ ® {A})’81 8k = (TE) {—‘A}~81 ,..,Bk ® {A}

for i <0,1). In tite caseof trutit T = T~, andin tite caseof falseitoodT = T-.

Tite completefon of the logic enablesafornialisationoftite non-mono-
tonie reasoningconsistingof two rnonotonic procedures:deductiveand
reductive;so for tite logic of truthas for tite logic of falseitood.
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